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Forces and Motion:
Dynamics
Dr. Kimberly Strong
Atmospheric Physicist, University of Toronto

Kimberly Strong became an atmospheric physicist because of
her keen interest in why and how climate change affects the
health of our planet. She is interested in making new discoveries that will better allow scientists to understand and
respond to pressing issues like ozone depletion, atmospheric
pollution, and global warming.
Dr. Strong teaches physics at the University of Toronto and
studies Earth’s atmosphere using specially designed instruments attached to satellites and weather balloons. Her team
deploys huge balloons—as high as 25 stories—equipped with instruments
used to detect gases in the atmosphere. Satellites, with their global view, play
a vital role in helping scientists to monitor environmental changes over time,
and Strong’s knowledge of dynamics and circular motion is used consistently
in her work. Strong and her colleagues also design many of the instruments
that are carried on satellites that orbit Earth.
Atmospheric and space physicists working in companies and universities build
satellites and instrumentation for environmental monitoring with the support of
the Canadian Space Agency. They also work for organizations such as Environment
Canada interpreting and measuring changes in the atmosphere. This field of
research is highly collaborative and often involves international partnerships.

Overall Expectations
In this unit, you will be able to

•

analyze the motions of objects in horizontal, vertical, and inclined planes, and predict and
explain the motions by analyzing the forces acting on the objects

•
•

investigate motion in a plane using experiments and/or simulations

•

analyze ways in which the study of forces relates to the development and use of
technological devices, such as vehicles and sports equipment

analyze and solve problems involving forces acting on an object in linear, projectile, or
circular motion using vectors, graphs, and free-body diagrams

chapter
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In this chapter,
you will be able to

•

analyze and predict in
quantitative terms and
explain the linear motion of
objects in horizontal, vertical,
and inclined planes

•

analyze and predict in
quantitative terms and
explain the motion of a
projectile in terms of the
horizontal and vertical
components of its motion

•

carry out experiments or
simulations involving objects
moving in two dimensions,
and analyze and display the
data in an appropriate form

•

predict the motion of an
object given its initial speed
and direction of motion, and
test the prediction
experimentally

•

design or construct
technological devices based
on the concepts and
principles of projectile
motion

Kinematics
Engineers who design ski jumps, like the one shown in Figure 1, must decide on the
angles and lengths of various components of the hill, such as the approach slope, the
takeoff angle, and the landing slope. Upon becoming airborne, the jumper follows a
curved path of motion known as a trajectory. One of the things you will discover in this
chapter is how to analyze that trajectory, using physics concepts and equations.
You are likely familiar with concepts and equations for displacement, velocity, and
acceleration in one-dimensional motion. In this chapter, we extend these concepts and
equations to motions in two dimensions.

REFLECT on your learning
1. The arrows in Figure 2 represent the initial

velocities of four identical balls released simultaneously from the top of a cliff. Air resistance
is negligible. Ball A is dropped. Balls B, C, and
D are thrown with initial velocities of equal
magnitude but at the different angles shown.
(a) In your notebook, use a sketch to predict
the flight path of each ball.
(b) Indicate in what order you think the balls
land. Explain your reasons.

D
C
B
A

2. In Figure 3, one canoeist is paddling across a

still lake, while another is paddling across a
Figure 2
flowing river. The two canoeists are equally
Will four balls launched at the same
strong and the two bodies of water equally
instant all land at the same time?
wide. The arrows are all velocity vectors.
(a) Redraw the diagrams in your notebook,
showing the path of each canoe as it travels from one shore to the other.
(b) If the canoeists set out from the south shores at the same time, who arrives at
the north shore first? Explain.
(c) Use another diagram to show how the canoeist in the river can arrange to arrive
on the north shore directly opposite the starting position on the south shore. Will
the trip across the river take the same time as before? Explain.

lake
direction
aimed

N

river
E

direction
aimed

flow of water

Figure 3
The distance across the lake is equal to the distance across the river.
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approach
launch

start of
flatter slope

60 m

u
u = 37°

landing

Figure 1
Physics principles can be used to understand the
motion of a ski jumper. Those same principles can
also be applied to design the ski jump’s approach
and landing slopes.

TRY THIS activity

Choose the Winner

Figure 4 shows a device that allows steel ball A to fall straight
downward while projecting steel ball B horizontally outward.
Assume that the balls start moving at the same instant. How do
you think the times they take to hit the floor compare?

A

B

(a) In your notebook, sketch the path of each ball. Predict, with
an explanation, whether the balls land at the same time or
at different times.
(b) Observe a demonstration of the device shown (or of some
alternative setup). Compare the demonstration with your
prediction. If your observations are different from your predictions, try to resolve the differences.
Observers must remain a safe distance away from
the sides of the device.

NEL

Figure 4
This device can project one ball horizontally
while simultaneously allowing a second ball to
fall straight downward.
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1.1

Speed and Velocity in
One and Two Dimensions
Visitors to an amusement park, such as the one in Figure 1, experience a variety of
motions. Some people may walk at a constant speed in a straight line. Others, descending
on a vertical drop ride, plummet at a very high speed before slowing down and stopping.
All these people undergo motion in one dimension, or linear motion. Linear motion
can be in the horizontal plane (walking on a straight track on level ground, for example),
in the vertical plane (taking the vertical drop ride), or on an inclined plane (walking up
a ramp). Linear motion can also involve changing direction by 180°, for example, in
going up and then down, or moving east and then west on level ground.

Figure 1
How many different types of motion
can you identify at this amusement
park?

kinematics the study of motion

(a)
start

N
E

(b)
start

N
E

Figure 2
(a) A dog running on level ground
24 m eastward and then 11 m
westward undergoes motion in
one dimension.
(b) A dog running on level ground
24 m eastward and then 11 m
southward undergoes motion
in two dimensions.

scalar quantity quantity that has
magnitude but no direction
instantaneous speed speed at a
particular instant

6 Chapter 1

Visitors to an amusement park also experience motion in two and three dimensions.
Riders on a merry-go-round experience two-dimensional motion in the horizontal
plane. Riders on a Ferris wheel experience two-dimensional motion in the vertical plane.
Riders on a roller coaster experience motion in three dimensions: up and down, left and
right, around curves, as well as twisting and rotating.
The study of motion is called kinematics. To begin kinematics, we will explore simple
motions in one and two dimensions, like those in Figure 2. Later, we will apply what
we have learned to more complex types of motion.

Speed and Other Scalar Quantities
Consider the speed limits posted on roads and highways near where you live. In a school
zone, the limit may be posted as 40 km/h, while 100 km/h may be permitted on a highway.
The unit km/h (kilometres per hour) reminds you that speed is a distance divided by a
time. Speed, distance, and time are examples of scalar quantities, which have magnitude
(or size) but no direction.
In car racing, the starting lineup is determined by qualifying time trials in which the
average speeds of the drivers are compared. Each driver must cover the same distance
around the track, and the driver with the shortest time gets the pole (or first) position.
During some parts of the qualifying trials, other drivers may have achieved a higher
instantaneous speed, or speed at a particular instant. But the winner has the greatest

NEL
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average speed, or total distance travelled divided by total time of travel. The equation

for average speed is
d
vav 5 }}
Dt

where d is the total distance travelled in a total time Dt.

SAMPLE problem 1

average speed (vav) total distance
of travel divided by total time of
travel

LEARNING TIP
Scalar Quantities
“Scalar” stems from the Latin
scalae, which means “steps” or
“ladder rungs,” and suggests a
magnitude or value. Scalars can be
positive, zero, or negative.

At the Molson Indy race in Toronto, Ontario, a driver covers a single-lap distance of
2.90 km at an average speed of 1.50 3 102 km/h. Determine
(a) the average speed in metres per second

LEARNING TIP

(b) the time in seconds to complete the lap

The Average Speed Equation
d
In the equation vav 5 }}, the
Dt
symbol v comes from the word
velocity (a vector quantity) and the
subscript “av” indicates average.
The Greek letter D (delta) denotes
the change in a quantity, in this
case time. The symbol t usually
represents a time at which an
event occurs, and Dt represents
the time between events, or the
elapsed time.

Solution
(a) To convert units, we multiply by factors that are equivalent to 1. We know that
1 km 5 1000 m and 1 h 5 3600 s
1h
1000 m
km
∴1.50 3 102 km/h 5 1.50 3 102 }} 3 }
1 km 3 }
3600 s 5 41.7 m/s
h

The average speed is 41.7 m/s.
(b) vav 5 41.7 m/s
d 5 2.90 km 5 2.90 3 103 m
Dt 5 ?
d
Rearranging the equation vav 5 }} to isolate Dt, we have
Dt
d
Dt 5 }
}
vav
2.90 3 103 m
5 }}
41.7 m/s
Dt 5 69.6 s

The time to complete the lap is 69.6 s. (Refer to the Learning Tip, Significant Digits
and Rounding.)

Practice
Understanding Concepts
1. For each of the following motions, state whether the number of dimensions is

one, two, or three:
(a) A tennis ball falls vertically downward after you release it from rest in your
hand.
(b) A tennis ball falls vertically downward after you release it from rest in your
hand, hits the court, and bounces directly upward.
(c) A basketball flies in a direct arc into the hoop.
(d) A baseball pitcher tosses a curveball toward the batter.
(e) A passenger on a Ferris wheel travels in a circle around the centre of the
wheel.
(f) A roller coaster moves around the track.

NEL

LEARNING TIP
Significant Digits and Rounding
In all sample problems in this
text—take a close look at Sample
Problem 1—the answers have been
rounded off to the appropriate
number of significant digits. Take
special care in answering a question with two or more parts. For
example, when working on a twopart problem, keep the intermediate (excess-precision) answer for
part (a) in your calculator so that
you can use it to solve part (b)
without rounding error. Appendix
A reviews the rules for significant
digits and rounding-off.

Kinematics 7

2. Which of the following measurements are scalar quantities?

Answers

(a)
(b)
(c)
(d)
(e)

4. (a) 1.20 3 102 km/h

(b) 2.42 3 102 km/h
(c) 2.99 3 102 km/h
5. (a) 0.76 m/s

3. Does a car’s speedometer indicate average speed or instantaneous speed? Is

(b) 66 s

the indicated quantity a scalar or a vector? Explain.

6. (a) 12.1 m

(b) 104 km; 1.04 3

DID YOU KNOW

the force exerted by an elevator cable
the reading on a car’s odometer
the gravitational force of Earth on you
the number of physics students in your class
your age

105

m

?

The Origin of “Vector”
Vector comes from the Latin word
vector, which has as one of its
meanings “carrier”—implying something being carried from one place
to another in a certain direction.
In biology, a vector is a carrier of
disease.

4. In the Indianapolis 500 auto race, drivers must complete 200 laps of a 4.02-km

(2.50-mile) track. Calculate and compare the average speeds in kilometres per
hour, given the following times for 200 laps:
(a) 6.69 h (in 1911, the first year of the race)
(b) 3.32 h (in 1965)
(c) 2.69 h (in 1990, still a record more than a decade later)
5. A swimmer crosses a circular pool of diameter 16 m in 21 s.

(a) Determine the swimmer’s average speed.
(b) How long would the swimmer take to swim, at the same average speed,
around the edge of the pool?
6. Determine the total distance travelled in each case:

(a) Sound propagating at 342 m/s crosses a room in 3.54 3 10–2 s.
(b) Thirty-two scuba divers take turns riding an underwater tricycle at an
average speed of 1.74 km/h for 60.0 h. (Express your answer both in kilometres and in metres.)

Velocity and Other Vector Quantities
vector quantity quantity that has
both magnitude and direction
#$ ) the distance and
position (d
direction of an object from a reference point
#$ ) change in
displacement (Dd
position of an object in a given
direction

Many of the quantities we measure involve a direction. A vector quantity is a quantity
with a magnitude and direction. Position, displacement, and velocity are common vector
quantities in kinematics. In this text, we indicate a vector quantity algebraically by a
symbol containing an arrow with the direction stated in square brackets. Examples of
directions and their specifications are east [E], upward [up], downward [down], and
forward [fwd].
Position, $
d , is the directed distance of an object from a reference point. Displacement,
$
Dd , is the change of position—that is, the final position minus the initial position.
In Figure 3, a cyclist initially located 338 m west of an intersection moves to a new position 223 m west of the same intersection.
N

LEARNING TIP
The Magnitude of a Vector
The symbol  surrounding a
vector represents the magnitude
#$
of the vector. For example, Dd
represents the distance, or magnitude, without indicating the
direction of the displacement;
thus it is a scalar quantity. For
#$ is 15 m [E], then
example, if Dd
#$ is 15 m.
Dd

8 Chapter 1

d1 = 338 m [W]

d2 = 223 m [W]

reference
position

E

∆d = 115 m [E]
Figure 3
$5$
$1.
In moving from position $
d1 to $
d2, the cyclist undergoes a displacement Dd
d2 2 d

NEL
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We can determine the cyclist’s displacement as follows:
$ 5 d
$ 2$
d1
Dd
2
5 223 m [W] 2 338 m [W]
5 2115 m [W]
$
Dd 5 115 m [E]

The quantities “2115 m [W]” and “115 m [E]” denote the same vector.
A fundamental vector quantity involving position and time is velocity, or rate of
change of position. The velocity at any particular instant is called the instantaneous
velocity, $v. If the velocity is constant (so that the moving body travels at an unchanging
speed in an unchanging direction), the position is said to change uniformly with time,
resulting in uniform motion.
The average velocity, v$av, of a motion is the change of position divided by the time
interval for that change. From this definition, we can write the equation
#$
Dd
$vav 5 }
Dt

where Dd$ is the displacement (or change of position) and Dt is the time interval. For
motion with constant velocity, the average velocity is equal to the instantaneous velocity
at any time.

SAMPLE problem 2
$1 to $
The cyclist in Figure 3 takes 25.1 s to cover the displacement of 115 m [E] from d
d2 .

DID YOU KNOW

?

Comparing Displacements
The displacement from Quebec
City to Montreal is 250 km [41° S
of W]. The displacement from
Baltimore, Maryland, to
Charlottesville, Virginia, is 250 km
[41° S of W]. Since both displacements have the same magnitude
(250 km) and direction [41° S of
W], they are the same vectors.
Vectors with the same magnitude
and direction are identical, even
though their starting positions can
be different.
velocity (v#$ ) the rate of change of
position
instantaneous velocity velocity at
a particular instant
average velocity (v#$av) change of
position divided by the time interval
for that change

(a) Calculate the cyclist’s average velocity.

LEARNING TIP

(b) If the cyclist maintains the same average velocity for 1.00 h, what is the total displacement?
$3 = 565 m [W] in 72.5 s, what
(c) If the cyclist turns around at $
d2 and travels to position d
is the average velocity for the entire motion?

Properties of Vectors
A vector divided by a scalar, as
#$
Dd
in the equation v#$av 5 }}, is a
Dt
vector. Multiplying a vector by a
scalar also yields a vector.
Appendix A discusses vector
arithmetic.

Solution
$ 5 115 m [E]
(a) Dd
Dt 5 25.1 s
$vav 5 ?
#$
Dd
v$av 5 }
Dt
115 m [E]
5 }}
2 5.1 s
$vav 5 4.58 m/s [E]

The cyclist’s average velocity is 4.58 m/s [E].
(b) Dt 5 1.00 h 5 3600 s
$vav 5 4.58 m/s [E]
$5?
Dd
$ 5 v#$avDt
Dd
5 (4.58 m/s [E])(3600 s)
$
Dd 5 1.65 3 104 m [E] or 16.5 km [E]

LEARNING TIP
Unit and Dimensional Analysis
Unit analysis (using such units as
metres, kilograms, and seconds) or
dimensional analysis (using such
dimensions as length, mass, and
time) can be useful to ensure that
both the left-hand side and the
right-hand side of any equation
have the same units or dimensions. Try this with the equation
used to solve Sample Problem
2(b). If the units or dimensions are
not the same, there must be an
error in the equation. For details,
see Appendix A.

The total displacement is 16.5 km [E].

NEL
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DID YOU KNOW

?

Other Direction Conventions
In navigation, directions are taken
clockwise from due north. For
example, a direction of 180° is due
south, and a direction of 118° is
equivalent to the direction [28° S
of E]. In mathematics, angles are
measured counterclockwise from
the positive x-axis.

(c) Dd$ 5 $d3 2 $d1
5 565 m [W] 2 338 m [W]
$ 5 227 m [W]
Dd
Dt 5 25.1 s 1 72.5 s 5 97.6 s

$vav 5 ?
#$
Dd
v$av 5 }
Dt
227 m [W]
5 }}
97.6 s
$vav 5 2.33 m/s [W]

The average velocity is 2.33 m/s [W].
(Can you see why this average velocity is so much less than the average velocity in (a)?)

Practice
Understanding Concepts
Answers
10. (a) 3.0 3 101 km/h

(b) 3.0 3 101 km/h [E]
(c) 0.0 km/h
11. 8.6 m [fwd]
12. 7.6 3 102 h; 32 d

7. Give specific examples of three different types of vector quantities that you have

experienced today.
8. (a) Is it possible for the total distance travelled to equal the magnitude of the

displacement? If “no,” why not? If “yes,” give an example.
(b) Is it possible for the total distance travelled to exceed the magnitude of the
displacement? If “no,” why not? If “yes,” give an example.
(c) Is it possible for the magnitude of the displacement to exceed the total distance travelled? If “no,” why not? If “yes,” give an example.
9. Can the average speed ever equal the magnitude of the average velocity? If “no,”

why not? If “yes,” give an example.
10. A city bus leaves the terminal and travels, with a few stops, along a straight

route that takes it 12 km [E] of its starting position in 24 min. In another 24 min,
the bus turns around and retraces its path to the terminal.
(a) What is the average speed of the bus for the entire route?
(b) Calculate the average velocity of the bus from the terminal to the farthest
position from the terminal.
(c) Find the average velocity of the bus for the entire route.
(d) Why are your answers for (b) and (c) different?
11. A truck driver, reacting quickly to an emergency, applies the brakes. During the

driver’s 0.32 s reaction time, the truck maintains a constant velocity of 27 m/s
[fwd]. What is the displacement of the truck during the time the driver takes to
react?
12. The Arctic tern holds the world record for bird migration distance. The tern

migrates once a year from islands north of the Arctic Circle to the shores of
Antarctica, a displacement of approximately 1.6 3 104 km [S]. (The route, astonishingly, lies mainly over water.) If a tern’s average velocity during this trip is
21 km/h [S], how long does the journey take? (Answer both in hours and days.)
Applying Inquiry Skills
13. Small airports use windsocks, like the one in Figure 4.

Figure 4
A typical windsock

10
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(a) Does a windsock indicate a scalar quantity or a vector quantity? What is that
quantity?
(b) Describe how you would set up an experiment to help you calibrate the
windsock.

NEL
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Table 1 Position-Time Data

Position and Velocity Graphs
Graphing provides a useful way of studying motion. We begin by studying positiontime and velocity-time graphs for bodies with constant velocity motion.
Consider a marathon runner moving along a straight road with a constant velocity of
5.5 m/s [S] for 3.0 min. At the start of the motion (i.e., at t 5 0), the initial position is
$d 5 0. The corresponding position-time data are shown in Table 1. The corresponding
position-time graph is shown in Figure 5. Notice that for constant velocity motion, the
position-time graph is a straight line.
Since the line on the position-time graph has a constant slope, we can calculate the slope
since it is the ratio of the change in the quantity on the vertical axis to the corresponding
change in the quantity on the horizontal axis. Thus, the slope of the line on the positiontime graph from t 5 0.0 s to t 5 180 s is

Time

Position
$ (m [S])
d

t (s)
0

0

60

330

120

660

180

990

1000

#$
Dd
m 5 }
Dt

dW (m [S])

800

990 m [S] 2 0 m
5 }}
180 s 2 0 s
m 5 5.5 m/s [S]

This value would be the same no matter which part of the line we used to calculate the
slope. It is apparent that for constant velocity motion, the average velocity is equal to the
instantaneous velocity at any particular time and that both are equal to the slope of the
line on the position-time graph.
Figure 6 is the corresponding velocity-time graph of the runner’s motion. A practice
question will ask you to show that the area under the plot (the shaded area) represents
the displacement, in other words, represents Dd#$ over the time interval that the area
covers.

600
400
200

0

60

120

180

t (s)
Figure 5
Position-time graph of the runner’s
motion

Describe the motion represented by the position-time graph shown in Figure 7, and
sketch the corresponding velocity-time graph.

Solution
The slope of the line is constant and it is negative. This means that the velocity is constant
in the easterly direction. The initial position is away from the origin and the object is
moving toward the origin. The velocity-time graph can be either negative west or positive
east as shown in Figure 8.

vW (m/s [S])

SAMPLE problem 3
10
5

0

60

120

180

t (s)

0

vW (m/s [E])

dW (m [W])

Figure 6
Velocity-time graph of the runner’s
motion

t (s)

Figure 7
Position-time graph

NEL

0

t (s)

Figure 8
Velocity-time graph
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Table 2 Position-Time Data
Time
t (s)

Position
$ (m [fwd])
d

0

0

2.0

4.0

4.0

16

6.0

36

8.0

64

60
40

#$
Dd
v$ 5 lim }
Dt→0 Dt

20

0

8.0

80

Figure 9
Position-time graph for changing
instantaneous velocity. The average
velocity between any two times can
be found by applying the equation
#$
Dd
v$av 5 } , but a different approach
Dt
must be used to find the instantaneous velocity.

60

2.0

4.0
t (s)

6.0

tangent a straight line that touches
a curve at a single point and has the
same slope as the curve at that
point

LEARNING TIP
Calculus Notation
In the notation used in calculus,
the “D” symbols are replaced
by “d” symbols to represent
infinitesimal or very small
quantities. Thus, the equation
for instantaneous velocity is
#$
dd
#v$ 5 } .
dt

12
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dW (m [fwd])

dW (m [fwd])

80

Now let’s turn to graphs of motion with changing instantaneous velocity. This type of
motion, often called nonuniform motion, involves a change of direction, a change of
speed, or both.
Consider, for example, a car starting from rest and speeding up, as in Table 2 and
Figure 9.
Since the slope of the line on the position-time graph is gradually increasing, the
velocity is also gradually increasing. To find the slope of a curved line at a particular
instant, we draw a straight line touching—but not cutting—the curve at that point. This
straight line is called a tangent to the curve. The slope of the tangent to a curve on a
position-time graph is the instantaneous velocity.
Figure 10 shows the tangent drawn at 2.0 s for the motion of the car. The broken lines
in the diagram show the average velocities between t 5 2.0 s and later times. For example,
from t 5 2.0 s to t 5 8.0 s, Dt 5 6.0 s and the average velocity is the slope of line A.
From t 5 2.0 s to t 5 6.0 s, Dt 5 4.0 s and the average velocity is the slope of line B, and
so on. Notice that as Dt becomes smaller, the slopes of the lines get closer to the slope of
the tangent at t 5 2.0 s (i.e., they get closer to the instantaneous velocity, $v ). Thus, we can
define the instantaneous velocity as

A
40
B
20
C
tangent at t = 2.0 s
0

2.0

4.0
t (s)

6.0

8.0

Figure 10
The slopes of lines A, B, and C represent the average velocities
at times beyond 2.0 s. As these times become smaller, the
slopes get closer to the slope of the tangent at t 5 2.0 s.

TRY THIS activity

Graphing Linear Motion

Sketch the position-time and velocity-time graphs that you think correspond to each of
the following situations. After discussing your graphs with your group, use a motion
sensor connected to graphing software to check your predictions. Comment on the accuracy of your predictions.
(a) A person walks away from the sensor at a constant velocity for 5 or 6 steps.
(b) A person walks directly toward the sensor at a constant velocity from a distance of
about 4.0 m.
(c) A person walks directly toward the sensor at a constant velocity from 3.0 m away. The
person stops for a few seconds. Finally, the person walks directly back toward the
origin at a constant, but slower velocity.
(d) A person walks halfway from the origin directly toward the sensor at a high constant
velocity, stops briefly, walks the rest of the way at a low constant velocity, and then
returns at a high constant velocity to the origin.

NEL

Section 1.1

30

Figure 11 is the position-time graph for a golf ball rolling along a straight trough which

slopes downward from east to west. We arbitrarily choose one-dimensional coordinates
on which the origin is at the western end of the trough.
(a) Describe the motion.

dW (m [E])

SAMPLE problem 4

tangent at t = 3.0 s
20
10

(b) Calculate the instantaneous velocity at t 5 3.0 s.
(c) Determine the average velocity between 3.0 s and 6.0 s.

0

Solution
(a) The slope is zero at t 5 0.0 s, then it becomes negative. Thus, the velocity starts off at
zero and gradually increases in magnitude in the westerly direction. (Negative east is
equivalent to positive west.) The object starts at a position east of the reference point
or origin and then moves westward arriving at the origin 6.0 s later.

2.0

4.0
t (s)

6.0

Figure 11
Position-time graph for Sample
Problem 4

(b) The instantaneous velocity at t 5 3.0 s is the slope of the tangent at that instant. Thus,
#$
Dd
$v 5 slope 5 m 5 }
Dt
0.0 m 2 24 m [E]
5 }}
8.0 s 2 0.0 s

LEARNING TIP

5 23.0 m/s [E]
$v 5 3.0 m/s [W]

The instantaneous velocity at 3.0 s is approximately 3.0 m/s [W].
(This answer is approximate because of the uncertainty of drawing the tangent.)
(c) We apply the equation for average velocity:
#$
Dd
v$av 5 }
Dt
0.0 m 2 15 m [E]
5 }}
6.0 s 2 3.0 s

The Image of a Tangent Line
A plane mirror can be used to
draw a tangent to a curved line.
Place the mirror as perpendicular
as possible to the line at the point
desired. Adjust the angle of the
mirror so that the real curve
merges smoothly with its image in
the mirror, which allows the mirror
to be perpendicular to the curved
line at that point. Draw a line perpendicular to the mirror to obtain
the tangent to the curve.

5 25.0 m/s [E]
$vav 5 5.0 m/s [W]

LEARNING TIP

The average velocity between 3.0 s and 6.0 s is 5.0 m/s [W].

Limitations of Calculator Use
Calculators provide answers very
quickly, but you should always
think about the answers they provide. Inverse trig functions, such
as sin21, cos21, and tan21, provide
an example of the limitations of
calculator use. In the range of 0° to
360°, there are two angles with the
same sine, cosine, or tangent. For
example, sin 85° 5 sin 95° 5
0.966, and cos 30° 5 cos 330° 5
0.866. Thus, you must decide on
how to interpret answers given by
a calculator.

Practice
Understanding Concepts
14. Describe the motion depicted in each of the graphs in Figure 12.

(c)

dW (m [W])

(b)

dW (m [up])

dW (m [N])

(a)

0

t (s)

0

t (s)

0

t (s)

Figure 12

NEL
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8.0

15. Use the information on the graphs in Figure 13 to generate the corresponding

Answers

velocity-time graphs.

16. 4.5 m [N]
(a)

17. 7 m/s [E]; 0 m/s;
7 m/s [W]; 13 m/s [W];
7 m/s [W]

15
dW (km [W])

dW (m [E])

15
vW (m/s [N])

(b)
30
20
10

5

10
0

0.2

5

0.4

0.3

Figure 14
Velocity-time graph for question 16

0.6

0.8

6

8

0

0.5

1.0
t (h)

1.5

2.0

100
50
t (h)

0
2

20
dW (m [E])

0.4
t (s)

(c)
0.2
t (s)

0.1

dW (cm [S])

0

–50

10
0
2.0

4.0

6.0

t (s)
8.0

–10

4

Figure 13
Position-time graphs

16. Determine the area between the line and the horizontal axis on the velocity-time
graph in Figure 14. What does that area represent? (Hint: Include units in your

area calculation.)
17. Redraw the position-time graph in Figure 15 in your notebook and determine

–20
Figure 15
Position-time graph for question 17

W
A

W
B
22°

W

E

15°

W
C

S

directions of vectors:
W [41° W of N]
A
W [22° N of E]
B
W [15° W of S]
C
Figure 16
Notation for specifying the directions of vectors

Chapter 1

the (approximate) instantaneous velocities at t 5 1.0 s, 2.0 s, 3.0 s, 4.0 s,
and 5.0 s.

Displacement and Velocity in Two Dimensions

N

41°

14

10

As you are driving north on a highway in level country, you come to a bridge closed for
repairs. Your destination is across the bridge on the north side of the river. Using a map,
you discover a road that goes eastward, then northward across the river, then westward
to your destination. The concepts of displacement, velocity, and time interval help you
analyze the alternative route as a vector problem in the horizontal plane. You can also analyze motion in a vertical plane (as when a football moves in the absence of a crosswind)
or in a plane at an angle to the horizontal (such as a ski hill) in the same way.
In the horizontal plane, the four compass points—east, north, west, and south—indicate direction. If the displacement or the velocity is at an angle between any two compass points, the direction must be specified in some unambiguous way. In this text, the
direction of a vector will be indicated using the angle measured from one of the compass points (Figure 16).
D$d
$ 5 $d2 2 $d1), average velocity 1$vav 5 }
The defining equations for displacement (Dd
} ,
Dt 2
$
Dd
and instantaneous velocity 1v$ 5 lim }}2 apply to motion in two dimensions. HowDt→0 Dt
ever, where the two-dimensional motion analyzed involves more than one displacement,
as shown in Figure 17, Dd$ is the result of successive displacements (Dd$ 5 Dd$1 1
$2 1 …), and is called total displacement.
Dd
NEL

Section 1.1

∆dW3

SAMPLE problem 5
∆dW2

In 4.4 s, a chickadee flies in a horizontal plane from a fence post (P) to a bush (B) and
then to a bird feeder (F), as shown in Figure 18(a). Find the following:
(a) total distance travelled

∆dW

∆dW1

(b) average speed
(c) total displacement
(d) average velocity

Solution
(a) The total distance travelled is a scalar quantity.
d 5 22 m + 11 m = 33 m
(b) d 5 33 m

Figure 17
The total displacement is the vector
sum of the individual displacements,
$ 5 Dd
$ 1 Dd
$ 1 Dd
$ . Notice that
Dd
1
2
3
the vectors are added head-to-tail,
and the total vector faces from the
initial position to the final position.

Dt 5 4.4 s
vav 5 ?
d
vav 5 }}
Dt
33 m
5 }}
4.4 s

(a)
B

north

vav 5 7.5 m/s

22 m

The average speed is 7.5 m/s.
(c) We will use the method of sine and cosine laws to solve this problem. (Alternatively,
we could use the component technique or a vector scale diagram.) We apply the
$. From Figure 18(b), the
cosine law to find the magnitude of the displacement, Dd
angle B equals 119°.

28°
11 m

east
F

33°

east

P
(b)

$1 5 22 m
Dd
$2 5 11 m
Dd

]B 5 119°
$ 5 ?
Dd

N
E

Applying the cosine law:

B

$2 5 Dd
$12 1 Dd
$22 2 2Dd
$1Dd
$2cos B
Dd
2
2
2
$
Dd 5 (22 m) 1 (11 m) 2 2(22 m)(11 m)(cos 119°)
$ 5 29 m
Dd

To determine the direction of the displacement, we use the sine law:
sin B
sin P
} 5 }
#$2
#$
Dd
Dd
#$2 sin B
Dd
sin P 5 }}
#$
Dd
(11 m)(sin 119°)
sin P 5 }}
(29 m)

∆dW1

33°

∆dW2

28°
F

∆dW
P
] B = 180° − 33° − 28°
] B = 119°
Figure 18
For Sample Problem 5
(a) The chickadee takes 4.4 s to
complete the motion shown.
(b) Angle B is found to be 119°.

]P 5 19°

From the diagram, we see that the direction of the total displacement is
33° 2 19° 5 14° N of E. Therefore, the total displacement is 29 m [14° N of E].

NEL
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LEARNING TIP

(d) Dd#$ 5 29 m [14° N of E]

Using Scientific Calculators
A warning about using scientific
calculators: when first turned
on, these calculators usually
express angles in degrees
(DEG). Pushing the appropriate
key (e.g., DRG) will change the
units to radians (RAD) or grads
(GRA, where 90° = 100 grads).
Only degrees will be used in this
text.

Dt 5 4.4 s
v$av 5 ?
#$
Dd
v$av 5 }
Dt
29 m [14° N of E]
5 }}
4.4 s
v$av 5 6.6 m/s [14° N of E]

The average velocity is 6.6 m/s [14° N of E].

Practice
Understanding Concepts
$1 5 2.4 m [32° S of W];
18. Determine the vector sum of the displacements Dd

Answers

$ 5 1.6 m [S]; and Dd
$ = 4.9 m [27° S of E].
Dd
2
3

18. 5.6 m [24° E of S]

19. Solve Sample Problem 5 using

20. (a) 1.3 3 103 m [42° N of E]

(a) a vector scale diagram
(b) components (referring, if necessary, to Appendix A)

(b) 5.6 m/s; 5.2 m/s
[42° N of E]

20. A skater on Ottawa’s Rideau Canal travels in a straight line 8.5 3 102 m [25° N

of E] and then 5.6 3 102 m in a straight line [21° E of N]. The entire motion takes
4.2 min.
(a) What is the skater’s displacement?
(b) What are the skater’s average speed and average velocity?

LEARNING TIP
Adding Vectors
In applying the vector addition
$ 5 Dd
$1 1 Dd
$2
equation (Dd
1 …) to two-dimensional
motion, you can choose to add
the displacement vectors by
whichever of the methods summarized in Appendix A proves
most convenient. The vector
scale “head-to-tail” diagram
method is excellent for visualizing and understanding the situation. However, this method is
not as accurate as other
methods. The component technique is accurate and can be
used for any number of vectors,
but it can be time-consuming.
The method using the sine and
cosine laws is accurate and
fairly quick to use, but it is limited to the addition (or subtraction) of only two vectors.

16
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SUMMARY

•
•
•
•
•
•
•
•
•
•
•
•

Speed and Velocity in One
and Two Dimensions

A scalar quantity has magnitude but no direction.
Average speed is the total distance travelled divided by the total time of travel.
A vector quantity has both magnitude and direction.
Position is the distance with a direction from some reference point.
Displacement is the change of position.
Velocity is the rate of change of position.
Average velocity is change of position divided by the time interval for that
change.
Instantaneous velocity is the velocity at a particular instant.
Instantaneous speed is the magnitude of the instantaneous velocity.
The slope of the line on a position-time graph indicates the velocity.
The area under the line on a velocity-time graph indicates the change of position.
In two-dimensional motion, the average velocity is the total displacement divided
by the time interval for that displacement.

NEL

Section 1.1

Section 1.1 Questions
6. What quantity can be calculated from a position-time

(a) the magnitude of a vector quantity
(b) a component of a vector quantity in some particular
coordinate system
(c) the mass you gained in the past 15 years
(d) the product of a scalar and a vector
(e) the area under the line and above the time axis on a
velocity-time graph
2. Give a specific example for each of the following descrip-

tions of a possible motion:
(a) The velocity is constant.
(b) The speed is constant, but the velocity is constantly
changing.
(c) The motion is in one dimension, and the total distance
travelled exceeds the magnitude of the displacement.
(d) The motion is in one dimension, the average speed is
greater than zero, and the average velocity is zero.
(e) The motion is in two dimensions, the average speed is
greater than zero, and the average velocity is zero.
3. If two measurements have different dimensions, can they

be added? multiplied? In each case, give an explanation if
“no,” an example if “yes.”
4. Light travels in a vacuum at 3.00 3 108 m/s. Determine the

time in seconds for each of the following:
(a) Light travels from the Sun to Earth. The average radius
of Earth’s orbit around the Sun is 1.49 3 1011 m.
(b) Laser light is sent from Earth, reflects off a mirror on
the Moon, and returns to Earth. The average EarthMoon distance is 3.84 3 105 km.
5. Figure 19 shows the idealized motion of a car.

(a) Determine the average speed between 4.0 s and 8.0 s;
and between 0.0 s and 8.0 s.
(b) Calculate the average velocity between 8.0 s and 9.0 s;
between 12 s and 16 s; and between 0.0 s and 16 s.
(c) Find the instantaneous speed at 6.0 s and 9.0 s.
(d) Calculate the instantaneous velocity at 14 s.
50

dW (m [E])

40
30

graph to indicate the velocity of an object? How can that
quantity be found if the line on the graph is curved?
7. Use the information in Figure 20 to generate the corre-

sponding position-time graph, assuming the position at
time t 5 0 is 8.0 m [E].
vW (m/s [E])

1. State whether each of the following is a scalar or a vector:

4.0
2.0
0

1.0

2.0 3.0
t (s)

5.0

Figure 20
Velocity-time
graph

[36° N of E] and then paddles another 65 m [25° E of S].
Determine the duck’s
(a) total distance travelled
(c) total displacement
(b) average speed
(d) average velocity
Applying Inquiry Skills
9. (a) Review your work in Practice question 17, and use a

plane mirror to determine how accurately you drew the
tangents used to find the instantaneous velocities.
(b) Describe how to draw tangents to curved lines as
accurately as possible.
Making Connections
10. Research has shown that the average alcohol-free driver

requires about 0.8 s to apply the brakes after seeing an
emergency. Figure 21 shows the approximate reaction
times for drivers who have been drinking beer. Copy Table 3
into your notebook, and use the data from the graph to
determine the reaction distance (i.e., the distance travelled
after seeing the emergency and before applying the brakes).
3.0
2.0
1.0
0

1
2
3
4
Number of Beers

Figure 21
Effect of beer on
reaction times for
drivers

5

20
Table 3 Data for Question 10

10

Speed
0

4.0

8.0
t (s)

Figure 19
Position-time graph

NEL
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8. In a total time of 2.0 min, a duck on a pond paddles 22 m

Reaction Time (s)

Understanding Concepts

12

16

Reaction Distance
no alcohol

4 bottles

5 bottles

17 m/s (60 km/h)

?

?

?

25 m/s (90 km/h)

?

?

?

33 m/s (120 km/h)

?

?

?
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1.2

Acceleration in One
and Two Dimensions
Have you noticed that when you are in a car, you have to accelerate
on the ramp of an expressway to merge safely (Figure 1)? Drivers
experience acceleration whenever their vehicles speed up, slow
down, or change directions.
There have been concerns that vehicles using alternative energy
resources may not be able to accelerate as quickly as vehicles powered by conventional fossil-fuel engines. However, new designs
are helping to dispel that worry. For example, the electric limousine shown in Figure 2 can quickly attain highway speeds.

Figure 1
As they merge onto the main
expressway lanes, cars and motorcycles accelerate more easily than
trucks.

Figure 2
This experimental electric limousine, with a
mass of 3.0 3 103 kg, can travel 300 km on an
hour’s charge of its lithium battery.

DID YOU KNOW

?

The Jerk
Sometimes the instantaneous acceleration varies, such as when rockets
are launched into space. The rate of
change of acceleration is known as
the “jerk,” which can be found using
Da$
the relation jerk 5 }} or by finding
Dt
the slope of the line on an acceleration-time graph. What is the SI unit
of jerk?

acceleration ( #a$ ) rate of change of
velocity
average acceleration (a#$av)
change in velocity divided by the
time interval for that change
instantaneous acceleration
acceleration at a particular instant
18
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Acceleration and Average Acceleration
in One Dimension
Acceleration is the rate of change of velocity. Since velocity is a vector quantity, acceleration is also a vector quantity. Average acceleration, a$av , is the change in velocity

divided by the time interval for that change:
#v$f 2 #v$i
Dv#$
a$av 5 } 5 }
Dt
Dt

where v$f is the final velocity, v$i is the initial velocity, and Dt is the time interval.
The acceleration at any particular instant, or instantaneous acceleration—but often
just referred to as acceleration—is found by applying the equation:
Dv#$
a$ 5 lim }
Dt→0 Dt

Dv#$
In other words, as Dt approaches zero, the average acceleration 1}}2 approaches the
Dt
instantaneous acceleration.
As you can see from the following sample problems, any unit of velocity divided by
a unit of time is a possible unit of average acceleration and instantaneous acceleration.
NEL
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SAMPLE problem 1
A racing car accelerates from rest to 96 km/h [W] in 4.1 s. Determine the average acceleration of the car.

LEARNING TIP
Comparing Symbols
We have already been using the
symbols v$av and v$ for average
velocity and instantaneous
velocity. In a parallel way, we use
$aav and a$ for average acceleration
and instantaneous acceleration.
When the acceleration is constant,
the average and instantaneous
accelerations are equal, and the
symbol a$ can be used for both.

Solution
v$i 5 0.0 km/h
$vf 5 96 km/h [W]
Dt 5 4.1 s
$aav 5 ?
#v$f 2 #v$i
$aav 5 }
Dt
96 km/h [W] 2 0.0 km/h
5 }}}
4.1 s
$aav 5 23 (km/h)/s [W]

The average acceleration of the car is 23 (km/h)/s [W].

SAMPLE problem 2

LEARNING TIP

A motorcyclist travelling at 23 m/s [N] applies the brakes, producing an average acceleration of 7.2 m/s2 [S].
(a) What is the motorcyclist’s velocity after 2.5 s?
(b) Show that the equation you used in (a) is dimensionally correct.

Solution
(a) v$i 5 23 m/s [N]
$aav 5 7.2 m/s2 [S] 5 27.2 m/s2 [N]
Dt 5 2.5 s
$vf 5 ?
v#$ 2 #v$
Dt

f
i
From the equation $aav 5 }
,

$vf 5 v$i 1 a$av Dt

Positive and Negative
Directions
In Sample Problem 2, the average
acceleration of 7.2 m/s2 [S] is
equivalent to 27.2 m/s2 [N]. In this
case, the positive direction of the
motion is north: v$i = +23 m/s [N].
Thus, a positive southward acceleration is equivalent to a negative
northward acceleration, and both
represent slowing down. Slowing
down is sometimes called deceleration, but in this text we will use
the term “negative acceleration.”
This helps to avoid possible sign
errors when using equations.

5 23 m/s [N] 1 (27.2 m/s2 [N])(2.5 s)
5 23 m/s [N] 2 18 m/s [N]
$vf 5 5 m/s [N]

The motorcyclist’s final velocity is 5 m/s [N].
?

(b) We can use a question mark above an equal sign 1 5 2 to indicate that we are
checking to see if the dimensions on the two sides of the equation are the same.
?
v$f 5 v$i 1 #a$av Dt
L
L ? L
}} 5 }} 1 1}}2 2T
T
T
T
L ? L
L
}} 5 }} 1 }}
T
T
T

The dimension on the left side of the equation is equal to the dimension on the
right side of the equation.

NEL
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Practice
Understanding Concepts
1. Which of the following can be used as units of acceleration?

Answers
4. 2.4

m/s2

(a) (km/s)/h

[fwd]

(b) mm?s22 (c) Mm/min2

(d) km/h2 (e) km/min/min

2. (a) Is it possible to have an eastward velocity with a westward acceleration?

5. (a) 2.80 s

If “no,” explain why not. If “yes,” give an example.
(b) Is it possible to have acceleration when the velocity is zero? If “no,” explain
why not. If “yes,” give an example.

(b) 96.1 km/h
6. 108 km/h [fwd]
7. 42.8 m/s [E]

3. A flock of robins is migrating southward. Describe the flock’s motion at instants

when its acceleration is (a) positive, (b) negative, and (c) zero. Take the southward direction as positive.
4. A track runner, starting from rest, reaches a velocity of 9.3 m/s [fwd] in 3.9 s.

Determine the runner’s average acceleration.
5. The Renault Espace is a production car that can go from rest to 26.7 m/s with an

incredibly large average acceleration of magnitude 9.52 m/s2.
(a) How long does the Espace take to achieve its speed of 26.7 m/s?
(b) What is this speed in kilometres per hour?
(c) Show that the equation you applied in (a) is dimensionally correct.
6. The fastest of all fishes is the sailfish. If a sailfish accelerates at a rate of

14 (km/h)/s [fwd] for 4.7 s from its initial velocity of 42 km/h [fwd], what is its
final velocity?
7. An arrow strikes a target in an archery tournament. The arrow undergoes an

average acceleration of 1.37 3 103 m/s2 [W] in 3.12 3 1022 s, then stops.
Determine the velocity of the arrow when it hits the target.

Graphing Motion with Constant Acceleration
Table 1 Position-Time Data
t (s)

#$ (m [E])
d

0

0

2.0

8.0

4.0

A speedboat accelerates uniformly from rest for 8.0 s, with a displacement of 128 m [E]
over that time interval. Table 1 contains the position-time data from the starting position. Figure 3 is the corresponding position-time graph.
140

32

6.0

72

8.0

128

120

tangent at
t = 7.0 s

dW (m [E])

100
80
tangent at
t = 5.0 s

60
tangent at
t = 3.0 s

40
Figure 3
On this position-time graph of the
boat’s motion, the tangents at four
different instants yield the instantaneous velocities at those instants.
(The slope calculations are not
shown here.)

20
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tangent at
t = 1.0 s

20

0

2.0

4.0
t (s)

6.0

8.0

NEL
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Recall from Section 1.1 that the slope of the line at a particular instant on a positiontime graph yields the instantaneous velocity. Since the slope continuously changes, several values are needed to determine how the velocity changes with time. One way to
find the slope is to apply the “tangent technique” in which tangents to the curve are
drawn at several instants and their slopes are calculated. Table 2 shows the instantaneous velocities as determined from the slopes; Figure 4 shows the corresponding
velocity-time graph.

Table 2 Velocity-Time Data
t (s)

v#$ (m/s [E])

0

0

1.0

4.0

3.0

12

5.0

20

7.0

28

vW (m/s [E])

40
30
20
10

0

2.0

4.0
t (s)

6.0

8.0

Figure 4
The velocity-time graph of motion with constant acceleration is a straight line. How would you find the instantaneous
acceleration, average acceleration, and displacement of the
boat from this graph?

The acceleration can be determined from the slope of the line on the velocity-time
D$v
graph, which is }}. In this example, the slope, and thus the acceleration, is 4.0 m/s2 [E].
Dt
Figure 5 is the corresponding acceleration-time graph.

[E])

4

aW

8

(m/s2

12

0

2.0

4.0
t (s)

6.0

8.0

Figure 5
The acceleration-time graph of motion with constant acceleration is a straight horizontal line. How would you find the
change in velocity over a given time interval from this
graph?

What additional information can we determine from the velocity-time and acceleration-time graphs? As you discovered earlier, the area under the line on a velocity-time
graph indicates the change in position (or the displacement) over the time interval for
which the area is found. Similarly, the area under the line on an acceleration-time graph
indicates the change in velocity over the time interval for which the area is calculated.
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SAMPLE problem 3
Figure 6 is the acceleration-time graph of a car accelerating through its first three gears.
Assume that the initial velocity is zero.
(a) Use the information in the graph to determine the final velocity in each gear. Draw
the corresponding velocity-time graph.
(b) From the velocity-time graph, determine the car’s displacement from its initial position after 5.0 s.
Dt1
a$1

4

a
W (m/s2 [S])

Dt2
a$2

3
A1

2

a$3

1

A3
0

Figure 6
Acceleration-time graph

Dt3
A2

2

1

3

4

5

6

7

8

9

t (s)

Solution
(a) The area beneath each segment of the acceleration-time plot is the change in
velocity during that time interval.
A1 5 $a1Dt1

A2 5 $a2Dt2

m/s2 [S])(3.0

5 (4.0

5 (3.0 m/s2 [S])(2.0 s)

s)

A1 5 12 m/s [S]

A2 5 6.0 m/s [S]

A3 5 $a3Dt3

Atotal 5 A1 1 A2 1 A3

5 (1.5

m/s2 [S])(4.0

s)

5 12 m/s 1 6.0 m/s 1 6.0 m/s

A3 5 6.0 m/s [S]

Atotal 5 24 m/s

The initial velocity is $v1 = 0.0 m/s. The final velocity in first gear is $v2 = 12 m/s [S], in
second gear is v$3 = 18 m/s [S], and in third gear is $v4 = 24 m/s [S].
Figure 7 is the corresponding velocity-time graph.

Dt1

Dt2

Dt3

Wv (m/s [S])

30

Wv4
20
Wv3
vW2
10

A5

A4

Wv

1

Figure 7
Velocity-time graph
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0

1

2

3

4

5

6

7

8

9

t (s)
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(b) The area beneath each line on the velocity-time graph yields the change in position
during that time interval.
1
A4 5 }} 1$v2 2 $v12 (Dt1)
2
1
5 }} (12 m/s [S]) (3.0 s)
2
A4 5 18 m [S]
1
A5 5 1$v22(Dt2) 1 }} 1$v3 2 $v22(Dt2)
2
1
5 (12 m/s [S]) (2.0 s) 1 }} (18 m/s [S] 2 12 m/s [S]) (2.0 s)
2
A5 5 30 m [S]

(Area A5 could also be found by using the equation for the area of a trapezoid.)
The car’s displacement after 5.0 s is 18 m [S] 1 30 m [S] 5 48 m [S].

TRY THIS activity

Graphing Motion with
Acceleration

(a)

Observe the motion and the corresponding graphs, and compare your predictions to the
actual results.
Catch the cart on its downward motion before it reaches the motion
sensor.
initial push
on cart

0
(b)

motion
sensor

Figure 8
A motion sensor allows you to check predicted graphs.

vW (km/h [fwd])

0
(c)

Understanding Concepts
8. Describe how to determine

(a) average acceleration from a velocity-time graph
(b) change in velocity from an acceleration-time graph
9. Describe the motion depicted in each graph in Figure 9.

NEL

(d)

aW (m/s2 [N])

0

Practice

t (s)

d
W (cm [S])

(a) upward is positive
(b) downward is positive

vW (m/s [W])

The cart in Figure 8 is given a brief push so that it rolls up an inclined plane, stops, then
rolls back toward the bottom of the plane. A motion sensor is located at the bottom of the
plane to plot position-time, velocity-time, and acceleration-time graphs. For the motion
that occurs after the pushing force is no longer in contact with the cart, sketch the shapes
of the $
d-t, $v-t, and a$-t graphs for these situations:

0

t (s)

t (s)

t (s)

Figure 9
For question 9
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10. Table 3 summarizes observations of a crawling baby experiencing constant accelera-

Answer

tion over several successive 2.0-s intervals.
(a) Draw a velocity-time graph for this motion.
(b) Use the information on your velocity-time graph to draw the corresponding
acceleration-time graph.

12. 132 m [S]

Table 3 Data for Question 10
0.0

t (s)
$
v (cm/s [E])

2.0

10

4.0

15

20

6.0
15

8.0
10

10
5.0

12
0.0

11. Figure 10 is the acceleration-time graph of a football lineman being pushed, from an

aW (m/s2 [E])

initial velocity of zero, by other players. Draw the corresponding velocity-time graph.
1.5
1.0
0.5
0
–0.5
–1.0
–1.5

t (s)
1.0

2.0

3.0

4.0

Figure 10
Acceleration-time graph

12. Determine the car’s displacement after 9.0 s from the velocity-time graph in

Figure 7.
Making Connections
13. The acceleration-time graphs in Figures 6, 9(b), and 10 represent idealized situa-

tions of constant acceleration.
(a) What does “idealized” mean here?
(b) Suggest one advantage of presenting idealized, rather than real-life, examples in
a text of fundamental physics theory.
(c) Redraw the graph in Figure 6 to suggest more accurately the real-life motion of
an accelerating car.
14. Explore the capabilities of graphing tools in acceleration problems. You may have

access to a graphing calculator and graphing software in such scientific packages as
IDL®, Maple®, or Mathematica®. Your school may have a planimeter, a mechanical
instrument for finding the area of paper under a plotted curve. You could begin by
checking the answers to Sample Problem 3.

vW

Solving Constant Acceleration Problems

vWf
vWi
0

t
∆t

Figure 11
The shape of the figure under the
line on this graph is a trapezoid, so
the area under the line is the
product of the average length of the
v#$i 1 #v$f
two parallel sides, }
}, and the
2
perpendicular distance between
them, Dt.
24
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v#$f 2 #v$i
The defining equation for average acceleration, a$ av 5 } , does not include
Dt
displacement. You have seen that displacement can be found by determining the area under
the line on a velocity-time graph. We can combine this observation with the defining equation for average acceleration to derive other equations useful in analyzing motion with
constant acceleration. Remember that when the acceleration is constant, $a 5 $aav , so we
use the symbol a$ to represent the acceleration.
Figure 11 shows a velocity-time graph of constant acceleration with initial velocity $vi.
1
The area beneath the line is the area of a trapezoid, Dd#$ 5 }}(v$f 1 v$i)Dt. This equation,
2
without the variable a$ , can be combined with the defining equation for average acceleration to derive three other equations, each of which involves four of the five possible
variables that are associated with constant acceleration.
For example, to derive the equation in which Dt is eliminated, we omit the vector
notation; this allows us to avoid the mathematical problem that would occur if we mulNEL
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tiplied two vectors. We can now rearrange the defining equation to get Dt, which we can
substitute to solve for Dd:
vf 2 vi
a 5 }
Dt
vf 2 vi
Dt 5 }
a}
1
Dd 5 }} (vf 1 vi )Dt
2
1
vf 2 vi
5 }} (vf 1 vi )1}
a}2
2
vf2 2 vi2
Dd 5 }
2}
a
2aDd 5 vf2 2 vi2

Therefore vf2 5 vi2 1 2aDd .
In a similar way, substitution can be used to derive the final two equations in which
$vf and $vi are eliminated. The resulting five equations for constant acceleration are presented in Table 4. Applying dimensional analysis or unit analysis to the equations will
allow you to check that the derivations and/or substitutions are valid.
Table 4 Constant Acceleration Equations for Uniformly Accelerated Motion
Variables Involved

General Equation

Variable Eliminated

a$, $vf, v$i, Dt

v#$f 2 #v$i
a$ 5 }
}
Dt

$
Dd

$, $vi, a$, Dt
Dd

$ 5 v$iDt 1 }1} a$ (Dt )2
Dd
2

$vf

$, v$i, $vf, Dt
Dd

$ 5 $vavDt
Dd

$a

or
$ 5 }1} (v$ 1 v$ )Dt
Dd
f
2 i
$
v$f, v$i, $a, Dd

vf2 5 vi2 1 2aDd

Dt

$, $vf, Dt, $a
Dd

$ 5 v$fDt 2 }1} a$ (Dt )2
Dd
2

$vi

SAMPLE problem 4
A motorcyclist, travelling initially at 12 m/s [W], changes gears and speeds up for 3.5 s
with a constant acceleration of 5.1 m/s2 [W]. What is the motorcyclist’s displacement over
this time interval?

Solution
v$i 5 12 m/s [W]
$a 5 5.1 m/s2 [W]

Dt 5 3.5 s
$ 5 ?
Dd

$ 5 $viDt 1 }1}a$(Dt)2
Dd
2
1
5 (12 m/s [W])(3.5 s) 1 }} (5.1 m/s2 [W])(3.5 s)2
2
$ 5 73 m [W]
Dd

The motorcyclist’s displacement is 73 m [W].
NEL
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SAMPLE problem 5
A rocket launched vertically from rest reaches a velocity of 6.3 3 102 m/s [up] at an altitude of 4.7 km above the launch pad. Determine the rocket’s acceleration, which is
assumed constant, during this motion.

Solution
$ 5 4.7 km [up] 5 4.7 3 103 m [up]
Dd

v$i 5 0 m/s
102

v$f 5 6.3 3

a$ 5 ?

m/s [up]

We choose [up] as the positive direction. Since Dt is not given, we will use the equation
vf2 5 vi2 1 2aDd
vf2 5 2aDd
v2
a 5 }f}
2Dd
(6.3 3 102 m/s)2
5 }}
2(4.7 3 103 m)
a 5 42 m/s2

Since a is positive, the acceleration is 42 m/s2 [up].

SAMPLE problem 6
A curling rock sliding on ice undergoes a constant acceleration of 5.1 cm/s2 [E] as it
travels 28 m [W] from its initial position before coming to rest. Determine (a) the initial
velocity and (b) the time of travel.

Solution
Figure 12 shows that the acceleration is opposite in direction to the motion of the rock
and that the positive direction is chosen to be west.
a = 5.1 cm/s2 [E]

vf = 0

Figure 12
The situation for Sample Problem 6

+ direction

vi = ?

∆ d = 28 m [W]
$ 5 28 m [W]
(a) Dd
$vf 5 0 m/s

$a 5 5.1 cm/s2 [E] 5 0.051 m/s2 [E] 5 20.051 m/s2 [W]
Dt 5 ?

$vi 5 ?
vf2 5 vi2 1 2aDd
0 5 vi2 1 2aDd
vi2 5 22aDd
w
vi 5 6Ï22aDd
2)(28w
5 6Ï22(20
w.051
w/s
mw
m)

vi 5 61.7 m/s

The initial velocity is vi 5 1.7 m/s [W].
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(b) Any of the constant acceleration equations can be used to solve for Dt.
v$f 2 v$i
a$ 5 }
}
Dt
v#$f 2 v#$i
Dt 5 }
}
#a$
0 2 1.7 m/s [W]
5 }}
20.051 m/s2 [W]
Dt 5 33 s

The time interval over which the curling rock slows down and stops is 33 s.

Practice
Understanding Concepts
15. You know the initial velocity, the displacement, and the time interval for a certain

constant acceleration motion. Which of the five standard equations would you
use to find (a) acceleration and (b) final velocity?
16. Show that the constant acceleration equation from which Dt has been elimi-

nated is dimensionally correct.
17. Rearrange the constant acceleration equation from which average acceleration

has been eliminated to isolate (a) Dt and (b) $vf .
18. Starting with the defining equation for constant acceleration and the equation

for displacement in terms of average velocity, derive the constant acceleration
equation
(a) from which final velocity has been eliminated
(b) from which initial velocity has been eliminated

Answers
19. 44 m/s [W]
20. 4.6 3 104 m/s2 [N]
21. (a) 15 m [fwd]
(b) 8.3 m/s [fwd]
22. (a) 5.60 3 1015 m/s2 [W]
(b) 9.39 3 1029 s
24. 0.13 s

19. A badminton shuttle, or “birdie,” is struck, giving it a horizontal velocity of

73 m/s [W]. Air resistance causes a constant acceleration of 18 m/s2 [E].
Determine its velocity after 1.6 s.
20. A baseball travelling horizontally at 41 m/s [S] is hit by a baseball bat, causing its

velocity to become 47 m/s [N]. The ball is in contact with the bat for 1.9 ms, and
undergoes constant acceleration during this interval. What is that acceleration?
21. Upon leaving the starting block, a sprinter undergoes a constant acceleration of

2.3 m/s2 [fwd] for 3.6 s. Determine the sprinter’s (a) displacement and (b) final
velocity.
22. An electron travelling at 7.72 3 107 m/s [E] enters a force field that reduces its

velocity to 2.46 3 107 m/s [E]. The acceleration is constant. The displacement
during the acceleration is 0.478 m [E]. Determine
(a) the electron’s acceleration
(b) the time interval over which the acceleration occurs
Applying Inquiry Skills
23. Describe how you would perform an experiment to determine the acceleration

of a book sliding to a stop on a lab bench or the floor. Which variables will you
measure and how will you calculate the acceleration? If possible, perform the
experiment.
Making Connections
24. Reaction time can be crucial in avoiding a car accident. You are driving at

75.0 km/h [N] when you notice a stalled vehicle 48.0 m directly ahead of you.
You apply the brakes, coming to a stop just in time to avoid a collision. Your
brakes provided a constant acceleration of 4.80 m/s2 [S]. What was your reaction time?
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Acceleration in Two Dimensions
Acceleration in two dimensions occurs when the velocity of an object moving in a plane
undergoes a change in magnitude, or a change in direction, or a simultaneous change in
both magnitude and direction. In Figure 13, a parks worker is pushing a lawn mower on
a level lawn at a constant speed of 1.8 m/s around a kidney-shaped flowerbed. Is the
mower accelerating? Yes: the mower’s velocity keeps changing in direction, even though
it does not change in magnitude.
The equation for average acceleration introduced for one-dimensional motion also
applies to two-dimensional motion. Thus,
#v$f 2 #v$i
D#v$
a$av 5 }} 5 }
}
Dt
Dt

It is important to remember that v#$f 2 #v$i is a vector subtraction. The equation can also
be applied to the components of vectors. Thus,
Dv
vfx 2 vix
aav,x 5 }}x 5 }
}
Dt
Dt

and

vfy 2 viy
Dvy
aav,y 5 } 5 }
Dt
Dt

where, for example, vfy represents the y-component of the final velocity.

N
E
Figure 13
As the lawn mower follows the edge
of the flowerbed at constant speed,
it is accelerating: its direction of
motion keeps changing.

direction of
mower

v B = 1.8 m/s [15° E of N]
B
A
vA = 1.8 m/s [27° S of E]

SAMPLE problem 7
The lawn mower in Figure 13 takes 4.5 s to travel from A to B. What is its average
acceleration?

+y

N

+x

E

Solution

−vWA

−vAy

β

vBx

vAx
vBy

u

vWB

v$A 5 1.8 m/s [27° S of E]

Dt 5 4.5 s

$vB 5 1.8 m/s [15° E of N]

a$av 5 ?

We begin by finding Dv$, which is needed in the equation for average acceleration. In this
case, we choose to work with vector components, although other methods could be used
(such as the sine and cosine laws). The vector subtraction, Dv$ 5 v$B 1 (2v$A ) , is shown in
Figure 14. Taking components:
Dvx 5 vBx 1 (2vAx )
5 vB sin v 1 (2vA cos b )

Figure 14
Determining the direction of the
change in the velocity vector
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5 1.8 m/s (sin 15°) 2 1.8 m/s (cos 27°)
Dvx 5 21.1 m/s

NEL

Section 1.2

and

+y

N

Dvy 5 vBy 1 (2vAy )
5 vB cos v 1 (2vA sin b )

+x

E

5 1.8 m/s (cos 15°) 1 1.8 m/s (sin 27°)

∆vx

Dvy 5 12.6 m/s

Using the law of Pythagoras,
Dv$2 5 Dvx2 1 Dvy2
Dv$2

5

(1.1 m/s)2

1 (2.6

∆vy

∆vW

m/s)2

f

Dv$ 5 2.8 m/s

We now find the direction of the vector as shown in Figure 15:
1.1 m/s
f 5 tan21 }}
2. 6 m/s

Figure 15
The velocities and their components
for Sample Problem 7

f 5 24°

The direction is [24° W of N].
To calculate the average acceleration:
Dv#$
a$av 5 }
Dt
2.8 m/s [24° W of N]
5 }}}
4.5 s
$aav 5 0.62 m/s2 [24° W of N]

The average acceleration is 0.62 m/s2 [24° W of N].

Practice
Understanding Concepts
25. A car with a velocity of 25 m/s [E] changes its velocity to 25 m/s [S] in 15 s.

Calculate the car’s average acceleration.

25. 2.4 m/s2 [45° S of W]

26. A watercraft with an initial velocity of 6.4 m/s [E] undergoes an average acceler-

ation of 2.0 m/s2 [S] for 2.5 s. What is the final velocity of the watercraft?
27. A hockey puck rebounds from a board as shown in Figure 16. The puck is in

contact with the board for 2.5 ms. Determine the average acceleration of the
puck over the interval.
vWi= 26 m/s

N

Answers

vWf= 21 m/s

26. 8.1 m/s [38° S of E]
27. 7.3 3 103 m/s2 [7.5° N of W]
28. 17 m/s [10° above the
horizontal]
29. aav,x 5 9.0 3 1023 m/s2;
aav,y 5 22.5 3 1022 m/s2

E
22º

22º

Figure 16
Motion of the puck

28. A passenger in a hot-air balloon throws a ball with an initial unknown velocity.

The ball accelerates at 9.8 m/s2 [down] for 2.0 s, at which time its instantaneous
velocity is 24 m/s [45° below the horizontal]. Determine the ball’s initial velocity.
29. At 3:00 P.M. a truck travelling on a winding highway has a velocity of 82.0 km/h

[38.2° E of N]; at 3:15 P.M., it has a velocity of 82.0 km/h [12.7° S of E]. Assuming
that +x is east and +y is north, determine the x- and y-components of the
average acceleration during this time interval.
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SUMMARY

•
•
•
•
•

Acceleration in One and
Two Dimensions

Average acceleration is the average rate of change of velocity.
Instantaneous acceleration is the acceleration at a particular instant.
The tangent technique can be used to determine the instantaneous velocity on a
position-time graph of accelerated motion.
The slope of the line on a velocity-time graph indicates the acceleration.
The area under the line on an acceleration-time graph indicates the change in
velocity.

•

There are five variables involved in the mathematical analysis of motion with
constant acceleration and there are five equations, each of which has four of the
five variables.

•

In two-dimensional motion, the average acceleration is found by using the vector
subtraction Dv$ 5 $vf 2 $vi divided by the time interval Dt.

Section 1.2 Questions
6. Describe the motion in each graph in Figure 17.

Understanding Concepts
1. State the condition under which instantaneous acceleration

and average acceleration are equal.

(a)

(b)

2. Is it possible to have a northward velocity with westward
dW

acceleration? If “no,” explain why not. If “yes,” give an
example.
3. A supersonic aircraft flying from London, England, to New

York City changes its velocity from 1.65 3 103 km/h [W] to
1.12 3 103 km/h [W] as it prepares for landing. This change
takes 345 s. Determine the average acceleration of the aircraft (a) in kilometres per hour per second and (b) in
metres per second squared.
4. (a) Sketch a velocity-time graph, over an interval of 4.0 s,

for a car moving in one dimension with increasing
speed and decreasing acceleration.
(b) Show how to determine the instantaneous acceleration
at t = 2.0 s on this graph.
5. Table 5 gives position-time data for a person undergoing

constant acceleration from rest.
(a) Draw the corresponding velocity-time and acceleration-time graphs.
(b) Use at least one constant acceleration equation to
check the final calculation of acceleration in (a).
Table 5 Position-Time Data

30

t (s)

0

0.2

0.4

0.6

0.8

$ (m [W])
d

0

0.26

1.04

2.34

4.16

Chapter 1

0

vW

t

0

t

(c)

vW

0

t

Figure 17

7. A car, travelling initially at 26 m/s [E], slows down with a

constant average acceleration of magnitude 5.5 m/s2.
Determine its velocity after 2.6 s.
8. The maximum braking acceleration of a certain car is constant

and of magnitude 9.7 m/s2. If the car comes to rest 2.9 s after
the driver applies the brakes, determine its initial speed.
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9. Use the information from the velocity-time graph in

(a) At what instant after the light turns green do C and V
have the same velocity?
(b) At what instant after the light turns green does V overtake C? (Hint: Their displacements must be equal at
that instant.)
(c) Determine the displacement from the intersection
when V overtakes C.

vW (m/s [W])

Figure 18 to generate the corresponding position-time
and acceleration-time graphs.
15
10
5
0
–5
–10
–15

4.0

8.0

t (s)
12

15. A bird takes 8.5 s to fly from position A to position B along

the path shown in Figure 20. Determine the average
acceleration.

WvB = 7.8 m/s [25° N of E]

Figure 18

for 3.4 s with a constant acceleration of 4.4 m/s2 [fwd]. At
the end of 3.4 s, determine the jumper’s (a) final velocity
and (b) displacement.
11. An electron is accelerated uniformly from rest to a velocity

of 2.0 3 107 m/s [E] over the displacement 0.10 m [E].
(a) What is the (constant) acceleration of the electron?
(b) How long does the electron take to reach its final velocity?
12. During a 29.4-s interval, the velocity of a rocket changes

from 204 m/s [fwd] to 508 m/s [fwd]. Assuming constant
acceleration, determine the displacement of the rocket
during this time interval.
13. A bullet leaves the muzzle of a rifle with a velocity of 4.2 3

102 m/s [fwd]. The rifle barrel is 0.56 m long. The acceleration imparted by the gunpowder gases is uniform as long
as the bullet is in the barrel.
(a) What is the average velocity of the bullet in the barrel?
(b) Over what time interval does the uniform acceleration
occur?
14. A car (C) and a van (V) are stopped beside each other at a

red light. When the light turns green, the vehicles accelerate with the motion depicted in Figure 19.

N

WvA = 4.4 m/s [31° S of E]
E

Figure 20
16. A helicopter travelling horizontally at 155 km/h [E] executes a

gradual turn, and after 56.5 s flies at 118 km/h [S]. What is the
helicopter’s average acceleration in kilometres per hour per
second?
Applying Inquiry Skills
17. Predict the average acceleration in each of the following

situations. State what measurements and calculations you
would use to test your predictions.
(a) A bullet travelling with a speed of 175 m/s is brought
to rest by a wooden plank.
(b) A test car travelling at 88 km/h is brought to rest by a
crash barrier consisting of sand-filled barrels.
Making Connections

20

vW (m/s [S])

B

A

10. A ski jumper, starting from rest, skis down a straight slope

V

15

18. The fastest time for the women’s 100-m dash in a certain

track-and-field competition is 11.0 s, whereas the fastest
time for the four-woman 100-m relay is 42.7 s. Why would it
be wrong to conclude that each of the four women in the
relay can run a 100-m dash in less than 11.0 s? (Hint:
Consider acceleration.)

C

10
5

0

30

60

90

120
t (s)

150

180

220

Figure 19
Velocity-time graph of the motions
of two vehicles
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1.3
acceleration due to gravity ( #g$ )
acceleration of an object falling vertically toward Earth’s surface
free fall the motion of an object
toward Earth with no other force
acting on it than gravity

Figure 1
Aristotle (384 B.C.–322 B.C.)

Figure 2
Galileo Galilei (1564–1642)

DID YOU KNOW

?

“Quintessence”
Aristotle and his contemporaries
from Greece classified all matter on
Earth as one of four elements: earth,
air, fire, or water. They also believed
that objects beyond Earth, such as
the stars, were composed of a fifth
element which they called quintessence. This word stems from
“quinte,” meaning fifth, and
“essentia,” meaning essence.
32
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Acceleration Due to Gravity
A diver using a 3-m high board enters the water at a speed of about 28 km/h. From the
10-m high board, on the other hand, the speed is about 50 km/h. The farther an object
falls toward Earth’s surface, the faster its landing speed becomes, as long as air resistance remains negligible. The acceleration of an object falling vertically toward Earth’s surface is called the acceleration due to gravity.
Not all objects accelerate at the same rate toward the ground. If you drop a rubber
stopper and a flat piece of paper from the same height at the same instant, the stopper
lands first. However, if you crumple the paper into a tight ball, the paper and the stopper
land at about the same time. If the air resistance is negligible, the acceleration due to
gravity at a particular location is constant, and all dropped objects accelerate downward
at the same rate. An object falling toward Earth with no other force acting on it than
gravity experiences free fall.
In ancient times, people thought that heavier objects fell faster than lighter ones. The
Greek philosopher Aristotle (Figure 1), who was a successful teacher and scientist and
the accepted scientific authority of his day, based his belief on the observation that a
rock falls more quickly than a leaf or a feather. He even “proved” that heavy objects fell
faster than light ones and that a force is necessary for all motion. Physics based on
Aristotle’s ideas was known as “Aristotelian physics.” (After Newton, physics became
known as “Newtonian physics.”) Aristotle’s ideas, including his theory of falling objects,
were accepted for nearly 2000 years.
The renowned Italian scientist Galileo Galilei (Figure 2) discovered that both heavy and
light objects fall toward Earth with the same acceleration if the effect of air resistance is
eliminated. Galileo performed numerous experiments and made many scientific discoveries, some of which led to important inventions, such as the pendulum clock and the
astronomical telescope. Using the telescope, he was able to view sunspots on the Sun’s surface, close-up views of craters on the Moon, the phases of Venus, and some of the larger
moons orbiting Jupiter. His observations supported the view that Earth was not at the
centre of the solar system (geocentric theory); rather, Earth and the other planets orbited
the Sun (heliocentric theory). Church authorities did not accept this theory and Galileo
was placed under house arrest for writing about it. Despite the persecution, Galileo continued to write about his scientific discoveries, inventions, and theories until he died,
the same year another great scientist, Isaac Newton, was born in England.

Practice
Understanding Concepts
1. Air resistance is not negligible for a skydiver who has jumped out of an airplane and

is falling toward the ground; however, if that same person dives from a diving board
into a swimming pool, air resistance is negligible. Explain the difference.
2. Explain the disadvantage of using only reasoning rather than experimentation to

determine the dependency of one variable on another. Use an example to illustrate
your answer.
Applying Inquiry Skills
3. What experimental setup would demonstrate that in the absence of air resistance, a

feather and a coin, released simultaneously, fall toward Earth at the same rate.
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Making Connections
4. When an astronaut on the Moon dropped a feather and a rock simultaneously from a

height of about 2 m, both objects landed at the same instant. Describe the difference
between the motion of falling objects on the Moon and falling objects on Earth.

Measuring the Acceleration Due to Gravity
Various methods are used to measure the acceleration due to gravity experimentally.
For example, a stroboscope flashing at known time intervals records the position of an
object undergoing free fall (Figure 3). To determine the displacement of the object after
each time interval, we measure the photograph with a ruler. We can arrange the kinematics
equation to solve for a#$:
$ 5 $v Dt 1 }1} a$ (Dt )2
Dd
i
2

If #v$i 5 0, then
2 D$
d
a$ 5 }}
(Dt )2

Whichever method is used to determine the average acceleration of a freely falling
object, the result is found to be constant at any specific location. Near Earth’s surface, to
two significant digits, the acceleration is 9.8 m/s2 [down]. This value is common and
has the symbol $g , the acceleration due to gravity.
Government standards laboratories such as the Bureau International des Poids et
Mesures (BIPM) in Paris determine the local g$ with high precision. At BIPM, a special
elastic band propels an object upward in a vacuum chamber. Mirrors at the top and
bottom of the object reflect laser beams, permitting such an exact measurement of the
time of flight that the local magnitude of g$ is calculated to seven significant digits.
The magnitude of the acceleration due to gravity varies slightly depending on location. In general, the greater the distance from Earth’s centre, the lower the acceleration
due to gravity. The value is slightly lower at the equator than at the North and South
Poles (at the same elevation) because Earth bulges outward slightly at the equator. Also,
the value is slightly lower at higher altitudes than at lower ones. Table 1 lists the value of
g$ at several locations. Notice that the average value is 9.8 m/s2 [down] to two significant digits. More details about $g are presented in Chapters 2 and 3.
#$ at Various Locations on Earth
Table 1 g
Location

Latitude

North Pole

90° [N]

Altitude (m)

$ (m/s2 [down])
g

0

9.832

Equator

0

0

9.780

Java

6° [S]

7

9.782

Mount Everest

28° [N]

8848

9.765

Denver

40° [N]

1638

9.796

Toronto

44° [N]

162

9.805

London, UK

51° [N]

30

9.823

Washington, D.C.

39° [N]

8

9.801

Brussels

51° [N]

102

9.811
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Figure 3
The accelerating object is seen in
the photograph each instant that
the strobe light flashes on. The time
interval Dt between strobe flashes
is constant.

DID YOU KNOW

?

Precise Measurements
Knowing the acceleration due to
gravity to seven or more significant
digits is of great interest to certain
professionals. Geophysicists and
geologists can use the information
to determine the structure of
Earth’s interior and near-surface
features, and to help locate areas
with high concentrations of mineral and fossil fuel deposits.
Military experts are concerned
with variations in the acceleration
due to gravity in the deployment of
such devices as cruise missiles.
Space scientists use the data to
help calculate the paths of artificial satellites.

Kinematics 33

Case Study Predicting Earthquake
Accelerations
Geologists create models of potential earthquake scenarios to analyze the structure of
Earth’s surface. One such model is the map of ground accelerations in Figure 4. This
particular map shows the Pacific Northwest region near the border between Canada
and the United States. The map shows sideways ground accelerations that may occur
from several earthquakes, each with an estimated recurrence time. The colours indicate
potential sideways accelerations as a percentage of g. For example, the area in red represents a range of 40% to 60% of g, meaning that the ground would accelerate at approximately 5 m/s2. The accelerations have a 10% chance of being exceeded in 50 years.
125ºW
50ºN

120ºW

50ºN

10

30

30

%g

45ºN

45ºN

10

Figure 4
This map of potential ground
accelerations from earthquakes
covers a large area of the Pacific
Northwest. Since latitudes and
longitudes are marked, you can
find the corresponding locations
in an atlas.
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Peak Acceleration (% g) with 10% Probability of Exceedance in 50 years
site: NEH AP B-G boundary
U.S. Geological Survey
160
National Seismic Hazard Mapping Project

(a) Look up the region in a conventional atlas, and write a short scenario for possible earthquakes in the Pacific Northwest, describing which regions are affected
severely, moderately, slightly, or not at all.
(b) Explain how you used the acceleration map to construct your scenario.
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Practice
Understanding Concepts
5. A diver steps off a 10.0-m high diving board with an initial vertical velocity of zero and

experiences an average acceleration of 9.80 m/s2 [down]. Air resistance is negligible.
Determine the diver’s velocity in metres per second and in kilometres per hour, after
falling (a) 5.00 m and (b) 10.0 m.
Applying Inquiry Skills
6. You drop an eraser from your hand to your desk, a distance that equals your hand span.

(a) Estimate the time interval this motion takes in milliseconds.
(b) Measure your hand span and calculate the time interval, using the appropriate
constant acceleration equation(s).
(c) Compare your answers in (a) and (b). Describe ways in which you can improve
your estimation skills.
7. Table 2 gives position-time data for a very light ball dropped vertically from rest.

(a) Use the final data pair and the appropriate equation for constant acceleration to
determine the acceleration.
(b) Describe how you would find the acceleration with graphing techniques.
(c) If the value of the acceleration due to gravity in the place where the ball was
dropped is 9.81 m/s2 [down], what is the percentage error of the experimental
value?
(d) Describe reasons why there is a fairly high percentage error in this example.

Answers
5. (a) 9.90 m/s [down];

35.6 km/h [down]
(b) 14.0 m/s [down];
50.4 km/h [down]
7. (a) 8.61 m/s2 [down]

(c) 12.2%

Table 2 Position-Time Data
t (s)

#$ (m [down])
d

0

0

0.200

0.172

0.400

0.688

0.600

1.55

Making Connections
8. Olympic events have been held at locations with very different altitudes. Should

Olympic records for events, such as the shot put, be adjusted for this?

Calculations Involving Free Fall
During free fall, the vertical acceleration is constant, so the kinematics equations developed for constant acceleration in Section 1.2 can be applied. However, the equations
can be simplified. Since we are considering vertical motion only, the displacement,
velocity, and acceleration variables will be treated as components; thus, we will replace
the vector quantities Dd$ , $vi , $vf , and $a with their corresponding components: Dy, viy , vfy ,
and ay . When using equations involving components, it is essential to choose which
direction—up or down—is positive and then assign positive or negative signs to the
components appropriately.
Table 3 gives the constant acceleration equations for free-fall motion. Compare this
table with Table 4 in Section 1.2.
Table 3 Constant Acceleration Equations for Free-Fall Motion
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Variables Involved

General Equation

Variable Eliminated

ay , vfy , viy , Dt

vfy 2 viy
ay 5 }}
Dt

Dy

Dy, viy , ay , Dt

1
Dy 5 viy Dt 1 }} ay (Dt )2
2

vfy

Dy, viy , vfy , Dt

viy 1 vfy
Dy 5 }}Dt
2

ay

Dy, viy , vfy , ay

vfy 2 5 viy 2 1 2ay Dy

Dt

Dy, vfy , ay , Dt

1
Dy 5 vfy Dt 2 }} ay (Dt )2
2

viy

LEARNING TIP
Choosing the Positive Direction
It is important to use consistent
directions with any single motion
question. For an object experiencing
only downward motion, it is convenient to choose downward as positive. However, if an object is thrown
upward or if it bounces upward after
falling downward, either upward or
downward can be called positive.
The important thing is to define your
choice for the positive y direction
and to use that choice throughout
the entire solution.

Kinematics 35

SAMPLE problem 1
A ball is thrown with an initial velocity of 8.3 m/s [up]. Air resistance is negligible.
(a) What maximum height above its starting position will the ball reach?
(b) After what time interval will the ball return to its initial position?

LEARNING TIP
Alternative Solutions
There is often more than one
way of solving problems
involving constant acceleration.
A problem usually begins by
giving three known quantities.
After using one of the five possible equations to solve for one
unknown quantity, you now
know four quantities. To find the
fifth and final quantity, you can
choose any of the constant
acceleration equations containing the fifth quantity.

Solution
We will use upward as the +y direction for the entire solution.
(a) We know that vfy 5 0 m/s because at the maximum height required, the ball stops for
an instant before falling downward.
ay 5 2g 5 29.8 m/s2

vfy 5 0 m/s

viy 5 18.3 m/s

Dy 5 ?

vfy2 5 viy2 1 2ay Dy
0 5 viy2 1 2ay Dy
2viy2
Dy 5 }}
2ay
2(8.3 m/s)2
5 }}
2(29.8 m/s2)
Dy 5 +3.5 m

LEARNING TIP
Care with Vectors
Some students think that
g 5 29.8 m/s2, which is incorrect. The symbol g represents
the magnitude of the vector $
g,
and the magnitude of a nonzero
vector is always positive.

The maximum height reached by the ball is 3.5 m above its initial position.
(b) One way to solve this problem is to determine the time interval during which the ball
rises, then double that value to get the total time. We assume that the time for the ball
to fall equals the time for it to rise (a valid assumption if air resistance is neglected).
ay 5 2g 5 29.8 m/s2

vfy 5 0 m/s

viy 5 +8.3 m/s

Dt 5 ?

vfy 2 viy
Dt 5 }}
ay
0 2 8.3 m/s
5 }}
29.8 m/s2
Dt 5 0.85 s

total time = 2 3 0.85 s = 1.7 s
Therefore 1.7 s will elapse before the ball returns to its initial position.

SAMPLE problem 2
An arrow is shot vertically upward beside a building 56 m high. The initial velocity of the
arrow is 37 m/s [up]. Air resistance is negligible. At what times does the arrow pass the
top of the building on its way up and down?

Solution
We take the ground as the origin and [up] as the +y direction.
Dy 5 156 m
ay 5 2g 5 29.8
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viy 5 137 m/s
m/s2

Dt 5 ?
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The equation involving these variables is
1
Dy 5 viy Dt 1 }} ay (Dt )2
2

Since both terms on the right-hand side of the equation are not zero, we must apply the
quadratic formula to solve for Dt. Thus, we substitute the given quantities into the equation:
+56 m 5 37 m/s Dt 2 4.9 m/s2 (Dt)2
4.9 m/s2 (Dt)2 2 37 m/s Dt + 56 m 5 0

Using the quadratic formula:
b 2 2 4w
ac
2b 6 Ïw
Dt 5 }}
2a

where a 5 4.9 m/s2, b 5 237 m/s, and c 5 56 m

2(237 m/s) 6 Ïw
(237 mw
/s)2 2w
4(4.9 w
m/s2)(w
56 m)
5 }}}}}}
2
2(4.9 m/s )
Dt 5 5.5 s and 2.1 s

LEARNING TIP
The Quadratic Formula
The quadratic formula is useful for
finding the roots of a quadratic
equation, that is, an equation
involving a squared quantity, such
as Dt 2. In the constant acceleration examples, if the equation is
written in the form
a(Dt)2 1 b(Dt) 1 c 5 0, where
a Þ 0, its roots are
b 2 2 4w
ac
2b 6 Ïw
Dt 5 }}
2a
A negative root may be physically
meaningful depending on the
details of the problem.

There are two positive roots of the equation, which means that the arrow passes the top
of the building on the way up (at t 5 2.1 s) and again on the way down (at t 5 5.5 s).

Practice
Understanding Concepts
9. You throw a ball vertically upward and catch it at the height from which you

released it. Air resistance is negligible.
(a) Compare the time the ball takes to rise with the time the ball takes to fall.
(b) Compare the initial and final velocities.
(c) What is the instantaneous velocity at the top of the flight?
(d) What is the ball’s acceleration as it is rising? at the top of the flight? as it is
falling?
(e) Sketch the position-time graph, the velocity-time graph, and the acceleration-time graph for the ball’s motion during its flight. Use [up] as the positive direction.

Answers
11. (a) 15.6 m/s

(b) 33.0 m/s
12. (a) 3.86 s; 22.8 m/s

(b) 0.794 s; 22.8 m/s
14. (a) 21 m/s [up]

(b) 22 m

10. Write all the equations that could be used to solve for the time interval in

Sample Problem 1(b). Choose a different equation and solve for Dt.
11. Determine the speed at impact in the following situations. Air resistance is

negligible.
(a) A seagull drops a shellfish onto a rocky shore from a height of 12.5 m to
crack the shell.
(b) A steel ball is dropped from the Leaning Tower of Pisa, landing 3.37 s later.
12. A steel ball is thrown from the ledge of a tower so that it has an initial velocity of

magnitude 15.0 m/s. The ledge is 15.0 m above the ground. Air resistance is
negligible.
(a) What are the total flight time and the speed of impact at the ground if the
initial velocity is upward?
(b) What are these two quantities if the initial velocity is downward?
(c) Based on your answers to (a) and (b), write a concluding statement.
13. Show that a free-falling ball dropped vertically from rest travels three times as

far from t 5 1.0 s to t 5 2.0 s as from t 5 0.0 s to t 5 1.0 s.
14. A baseball pitcher throws a ball vertically upward and catches it at the same

level 4.2 s later.
(a) With what velocity did the pitcher throw the ball?
(b) How high does the ball rise?

NEL
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15. A hot-air balloon is moving with a velocity of 2.1 m/s [up] when the balloonist

Answers

drops a ballast (a large mass used for height control) over the edge. The ballast
hits the ground 3.8 s later.
(a) How high was the balloon when the ballast was released?
(b) What was the velocity of the ballast at impact?

15. (a) 63 m

(b) 35 m/s [down]
16. (a) 1.6 m/s2 [down]

(b) 6.1:1

16. An astronaut drops a camera from rest while exiting a spacecraft on the Moon.

17. (a) 9.20 m/s2 [down];

The camera drops 2.3 m [down] in 1.7 s.
(a) Calculate the acceleration due to gravity on the Moon.
$Earth to g
$Moon.
(b) Determine the ratio of g

9.70 m/s2 [down]
(b) 5.3%

Applying Inquiry Skills
17. A 60.0-Hz ticker-tape timer and a photogate timer are used by two different

Table 4 Data for Question 17
t (s)

#$
d (cm [↓])
d (cm [↓]) #$

0

0

0

0.10

4.60

4.85

groups in the lab to determine the acceleration due to gravity of a falling metal
mass. The results of the experiments are shown in Table 4.
(a) Use the data to determine the acceleration of the metal mass in each trial.
(b) Calculate the percent difference between the two accelerations.
(c) Which results are likely attributable to the ticker-tape timer? Explain why
you think so.

0.20

18.4

19.4

0.30

41.4

43.6

Making Connections

0.40

73.6

77.6

18. How would your daily life be affected if the acceleration due to gravity were to

increase to twice its present value? Name a few drawbacks and a few advantages.

Terminal Speed
The skydiver who exits a flying aircraft (Figure 5) experiences free fall for a short time.
However, as the diver’s speed increases, so does the air resistance. (You know from the
experience of putting your hand out the window of a moving vehicle that air resistance
Figure 5
A skydiver’s downward acceleration
decreases as the downward velocity
increases because of increasing air
resistance.

v (m/s)

vterminal

initial slope = 9.8 m/s2
0

t (s)

Figure 6
The general shape of a speed-time
graph for a falling object that
reaches terminal speed

terminal speed maximum speed
of a falling object at which point the
speed remains constant and there is
no further acceleration
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becomes high at high speeds.) Eventually this resistance becomes so great that it prevents any further acceleration. At this stage, the acceleration is zero and the diver has
reached a constant terminal speed, as depicted in the graph in Figure 6.
The terminal speeds for various objects falling in air are listed in Table 5. An object
with a fairly large mass, such as a human, has a high terminal speed. The terminal speed
is reduced greatly if the surface area increases, as when a skydiver opens a parachute.
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Terminal speeds are also important in fluids other than air. Investigation 1.3.1, in the Lab
Activities section at the end of this chapter, looks at the dependence of terminal speed on
the mass of an object.
Table 5 Approximate Terminal Speeds of Objects Falling in Air
Object

Terminal speed
(m/s)

human

53

human with open parachute

(km/h)
190

5 to 10

18 to 36

dandelion seed

0.5

1.8

typical dust particle

0.02

0.07

INVESTIGATION 1.3.1
Comparing Terminal Speeds
(p. 58)
Flat-bottom coffee filters fall in a
fairly straight line when dropped
vertically. These filters can be used
to study the relation between the
mass of an object and its terminal
speed. Predict how you think the
terminal speed of a stack of flat
coffee filters depends on its mass—
in other words, on the number of
filters in the stack.

DID YOU KNOW

Practice
Understanding Concepts

?

Climate Changes

19. What factors affect an object’s terminal speed? How does each factor affect the ter-

minal speed?
20. Does the concept of terminal speed apply on the Moon? Why or why not?
21. Sketch a graph of the vertical speed as a function of time for a skydiver who jumps

from an aircraft, reaches terminal speed, opens the parachute, and reaches a new
terminal speed.
Applying Inquiry Skills
22. Relief organizations use airplanes to drop packages of supplies in areas inaccessible

by surface transport. A package that hits the ground at a high speed may be damaged.
(a) Describe several factors to consider in the design of a package to maximize the
chances of a safe landing.
(b) Describe how you would test your package design.
Making Connections
23. There are many well-documented cases of people falling from tremendous heights

without parachutes and surviving. The record is held by a Russian who fell from an
astounding 7500 m. The chances of survival depend on the “deceleration distance” at
the time of landing. Why is a fall from a height of 7500 m no more dangerous than one
from half that height? How can the deceleration distance upon landing be maximized?

SUMMARY

•
•
•

Acceleration Due to Gravity

Free fall is the motion of an object falling toward the surface of Earth with no
other force acting on it than gravity.
The average acceleration due to gravity at Earth’s surface is g$ 5 9.8 m/s2 [down].
The acceleration due to gravity depends on latitude, altitude, and local effects,
such as the distribution of mineral deposits.

•

The constant acceleration equations can be applied to analyze motion in the vertical plane.

•

Terminal speed is the maximum speed reached by an object falling in air or other
fluids. When a falling object reaches terminal speed, its downward acceleration
becomes zero and its velocity becomes constant.

NEL

Dust and smoke particles in the
atmosphere can cause climate
changes. This 1980 eruption of
Mount St. Helens expelled
particles of ash high into the
atmosphere. Because of their low
terminal speed, such particles can
remain suspended for months, or
even years. These particles can be
carried by the prevailing winds all
around the world, reducing the
amount of solar radiation reaching
the ground. The decline in
incoming radiation triggers climate
changes, including a decline in
average temperatures. A similar
effect could be caused by smoke
and ashes from huge fires, such as
major forest fires or fires that
would follow nuclear attacks.
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Section 1.3 Questions
Understanding Concepts
1. Describe several different conditions under which air resist-

ance is negligible for a falling object.
2. Compare and contrast Aristotle’s and Galileo’s notions of

falling objects.
3. Determine the landing speed in both metres per second

and kilometres per hour for the following situations. Neglect
air resistance and assume the object starts from rest.
(a) Divers entertain tourists in Acapulco, Mexico, by diving
from a cliff 36 m above the water.
(b) A stone falls from a bridge, landing in the water 3.2 s
later.
4. Two high jumpers, one in Java, the other in London, UK,

each have an initial velocity of 5.112 m/s [up]. Use the data
in Table 1 to calculate, to four significant digits, the heights
each jumper attains.
5. During the first minute of blastoff, a space shuttle has an

average acceleration of 5g (i.e., five times the magnitude of
the acceleration due to gravity on the surface of Earth).
Calculate the shuttle’s speed in metres per second and
kilometres per hour after 1.0 min. (These values are
approximate.)
6. A person throws a golf ball vertically upward. The ball

returns to the same level after 2.6 s.
(a) How long did the ball rise?
(b) Determine the initial velocity of the ball.
(c) How long would the ball remain in flight on Mars,
#$ is 3.7 m/s2 [down], if it were given the same
where g
initial velocity?
7. In a laboratory experiment, a computer determines that the

time for a falling steel ball to travel the final 0.80 m before
hitting the floor is 0.087 s. With what velocity does the ball
hit the floor?
8. A stone is thrown vertically with a velocity of 14 m/s [down]

from a bridge.
(a) How long will the stone take to reach the water 21 m
below?
(b) Explain the meaning of both roots of the quadratic
equation used to solve this problem.
9. A tennis ball and a steel ball are dropped from a high

ledge. The tennis ball encounters significant air resistance
and eventually reaches terminal speed. The steel ball
essentially undergoes free fall.
(a) Draw a velocity-time graph comparing the motions of
the two balls. Take the downward direction to be
positive.
(b) Repeat (a) with the upward direction positive.

10. A flowerpot is dropped from the balcony of an apartment,

28.5 m above the ground. At a time of 1.00 s after the pot is
dropped, a ball is thrown vertically downward from the balcony one storey below, 26.0 m above the ground. The initial
velocity of the ball is 12.0 m/s [down]. Does the ball pass
the flowerpot before striking the ground? If so, how far
above the ground are the two objects when the ball passes
the flowerpot?
11. Based on your estimates, rank the following objects in order

of highest to lowest terminal speed in air: a ping-pong ball,
a basketball, a skydiver in a headfirst plunge, a skydiver in a
spread-eagle plunge, and a grain of pollen.
Applying Inquiry Skills
12. State the number of significant digits, indicate the possible

error, and calculate the percent possible error for each of
the following measurements:
(a) 9.809 060 m/s2
(d) 9.801 m/s2
(b) 9.8 m/s2
(e) 9.8 3 1026 m/s2
2
(c) 9.80 m/s
13. (a) How could you use a metre stick, together with one or

more of the constant acceleration equations, to determine your lab partner’s reaction time? Illustrate your
method with an example, including a calculation with
plausible numerical values.
(b) How would talking on a cell phone affect the results of
the reaction time?
Making Connections
14. In a group, share responsibility for researching the life and

contributions of Aristotle or Galileo. Share your results with
other groups in your class.
15. There are two different processes of logical thinking. One is

called deductive reasoning, the other inductive reasoning.
Use a resource, such as a dictionary or an encyclopedia, to
find out more about these types of reasoning.
(a) Which process did Aristotle and other ancient scientists use?
(b) Which process did Galileo use?
(c) Describe other facts you discover about these forms of
reasoning.
16. Dr. Luis Alvarez has suggested that the extinction of the

dinosaurs and numerous other species 65 million years ago
was caused by severe temperature drops following the
insertion of dust into the atmosphere. The enormous quantities of dust resulted from an asteroid impact in the
Yucatán area of what is now Mexico. Research this topic
and write a brief report on what you discover.

GO

40

Chapter 1

www.science.nelson.com

NEL

Projectile Motion

1.4

What do the following situations have in common?

•
•
•

A monkey jumps from the branch of one tree to the branch of an adjacent tree.
A snowboarder glides at top speed off the end of a ramp (Figure 1).
A relief package drops from a low-flying airplane.

In each situation, the body or object moves through the air without a propulsion system
along a two-dimensional curved trajectory (Figure 2(a)). Such an object is called a
projectile; the motion of a projectile is called projectile motion.
(b)

Figure 1
How would you describe the motion
of the snowboarder after leaving the
ramp?

1
vW1

projectile an object that moves
through the air, along a trajectory,
without a propulsion system

2
∆vW= vW2 + (2vW1)

vW2

2vW1
Figure 2
(a) A typical trajectory followed by a projectile.
(b) The change in velocity between position 1 and position 2 is Dv$ 5 v$2 2 $v1, which is shown
as Dv$ 5 v$2 1 (2v$1).
If Dv$ is divided by the time Dt required for the motion from position 1 to position 2, the result is
the average acceleration for that time interval.

It is evident that a projectile is accelerating because the direction of its instantaneous
velocity is continually changing. However, in what direction is that acceleration occurDv#$
ring? Since a$av 5 } , a#$av is in the direction of Dv#$. Figure 2(b) shows that the vector
Dt
subtraction Dv$ 5 $v2 2 $v1 yields a vector directed downward, which indicates that the direction of acceleration is also downward.
In the Try This Activity at the beginning of Chapter 1, you considered two projectiles, balls A and B, which began moving simultaneously. Ball A fell from rest, while ball
B was launched horizontally with an initial velocity. Although, as we show in Figure 3,
B had a longer path than A, the two balls landed simultaneously. The initial horizontal
motion of a projectile like ball B does not affect its vertical acceleration.
Other experiments show the same thing. Figure 4 is a stroboscopic photograph of
two balls released simultaneously. The ball on the right was projected horizontally. The
interval between strobe flashes was constant. A grid has been superimposed on the photo
to facilitate measurement and analysis. In successive equal time intervals, the vertical
components of the displacement increase by the same amount for each ball. Note that
the projected ball travels a constant horizontal displacement in each time interval. The
independent horizontal and vertical motions combine to produce the trajectory.
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DID YOU KNOW

?

Dangerous Projectiles
You may have seen soldiers in the
television news firing their rifles
into the air to celebrate some victory. The bullets travel as highspeed projectiles and, despite air
resistance, return to Earth at high
enough speeds to be dangerous.
Reports indicate that from time to
time people are injured by the
returning bullets.

A
Vertical Position

(a)

starting position
B

Horizontal Position
Figure 3
Ball B is projected horizontally at the
same instant that ball A is dropped.
Although the path of ball B is longer
than the path of ball A, the balls
land at the same instant.
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projectile motion motion with a
constant horizontal velocity and a
constant vertical acceleration due to
gravity
horizontal range (Dx) the horizontal displacement of a projectile

Figure 4
These two balls reached the lowest position at the same instant
even though one was projected horizontally. Both balls had an
initial vertical velocity of zero, and both experienced free fall.

If you look carefully at the grid superimposed on the photograph in Figure 4, you
can make the following important conclusions about projectile motion:

INVESTIGATION 1.4.1
Investigating Projectile Motion
(p. 58)
There is more than one way to prove
that the horizontal and vertical components of a projectile’s motion are
independent of each other. Describe
two or three ways that you could
use to analyze the motion of the two
balls in Figure 4 to show that the
horizontal motion is independent of
the vertical motion. (Hint: One way
can involve the vector subtraction of
instantaneous velocities.) Then perform Investigation 1.4.1 to check
your answers.

(a)

(b)
vWi

viy

vfx = vix
vWf

vfy

vix
Figure 5
(a) At time t 5 0, the initial velocity
of the projectile, $vi , has a horizontal component, vix , and a
vertical component, viy .
(b) After Dt has elapsed, the
projectile’s velocity, $vf , has the
same horizontal component
(neglecting air resistance) and a
different vertical component, vfy .
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•

The horizontal component of a projectile’s velocity is constant. (The horizontal
component of acceleration, in other words, is zero.)

•
•

The projectile experiences constant downward acceleration due to gravity.
The horizontal and vertical motions of a projectile are independent of each
other, except they have a common time.

These conclusions are based on the assumption that air resistance can be neglected, an
assumption we made when we analyzed the acceleration due to gravity in Section 1.3.
If you were performing an experiment to determine whether the concepts about projectile motion apply to an object on an inclined plane (for example, a puck moving on
an air table set up at an angle to the horizontal), what observations would you expect to
make? How would you analyze the motion of a projectile on an inclined plane to verify
that the horizontal velocity is constant and the vertical acceleration is constant? You will
explore these questions in Investigation 1.4.1 in the Lab Activities section at the end of
this chapter.

Analyzing the Motion of Objects
Projected Horizontally
Projectile motion is motion with a constant horizontal velocity combined with a con-

stant vertical acceleration caused by gravity. Since the horizontal and vertical motions
are independent of each other, we can apply independent sets of equations to analyze
projectile motion. The constant velocity equations from Section 1.1 apply to the horizontal motion, while the constant acceleration equations from Sections 1.2 and 1.3 (with
g$ 5 9.8 m/s2) apply to the vertical motion.
Figure 5 shows the initial and final velocity vectors for a projectile, with their horizontal
and vertical components. Table 1 summarizes the kinematics equations for both components. None of the variables has an arrow over it since these variables represent components of vectors, not vectors themselves. For example, vix represents the x-component
(which is not a vector) of the initial velocity and vy represents the y-component (also not
a vector) of the velocity after some time interval Dt. The horizontal displacement, Dx,
is called the horizontal range of the projectile.
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Table 1 Kinematics Equations for Projectile Motion
Horizontal (x)
Motion

The constant velocity
(zero acceleration) equation
is written for the
x-component only.

Vertical ( y)
Motion

The five constant acceleration
equations involving the
acceleration due to gravity
are written for the
y-component only. The
constant acceleration
has a magnitude of
$ 5 g 5 9.8 m/s2.
g

Dx
vix 5 }}
Dt
vfy 2 viy
ay 5 }} or vfy 5 viy 1 ay Dt
Dt
1
Dy 5 viy Dt 1 }} ay (Dt ) 2
2
1
Dy 5 vav,y Dt or Dy 5 }} (vfy 1 viy )Dt
2
vfy2 5 viy2 1 2ay Dy
1
Dy 5 vfy Dt 2 }} ay (Dt)2
2

SAMPLE problem 1
A ball is thrown off a balcony and has an initial velocity of 18 m/s horizontally.

(a)
vix

(a) Determine the position of the ball at t 5 1.0 s, 2.0 s, 3.0 s, and 4.0 s.
(b) Show these positions on a scale diagram.

+x

ay = g
= 9.8 m/s2

(c) What is the mathematical name of the resulting curve?

+y

Solution
(a) Let the 1x direction be to the right and the 1y direction be downward (which is convenient since there is no upward motion) (see Figure 6(a)).

(b)
0

40

20

60

80
x (m)

Horizontally (constant vix ):
vix 5 18 m/s

20

Dt 5 1.0 s
Dx 5 ?

y (m) 40

Dx 5 vix Dt

60

5 (18 m/s)(1.0 s)
Dx 5 18 m

80

Table 2 gives the Dx values for Dt 5 1.0 s, 2.0 s, 3.0 s, and 4.0 s.
Vertically (constant ay ):
viy 5 0

Dt 5 1.0 s

ay 5 1g 5 9.8

m/s2

Figure 6
For Sample Problem 1
(a) Initial conditions
(b) Scale diagram of the motion

Dy 5 ?

1
Dy 5 viy Dt 1 }}ay (Dt)2
2
1
5 }}ay (Dt)2
2
(9.8 m/s2 )(1.0 s)2
5 }}
2
Dy 5 14.9 m

Table 2 gives the Dy values for Dt 5 1.0 s, 2.0 s, 3.0 s, and 4.0 s.
(b) Figure 6(b) shows a scale diagram of the ball’s position at the required times.
The positions are joined with a smooth curve.
(c) The curved path shown in Figure 6(b) is a parabola.
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Table 2 Calculated Positions
at Select Times
t (s)
0.0

Dx (m)
0.0

Dy (m)
0.0

1.0

18

4.9

2.0

36

20

3.0

54

44

4.0

72

78
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SAMPLE problem 2
A child travels down a water slide, leaving it with a velocity of 4.2 m/s horizontally, as in
Figure 7(a). The child then experiences projectile motion, landing in a swimming pool
3.2 m below the slide.

(a)

(a) For how long is the child airborne?
(b) Determine the child’s horizontal displacement while in the air.
vi

(c) Determine the child’s velocity upon entering the water.

3.2 m

Solution
As shown in Figure 7(b), 1x is to the right and 1y is downward. The initial position is the
position where the child leaves the slide.
(a) Horizontally (constant vix ):
vix 5 4.2 m/s

(b)

Dx 5 ?

vix

+x
+y

∆y = 3.2 m

ay = 9.8 m/s 2

Dt 5 ?

Vertically (constant ay ):
viy 5 0

Dy 5 3.2 m

ay 5 +g 5 9.8 m/s2

vfy 5 ?

Dt 5 ?

Figure 7
For Sample Problem 2
(a) The situation
(b) The initial conditions

The horizontal motion has two unknowns and only one equation Dx 5 vix Dt. We can
analyze the vertical motion to determine Dt :
1
Dy 5 viy Dt 1 }}ay (Dt)2
2
1
Dy 5 }}ay (Dt)2
2
2D y
(Dt )2 5 }}
ay
2D y
!}§
a}
2(3.2 m)
5 6 !}
}
§
9.8 m/§
s

Dt 5 6

y

2

Dt 5 6 0.81 s

Since we are analyzing a trajectory that starts at t 5 0, only the positive root applies.
The child is in the air for 0.81 s.
(b) We can substitute Dt 5 0.81 s into the equation for horizontal motion.
Dx 5 vix Dt
5 (4.2 m/s)(0.81 s)
Dx 5 3.4 m

The child reaches the water 3.4 m horizontally from the end of the slide. In other
words, the child’s horizontal displacement is 3.4 m.
(c) To find the child’s final velocity, a vector quantity, we must first determine its horizontal and vertical components. The x-component is constant at 4.2 m/s. We find the
y-component as follows:
vfy 5 viy 1 ay Dt
5 0 m/s 1 (9.8 m/s2)(0.81 s)
vfy 5 7.9 m/s
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vfx = 4.2 m/s

We now apply the law of Pythagoras and trigonometry to determine the final velocity
as shown in Figure 8.

+x

u
+y

vf 5 Ïw
vfx2 1 w
vfy2
5 Ïw
(4.2 mw
/s)2 1w
(7.9 mw
/s)2
vf 5 8.9 m/s
vfy
v 5 tan21 }
vfx
7.9 m/s
5 tan21 }
4.2 m/s
v 5 62°

The final velocity is 8.9 m/s at an angle of 62° below the horizontal.

vWf = 8.9 m/s
[62º below the
horizontal]

vfy = 7.9 m/s

Figure 8
The solution for part (c) of Sample
Problem 2

SAMPLE problem 3
A helicopter, travelling horizontally, is 82 m above the ground. The pilot prepares to
release a relief package intended to land on the ground 96 m horizontally ahead. Air
resistance is negligible. The pilot does not throw the package, but lets it drop. What is the
initial velocity of the package relative to the ground?

+x
vWi
+y

Solution
Figure 9 shows the situation, with the initial position chosen as the point of release,
1x chosen to the right, and 1y chosen downward. Since the pilot does not throw the
package, the initial horizontal velocity of the package is the same as the horizontal
velocity of the helicopter.

ay = g = 9.8 m/s2
∆y = 82 m

Horizontally (constant vix ):
Dx 5 96 m

∆x = 96 m

Dt 5 ?

Figure 9
The situation for Sample Problem 3

vix 5 ?

Vertically (constant ay ):
viy 5 0 m/s

Dy 5 82 m

ay 5 +g 5 9.8

m/s2

Dt 5 ?

As in Sample Problem 2, we can determine Dt from the equations for vertical motion.
The appropriate equation is
1
Dy 5 viy Dt 1 }}ay (Dt )2
2
1
Dy 5 }}ay (Dt )2
2
2Dy
(Dt )2 5 }}
ay
Dt 5 6

2Dy
}a}
!§
y

5 6

2(82 m)
}
!§
9.8 m/s
2

Dt 5 4.1 s
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Since we only consider events after the release of the package at t 5 0, only the positive
root applies.
Dx
vix 5 }}
Dt
96 m
5 }
4.1 s
vix 5 23 m/s

The initial velocity of the package is 23 m/s [horizontally].

Practice
Understanding Concepts
Answers
3. (a) 0.395 s
(b) 76.3 cm
(c) 4.33 m/s [63.5° below
the horizontal]
4. (a) At 3.0 s, Dx 5 24 m,
Dy 5 44 m, and
$v 5 3.0 3 101 m/s
[75° below the
horizontal].
(d) 9.8 m/s2 [down]
5. 45 m/s

1. Explain why an airplane moving through the air is not an example of projectile
motion.
2. A stone is thrown horizontally under negligible air resistance. What are its vertical acceleration and its horizontal acceleration?
3. A marble rolls off a table with a velocity of 1.93 m/s [horizontally]. The tabletop is
76.5 cm above the floor. If air resistance is negligible, determine
(a) how long the marble is airborne
(b) the horizontal range
(c) the velocity at impact
4. A stone is thrown horizontally with an initial speed of 8.0 m/s from a cliff.
Air resistance is negligible.
(a) Determine the horizontal and vertical components of displacement and
instantaneous velocity at t 5 0.0 s, 1.0 s, 2.0 s, and 3.0 s.
(b) Draw a scale diagram showing the path of the stone.
(c) Draw the instantaneous velocity vector at each point on your diagram.
(d) Determine the average acceleration between 1.0 s and 2.0 s, and between
2.0 s and 3.0 s. What do you conclude?
5. A baseball pitcher throws a ball horizontally under negligible air resistance.
The ball falls 83 cm in travelling 18.4 m to the home plate. Determine the ball’s
initial horizontal speed.
Applying Inquiry Skills
6. Figure 10 shows a trajectory apparatus. A vertical target plate allows the horizontal position to be adjusted from one side of the graph paper to the other.
(a) Describe how this apparatus is used to analyze projectile motion.
(b) What would you expect to see plotted on graph paper? Draw a diagram.
If you have access to a trajectory apparatus, use it to check your
prediction.
Making Connections

Figure 10
When the steel ball is launched
from the ramp and collides with the
target plate, the point of contact is
recorded on the target paper.

7. When characters in cartoons run off the edge of a cliff, they hang suspended in
the air for a short time before plummeting. If cartoons obeyed the laws of
physics, what would they show instead?

Analyzing More Complex Projectile Motion
In the projectile problems we have solved so far, the initial velocity was horizontal. The
same kinematics equations can be used to analyze problems where the initial velocity is
at some angle to the horizontal. Since viy Þ 0, you must take care with your choice of positive and negative directions for the vertical motion. For example, a fly ball in baseball
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(Figure 11) has an initial velocity with an upward vertical component. If the 1y direction is chosen to be upward, then viy is positive, and the vertical acceleration ay is negative because the gravitational acceleration is downward. Conversely, if the 1y direction
is chosen to be downward, then viy is negative and ay is positive.
(a)

(b)

+y

+x
+x

+y

∆y > 0

vWi

∆y < 0

vWi

viy > 0
vix

viy < 0

Figure 11
(a) The 1y direction is upward.
(b) The 1y direction is downward.

vix
ay > 0

ay < 0

SAMPLE problem 4
A golfer strikes a golf ball on level ground. The ball leaves the ground with an initial
velocity of 42 m/s [32° above the horizontal]. The initial conditions are shown in Figure 12.
If air resistance is negligible, determine the ball’s

+y
+x

(a) horizontal range (assuming that it lands at the same level from which it started)
(b) maximum height
(c) horizontal displacement when it is 15 m above the ground

vWi= 42 m/s
viy =vWisin u

Solution

u

(a) We begin by finding the horizontal and vertical components of the initial velocity.
vix 5 v$icos v

viy 5 v$isin v

5 (42 m/s)(cos 32°)
vix 5 36 m/s

5 (42 m/s)(sin 32°)
viy 5 22 m/s

Horizontally (constant vix ):
vix 5 36 m/s
Dx 5 ?

vix =vWicos u
ay = 2g = 29.8 m/s2
Figure 12
Initial conditions for Sample Problem
4. The golf tee is chosen as the initial position, and the 1y direction is
chosen as upward.

Dt 5 ?

Vertically (constant ay ):
ay 5 2g 5 29.8 m/s2

Dy 5 0

viy 5 22 m/s

Dt 5 ?

vfy 5 222 m/s

Since the horizontal motion has two unknowns and only one equation, we can use
the vertical motion to solve for Dt:
1
Dy 5 viy Dt 1 }}ay (Dt )2
2
0 5 22 m/s Dt 2 4.9 m/s2 (Dt)2
0 5 Dt (22 m/s 2 4.9 m/s2 Dt)
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Therefore, the ball was hit at Dt 5 0 and the ball lands at 22 m/s – 4.9 m/s2 Dt 5 0.
Solving for Dt, we find that Dt 5 4.5 s, which we can use to find the horizontal range.
Dx 5 vix Dt
5 (36 m/s)(4.5 s)
Dx 5 1.6 3 102 m

The horizontal range is 1.6 3 102 m.

LEARNING TIP
Applying Symmetry
The final vertical component of the
velocity (222 m/s) has the same
magnitude as the initial vertical
component, since air resistance is
negligible and the ground is level.
Recall that the same symmetry
occurs for an object thrown
directly upward.

(b) To determine the maximum height, we start by noting that at the highest position,
vfy 5 0 m/s. ( This also happens when an object thrown directly upward reaches the
top of its flight.)
vfy2 5 viy2 1 2ay Dy
0 5 viy2 1 2ay Dy
viy2
Dy 5 }
22ay
(22 m/s)2
5 }}
22(29.8 m/s2)
Dy 5 25 m

The maximum height is 25 m.
(c) To find the horizontal displacement when Dy 5 15 m, we must find the time interval
Dt between the start of the motion and when Dy 5 15 m. We can apply the quadratic
formula:
1
Dy 5 viy Dt 1 }} ay (Dt)2
2
15 m 5 22 m/s Dt 2 4.9 m/s2 (Dt)2
4.9 m/s2 (Dt)2 2 22 m/s Dt 1 15 m 5 0

Using the quadratic formula,
2 2 4w
2b 6 Ïbw
ac
Dt 5 }}
2a

where a 5 4.9 m/s2, b 5 222 m/s, and c 5 15 m

2(222 m/s) 6 Ïw
(222 mw
/s)2 2w
4(4.9 w
m/s2)(w
15 m)
5 }}}}}}
2
2(4.9 m/s )
Dt 5 3.7 s or 0.84 s

Thus, the ball is 15 m above the ground twice: when rising and when descending.
We can determine the corresponding horizontal positions:
Dxup 5 vix Dt
5 (36 m/s)(0.84 s)
Dxup 5 3.0 3 101 m

Dxdown 5 vix Dt
5 (36 m/s)(3.7 s)
Dxdown 5 1.3 3 102 m

The horizontal position of the ball is either 3.0 3 101 m or 1.3 3 102 m when it is 15 m
above ground.
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As you learned in the solution to Sample Problem 4, the range of a projectile can be
found by applying the kinematics equations step by step. We can also derive a general equation for the horizontal range Dx of a projectile, given the initial velocity and the angle
of launch. What, for example, happens when a projectile lands at the same level from which
it began (Dy 5 0), as shown in Figure 13? For the horizontal range, the motion is found
using the equation Dx 5 vix Dt, where the only known variable is vix . To find the other
variable, Dt, we use the vertical motion:

+y
+x

vWi

1
Dy 5 viy Dt 1 }}ay (Dt ) 2
2

u
vix

where Dy 5 0 because we are considering the situation where the final level is the same
as the initial level.

∆x

Figure 13
Initial conditions for deriving the
horizontal range of a projectile in
terms of launch angle and initial
velocity

viy 5 vi sin v
ay 5 2g
1
0 5 vi sin vDt 2 }}g(Dt )2
2

1

viy

2

1
0 5 Dt vi sin v 2 }}g(Dt)
2

Therefore, either Dt 5 0 (on takeoff) or
1
vi sin v 2 }}gDt 5 0 (on landing).
2
Solving the latter equation for Dt gives
2vi sin v
Dt 5 }}
g

Now we return to the horizontal motion:
Dx 5 vix Dt

TRY THIS activity

Comparing Horizontal Range
As a class or in a large group, set up a table using these titles:
Launch Angle, Time of Flight, Maximum Height, and Horizontal
Range. Complete the table for a projectile that has an initial
velocity of magnitude 25.00 m/s and lands at the same level
from which it was launched. Perform the calculations using four
significant digits, using every third degree from 3° to 87° (i.e., 3°,
6°, 9°, … 81°, 84°, 87°). Write conclusions about maximizing
height and horizontal range.

5 (vi cos v)Dt
2vi sin v
5 vi cos v 1 }
2
g
vi2
Dx 5 }g} 2sin v cos v

Since 2sin v cos v 5 sin 2v (as shown in the trigonometric identities in Appendix A), the
horizontal range is
vi2
D x 5 }g} sin 2v

where vi is the magnitude of the initial velocity of a projectile launched at an angle v to
the horizontal. Note that this equation applies only if Dy 5 0.
All of the previous discussion and examples of projectile motion have assumed that
air resistance is negligible. This is close to the true situation in cases involving relatively
dense objects moving at low speeds, such as a shot used in shot put competition. However,
for many situations, air resistance cannot be ignored. When air resistance is considered,
the analysis of projectile motion becomes more complex and is beyond the intention
of this text. The concept of “hang time” in certain sports, especially football, is important and is explored in Lab Exercise 1.4.1 in the Lab Activities Section at the end of this
chapter.
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LAB EXERCISE 1.4.1
Hang Time in Football (p. 58)
“Hang time” in sports is the time
interval between the launch of a ball
and the landing or catching of the
ball. In football, when a punt is
needed, the punter tries to maximize
the hang time of the ball to give his
teammates time to race downfield to
tackle the punt receiver. Of course,
at the same time the punter tries to
maximize the horizontal range to
give his team better field position.
Write your hypothesis and predictions to the following questions, and
then explore these concepts further
by conducting the lab exercise.
(a) What factors affect the hang time
of a punted football? How do
they affect hang time?
(b) What launch angle of a punt
maximizes the hang time of a
football?
Kinematics 49

Practice
Understanding Concepts
Answers

8. A field hockey ball is struck and undergoes projectile motion. Air resistance is negligible.
(a) What is the vertical component of velocity at the top of the flight?
(b) What is the acceleration at the top of the flight?
(c) How does the rise time compare to the fall time if the ball lands at the same level
from which it was struck?

9. (a) 1.2 3 103 m
(b) 32 s
(c) 4.9 3 103 m
(d) 2.2 3 102 m/s [45° below
the horizontal]

9. A cannon is set at an angle of 45° above the horizontal. A cannonball leaves the
muzzle with a speed of 2.2 3 102 m/s. Air resistance is negligible. Determine the
cannonball’s
(a) maximum height
(b) time of flight
(c) horizontal range (to the same vertical
vi
level)
42°
(d) velocity at impact

10. (a) 2.4 s
(b) 22 m
(c) 18 m/s [60° below the
horizontal]

10. A medieval prince trapped in a castle wraps
a message around a rock and throws it from
the top of the castle wall with an initial
velocity of 12 m/s [42° above the horizontal].
The rock lands just on the far side of the
castle’s moat, at a level 9.5 m below the
initial level (Figure 14). Determine the rock’s
(a) time of flight
(b) width of the moat
(c) velocity at impact

SUMMARY

9.5 m

moat

Figure 14
The situation for question 10

Projectile Motion

•

A projectile is an object moving through the air in a curved trajectory with no
propulsion system.

•

Projectile motion is motion with a constant horizontal velocity combined with a
constant vertical acceleration.

•

The horizontal and vertical motions of a projectile are independent of each other
except they have a common time.

•

Projectile motion problems can be solved by applying the constant velocity equation for the horizontal component of the motion and the constant acceleration
equations for the vertical component of the motion.

Section 1.4 Questions
Understanding Concepts
1. What is the vertical acceleration of a projectile on its way

up, at the top of its trajectory, and on its way down?
2. (a) For a projectile with the launch point lower than the
landing point, in what part of the flight is the magnitude of the velocity at a maximum? a minimum?
(b) In what part of the flight is the magnitude of the
velocity at a maximum, and in what part is it at a
minimum, for a projectile with the launch point higher
than the landing point?
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3. A projectile launched horizontally moves 16 m in the
horizontal plane while falling 1.5 m in the vertical plane.
Determine the projectile’s initial velocity.
4. A tennis player serves a ball horizontally, giving it a speed
of 24 m/s from a height of 2.5 m. The player is 12 m from
the net. The top of the net is 0.90 m above the court surface. The ball clears the net and lands on the other side.
Air resistance is negligible.
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(a)
(b)
(c)
(d)

For how long is the ball airborne?
What is the horizontal displacement?
What is the velocity at impact?
By what distance does the ball clear the net?

5. A child throws a ball onto the roof of a house, then catches
it with a baseball glove 1.0 m above the ground, as in
Figure 15. The ball leaves the roof with a speed of 3.2 m/s.
(a) For how long is the ball airborne after leaving the roof?
(b) What is the horizontal distance from the glove to the
edge of the roof?
(c) What is the velocity of the ball just before it lands in
the glove?

Figure 16
Projectile motion in the garden
10. Describe how you would build and test a device made of
simple, inexpensive materials to demonstrate that two coins
launched simultaneously from the same level, one
launched horizontally and the other dropped vertically, land
at the same instant.

33 °

Making Connections
11. In real-life situations, projectile motion is often more complex than what has been presented in this section. For
example, to determine the horizontal range of a shot in shot
put competitions, the following equation is used:

6.2 m

Dx 5 Dx1 1 Dx2 1 Dx3
2vi2 sin v cos v

Figure 15
6. For a projectile that lands at the same level from which it
starts, state another launch angle above the horizontal that
would result in the same range as a projectile launched at
an angle of 36°, 16°, and 45.6°. Air resistance is negligible.
7. During World War I, the German army bombarded Paris
with a huge gun referred to, by the Allied Forces, as “Big
Bertha.” Assume that Big Bertha fired shells with an initial
velocity of 1.1 3 103 m/s [45° above the horizontal].
(a) How long was each shell airborne, if the launch point
was at the same level as the landing point?
(b) Determine the maximum horizontal range of each shell.
(c) Determine the maximum height of each shell.
$ = 1.6 m/s2, strikes a
8. An astronaut on the Moon, where g
golf ball giving the ball a velocity of 32 m/s [35° above the
Moon’s horizontal]. The ball lands in a crater floor that is
15 m below the level where it was struck. Determine
(a) the maximum height of the ball
(b) the time of flight of the ball
(c) the horizontal range of the ball

vi sin v

v 1 2w
g Dy
Ïw
v 2 sin2w

i
Dx 5 0.30 m 1 }} 1 }}}}

g

g

where 0.30 m is the average distance the athlete’s hand
goes beyond the starting line, vi is the magnitude of the initial velocity, v is the angle of launch above the horizontal,
Dy is the height above the ground where the shot leaves
the hand, and g is the magnitude of the acceleration due to
gravity (Figure 17).
(a) Determine the range of a shot released 2.2 m above
the ground with an initial velocity of 13 m/s [42° above
the horizontal].
(b) Compare your answer in (a) to the world record for the
shot put (currently about 23.1 m).
(c) Why do you think the equation given here differs from
the equation for horizontal range derived in this
section?
∆x
∆x1
∆y

∆x2

∆x3

starting line
Applying Inquiry Skills
9. A garden hose is held with its nozzle horizontally above the
ground (Figure 16). The flowing water follows projectile
motion. Given a metre stick and a calculator, describe how
you would determine the speed of the water coming out of
the nozzle.
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1.5
frame of reference coordinate
system relative to which motion is
observed

Frames of Reference
and Relative Velocity
Air shows provide elements of both excitement and danger. When high-speed airplanes
fly in constant formation (Figure 1), observers on the ground see them moving at high
velocity. Seen from the cockpit, however, all the planes appear to have zero velocity.
Observers on the ground are in one frame of reference, while the pilots are in the plane’s
frame of reference. A frame of reference is a coordinate system relative to which motion
is described or observed.
The most common frame of reference that we use as a stationary, or fixed, frame of
reference is Earth or the ground. In the examples of motion presented in the previous
sections, all objects were assumed to be moving relative to the frame of reference of
Earth. Sometimes, however, other frames are chosen for convenience. For example, to analyze the motion of the planets of the solar system, the Sun’s frame of reference is used.
If we observe a spot near the rim of a rolling wheel, the wheel or the centre of the wheel
is the most convenient frame of reference, as in Figure 2.
(a)

Figure 1
The Canadian Forces Snowbirds fly
at velocities of between 400 and
600 km/h (relative to the ground),
but when they are flying in formation, as shown here, the velocity of
one plane relative to another is zero.

DID YOU KNOW

?

Viewing the Solar System
It is easy to visualize planets
revolving around the Sun, using the
Sun as the frame of reference.
Ancient astronomers, however, used
Earth’s frame of reference to try to
explain the observed motion of the
planets, but had to invent forces
that do not exist. For example, when
watching the motion of a planet
beyond Earth (such as Mars)
against the background of the stars,
the planet appears to reverse direction from time to time, much like a
flattened “S” pattern. In fact, the
planet doesn’t reverse directions; it
only appears to do so as Earth,
which is closer to the Sun, catches
up and then passes the planet.
relative velocity velocity of an
object relative to a specific frame of
reference
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(b)

Figure 2
(a) The motion of a spot near the rim of a rolling wheel is simple
if viewed from the frame of reference of the wheel’s centre.
(b) The motion of the spot is much more complex when viewed
from Earth’s frame of reference.

The velocity of an object relative to a specific frame of reference is called relative
velocity. We have not used this term previously because we were considering motion
relative to one frame of reference at a time. Now we will explore situations involving at
least two frames of reference. Such situations occur for passengers walking about in a
moving train, for watercraft travelling on a flowing river, and for the Snowbirds or other
aircraft flying when there is wind blowing relative to the ground.
To analyze relative velocity in more than one frame of reference, we use the symbol for
relative velocity, $v, with two subscripts in capital letters. The first subscript represents the
object whose velocity is stated relative to the object represented by the second subscript.
In other words, the second subscript is the frame of reference.
For example, if P is a plane travelling at 490 km/h [W] relative to Earth’s frame of
reference, E, then v$PE 5 490 km/h [W]. If we consider another frame of reference, such
as the wind or air, A, affecting the plane’s motion, then $vPA is the velocity of the plane relative to the air and v$AE is the velocity of the air relative to Earth. The vectors v$PA and
$vAE are related to $vPE using the following relative velocity equation:
v#$PE 5 v#$PA 1 #v$AE

This equation applies whether the motion is in one, two, or three dimensions. For
example, consider the one-dimensional situation in which the wind and the plane are both
moving eastward. If the plane’s velocity relative to the air is 430 km/h [E], and the air’s
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velocity relative to the ground is 90 km/h [E], then the velocity of the plane relative to
the ground is:
$vPE 5 $vPA 1 $vAE
5 430 km/h [E] 1 90 km/h [E]
$vPE 5 520 km/h [E]

Thus, with a tail wind, the ground speed increases—a logical result. You can easily figure
out that the plane’s ground speed in this example would be only 340 km/h [E] if the
wind were a head wind (i.e., if $vAG = 90 km/h [W]).
Before looking at relative velocities in two dimensions, make sure that you understand the pattern of the subscripts used in any relative velocity equation. As shown in
Figure 3, the left side of the equation has a single relative velocity, while the right side has
the vector addition of two or more relative velocities. Note that the “outside” and the
“inside” subscripts on the right side are in the same order as the subscripts on the left side.

nW PE

=

nW PA

+

nW AE

nW LO

=

nWLM

+

nWMN

+

nWNO

nW CE

=

nW CW

+

nW WE

nW DG

=

nW DE

+

nW EF

+

nW FG

Figure 3
The pattern in relative velocity equations

SAMPLE problem 1

DID YOU KNOW

?

Wind Directions
By convention, a west wind is a
wind that blows from the west, so
its velocity vector points east (e.g.,
a west wind might be blowing at
45 km/h [E]). A southwest wind
has the direction [45° N of E] or
[45° E of N].

DID YOU KNOW

?

Navigation Terminology
Air navigators have terms for some
of the key concepts of relative
velocity. Air speed is the speed of a
plane relative to the air. Wind
speed is the speed of the wind relative to the ground. Ground speed
is the speed of the plane relative
to the ground. The heading is the
direction in which the plane is
aimed. The course, or track, is the
path relative to Earth or the
ground. Marine navigators use
“heading,” “course,” and “track” in
analogous ways.

An Olympic canoeist, capable of travelling at a speed of 4.5 m/s in still water, is crossing a
river that is flowing with a velocity of 3.2 m/s [E]. The river is 2.2 3 102 m wide.
(a) If the canoe is aimed northward, as in Figure 4, what is its velocity relative to the
shore?
(b) How long does the crossing take?
(c) Where is the landing position of the canoe relative to its starting position?
(d) If the canoe landed directly across from the starting position, at what angle would the
canoe have been aimed?
north shore
N
vWws
vWcw

u

vWcs

E
river
Figure 4
The situation

Solution
Using the subscripts C for the canoe, S for the shore, and W for the water, the known relative velocities are:
$vCW 5 4.5 m/s [N]
$vWS 5 3.2 m/s [E]
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LEARNING TIP
Alternative Symbols
An alternative method of writing
a relative velocity equation is to
place the subscript for the
observed object before the $v
and the subscript for the frame
of reference after the v$. Using
this method, the equation for
our example of plane and air is
$E 5 Pv$A 1 A$vE.
Pv

(a) Since the unknown is v$CS, we use the relative velocity equation
v$CS 5 v$CW 1 $vWS
$vCS 5 4.5 m/s [N] 1 3.2 m/s [E]

Applying the law of Pythagoras, we find:
v$CS 5 Ïw
(4.5 mw
/s)2 1w
(3.2 mw
/s)2
v$CS 5 5.5 m/s
Trigonometry gives the angle v in Figure 4:
3.2 m/s
v 5 tan21 }}
4.5 m/s
v 5 35°

The velocity of the canoe relative to the shore is 5.5 m/s [35° E of N].
(b) To determine the time taken to cross the river, we consider only the motion perpendicular to the river.
$ 5 2.2 3 102 m [N]
Dd
v$CW 5 4.5 m/s [N]
Dt 5 ?
D$
d
Dt

From $vCW 5 }}, we have:
D$
d
Dt 5 }}
$vCW
2.2 3 102 m [N]
5 }}
4.5 m/s [N]
Dt 5 49 s

The crossing time is 49 s.
(c) The current carries the canoe eastward (downstream) during the time it takes to
cross the river. The downstream displacement is
$ 5 $vWSDt
Dd
5 (3.2 m/s [E])(49 s)
$ 5 1.6 3 102 m [E]
Dd

The landing position is 2.2 3 102 m [N] and 1.6 3 102 m [E] of the starting position.
Using the law of Pythagoras and trigonometry, the resultant displacement is
2.7 3 102 m [36° E of N].
(d) The velocity of the canoe relative to the water, $vCW , which has a magnitude of 4.5 m/s,
is the hypotenuse of the triangle in Figure 5. The resultant velocity $vCS must point
directly north for the canoe to land directly north of the starting position.
north shore
N
vWws
vWcw
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E

f

vWcs

Figure 5
The solution for part (d)
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The angle in the triangle is
v#$



S
f 5 sin 21 }W}

#v$ CW

3.2 m/s
5 sin 21 }}
4.5 m/s

f 5 45°
The required heading for the canoe is [45° W of N].

SAMPLE problem 2
The air speed of a small plane is 215 km/h. The wind is blowing at 57 km/h from the west.
Determine the velocity of the plane relative to the ground if the pilot keeps the plane
aimed in the direction [34° E of N].

Solution

vWAE

We use the subscripts P for the plane, E for Earth or the ground, and A for the air.

f

$vPA 5 215 km/h [34° E of N]
$vAE 5 57 km/h [E]

vWPA

$vPE 5 ?
v$PE 5 $vPA 1 $vAE

This vector addition is shown in Figure 6. We will solve this problem by applying the
cosine and sine laws; however, we could also apply a vector scale diagram or components
as described in Appendix A.
Using the cosine law:

u

vWPE

34°

N
E
f = 90° + 34°
f = 124°

Figure 6
Solving Sample Problem 2 using
trigonometry

v$PE2 5 v$PA2 1 v$AE2 2 2v$PAv$AE cos f
5 (215 km/h)2 1 (57 km/h)2 2 2(215 km/h)(57 km/h) cos 124°
v$PE 5 251 km/h
Using the sine law:
sin v
sin f
}} 5 }}
v$AE
v$PE
57 km/h (sin 124°)
sin v 5 }}
251 km/h
v 5 11°

The direction of v$PE is 34° 1 11° 5 45° E of N. Thus $vPE 5 251 km/h [45° E of N].

Sometimes it is helpful to know that the velocity of object X relative to object Y has the
same magnitude as the velocity of Y relative to X, but is opposite in direction: $vXY 5 2v$YX.
Consider, for example, a jogger J running past a person P sitting on a park bench.
If $vJP 5 2.5 m/s [E], then P is viewing J moving eastward at 2.5 m/s. To J, P appears to be
moving at a velocity of 2.5 m/s [W]. Thus $vPJ 5 22.5 m/s [E] 5 2.5 m/s [W]. In the
next Sample Problem, we will use this relationship for performing a vector subtraction.
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LEARNING TIP
Subtracting Vectors
When a relative velocity equation,
such as $vPE 5 $vPA 1 $vAE, is
rearranged to isolate either
$vPA or v$AE , a vector subtraction
must be performed. For example,
$vPA 5 $vPE 2 $vAE is equivalent to
$vPA 5 $vPE 1 (2v$AE). Appendix A
discusses vector arithmetic.
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SAMPLE problem 3

N

scale: 1.0 cm = 30 km/h

A helicopter, flying where the average wind velocity is 38 km/h [25° N of E], needs to
achieve a velocity of 91 km/h [17° W of N] relative to the ground to arrive at the destination on time, as shown in Figure 7. What is the necessary velocity relative to the air?

E

Solution

vWHG = 91 km/h [17° W of N]

Using the subscripts H for the helicopter, G for the ground, and A for the air, we have the
following relative velocities:
v$HG 5 91 km/h [17° W of N]
$vAG 5 38 km/h [25° N of E]

vWAG = 38 km/h [25° N of E]

$vHA 5 ?

Figure 7
Situation for Sample Problem 3

$vHG 5 $vHA 1 $vAG

We rearrange the equation to solve for the unknown:
v$HA 5 v$HG 2 $vAG
$vHA 5 v$HG 1 (2v$AG)

N
scale: 1.0 cm = 30 km/h
E

2vWAG

where 2v$AG is 38 km/h [25° S of W]

Figure 8 shows this vector subtraction. By direct measurement on the scale diagram, we
can see that the velocity of the helicopter relative to the air must be 94 km/h [41° W of N].
The same result can be obtained using components or the laws of sines and cosines.

Practice
vWHG
17°
vWHA 24°

Figure 8
Solution to Sample Problem 3

Answers
2. (a) 3.9 m/s [fwd]
(b) 1.7 m/s [fwd]
(c) 3.0 m/s [21° right of fwd]
3. 5.3 m/s [12° E of N]
4. 7.2 3 102 km [30° S of W]
from Winnipeg

Understanding Concepts
1. Something is incorrect in each of the following equations. Rewrite each equation
to show the correction.
(a) v$LE 5 $vLD 1 $vLE
(b) $vAC 5 $vAB 2 $vBC
(c) $vMN 5 $vNT 1 v$TM (Write down two correct equations.)
(d) $vLP 5 $vML 1 $vMN 1 $vNO 1 $vOP
2. A cruise ship is moving with a velocity of 2.8 m/s [fwd] relative to the water. A
group of tourists walks on the deck with a velocity of 1.1 m/s relative to the deck.
Determine their velocity relative to the water if they are walking toward (a) the
bow, (b) the stern, and (c) the starboard. (The bow is the front of a ship, the
stern is the rear, and the starboard is on the right side of the ship as you face
the bow.)
3. The cruise ship in question 2 is travelling with a velocity of 2.8 m/s [N] off the
coast of British Columbia, in a place where the ocean current has a velocity relative to the coast of 2.4 m/s [N]. Determine the velocity of the group of tourists in
2(c) relative to the coast.
4. A plane, travelling with a velocity relative to the air of 320 km/h [28° S of W],
passes over Winnipeg. The wind velocity is 72 km/h [S]. Determine the displacement of the plane from Winnipeg 2.0 h later.
Making Connections
5. Airline pilots are often able to use the jet stream to minimize flight times. Find
out more about the importance of the jet stream in aviation.

GO
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SUMMARY

Frames of Reference and
Relative Velocity

•

A frame of reference is a coordinate system relative to which motion can be
observed.

•

Relative velocity is the velocity of an object relative to a specific frame of reference. (A typical relative velocity equation is v$PE 5 $vPA 1 $vAE , where P is the
observed object and E is the observer or frame of reference.)

Section 1.5 Questions
Understanding Concepts
1. Two kayakers can move at the same speed in calm water.
One begins kayaking straight across a river, while the other
kayaks at an angle upstream in the same river to land
straight across from the starting position. Assume the
speed of the kayakers is greater than the speed of the river
current. Which kayaker reaches the far side first? Explain
why.

(a) Assuming that the raindrops are falling straight downward relative to Earth’s frame of reference, and that the
speed of the train is 64 km/h, determine the vertical
speed of the drops.
(b) Describe sources of error in carrying out this type of
estimation.
direction of train’s motion

2. A helicopter travels with an air speed of 55 m/s. The helicopter heads in the direction [35° N of W]. What is its
velocity relative to the ground if the wind velocity is
(a) 21 m/s [E] and (b) 21 m/s [22° W of N]?
3. A swimmer who achieves a speed of 0.75 m/s in still water
swims directly across a river 72 m wide. The swimmer lands
on the far shore at a position 54 m downstream from the
starting point.
(a) Determine the speed of the river current.
(b) Determine the swimmer’s velocity relative to the shore.
(c) Determine the direction the swimmer would have to
aim to land directly across from the starting position.
4. A pilot is required to fly directly from London, UK, to Rome,
Italy in 3.5 h. The displacement is 1.4 3 103 km [43° E of S].
A wind is blowing with a velocity of 75 km/h [E]. Determine
the required velocity of the plane relative to the air.

left hand

right hand

Figure 9
Estimating the speed of falling raindrops

Applying Inquiry Skills
5. A physics student on a train estimates the speed of falling
raindrops on the train car’s window. Figure 9 shows the
student’s method of estimating the angle with which the
drops are moving along the window glass.
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Making Connections
6. You have made a video recording of a weather report,
showing a reporter standing in the wind and rain of a hurricane. How could you analyze the video to estimate the
wind speed? Assume that the wind is blowing horizontally,
and that the vertical component of the velocity of the raindrops is the same as the vertical component for the raindrops in the previous question.
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SUMMARY

Key Expectations
• analyze and predict, in quantitative terms, and explain

the linear motion of objects in the horizontal plane,
the vertical plane, and any inclined plane (for example,
a skier accelerating down a hillside) (1.1, 1.2, 1.3, 1.5)

•
•
•

analyze and predict, in quantitative terms, and explain
the motion of a projectile in terms of the horizontal
and vertical components of its motion (1.4)

•
•

•

carry out experiments and/or simulations involving
objects moving in two dimensions, and analyze and display the data in an appropriate form (1.1, 1.2, 1.3, 1.4)

•

•

predict the motion of an object given its initial speed and
direction of motion (e.g., terminal speed and projectile
motion) and test the predictions experimentally (1.3, 1.4)

•

•

describe or construct technological devices that are
based on the concepts and principles related to projectile motion (1.4)

Key Terms
kinematics

average acceleration

scalar quantity

instantaneous
acceleration

instantaneous speed
average speed
vector quantity
position
displacement
velocity
instantaneous velocity
average velocity
tangent
acceleration

acceleration due to
gravity
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projectile motion
horizontal range
frame of reference
relative velocity

$ 5 $
Dd
d2 2 $
d1

(1.1)

Chapter 1

•

vfy2 5 viy2 1 2ay Dy

•
•
•
•

•

1
2
Dy 5 vfy Dt 2 }} ay (Dt)
2
Dx
vix 5 }}
Dt

•

v$PE 5 v$PA 1 $vAE

•

(1.2)
(1.2)
(1.2)
(1.2)
(1.2)
(1.2)
(1.3)
(1.3)
(1.3)
(1.3)
(1.3)
(1.4)
(1.5)

projectile

(1.1)

$ 5 Dd
$ 1 Dd
$ 1…
Dd
1
2

•

1
$ 5 $v Dt 2 }}a$ (Dt )2
Dd
f
2
Dvx
vfx 2 vix
aav,x 5 }} 5 }}
Dt
Dt
Dvy
vfy 2 viy
aav,y 5 }} 5 }}
Dt
Dt
vfy 2 viy
ay 5 }}
Dt
1
2
Dy 5 viy Dt 1 }} ay (Dt)
2
(viy 1 vfy)
Dy 5 }} Dt
2

(1.2)

terminal speed

d
vav 5 }}
Dt
#$
Dd
v$av 5 }}
Dt
D#d$
v$ 5 lim }}
Dt→0 Dt

vf2 5 vi2 1 2aDd

(1.2)

free fall

Key Equations
•
•
•
•
•

D#v$
v#$f 2 v#$i
a$av 5 }} 5 }}
Dt
Dt
D#v$
$a 5 lim }}
Dt→0 Dt
1
$ 5 $v Dt 1 }}a$ (Dt)2
Dd
i
2
(v$i 1 v$f )
$ 5 $v Dt 5 }
Dd
} Dt
av
2

(1.1)
(1.1)

MAKE a summary
Draw a large diagram showing the path of a ball undergoing
projectile motion. Label several positions along the path
(A, B, C, D, and E), and show as many details of the motion
as you can. For example, indicate the magnitude and direction (where possible) of the horizontal and vertical components of the position, displacement, instantaneous velocity,
and instantaneous acceleration at each position. Show what
happens to those quantities if you assume that air resistance
near the end of the path is no longer negligible. Finally, show
details related to frames of reference (for instance, one
frame of reference could be the playing field and another
could be an athlete running parallel to the ball’s motion just
before catching the ball). In the diagrams and labels, include
as many of the key expectations, key terms, and key equations from this chapter as you can.

(1.1)
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13. You drop a rubber stopper from your hand: the initial
position is your hand, and 1y is upward. Which
graph in Figure 1 best represents the relationship?

Write numbers 1 to 11 in your notebook. Indicate beside
each number whether the corresponding statement is true
(T) or false (F). If it is false, write a corrected version.

1. You toss a ball vertically and step aside. The ball rises
and then falls down along the same path and hits the
ground. Since the ball reverses direction, it undergoes
two-dimensional motion.

14. You toss a ball directly upward: the initial position is
your hand, and 1y is downward. Which graph in
Figure 1 best represents the relationship?
15. You release a cart from rest at the top of a ramp: the
initial position is at the top of the ramp, and 1y is up
the ramp. Which graph in Figure 1 best represents
the relationship?

2. The magnitude of the velocity of that same ball just
before landing is greater than its magnitude of initial
velocity upon leaving your hand.
3. The acceleration of that ball at the top of the flight is
zero.

16. A car with an initial velocity of 25 m/s [E] experiences an average acceleration of 2.5 m/s2 [W] for
2.0 3 101 s. At the end of this interval, the velocity is
(a) 5.0 3 101 m/s [W] (d) 75 m/s [W]
(b) 0.0 m/s
(e) 75 m/s [E]
(c) 25 m/s [W]

4. The time for that ball to rise equals the time for it to
fall.
5. A jogger running four laps around a circular track at
4.5 m/s undergoes motion with constant velocity.

17. An acceleration has an eastward component of
2.5 m/s2 and a northward component of 6.2 m/s2.
The direction of the acceleration is
(a) [40° E of N]
(d) [68° E of N]
(b) [50° E of N]
(e) [68° N of E]
(c) [24° E of N]

6. The slope of the tangent to a curved line on a positiontime graph gives the instantaneous velocity.
7. Megametres per hour per day is a possible unit of
acceleration.
8. The magnitude of the acceleration due to gravity
at Miami is greater than that at St. John’s,
Newfoundland.

18. You are a fullback running with an initial velocity of
7.2 m/s [N]. You swerve to avoid a tackle, and after
2.0 s are moving at 7.2 m/s [W]. Your average acceleration over the time interval is
(a) 0 m/s2
(b) 5.1 m/s2 [45° N of W]
(c) 1.0 3 101 m/s2 [45° N of W]
(d) 3.6 m/s2 [S]
(e) 5.1 m/s2 [45° W of S]

9. The quadratic formula must be used to solve
problems involving the quadratic equation
vf2 5 vi2 1 2aDd.
10. A model rocket launched in a vacuum chamber at an
angle of 45° above the horizontal, undergoes projectile motion.
11. If #v$AB 5 8.5 m/s [E], then #v$BA 5 –8.5 m/s [W].

19. A tennis ball is thrown into the air with an initial
velocity that has a horizontal component of 5.5 m/s
and a vertical component of 3.7 m/s [up]. If air
resistance is negligible, the speed of the ball at the top
of the trajectory is
(a) zero
(c) 5.5 m/s
(e) 9.2 m/s
(b) 3.7 m/s
(d) 6.6 m/s

Write numbers 12 to 19 in your notebook. Beside each
number, write the letter corresponding to the best choice.

12. You toss a ball vertically upward from your hand: the
initial position is your hand, and 1y is upward. Of
the position-time graphs shown in Figure 1, which
best represents the relationship?
y

(a)

(c)

(b)

y

y

y
0

t

0

(e)
y

t

0

0

(d)

t

t

t

0

Figure 1
Graphs of vertical position as a function of time for questions 12–15
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REVIEW

Understanding Concepts

N

1. (a) In Canada, the speed limit on many highways is
100 km/h. Convert this measurement to metres
per second to three significant digits.
(b) The fastest recorded speed of any animal is the
dive of the peregrine falcon, which can reach
97 m/s. How fast is the dive in kilometres
per hour?
(c) Suggest a convenient way of converting kilometres per hour to metres per second, and metres
per second to kilometres per hour.
2. For each dimensional operation listed, state the type
of quantity that results (speed, length, etc.).

1 2

1 2

L
L
(b) }}3 3 T (c) }}2 3 T 3 T
T
T
3. A student reads a test question that asks for a distance, gives a time interval of 3.2 s and a constant
acceleration of magnitude 5.4 m/s2. Uncertain which
equation applies, the student tries dimensional
analysis and selects the equation $d 5 $a(Dt)2.
(a) Is the equation dimensionally correct?
(b) Describe the limitation of relying on dimensional
analysis to remember equations.
(a) L 3 T 21

4. For motion with constant velocity, compare:
(a) instantaneous speed with average speed
(b) instantaneous velocity with average velocity
(c) instantaneous speed with average velocity
5. How can a velocity-time graph be used to determine
(a) displacement and (b) acceleration?
6. Can a component of a vector have a magnitude
greater than the vector’s magnitude? Explain.
7. (a) Can the sum of two vectors of the same magnitude be a zero vector?
(b) Can the sum of two vectors of unequal magnitudes be a zero vector?
(c) Can the sum of three vectors, all of unequal magnitudes, be a zero factor?
In each case, give an example if “yes,” an explanation
if “no.”
8. A golfer drives a golf ball 214 m [E] off the tee, then
hits it 96 m [28° N of E], and finally putts the ball
12 m [25° S of E]. Determine the displacement from
the tee needed to get a hole-in-one using (a) a vector
scale diagram and (b) components. Compare your
answers.
9. Determine the vector that must be added to the sum
of $
A1$
B in Figure 1 to give a resultant displacement
of (a) 0 and (b) 4.0 km [W].
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A= 5.1 km
38°
E

19°
B= 6.8 km
Figure 1

S

10. Assume that a displacement vector can be drawn from
a person’s nose to his or her toes. For a town of 2000
people, estimate the resultant displacement vector of
the sum of all the nose-to-toes vectors at (a) 5 P.M. and
(b) 5 A.M. Explain your reasoning.
11. In the Canadian Grand Prix auto race, the drivers
travel a total distance of 304.29 km in 69 laps around
the track. If the fastest lap time is 84.118 s, what is the
average speed for this lap?
12. According to a drivers’ handbook, your safest separation distance from the car ahead at a given speed is
the distance you would travel in 2.0 s at that speed.
What is the recommended separation distance
(a) in metres and (b) in car lengths, if your speed is
115 km/h?
13. An eagle flies at 24 m/s for 1.2 3 103 m, then glides at
18 m/s for 1.2 3 103 m. Determine
(a) the time interval for this motion
(b) the eagle’s average speed during this motion
14. Describe the motion represented by each graph
shown in Figure 2.
(a)

(b)

W
d

Wv

0

t

0

t

Figure 2

15. A firefighter slides 4.5 m down a pole and runs 6.8 m
to a fire truck in 5.0 s. Determine the firefighter’s
(a) average speed and (b) average velocity.
16. Over a total time of 6.4 s, a field hockey player runs
16 m [35° S of W], then 22 m [15° S of E]. Determine
the player’s (a) resultant displacement and
(b) average velocity.
NEL
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motion
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E

Figure 3

18. A car travelling initially at 42 km/h on the entrance
ramp of an expressway accelerates uniformly to
105 km/h in 26 s.
(a) How far, in kilometres, does the car travel over
this time interval?
(b) Determine the magnitude of the average acceleration in kilometres per hour per second.
19. In a thrill ride at an amusement park, the cars start
from rest and accelerate rapidly, covering the first
15 m [fwd] in 1.2 s.
(a) Calculate the average acceleration of the cars.
(b) Determine the velocity of the cars at 1.2 s.
(c) Express the magnitude of the acceleration in
terms of g$.
20. Determine the constant acceleration needed for a
bullet to reach a muzzle velocity of 4.0 3 102 m/s
[fwd], provided friction is zero and the muzzle is
0.80 m long.
21. A rocket begins its third stage of launch at a velocity
of 2.28 3 102 m/s [fwd]. It undergoes a constant
acceleration of 6.25 3 101 m/s2, while travelling
1.86 km, all in the same direction. What is the rocket’s
velocity at the end of this motion?
22. In its final trip upstream to its spawning territory, a
salmon jumps to the top of a waterfall 1.9 m high.
What is the minimum vertical velocity needed by the
salmon to reach the top of the waterfall?
23. A bus travels 2.0 3 102 m with a constant acceleration of magnitude 1.6 m/s2.
(a) How long does the motion take if the magnitude
of the initial velocity is 0.0 m/s?

NEL

(b) How long does the motion take if the magnitude
of the initial velocity is 8.0 m/s in the direction of
the acceleration?
24. An airplane, travelling initially at 240 m/s [28° S of
E], takes 35 s to change its velocity to 220 m/s [28° E
of S]. What is the average acceleration over this time
interval?
25. A race car driver wants to attain a velocity of 54 m/s
[N] at the end of a curved stretch of track, experiencing an average acceleration of 0.15 m/s2 [S] for
95 s. What is the final velocity?
26. A camera is set up to take photographs of a ball
undergoing vertical motion. The camera is 5.2 m
above the ball launcher, a device that can launch the
ball with an initial velocity 17 m/s [up]. Assuming
that the ball goes straight up and then straight down
past the camera, at what times after the launch will
the ball pass the camera?
27. Figure 4 shows a velocity-time graph for a squirrel
walking along the top of a fence.
(a) Draw the corresponding acceleration-time graph
of the motion.
(b) Draw the corresponding position-time graph
from 0.0 s to 1.0 s. (Be careful: for the first 0.50 s,
this graph is not a straight line.)
4.0
vW (m/s [E])

17. The cheetah, perhaps the fastest land animal, can
maintain speeds as high as 100 km/h over short time
intervals. The path of a cheetah chasing its prey at top
speed is illustrated in Figure 3. State the cheetah’s
instantaneous velocity, including the approximate
direction, at positions D, E, and F.

2.0
0
1.0

2.0

t (s)
3.0

–2.0
Figure 4

28. Venus, with an orbit of radius 1.08 3 1011 m, takes
1.94 3 107 s to complete one orbit around the Sun.
(a) What is the average speed in metres per second,
and kilometres per hour?
(b) Determine the magnitude of the average velocity
after it has completed half a revolution around
the Sun.
(c) Determine the magnitude of the average acceleration after it has completed a quarter revolution
around the Sun.
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29. (a) What are the horizontal and vertical components
of the acceleration of a projectile?
(b) How would your answer change if both components of the motion experience air resistance?
30. A child throws a snowball with a horizontal velocity
of 18 m/s directly toward a tree, from a distance of
9.0 m and a height above the ground of 1.5 m.
(a) After what time interval does the snowball hit the
tree?
(b) At what height above the ground will the snowball hit the tree?
(c) Determine the snowball’s velocity as it strikes the
tree.
31. Determine the initial velocity of a projectile that is
launched horizontally, and falls 1.5 m while moving
16 m horizontally.
32. You are standing in a train moving at constant
velocity relative to Earth’s frame of reference. You
drop a ball to the floor. What is the path of the ball
(a) in your frame of reference and (b) from the frame
of reference of a person standing stationary beside
the train?
33. A plane is travelling with an air speed of 285 km/s
[45° S of E]. A wind is blowing at 75 km/h [22° E
of N] relative to the ground. Determine the velocity
of the plane relative to the ground.
34. A swimmer who can swim at a speed of 0.80 m/s in
still water heads directly across a river 86 m wide. The
swimmer lands at a position on the far bank 54 m
downstream from the starting point. Determine
(a) the speed of the current
(b) the velocity of the swimmer relative to the shore
(c) the direction of departure that would have taken
the swimmer directly across the river

Applying Inquiry Skills
37. A baseball player wants to measure the initial speed of
a ball when the ball has its maximum horizontal
range.
(a) Describe how this could be done using only a
metre stick or a measuring tape.
(b) Describe sources of random and systematic error
in this activity.
38. You obtain the following data from an experiment
involving motion on an essentially frictionless air
table inclined at an angle to the horizontal:
length of air table side
vertical distance from lab bench to
the elevated end of the air table

9.9 cm

vertical distance from lab bench
to the lower end of the air table

4.3 cm

(a) Determine the angle of incline of the air table.
(b) Determine the magnitude of the acceleration of
an air puck parallel to the incline of the table.
(Hint: Use g$ and the value you found for the
angle of incline.)
(c) What are the possible sources of random and systematic error in this experiment?
39. Figure 5 shows a demonstration of projectile motion
that usually warrants applause from the audience.
At the instant a dart is launched at a high velocity, a
target (often a cardboard monkey) drops from a
uspended position downrange from the launching
device. Show that if the dart is aimed directly at the
target, it will always strike the falling target. (Use a
specific set of numbers.)

35. The displacement from London, UK, to Rome is
1.4 3 103 km [43° E of S]. A wind is blowing with a
velocity of 75 km/h [E]. The pilot wants to fly directly
from London to Rome in 3.5 h. What velocity relative
to the air must the pilot maintain?
36. A football is placed on a line 25 m from the goal post.
The placement kicker kicks the ball directly toward
the post, giving the ball an initial velocity of 21.0 m/s
[47° above the horizontal]. The horizontal bar of the
goal post is 3.0 m above the field. How far above or
below the bar will the ball travel?

62.0 cm

target
direction aimed
dart launcher

path of
target

path of projectile

Figure 5
In this “monkey-hunter” demonstration, launching the dart
causes the target to drop.
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Making Connections
40. An impatient motorist drives along a city bypass at an
average speed of 125 km/h. The speed limit is 100 km/h.
(a) If the bypass is 17 km long, how many minutes
does the driver save by breaking the speed limit?
(b) The driver consumes about 20% more fuel at the
higher speed than at the legal limit. Can you suggest a reason?
41. An electromagnetic signal, travelling at the speed of
light (3.0 3 108 m/s), travels from a ground station
on Earth to a satellite 4.8 3 107 m away. The satellite
receives the signal and, after a delay of 0.55 s, sends a
return signal to Earth.
(a) What is the time interval between the transmission from the ground station and the reception of
the return signal at the station?
(b) Relate your answer in (a) to the time delays you
observe when live interviews are conducted via
satellite communication on television.
42. Kinematics in two dimensions can be extended to
kinematics in three dimensions. What motion factors
would you expect to analyze in developing a computer model of the three-dimensional motion of
asteroids to predict how close they will come to Earth?
43. A patient with a detached retina is warned by an eye
specialist that any braking acceleration of magnitude
greater than 2g$ risks pulling the retina entirely away
from the sclera. Help the patient decide whether to
play a vigorous racket sport such as tennis. Use estimated values of running speeds and stopping times.
44. Your employer, a medical research facility specializing
in nanotechnology, asks you to develop a microscopic
motion sensor for injection into the human bloodstream. Velocity readings from the sensor are to be
used to detect the start of blockages in arteries, capillaries, and veins.
(a) What physics principles and equations would you
need to consider in brainstorming the design?
(b) Describe one possible design of the device. How,
in your design, are data obtained from the
device?
45. Figure 6 shows four different patterns of fireworks
explosions. What conditions of the velocity of the
fireworks device at the instant of the explosion could
account for each shape?

(a)

(b)

(c)

(d)

Figure 6

Extension
46. A helicopter flies directly toward a vertical cliff. When
the helicopter is 0.70 km from the cliff face, it transmits a sonar signal. It receives the reflected signal 3.4 s
later. If the signal propagates at 3.5 3 102 m/s, what is
the speed of the helicopter?
47. A truck with one headlight is travelling at a constant
speed of 18 m/s when it passes a stopped police car.
The cruiser sets off in pursuit at a constant acceleration of magnitude 2.2 m/s2.
(a) How far does the cruiser travel before catching
the truck?
(b) How long does the pursuit last? (Hint: Consider
drawing a graph.)
48. A car with an initial velocity of 8.0 3 101 km/h [E]
accelerates at the constant rate of 5.0 (km/h)/s,
reaching a final velocity of 1.0 3 102 km/h [45° S
of E]. Determine (a) the direction of the acceleration
and (b) the time interval.
49. Derive an equation for the horizontal range of a projectile with a landing point at a different altitude from
its launch point. Write the equation in terms of the
initial velocity, the acceleration due to gravity, the
launch angle, and the vertical component of the
displacement.
50. A sunbather, drifting downstream on a raft, dives off
the raft just as it passes under a bridge and swims
against the current for 15 min. She then turns and
swims downstream, making the same total effort and
overtaking the raft when it is 1.0 km downstream
from the bridge. What is the speed of the current in
the river?
Sir Isaac Newton Contest Question

NEL
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chapter

2

In this chapter,
you will be able to

•

define and describe
concepts and units from the
analysis of forces

•

distinguish between
accelerating and
nonaccelerating frames of
reference

•

determine the net force
acting on an object and its
resulting acceleration by
analyzing experimental data
using vectors and their
components, graphs, and
trigonometry

•

analyze and predict, in
quantitative terms, and
explain the cause of the
acceleration of objects in
one and two dimensions

•

analyze the principles of the
forces that cause
acceleration, and describe
how the motion of human
beings, objects, and vehicles
can be influenced by
modifying factors

Dynamics
To climb a vertical formation like the one shown in Figure 1, a rock climber must exert forces
against the rock walls. The walls push back with reaction forces, and it is the upward components of those forces that help the climber move upward. In this chapter, you will learn
how to analyze the forces and components of forces for stationary and moving objects.
Forces cause changes in velocity. Thus, what you learned in Chapter 1 will be explored
further to help you understand why objects speed up, slow down, or change directions.
In other words, you will explore the nature of the forces that cause acceleration.
Chapter 2 concludes with a look at motion from different frames of reference. You will
find that Newton’s laws of motion apply in some frames of reference, but not in others.

REFLECT on your learning
1. A dog-sled team is pulling a loaded toboggan

2.

3.

4.

5.
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B
up a snow-covered hill as illustrated in
A
#$, B
#$, C
#$,
Figure 2. Each of the four vectors A
#$ represents the magnitude and direcand D
tion of a force acting on the toboggan.
(a) Name each labelled force.
C
(b) Draw a sketch of the toboggan and its
u
load showing the four forces. Label the
#$ and
positive x direction parallel to force A
#$.
the positive y direction parallel to force B
D
Draw in the components of any vector
that is not parallel to either the x or the
Figure 2
y direction.
A child pushes horizontally against a box, but the box does not move.
(a) Draw a sketch of the box showing all the forces acting on it. Name each force.
(b) Determine the vector sum of all the forces acting on the box. Is this sum zero or
nonzero? Give a reason.
An athlete is in the middle of a long jump. Draw a vector diagram to show all of the
forces acting on the jumper
(a) assuming that there is no air resistance
(b) assuming that the jumper is experiencing air resistance due to a head wind
You apply a horizontal force to the side of your physics textbook that is just large
enough to cause the book to move at a slow, constant velocity. How would you have
to change the force to cause two identical books, one on top of the other, to move at
constant velocity? Explain the physics of your answer.
A small rubber stopper is suspended by a string from the inside roof of the school bus
in Figure 3(a). At three different points in the journey, this improvised pendulumstyle accelerometer is in the three orientations I, J, K shown in Figure 3(b).
(a) In which orientation is the accelerometer when the bus is
(i) accelerating forward from rest
(ii) moving forward at a constant velocity
(iii) braking to a stop while moving to the right
(b) Draw three vector diagrams for these three cases, showing in each diagram all
the forces acting on the stopper.
NEL

Figure 1
This rock climber applies physics principles to climb upward safely. The force of
static friction between the rock walls and
the climber’s feet and hands helps the
climber control movement. The safety
rope is designed to withstand tension
forces should the climber begin to fall.

TRY THIS activity

Predicting Forces

The spring scales in Figure 4 are attached in various ways to four identical
masses, each of weight 9.8 N.
(a) Predict the reading on each of the five scales.
(b) Your teacher will set up the masses and scales so that you can check
your predictions. Explain any differences between your predictions and
your observations.
(a)
N

(c)

(a)

L

(b)
I

J

K

O

P

9.8 N
9.8 N

(b)

9.8 N

M

direction of motion of bus
Figure 3
(a) A pendulum-style accelerometer in a
stationary bus
(b) Three possible orientations of the
accelerometer
NEL

9.8 N

Figure 4
Predicting spring scale readings
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2.1

Forces and Free-Body Diagrams
A force is a push or a pull. Forces act on objects, and can result in the acceleration, compression, stretching, or twisting of objects. Forces can also act to stabilize an object. For
example, when a person fractures a leg, any motion of the leg can hinder the healing of
the bone. To reduce this problem, the leg can be placed in a traction system, like that
shown in Figure 1. A traction system stabilizes the broken limb and prevents unnecessary motion of its broken parts.
To analyze the forces that are acting on the leg shown in Figure 1, several background
concepts must be understood. In this section, we will use the following questions to
introduce the concepts:

Figure 1
Designing a traction system that
prevents leg motion requires an
understanding of forces and the
components of forces. In this case,
the tibia (small lower leg bone) is
stabilized by the traction cord
attached to a weight and strung
through a pulley system.
force (F#$ ) a push or a pull
force of gravity (F#$g) force of
attraction between all objects
normal force (F#$N) force perpendicular to the surfaces of objects in
contact
tension (F#$ T) force exerted by
materials, such as ropes, fibres,
springs, and cables, that can be
stretched

•

What are the main types of forces that you experience in everyday situations
involving objects at rest or in motion, and how are these forces measured?

•

How can you use diagrams to mathematically analyze the forces acting on a body
or an object?

•

What is the net force, or the resultant force, and how can it be calculated?

Common Forces
When you hold a textbook in your hand, you feel Earth’s force of gravity pulling downward on the book. The force of gravity is the force of attraction between all objects. It
is an action-at-a-distance force, which means that contact between the objects is not
required. Gravity exists because matter exists. However, the force of gravity is extremely
small unless at least one of the objects is very large. For example, the force of gravity
between a 1.0-kg ball and Earth at Earth’s surface is 9.8 N, but the force of gravity between
two 1.0-kg balls separated by a distance of 1.0 m is only 6.7 3 10211 N, a negligible
amount.
The force of gravity on an object, like a book in your hand, acts downward, toward
Earth’s centre. However, to keep the book stationary in your hand, there must be an
upward force acting on it. That force, called the normal force, is the force perpendicular to the two surfaces in contact. As you can see in Figure 2, the normal force acts vertically upward when the contact surfaces are horizontal.
Another common force, tension, is the force exerted by materials that can be stretched
(e.g., ropes, strings, springs, fibres, cables, and rubber bands). The more the material is
stretched, like the spring scale shown in Figure 3, the greater the tension in the material.

normal force

force of
gravity
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Figure 2
For a book held stationary in your
hand, Earth’s force of gravity acts
downward. Your hand exerts a normal
force upward on the book.
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Spring scale reads 9.8 N.

spring under
tension

frictionless
pulley

tension
force
single string

9.8 N

Figure 4
Since tension is constant along a single string, the tension in the
horizontal part of this string has the same magnitude as the tension
in the vertical part of the string.

An important characteristic of the tension force in a material is that it has the same magnitude everywhere along the length of the material. This is true even if the direction of
the force changes, as when a rope or string hangs over a pulley (Figure 4).
Another common force is friction—the force that resists motion or attempted motion
between objects in contact. Friction always acts in the direction opposite to the direction
of motion. For example, if you exert a force on your textbook causing it to move eastward across your desk, the force of friction acting on the book is westward. Static friction is the force that tends to prevent a stationary object from starting to move. Kinetic
friction is the force that acts against an object’s motion. Air resistance is friction that
involves an object moving through air; it becomes noticeable at high speeds.
Finally, because there are several possible names for various pushes, pulls, thrusts,
and so on, we will use the general term applied force for any contact force that does not
fit any of the previously described categories.
We will use consistent symbols for the common forces as summarized in Table 1.
Notice that because force is a vector quantity, we use an arrow above each symbol.

Practice
Understanding Concepts
1. Summarize the common forces by completing a table with the following headings:

Name of Force, Type of Force, and Example in Daily Life. (Indicate either action-at-adistance or contact force under Type of Force.)
2. Refer to the traction system shown in Figure 1. Assuming that the tension in the cord

just above the mass has a magnitude of 18 N, do you expect the tension in the vertical cord above the leg to be less than 18 N, equal to 18 N, or greater than 18 N?
Give your reasons.
3. Mechanical and structural engineers say, “You can’t push a rope.” Rephrase this

statement using more formal physics terminology.

force of gravity

Figure 3
When an extension spring stretches,
the tension increases to bring the
spring back to its original state. The
greater the downward force of
gravity on the book, the greater the
upward tension in the spring.
friction (F#$f ) force that resists
motion or attempted motion
between objects in contact; acts in
direction opposite to motion or
attempted motion
static friction (F#$S ) force that tends
to prevent a stationary object from
starting to move
kinetic friction (F#$K) force that acts
against an object’s motion
air resistance frictional force
that opposes an object’s motion
through air
Table 1 Common Forces
Force
gravity
normal
tension
friction
kinetic friction
static friction
air resistance
applied force

NEL

Symbol
F#$g
F#$N
F#$T
F#$f
F#$K
F#$S
F#$air
F#$app
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Drawing Free-Body Diagrams
free-body diagram (FBD) diagram
of a single object showing all the
forces acting on that object

A convenient way to analyze situations involving forces is to use diagrams. A free-body
diagram (FBD) is a diagram of a single object that shows only the forces acting on that
object; no other objects are shown in the FBD. The object itself can be represented by a
dot or drawn as a small sketch. The directions and the approximate magnitudes of the
forces are drawn on the diagram as arrows facing away from the object. A coordinate
system is shown in the FBD, with the 1x and 1y directions indicated.
In solving word problems, especially complex ones, it is sometimes helpful to sketch
a diagram of the system, called a system diagram, before drawing an FBD.

SAMPLE problem 1
FN

You toss a ball vertically upward. Draw an FBD of the ball just before it leaves your hand.
+y

Solution
Fg
Figure 5
The FBD of the ball in
Sample Problem 1

Only two forces act on the ball (Figure 5). Gravity acts downward. The normal force
applied by your hand (we may call this the applied force, since it comes from you) acts
upward. Since there are no horizontal components of forces in this situation, our FBD
shows a 1y direction, but no 1x direction.

SAMPLE problem 2

LEARNING TIP
Choosing Positive Directions
There is no right or wrong
choice for 1x and 1y directions,
although one choice may be
more convenient than another.
If there is acceleration in an
obvious direction, it is convenient to choose that direction as
positive. The direction of the
other component is then perpendicular to that direction.

A child is pushing with a horizontal force against a chair that remains stationary. Draw a
system diagram of the overall situation and an FBD of the chair.

Solution
The system diagram in Figure 6(a) shows the four forces acting on the chair: gravity, the
normal force, the applied force (the push delivered by the child), and the force of static
friction. The 1x direction is chosen in the direction of the attempted motion. Figure 6(b)
is the corresponding FBD, showing these same four forces.
(a)

(b)
FN
normal
force
static
friction

FS
applied
force

F app
Fg

+y
+x

Figure 6
(a) The forces acting on the chair
(b) The FBD of the stationary chair
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SAMPLE problem 3
A child pulls a sleigh up a snow-covered hill at a constant velocity with a force parallel to
the hillside. Draw a system diagram of the overall situation and an FBD of the sleigh.

Solution
The system diagram of Figure 7(a) shows the four forces acting on the sleigh: gravity,
tension in the rope, kinetic friction, and the normal force. The 1x direction is the direction
of motion and the 1y direction is perpendicular to that motion. Figure 7(b) is the corresponding FBD, including the components of the force of gravity.
(a)

(b)
tension
normal force
force

kinetic
friction

Components of Forces
Whenever there is a force in an
FBD that is not parallel to either the
1x direction or the 1y direction,
draw and label the components
of that force, as in Figure 7(b).
Appendix A discusses vector
components.

FN
FT
FK

θ
Fg

u

LEARNING TIP

Fg cosθ

+y
+x

Fg sinθ

force of
gravity

Figure 7
(a) The forces acting on the sleigh
(b) The FBD of the sleigh

Practice
Understanding Concepts
4. Draw an FBD for objects A, B, C, and D.

(a) A hot dog (object A) sits on a table.
(b) A length of railway track (B) is being raised by a cable connected to a crane.
(c) A pencil (C) has just begun falling from a desk to the floor. Air resistance is
negligible.
(d) A stove (D) is being pulled up a ramp into a delivery truck by a cable parallel to the ramp. The ramp is at an angle of 18° above the horizontal.
5. You throw a ball vertically upward from your hand. Air resistance is negligible.

Draw an FBD of the ball (a) shortly after it leaves your hand, (b) when it is at the
top of its motion, and (c) as it is falling back down.
6. Draw an FBD of the ball from question 5 as it falls back down, assuming there is

a force of friction caused by air resistance.
7. The tourist in Figure 8 is pulling a loaded suitcase at a constant velocity to the

right with a force applied to the handle at an angle v above the horizontal.
A small force of friction resists the motion.
(a) Draw an FBD of the suitcase, labelling the components of the appropriate
forces. Choose the direction of motion to be the 1x direction.
(b) Draw an FBD of the suitcase, labelling the components of the appropriate
forces. Choose the 1x direction as the direction in which the handle is
pointing.
(c) Which choice of +x is more convenient? Why? (Hint: Did you show the
components of all the forces in your FBDs?)

u

Figure 8
For question 7

Applying Inquiry Skills
8. You are watching a skydiver whose parachute is open and whose instantaneous

height above ground level is indicated by digits on an electronic screen. The
skydiver has reached terminal speed. (For this question, assume the skydiver
and the parachute together act as one body.)
(a) Draw a system diagram and an FBD for the situation.
(b) Describe how you would estimate the force of air resistance acting on the
skydiver and parachute. Include any assumptions and calculations.

NEL
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Analyzing Forces on Stationary Objects
net force ( oF#$ ) the sum of all
forces acting on an object

LEARNING TIP
Net Force Symbols
The net force can have a variety
of symbols, such as #$Fnet , #$F R (for
resultant force), F#$total , F#$sum , and
the symbol used in this text, o#$F.

When analyzing a problem involving forces acting on an object, you must find the sum
of all the forces acting on that object. The sum of all forces acting on an object has a
variety of names, including net force, resultant force, total force, or sum of the forces; in
#$, where the Greek
this text, we will use the term net force. The symbol for net force is SF
letter sigma (S) serves as a reminder to add, or “sum,” all the forces.
Determining the sum of all the forces is straightforward if all the forces are linear or
perpendicular to each other, but it is somewhat more complex if some forces are at
angles other that 90°. In two-dimensional situations, it is often convenient to analyze
the components of the forces, in which case the symbols SFx and SFy are used instead
#$.
of SF

SAMPLE problem 4
In hitting a volleyball, a player applies an average force of 9.9 N [33° above the horizontal]
for 5.0 ms. The force of gravity on the ball is 2.6 N [down]. Determine the net force on the
ball as it is being struck.

Solution
(a)
F app = 9.9 N
33°
F g = 2.6 N

(b)

F app

First, we take components of #$Fapp:

Fapp sin θ

θ
Fapp cos θ

The relevant given information is shown in the FBD of the ball in Figure 9(a). (Notice that
the time interval of 5.0 ms is not shown because it is not needed for this solution.) The net
force on the ball is the vector sum F#$g 1 F#$app. We calculate the net force by taking components with the 1x and 1y directions as in Figure 9(b).

Fapp,x 5 (9.9 N)(cos 33°)

Fapp,y 5 (9.9 N)(sin 33°)

Fapp,x 5 8.3 N

Fapp,y 5 5.4 N

Next, we take components of F#$g:
+y
Fgx 5 0.0 N

+x

Fg
(c)

ΣF

We add the components to determine the net force:

oFx
2.8 N

f

Fgy 5 22.6 N

5 Fapp,x 1 Fgx

oFy

5 8.3 N 1 0.0 N

oFx

5 8.3 N

5 Fapp,y 1 Fgy
5 5.4 N 1(22.6 N)

oFy

5 2.8 N

8.3 N
Figure 9
(a) FBD of the ball
(b) The components of the forces
(c) The net force

Figure 9(c) shows how we determine the magnitude of the net force:
o#$F 5 Ïw
(8.3 Nw
)2 1 (2w
.8 N)2
oF#$ 5 8.8 N

The direction of

oF#$ is given by the angle f in the diagram:

2.8 N
f 5 tan21 }}
8.3 N
f 5 19°

The net force on the ball is 8.8 N [19° above the horizontal].
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LEARNING TIP

SAMPLE problem 5
The boat in Figure 10 is secured to a lakeside pier with two horizontal ropes. A wind is
blowing offshore. The tensions in the ropes are F#$1 5 48 N [16° N of E] and F#$2 5 48 N
[16° S of E].
(a) Use a vector scale diagram to determine the sum of the tension forces in the two ropes.
(b) Assuming that the net horizontal force on the boat is zero, determine the force of the
wind on the boat.
F1

N

16°
16°

E

F2
F wind

Figure 10
The horizontal forces
acting on the boat

Adding Force Vectors
As you know from Chapter 1 and
Appendix A, this text uses three
methods of adding vectors. For
understanding concepts, using
vector scale diagrams is highly recommended. For high accuracy and
relatively quick solutions, trigonometry is an excellent method, but the
laws of cosines and sines can be
applied easily only to the addition
(or subtraction) of two vectors. The
component technique is highly
accurate and appropriate for the
addition (or subtraction) of any
number of vectors.

Solution
(a) #$F1 5 48 N [16° N of E]
#$F2 5 48 N [16° S of E]
#$F 1 #$F 5 ?
1

2

This vector addition is shown in Figure 11. Measurement with a ruler indicates that
the sum of the tensions in the ropes is 92 N [E].

F1

ΣF = 92 N [E]

(b) Using the symbol F#$wind for the force of the wind on the boat, we know that:
N

o#$F 5 0
#$F 1 #$F 5 92 N [E]
1
2

o#$F
#$F
wind

16° F 2

16°

E

5 #$F1 1 #$F2 1 #$Fwind
5 oF#$ 2 (F#$ 1 F#$ )
1

2

5 0.0 N 2 92 N [E]

scale: 1.0 mm = 2.0 N

Figure 11
Vector scale diagram showing the
sum of the tensions for Sample
Problem 5

#$Fwind 5 92 N [W]

The force of the wind on the boat is 92 N [W].

Practice
Understanding Concepts
9. Determine the net force on objects E, F, and G.

(a) At a particular instant, a soaring bird (E) is subject to an upward lift of 3.74 N,
a downward gravitational force of 3.27 N, and a horizontal air resistance force
of 0.354 N.
(b) A long-jump contestant (F) experiences at the instant of landing a gravitational force of 538 N [down] and a force, applied by the ground to the feet,
of 6382 N [28.3° above the horizontal].
(c) In a football game, a quarterback (G), hit simultaneously by two linebackers, experiences horizontal forces of 412 N [27.0° W of N] and 478 N
[36.0° N of E]. (Consider only the horizontal forces and neglect friction.
Note that we can ignore the vertical forces because they are equal in magnitude, but opposite in direction.)
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Answers
9. (a) 0.59 N [53° above the
horizontal]
(b) 6.15 3 103 N [23.9°
above the horizontal]
(c) 678 N [17.1° E of N]
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Answer

10. Solve Sample Problem 5(a) using (a) components and (b) trigonometry.

11. 31 N [30° S of E], to two
significant digits

11. A crate is being dragged across a horizontal icy sidewalk by two people pulling

horizontally on cords (Figure 12). The net horizontal force on the crate is 56 N
[16° S of E]. The tension in cord 1 is 27 N [E]. If friction is negligible, determine
the tension in cord 2.

crate
(top view)

cord 1

E
cord 2

SUMMARY

N

Figure 12

Forces and Free-Body Diagrams

•

We commonly deal with Earth’s force of gravity, the normal force, tension forces,
and friction forces.

•

Static friction tends to prevent a stationary object from starting to move; kinetic
friction acts against an object’s motion. Air resistance acts against an object
moving through air.

•

The free-body diagram (FBD) of an object shows all the forces acting on that
object. It is an indispensable tool in helping to solve problems involving forces.
#$ is the vector sum of all the forces acting on an object.
The net force SF

•
Section 2.1 Questions
Understanding Concepts

1. You push your ruler westward at a constant speed across

your desk by applying a force at an angle of 25° above the
horizontal.
(a) Name all the forces acting on the ruler and state which
ones are contact forces.
(b) What fundamental force is responsible for the contact
forces?
(c) Draw an FBD of the ruler in this situation. Where
appropriate, include the components of forces.
2. Draw an FBD for objects H, I, J, and K.

(a) a cup (H) hanging from a hook
(b) a person ( I ) standing in an elevator that is moving
downward
(c) a curling rock (J) sliding freely in a straight line
on a rink
(d) a crate (K) being dragged across a floor, with significant friction, by a person pulling on a rope at an angle
of 23° above the horizontal
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3. The force of gravity on a textbook is 18 N [down].

(a) What is the net force on the book if it is held stationary
in your hand?
(b) Neglecting air resistance, what is the net force acting
on the book if you suddenly remove your hand?
4. At one particular instant in its flight, a ball experiences a

gravitational force #$Fg 5 1.5 N [down] and an air resistance
force #$Fair 5 0.50 N [32° above the horizontal]. Calculate the
net force on the ball.
5. Given the following force vectors, #$
FA 5 3.6 N [28° W of S],
#$FB 5 4.3 N [15° N of W], and F#$C 5 2.1 N [24° E of S],
determine
(a) #$FA 1 #$FB 1 #$FC, using a vector scale diagram
(b) F#$A 1 #$FB 1 #$FC, using components
(c) F#$A 2 #$FB, using a vector scale diagram
(d) #$FA 2 #$FB, using trigonometry
6. Given #$
F1 5 36 N [25° N of E] and F#$2 5 42 N [15° E of S],
determine the force F#$3 that must be added to the sum of
F#$1 1 F#$2 to produce a net force of zero.
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Newton’s Laws of Motion
You are riding on a roller coaster with the safety harness snugly over your shoulders.
Suddenly, an applied force causes the coaster to accelerate forward and you feel the back
of the seat pressing hard against you. When the ride nears its end and a braking force causes
the coaster to come to a quick stop, you feel as if you are being pressed forward against
the harness. In this section, we will explore the origins of the forces that you experience
on a roller coaster ride and those in other everyday situations.
The study of forces and the effects they have on the velocities of objects is called
dynamics, from the Greek word dynamis, which means power. Three important principles related to dynamics are attributed to Sir Isaac Newton (Figure 1) and are called
Newton’s laws of motion.

2.2

dynamics the study of forces and
the effects they have on motion

Newton’s First Law of Motion
Picture a briefcase resting horizontally on the overhead shelf of a commuter train
travelling at a constant velocity. As the train starts to slow down, you notice that the
briefcase slides forward (relative to the train). What is happening?
It is instructive to learn how scientists analyzed this type of motion in the past. In
ancient times, people who studied dynamics believed that an object moves with a constant velocity only when a constant external net force is applied. When Renaissance scientists, such as Galileo, began experimenting with dynamics, they verified that an object
maintains a constant velocity when the net force acting on it is zero. Figure 2 shows an
example of each of these two points of view.
(a)

(b)

air supply

motion of puck
force of friction on puck

motion of
air puck

wooden floor

air table
Figure 2
(a) A puck sliding along the floor soon comes to rest. Scientists prior to Galileo
believed that an object needed a net force to maintain constant velocity. We
now know that the only net force acting on the puck in this case is friction.
(b) An air-hockey puck that slides along a surface with negligible friction maintains a constant velocity. This verifies Galileo’s view that an object moving
with constant velocity keeps moving at that velocity if the net force is zero.

Newton summarized Galileo’s ideas about objects at rest and objects moving with
constant velocity in his first law of motion.

Figure 1
Isaac Newton, born in 1642, was
perhaps the greatest of all mathematical physicists. In 1687, he published the book Mathematical
Principles of Natural Philosophy, usually referred to as the Principia. In it,
he described the works of other scientists as well as his own studies,
including what are now called his
three laws of motion and the law of
universal gravitation. The concepts
presented in his book represent a
great leap forward in the world’s
understanding of the past, present,
and future of the universe. Newton
also contributed greatly to the
studies of light, optics, and calculus.
Although he died in 1727 at the age
of 85, most of his great ideas were
formulated by the age of 25.

Newton’s First Law of Motion
If the net force acting on an object is zero, that object maintains its state of rest or constant velocity.

NEL
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LEARNING TIP
The Concept of Inertia
A helpful way to think about
inertia is in terms of the object’s
mass. Inertia is directly related to
an object’s mass: the greater the
mass, the greater the inertia. For
example, a sports car has a small
inertia compared to a train. Thus,
the car requires a much smaller
net force than the train to cause
it to accelerate from rest to a
speed of 100 km/h. When the car
and the train are travelling at the
same speed, the train has a
much larger inertia than the car.

inertia the property of matter that
causes an object to resist changes
to its motion

This law has important implications. An external net force is required to change an
object’s velocity; internal forces have no effect on an object’s motion. For example,
pushing on the dashboard of a car does not change the car’s velocity. To cause a change
in velocity—in other words, to cause acceleration—the net force acting on an object
cannot be zero.
A common way to interpret this law is to say that an object at rest or moving with a
constant velocity tends to maintain its state of rest or constant velocity unless acted
upon by an external net force. The ability of an object to resist changes to its motion is
a fundamental property of all matter called inertia. Inertia tends to keep a stationary
object at rest or a moving object in motion in a straight line at a constant speed. Thus,
the first law of motion is often called the law of inertia.
Examples of the law of inertia are common in everyday life. If you are standing on a
stationary bus and it starts to accelerate forward, you tend to stay where you are initially, which means that you will start to fall backward relative to the accelerating bus.
Figure 3 shows another example of inertia.
Consider the inertia of an object in motion. One example is the briefcase on the overhead shelf in the commuter train. Another example occurs when a car slows down
quickly; the people in the car tend to continue moving forward, possibly crashing their
heads into the windshield if they are not wearing a seat belt. Wearing a seat belt properly helps to reduce the serious injuries that can occur in this situation. A seat belt also
helps prevent injuries that can occur when an airbag deploys in a front-end collision. The
operation of one type of seat belt is shown in Figure 4.

A

A

seat belt

Figure 3
If a coin is balanced on a horizontal
playing card on a finger and the
card is flicked away, the coin,
because of its inertia, will remain at
rest on the finger.

pulley

rod

rachet

pivot

pin connection
tracks

large mass
Figure 4
The operation of the seat belt shown here relies on the principle of inertia. Normally the ratchet
turns freely, allowing the seat belt to wind or unwind whenever the passenger moves. With the
car moving forward (to the right in this diagram), then slowing abruptly, the large mass on the
track continues to move forward because of inertia. This causes the rod to turn on its pivot,
locking the ratchet wheel and keeping the belt firmly in place.

78

Chapter 2

NEL

Section 2.2

+y

SAMPLE problem 1

+x

A 12-passenger jet aircraft of mass 1.6 3 104 kg is travelling at constant velocity of
850 km/h [E] while maintaining a constant altitude. What is the net force acting on
the aircraft?

Solution

F lift
F air

According to Newton’s first law, the net force on the aircraft must be zero because it is
moving with a constant velocity. Figure 5 is an FBD of the aircraft. The vector sum of all
the forces is zero.

F thrust
Fg

Figure 5
The FBD of the aircraft in
Sample Problem 1

SAMPLE problem 2
You exert a force of 45 N [up] on your backpack, causing it to move upward with a constant velocity. Determine the force of gravity on the pack.

F app
+y

Solution
The FBD of the pack (Figure 6) shows that two forces act on the pack: the applied force
(F#$app ) that you exert and the force of gravity (F#$g ) that Earth exerts. Since the pack is
moving at a constant velocity, the net force must, by the law of inertia, be zero. So the
upward and downward forces have the same magnitude, and #$Fg 5 45 N [down].

Any object that has zero net force acting on it is in a state of equilibrium. In this sense,
equilibrium is the property of an object experiencing no acceleration. The object can

Fg
Figure 6
The FBD of the backpack in
Sample Problem 2
equilibrium property of an object
experiencing no acceleration

be at rest (static equilibrium) or moving at a constant velocity (dynamic equilibrium).
In analyzing the forces on objects in equilibrium, it is convenient to consider the com#$ 5 0, can
ponents of the force vectors. In other words, the condition for equilibrium, SF
be written as SFx 5 0 and SFy 5 0.

SAMPLE problem 3
The traction system of Figure 7 stabilizes a broken tibia. Determine the force of the tibia
on the pulley. Neglect friction.

Solution
The FBD of the pulley (P) is shown in Figure 8. Since there is only one cord, we know
there must be only one tension, which is 18 N throughout the cord. The net force on the
pulley consists of both the horizontal (x) and vertical ( y) components. We will use #$F tibia as
the symbol for the force of the tibia on the pulley.
P

F T = 18 N

F tibia,x
F tibia,y

f 57°
v 32°
P

32°

+x
18 N
+y

F tibia
F T = 18 N
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fixed pulleys
57°

Figure 8
The FBD of the pulley (P)

Figure 7
The system diagram of a leg in
traction for Sample Problem 3
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F tibia,x

Horizontally:

q
F tibia

F tibia,y

oFx

+x

5 0

Ftibia,x 2 F T cos f 2 F T cos v 5 0
Ftibia,x 5 F T (cos f 1 cos v)

+y
Figure 9
The force on the leg for
Sample Problem 3

5 (18 N)(cos 57° 1 cos 32°)
Ftibia,x 5 25 N

Vertically:

oFy

5 0

Ftibia,y 2 F T sin f 1 F T sin v 5 0
Ftibia,y 5 F T (sin f 2 sin v)
5 (18 N)(sin 57° 2 sin 32°)
Ftibia,y 5 5.6 N

From Figure 9, we can calculate the magnitude of the force:
F#$tibia 5 Ïw
(25 N)2w
1 (5w
.6 N)2
F#$tibia 5 26 N

We now determine the angle:
Ftibia,y
q 5 tan21 }}
Ftibia,x

ACTIVITY 2.2.1
Static Equilibrium of Forces
(p. 112)

5.6 N
5 tan21 }}
25 N
q 5 13°

The force of the tibia on the pulley is 26 N [13° below the horizontal].

fixed pulleys

38˚ 38˚

In Activity 2.2.1, in the Lab Activities section at the end of this chapter, you will predict the force or forces needed for static equilibrium in a specific situation and check your
predictions experimentally. Various methods can be used to accomplish this, including
using a force table or a force board.

Practice
F1 = 9.8 N [down]

F3 = 9.8 N [down]
F2 = ?

The above diagram shows a possible setup for a vertical force board.
(You may prefer to modify the setup,
however, using a force table instead
of a force board, as suggested for
this activity.) In this vertical force
board, there are three different
forces, each acting on a different
string. If two of the forces are
known, the third force can be determined. Describe how you would
determine the unknown force F#$2.
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Understanding Concepts
1. Assume the 8-passenger Learjet shown in Figure 10 has a force of gravity of

6.6 3 104 N [down] acting on it as it travels at a constant velocity of 6.4 3 102 km/h
[W]. If the forward thrust provided by the engines is 1.3 3 104 N [W], determine
(a) the upward lift force on the plane
(b) the force due to air resistance on the plane
2. Choose which of the objects in italics are not examples of Newton’s first law, giving a

reason in each case:
(a) A cat-food can moves at a constant velocity on a conveyor belt in a factory.
(b) A skydiver falls vertically at terminal speed.
(c) A rubber stopper is tied to the end of a string and swings back and forth as a
pendulum.
(d) A shopper stands on an escalator, halfway between floors in a department store,
and rises at a constant speed.
(e) A ball travels with projectile motion after leaving a pitcher’s hand.
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3. A child is trying to push a large desk across a wooden floor. The child is exerting a

Answers

horizontal force of magnitude 38 N, but the desk is not moving. What is the magnitude of the force of friction acting on the desk?

6. (a) 143 N [W]
(b) 54 N [36° S of W]

4. A snowboarder is travelling at a high speed down a smooth snow-covered hill. The

(c) 7.2 N [16° W of S]

board suddenly reaches a rough patch, encountering significant friction. Use
Newton’s first law to describe and explain what is likely to happen to the
snowboarder.

7. 1.8 3 103 N

5. You are sitting on a bus that is travelling at a constant velocity of 55 km/h [N]. You

toss a tennis ball straight upward and it reaches a height just above the level of your
eyes. Will the ball collide with you? Explain your answer.
6. The following sets of forces are acting on a common point. Determine the additional

force needed to maintain static equilibrium.
(a) 265 N [E]; 122 N [W]
(b) 32 N [N]; 44 N [E]
(c) 6.5 N [25° E of N]; 4.5 N [W]; 3.9 N [15° N of E]
7. A single clothesline is attached to two poles 10.0 m apart. A pulley holding a mass
F#$  5 294 N rolls to the middle of the line and comes to rest there. The middle of

1

g

2

the line is 0.40 m below each end. Determine the magnitude of the tension in the
clothesline.
Applying Inquiry Skills
8. (a) Describe how you could use a piece of paper, a coin, and your desk to demon-

strate the law of inertia for an object initially at rest.
(b) Describe how you could safely demonstrate, using objects of your choosing, the
law of inertia for an object initially in motion.

Figure 10
The Bombardier Learjet® 45, built by
the Canadian firm Bombardier Inc.,
is one of the first executive jets
designed entirely on computer.

Making Connections
9. Explain the danger of stowing heavy objects in the rear window space of a car.

Newton’s Second Law of Motion
Speculate on how the magnitudes of the accelerations compare in each of the following
cases:

•

You apply an equal net force to each of two boxes initially at rest on a horizontal
set of low-friction rollers. One box has a mass that is double the mass of the
other box.

•

Two identical boxes with the same mass are initially at rest on a horizontal set of
low-friction rollers. You apply a net force to one box that is twice as large in magnitude as the force you apply to the other box.

In the first case, it is the less massive box that experiences the larger acceleration. In the second case, it is the box to which the greater force is applied
that experiences the larger acceleration. It is obvious that an object’s acceleration depends on both the object’s mass and the net force applied.
To show mathematically how the acceleration of an object depends on
the net force and the object’s mass, we can analyze the results of an ideal
controlled experiment. (The experiment is “ideal” because the force of
friction is so small that it can be neglected. This can be achieved, for
instance, by using an air puck on an air table.) Table 1 gives data from the
experiment.

NEL

Table 1 Experimental Data
Mass
(kg)

Net Force
(N [fwd])

Average
Acceleration
(m/s2 [fwd])

1.0

1.0

1.0

1.0

2.0

2.0

1.0

3.0

3.0

2.0

3.0

1.5

3.0

3.0

1.0
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As you can see in Table 1, as the net force increases for a constant mass, the acceleration increases proportionally, and as the mass increases with a constant force, the
acceleration decreases proportionally. This relationship is the basis for Newton’s second
law of motion.
Newton’s Second Law of Motion
If the external net force on an object is not zero, the object
accelerates in the direction of the net force. The acceleration is directly proportional to the net force and inversely
proportional to the object’s mass.

Newton’s first law involves situations in which the net force acting on an object is zero,
so that no acceleration occurs. His second law includes situations in which the net force
is nonzero, so that acceleration occurs in the direction of the net force.
To write the second law in equation form, we begin with the proportionality statements
#$ (with a constant mass) and #a$ ~ }1} (with a constant net force).
stated in the law: #a$ ~ SF
m
Combining these statements, we obtain

o#$F
a#$ ~ }
m
DID YOU KNOW

?

Limitations of the Second Law
Newton’s second law applies to all
macroscopic objects—cars, bikes,
people, rockets, planets, etc. The
analysis of the motion of and forces
on macroscopic objects is called
Newtonian mechanics. The second
law, however, does not apply to
atomic and subatomic particles,
such as electrons and quarks,
where speeds are extremely high or
the frame of reference is accelerating. In this microscopic realm, a
different mathematical analysis,
called quantum mechanics, applies.

Converting this to an equation requires a constant of proportionality, k. Thus,
k o#$F
a#$ 5 }
m

If the appropriate units are chosen for the variables, then k 5 1 and

o#$F
a#$ 5 }
m
Or, equivalently,

oF#$

5 ma#$

For the components, the corresponding relationships are:

oFx

5 max

and

oFy

5 may

We can now define the SI unit of force. The newton (N) is the magnitude of the net
force required to give a 1-kg object an acceleration of magnitude 1 m/s2. By substituting
#$ 5 ma#$, we see that
into the equation SF

1 2

m
1 N 5 1 kg }}2
s

or

1 N 5 1 kg?m/s2

SAMPLE problem 4
The mass of a hot-air balloon, including the passengers, is 9.0 3 102 kg. The force of
gravity on the balloon is 8.8 3 103 N [down]. The density of the air inside the balloon is
adjusted by adjusting the heat output of the burner to give a buoyant force on the balloon
of 9.9 3 103 N [up]. Determine the vertical acceleration of the balloon.

Solution
m 5 9.0 3 102 kg
F 5 F#$  5 8.8 3 103 N
g
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Fapp 5 F#$app 5 9.9 3 103 N
ay 5 ?
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Figure 11 is an FBD of the balloon.

Fapp

oFy

5 may
oFy
ay 5 }m}
Fapp 2 Fg
5 }m}
9.9 3 103 N 2 8.8 3 103 N
5 }}}
9.0 3 102 kg
1.1 3 103 kg?m/s2
5 }}
9.0 3 102 kg

ay 5 1.2 m/s2

+y
Fg
Figure 11
The FBD of the balloon shows
the vertical forces as vectors.
When only components are considered, the vector notation is
omitted.

The acceleration of the balloon is 1.2 m/s2 [up].

How does Newton’s second law relate to his first law? According to the second law,
#$
SF
a#$ 5 }}, if the net force is zero, the acceleration must be zero, which implies that the
m
velocity is constant (and could be zero). This agrees with the first law statement. It is
#$ 5 0.
evident that the first law is simply a special case of the second law, where SF

Practice
Understanding Concepts
10. A horizontal force is applied to a hockey puck of mass 0.16 kg initially at rest on the

ice. The resulting acceleration of the puck has a magnitude of 32 m/s2. What is the
magnitude of the force? Neglect friction.
11. A fire truck with a mass of 2.95 3 104 kg experiences a net force of 2.42 3 104 N [fwd].

Determine the acceleration of the truck.

Answers
10. 5.1 N
11. 0.820 m/s2 [fwd]
13. 7.1 3 103 N [E]

12. Derive an equation for the constant net force acting on an object in terms of the

object’s mass, its initial velocity, its final velocity, and the time interval during which
the net force is applied.
13. A 7.27-kg bowling ball, travelling at 5.78 m/s [W], strikes a lone pin straight on. The

collision lasts for 1.2 ms and causes the ball’s velocity to become 4.61 m/s [W] just
after the collision. Determine the net force (assumed to be constant) on the ball
during the collision.
Applying Inquiry Skills
14. Describe how you would use an elastic band, three small carts with low-friction

wheels, and a smooth horizontal surface to safely demonstrate Newton’s second law.
(Your demonstration need not involve taking numerical data.) Obtain teacher approval
if you wish to try your demonstration.
Making Connections
15. Mining operations in outer space will require unique innovations if they are carried

out where there is a very low force of gravity, such as on asteroids or the moons of
various planets. One plan is to develop a device that will push particles with the same
constant force, separating them according to the accelerations they achieve.
Research “mining methods in zero-g” to learn more about this application of
Newton’s second law. Describe what you discover.

GO
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Weight and Earth’s Gravitational Field
weight the force of gravity on an
object

We can apply Newton’s second law to understand the scientific meaning of weight.
The weight of an object is equal to the force of gravity acting on an object. Notice
that this definition is different from mass, which is the quantity of matter. From the
second law:
#$
weight 5 #$Fg 5 mg

For example, the weight of a 5.5-kg turkey is
#$ 5 (5.5 kg)(9.8 N/kg [down]) 5 54 N [down]
F#$g 5 mg

force field space surrounding an
object in which a force exists
#$ )
gravitational field strength (g
amount of force per unit mass

Near Earth, weight results from Earth’s relatively large force of attraction on other
bodies around it. The space surrounding an object in which a force exists is called a
force field. The gravitational force field surrounding Earth extends from Earth’s surface far into space. At Earth’s surface, the amount of force per unit mass, called the
gravitational field strength, is 9.8 N/kg [down] (to two significant digits). This value
is a vector quantity directed toward Earth’s centre and is given the symbol g$. Notice
that the gravitational field strength has the same value as the average acceleration due
to gravity at Earth’s surface, although for convenience the units are written differently.
The two values are interchangeable and they have the same symbol, g$.
Earth’s gravitational field strength, and thus the weight of objects on Earth’s surface,
varies slightly depending on various factors, which will be explored in Unit 2.

Practice
Understanding Concepts
Answers
16. (a) 24 N
(b) 1.3 3 107 N
(c) 2.45 3 1022 N
(d) 1.77 3 1028 N
17. (a) 1.56 3 1021 kg
(b) 1.18 3 105 kg
18. 2.8 3 102 N [down]

16. Determine, from the indicated masses, the magnitude of the weight (in newtons) for

each of the following stationary objects on Earth’s surface:
(a) a horseshoe (2.4 kg)
(b) an open-pit coal-mining machine (1.3 Gg)
$ u 5 9.80 N/kg.)
(c) a table tennis ball (2.50 g) (Assume ug
$ u 5 9.80 N/kg.)
(d) a speck of dust (1.81 mg) (Assume ug
(e) you
17. Determine the mass of each of the following objects, assuming that the object is sta-

tionary in a gravitational field of 9.80 N/kg [down]:
(a) a field hockey ball with a weight of 1.53 N [down]
(b) cargo attaining the 1.16 MN [down] weight limit of a C-5 Galaxy cargo plane
18. What is the weight of a 76-kg astronaut on a planet where the gravitational field

strength is 3.7 N/kg [down]?
Applying Inquiry Skills
19. Show that the units N/kg and m/s2 are equivalent.

Newton’s Third Law of Motion
When a balloon is inflated and released, air rushing from the open nozzle causes the
balloon to fly off in the opposite direction (Figure 12(a)). Evidently, when the balloon
exerts a force on the air in one direction, the air exerts a force on the balloon in the
opposite direction. This is illustrated in Figure 12(b) where vertical forces are not shown
because they are so small.

84

Chapter 2

NEL

Section 2.2

(a)

(b)
motion
of air

motion of
balloon

Figure 12
(a) When an inflated balloon is
released, air bursts out in one
direction and the balloon reacts
in the opposite direction.
(b) Two simultaneous forces acting
on different objects

+x

F balloon on air

F air on balloon

This example brings us to Newton’s third law of motion, commonly called the action–
reaction law, which considers forces that act in pairs on two objects. Notice that this differs from the first and second laws where only one object at a time was considered.
Newton’s Third Law of Motion
For every action force, there is a simultaneous reaction
force equal in magnitude but opposite in direction.

LEARNING TIP

The third law can be used to explain situations where a force is exerted on one object
by a second object. To illustrate how this law applies to the motion of people and vehicles, consider the following examples, which are also illustrated in Figure 13.

•

When a motorcycle accelerates forward, the tires exert a backward action force on
the road and the road exerts a forward reaction force on the tires. These forces
are static friction between the tires and the road.

•

When you walk, your feet exert an action force downward and backward on the
floor, while the floor exerts a reaction force upward and forward on your feet.

•

When you row a boat, the oar exerts an action force backward on the water and
the water exerts a reaction force forward on the oar attached to the boat.

(a)

(b)

Naming Action–Reaction Pairs
In the examples of action-reactions pairs shown in Figure 13,
one force is called the action force
and the other is called the reaction
force. These two forces act on different objects. Since both forces
occur simultaneously, it does not
matter which is called the action
force and which is called the reaction force. The names can be interchanged with no effect on the
description.

(c)

direction of motion
force of tire
on road
(action
force)

oarlock
force of
road on tire
(reaction
force)

road

force of floor
on foot
(reaction force)

force of foot
on floor
(action force)

SAMPLE problem 5
A softball player sliding into third base experiences the force of friction. Describe the
action-reaction pair of forces in this situation.

force of water
on oar
(reaction force)

force of oar
on water
(action force)

Figure 13
Illustrations of Newton’s third
law of motion
(a) A tire accelerates on a road.
(b) A foot moves on a floor.
(c) Oars propel a boat.

Solution
We arbitrarily designate the action force to be the force of the ground on the player
(in a direction opposite to the player’s sliding motion). Given this choice, the reaction
force is the force exerted by the player on the ground (in the direction of the player’s
sliding motion).
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Practice
Understanding Concepts
20. Explain the motion of each of the following objects in italics using the third law

of motion. Describe the action and reaction forces, and their directions.
(a) A rocket being used to put a communications satellite into orbit has just
left the launch pad.
(b) A rescue helicopter hovers above a stranded victim on a rooftop beside a
flooded river.
(c) An inflated balloon is released from your hand and travels eastward for a
brief time interval.
21. You are holding a pencil horizontally in your hand.

(a) Draw a system diagram of this situation, showing all the action-reaction
pairs of forces associated with the pencil.
(b) Explain, with the help of an FBD, why the pencil is not accelerating.
Applying Inquiry Skills
22. Describe how you would safely demonstrate Newton’s third law to students in

elementary school using toys.

SUMMARY
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Newton’s Laws of Motion

•

Dynamics is the study of forces and the effects the forces have on the velocities of
objects.

•
•

The three laws of motion and the SI unit of force are named after Sir Isaac Newton.
Newton’s first law of motion (also called the law of inertia) states: If the net force
acting on an object is zero, the object maintains its state of rest or constant
velocity.

•
•

Inertia is the property of matter that tends to keep an object at rest or in motion.

•

Newton’s second law of motion states: If the external net force on an object is not
zero, the object accelerates in the direction of the net force. The acceleration is
directly proportional to the net force and inversely proportional to the object’s
S#$
F
mass. The second law can be written in equation form as a#$ 5 }} (equivalently,
m
#$ 5 ma#$).
SF

•

Both the first and second laws deal with a single object; the third law deals with
two objects.

•
•

The SI unit of force is the newton (N): 1 N 5 1 kg?m/s2.

•

Newton’s third law of motion (also called the action-reaction law) states: For
every action force, there is a simultaneous force equal in magnitude, but opposite
in direction.

An object is in equilibrium if the net force acting on it is zero, which means the
object is either at rest or is moving at a constant velocity.

The weight of an object is the force of gravity acting on it in Earth’s gravitational
field. The magnitude of the gravitational field at Earth’s surface is 9.8 N/kg,
which is equivalent to 9.8 m/s2.

NEL
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Section 2.2 Questions
Understanding Concepts
1. A mallard duck of mass 2.3 kg is flying at a constant

velocity of 29 m/s [15° below the horizontal]. What is the
net force acting on the duck?
2. A 1.9-kg carton of juice is resting on a refrigerator shelf.

Determine the normal force acting on the carton.
3. An electrical utility worker with a mass of 67 kg, standing in

a cherry picker, is lowered at a constant velocity of 85 cm/s
[down]. Determine the normal force exerted by the cherry
picker on the worker.

(c) A swimmer’s hands exert a backward force on the
water.
(d) Earth exerts a gravitational force on a watermelon.
(e) An upward force of air resistance is exerted on a falling
hailstone.
9. Two identical bags of gumballs, each of mass 0.200 kg, are

suspended as shown in Figure 14. Determine the reading
on the spring scale.

4. Magnetic forces act on the electron beams in television

tubes. If a magnetic force of magnitude 3.20 3 10215 N is
exerted on an electron (me 5 9.11 3 10231 kg), determine
the magnitude of the resulting acceleration. (The mass of an
electron is so low that gravitational forces are negligible.)
5. A karate expert shatters a brick with a bare hand. The

expert has a mass of 65 kg, of which 0.65 kg is the mass of
the hand. The velocity of the hand changes from 13 m/s
[down] to zero in a time interval of 3.0 ms. The acceleration
of the hand is constant.
(a) Determine the acceleration of the hand
(b) Determine the net force acting on the hand. What
object exerts this force on the hand?
(c) Determine the ratio of the magnitude of the net force
acting on the hand to the magnitude of the expert’s
weight.
6. In target archery, the magnitude of the maximum draw

force applied by a particular bow is 1.24 3 102 N. If this
force gives the arrow an acceleration of magnitude
4.43 3 103 m/s2, what is the mass, in grams, of the arrow?
7. The magnitude of the gravitational field strength on Venus

is 8.9 N/kg.
(a) Calculate the magnitude of your weight on the surface
of Venus.
(b) By what percentage would the magnitude of your
weight change if you moved to Venus?
8. One force is given for each of the following situations.

Identify the other force in the action-reaction pair, and indicate the name of the force, its direction, the object that
exerts it, and the object on which it is exerted:
(a) A chef exerts a force on a baking pan to pull it out of
an oven.
(b) The Sun exerts a gravitational force on Saturn.

NEL

Figure 14
Applying Inquiry Skills
10. (a) Hold a calculator in your hand and estimate its mass in

grams. Convert your estimate to kilograms.
(b) Determine the weight of the calculator from your mass
estimate.
(c) Determine the weight of the calculator from its mass
as measured on a balance.
(d) Determine the percent error in your estimate in (b).
Making Connections
11. An astronaut in the International Space Station obtains a

measurement of personal body mass from an “inertial
device,” capable of exerting a measured force. The display
on the device shows that a net force of 87 N [fwd] gives
the astronaut an acceleration of 1.5 m/s2 [fwd] from rest
for 1.2 s.
(a) Why is the astronaut unable to measure personal body
mass on an ordinary scale, such as a bathroom scale?
(b) What is the mass of the astronaut?
(c) How far did the astronaut move during the 1.2-s time
interval?
(d) Research how an inertial device works. Write a brief
description of what you discover.

GO
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12. Research the career of Isaac Newton. Report on some of

his major accomplishments as well as his eccentricities.
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2.3

Applying Newton’s Laws of Motion
When riders in a roller coaster are pulled toward the top of the first and highest hill,
they are putting faith in the calculations used to determine the strength of the cable
pulling on the coaster. The design engineers must analyze the relationship between the
tension in the cable and the forces of gravity and friction acting on the coaster cars and
all the passengers. This is just one example of a situation in which forces are analyzed.
In this section you will expand your problem-solving skills as you apply Newton’s three
laws of motion to a variety of situations.

Solving Problems in a Systematic Way
Newton’s laws of motion can be used to solve a variety of problems. One approach to
solving most problems involves following a series of steps.
Step 1. Read the problem carefully and check the definitions of any unfamiliar
words.
Step 2. Draw a system diagram. Label all relevant information, including any
numerical quantities given. (For simple situations, you can omit this step.)
Step 3. Draw an FBD of the object (or group of objects) and label all the forces.
Choose the 1x and 1y directions. (Try to choose one of these directions
as the direction of the acceleration.)
Step 4. Calculate and label the x- and y-components of all the forces on the
FBD.
Step 5. Write the second-law equation(s), SFx 5 max and/or SFy 5 may , and
substitute for the variables on both sides of the equation(s).
Step 6. Repeat steps 3 to 5 for any other objects as required.
Step 7. Solve the resulting equation(s) algebraically.
Step 8. Check to see if your answers have appropriate units, a reasonable magnitude, a logical direction (if required), and the correct number of significant digits.

SAMPLE problem 1
A contractor is pushing a stove across a kitchen floor with a constant velocity of 18 cm/s
[fwd]. The contractor is exerting a constant horizontal force of 85 N [fwd]. The force of
gravity on the stove is 447 N [down].
(a) Determine the normal force (F#$N ) and the force of friction (F#$f ) acting on the stove.
(b) Determine the total force applied by the floor (F#$floor ) on the stove.

Solution
F#$app 5 85 N [fwd]
F#$ 5 447 N [down]
g

#v$ 5 18 cm/s [fwd]
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(a) #$FN 5 ?

(a)

#$Ff 5 ?

We can omit the system diagram (step 2) because this problem involves the motion
of a single object in a simple, one-dimensional situation. We begin by drawing an
FBD of the stove, as in Figure 1(a).
Since the stove is moving at a constant velocity, ax 5 0 and oFx 5 0. Since the stove
has no motion in the vertical direction, ay 5 0 and oFy 5 0. To solve for the normal
force, we substitute using the vertical components of the forces:

oFy

FN
Ff

+y
+x

F app
Fg

5 may 5 0

FN 1 (2Fg ) 5 0
[ FN 5 Fg 5 447 N

(b)

Since the direction of the normal force is upward, the final value is 447 N [up].
To determine the force of friction, we substitute using the horizontal components of
the forces.

oFx

5 max 5 0

F N = 447 N

F floor

Fapp 1 (2Ff ) 5 0
[ Fapp 5 Ff 5 85 N

f
The friction is 85 N [backward].
F f = 85 N

(b) F#$floor 5 ?
As shown in Figure 1(b), the force applied by the floor on the stove has two components. We determine the magnitude of the required force as follows:
F#$floor 5

Figure 1
(a) FBD of the stove
(b) Force exerted by the floor on
the stove

(FN )2 1w
(Ff )2
Ïw
2 1 (85 N)2
N)w
Ï(447
w
w

5
#$
Ffloor 5 455 N

We determine the direction of the force from trigonometry:
FN
f 5 tan21 }}
Ff
447 N
5 tan21 }}
85 N
f 5 79°

The force of the floor on the stove is 4.6 3 102 N [79° above the horizontal].

LEARNING TIP
Using Components
Notice that when using components, vector notation is omitted.
Remember that the symbol Fg
represents the magnitude of the
force #$Fg and is positive. If the 1y
direction is chosen to be upward,
then the y-component of the force
of gravity is negative and is
written 2Fg.

SAMPLE problem 2
Sleds A and B are connected by a horizontal rope, with A in front of B. Sled A is pulled
forward by means of a horizontal rope with a tension of magnitude 29.0 N. The masses of
A and B are 6.7 kg and 5.6 kg, respectively. The magnitudes of friction on A and B are
9.0 N and 8.0 N, respectively. Calculate the magnitude of
(a) the acceleration of the two-sled system
(b) the tension in the rope connecting the sleds
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Solution
We begin by drawing a system diagram and labelling the pertinent information, as in
Figure 2.
F#$ T1 5 29.0 N

F fA 5 9.0 N

mA 5 6.7 kg

F fB 5 8.0 N

m B 5 5.6 kg

F NB

F NA
F T2

B

A

F T1
+y

F fB
+x
Figure 2
System diagram of sleds A and B for
Sample Problem 2

F fA
Fg B

Fg A

(a) To determine the magnitude of the acceleration of the two-sled system, we note that
the tension in the front rope, F#$ T1, determines the acceleration of the entire system.
Figure 3 is the FBD of the system.
Horizontally for the system:

F N , total

Applying Newton’s second law:

oFsystem,x

5 msystemasystem,x

oFx
ax 5 }m}
F T1 1 (2Ff,total )
5 }
mA 1}
mB
29.0 N 2 (9.0 N 1 8.0 N)
5 }}}
(6.7 kg 1 5.6 kg)

LEARNING TIP
Multiple Ropes
In Sample Problem 2, there are
two sleds and two ropes.
However, if there were three or
more objects and three or more
ropes, you would need to calculate the tensions in those ropes.
You would first find the acceleration of the system, and then go
to the last object and work your
way step by step to the first
object. These types of problems
can also be solved by setting up
and solving simultaneous equations. For example, Sample
Problem 2 can be solved by setting up a second-law equation
in the horizontal plane for each
object. These two equations
have two unknowns (the acceleration and the tension in the
connecting rope). The simultaneous equations can then be
solved for the unknowns.
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F T1

F f , total

+y
+x

Fg, total
Figure 3
FBD of the two-sled system

ax 5 0.98 m/s2

The magnitude of the acceleration is 0.98 m/s2.
(b) To determine the magnitude of the tension in the second rope, #$F T2 , we analyze the
forces that are acting only on sled B. Figure 4 is the FBD of sled B. Knowing that the
magnitude of the acceleration of sled B is the same
as the acceleration of the system (i.e., 0.98 m/s2),
F NB
we can apply the second-law equation to the hori+y
zontal components of the motion:

oFBx

5 mBaBx

F T2

F fB

+x

F T2 2 FfB 5 mBaBx
F T2 5 FfB 1 mBaBx
5 8.0 N + (5.6 kg)(0.98 m/s2)
F T2 5 13 N

FgB
Figure 4
FBD of sled B

The magnitude of the tension in the connecting ropes is 13 N. We would have
obtained the same value by drawing an FBD for sled A instead, since the tension
force applied by the connecting rope to A is equal in magnitude, although opposite in
direction, to the tension force applied by the connecting rope to B. The value of 13 N
seems reasonable, since the tension must be large enough not only to overcome the
friction of 8.0 N, but also to cause acceleration.
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SAMPLE problem 3

(a)
direction of acceleration

You attach a loonie (mL 5 6.99 g) and a dime (mD 5 2.09 g) to the ends of a thread. You
put the thread over a smooth horizontal bar and pull the thread taut. Finally, you release
your hands, letting the loonie drop and the dime rise. Friction between the thread and the
#$ is 9.80 m/s 2. Determine the magnitude of
bar is negligible, and the magnitude of g
(a) the acceleration of the coins

+y

+y

(b) the tension in the thread

Solution
We begin by drawing the system diagram (Figure 5(a)), including as much information
as possible. Since the loonie has more mass than the dime, the system of coins and
thread will accelerate counterclockwise over the bar. We choose the direction of the
acceleration as the positive direction for each coin: downward for the loonie and upward
for the dime. Because there is only one thread, there is only one tension, #$F T.
(a) To determine the magnitude of the acceleration of the coins, we analyze the FBDs of
the two coins separately (Figures 5(b) and (c)). The second-law equation with
y-components in the coordinate system for the loonie yields the following:

oFy

5 may

FgL 2 F T 5 m Lay

Both F T and ay are unknown. Next, we apply the second-law equation with
y-components in the coordinate system for the dime:
F T 2 FgD 5 mDay

loonie
mL = 6.99 g

dime
mD = 2.09 g

FgL = m L g

FgD = m Dg

(b)

(c)

FT

FT

+y

m Dg

+y
m Lg

Figure 5
(a) The system diagram for the
coins in Sample Problem 3
(b) The FBD of the loonie
(c) The FBD of the dime

If we add the two equations, we find that one of the unknowns, F T, disappears.
FgL 2 FgD 5 mLay 1 mDay
FgL 2 FgD 5 ay (mL + mD)
FgL 2 FgD
ay 5 }}
mL + mD
mLg 2 mDg
5 }}
mL + mD
(mL 2 mD)g
5 }}
mL + mD
(6.99 3 1023 kg 2 2.09 3 1023 kg)(9.80 m/s2)
5 }}}}}
(6.99 3 1023 kg) 1 (2.09 3 1023 kg)
ay 5 5.29 m/s2

The magnitude of the acceleration is 5.29 m/s2.

LEARNING TIP
Directions in Pulley Problems
When you solve a problem that
involves at least one pulley, choose
a general positive direction for the
entire system of objects. You
should then assign a +x or +y
direction for each object so that it
is in the general positive direction.
For example, the system of objects
below will tend to accelerate in a
clockwise direction. The positive
direction will be upward for mass
A, to the right for mass B, and
downward for mass C.

(b) To determine the magnitude of the tension, we can substitute the acceleration into
either of the two second-law equations. Using the second-law equation for the dime:

direction of acceleration
B

F T 5 FgD 1 mDay

+x

5 mDg 1 mDay
5 mD ( g 1 ay )
5 (2.09 3 1023 kg)(9.80 m/s2 1 5.29 m/s2)
F T 5 3.15 3 1022 N

The magnitude of the tension in the thread is 3.15 3 1022 N.
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Practice
Understanding Concepts
1. You apply a force of 0.35 N [up] to lift a fork. The resulting acceleration of the

Answers

fork is 0.15 m/s2 [up]. Determine the mass of the fork in grams.

1. 35 g
2. (a) 2.74 3 103 N [up]
(b) 35 kg
3. (a) 1.55 m/s2
(b) 295 N
4. 1.2 kg

2. A hot-air balloon experiences an acceleration of 1.10 m/s2 [down]. The total

mass of the balloon, the basket, and the contents of the basket is 315 kg.
(a) What is the upward (buoyant) force on the system?
(b) The balloonist wishes to change the acceleration to zero. There is no fuel
left to heat the air in the balloon. Determine the mass of the ballast that
must be discarded overboard. (Neglect air resistance.)
3. A tree house has a vertical “fire pole” of smooth metal, designed for quick exits.

5. (a) 4.8 m/s2

A child of mass 35.7 kg slides down the pole with constant acceleration, starting
from rest. The pole is 3.10 m high. The journey to the ground takes 2.00 s.
(a) What is the magnitude of the downward acceleration of the child?
(b) What is the magnitude of the upward force of friction exerted by the pole
on the child?

(b) 19 N
6. (a) 194 N
(b) 2.4 N
(c) 0.79 m/s

4. When an external net force is applied to a particular mass m, an acceleration of

(d) 2.9 N

magnitude “a” results. When the mass is increased by 2.0 kg and the same net
force is applied, the acceleration is 0.37a. Determine the mass, m.

7. (a) 6.2 3 102 N
(b) 2.0 m/s2

5. Blocks A and B are connected by a string passing over an essentially friction-

less pulley, as in Figure 6. When the blocks are in motion, Block A experiences
a force of kinetic friction of magnitude 5.7 N. If mA 5 2.7 kg and mB 5 3.7 kg,
calculate the magnitude of
(a) the acceleration of the blocks
(b) the tension in the string

8. (b) mg 2 FA sin v
(c) FA cos v

6. A boy pushes a lawn mower (m 5 17.9 kg) starting from rest across a horizontal

A

B

Figure 6
For question 5

lawn by applying a force of 32.9 N straight along the handle, which is inclined
at an angle of 35.1° above the horizontal. The magnitude of the mower’s acceleration is 1.37 m/s2, which lasts for 0.58 s, after which the mower moves at a
constant velocity. Determine the magnitude of
(a) the normal force on the mower
(b) the frictional force on the mower
(c) the maximum velocity of the mower
(d) the force applied by the boy needed to maintain the constant velocity
7. A skier (m 5 65 kg) glides with negligible friction down a hill covered with

hard-packed snow. If the hill is inclined at an angle of 12° above the horizontal,
determine the magnitude of
(a) the normal force on the skier
(b) the skier’s acceleration (Hint: Remember to choose the 1x direction as
the direction of the acceleration, which in this case is downward, parallel
to the hillside.)
Applying Inquiry Skills
8. Groups of physics students are each given a force scale (to measure an applied

force of magnitude FA ), an electronic balance (to measure the mass, m), a rectangular wooden block with a hook at one end, a protractor, and a piece of
string. Each group must determine the force of kinetic friction acting on the
block as it is pulled with a constant velocity along a horizontal lab bench.
However, the applied force must be at an angle v above the horizontal.
(a) Draw a system diagram and an FBD of the block for this investigation.
(b) Derive an equation for the magnitude of the normal force on the block in
terms of the given parameters FA, g, m, and v.
(c) Derive an equation for the magnitude of friction on the block in terms of FA
and v.
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Making Connections
9. A physics student of mass 55.3 kg is standing on a weigh scale in an elevator. The

scale shows the magnitude of the upward normal force (in newtons) on the student.
(a) Determine the reading on the scale when the elevator has an acceleration
of 1.08 m/s2 [up].
(b) The force calculated in (a) can be called the “apparent weight.” How does
the student’s apparent weight in this case compare with the true weight?
What happens to the apparent weight when the elevator is undergoing
downward acceleration? undergoing free fall?
(c) To check your answers in (b), determine the student’s apparent weight
when the elevator has first a downward acceleration of 1.08 m/s2, then a
downward acceleration of 9.80 m/s2.
(d) The term “weightless” is used to describe a person in free fall. Why is this term
used? Is the term valid from the physics point of view? Explain your answer.
(e) Repeat (a) when the elevator has a constant velocity of 1.08 m/s [up].

Answers
9. (a) 602 N
(c) 482 N; 0 N
(e) 542 N

Applying Newton’s Third Law of Motion
Newton’s third law of motion, the action–reaction law, always relates to two objects.
When drawing a system diagram of action–reaction pairs of forces, both objects can be
placed in the same diagram. However, when solving problems related to only one of
objects, an FBD must be drawn for that object.

SAMPLE problem 4
An indoor skating rink is the venue for a family fun day. In one event, children on skates
position themselves along a blue line facing one end of the rink. Behind each child, a
parent, also on skates, prepares to push horizontally to see who can push their child the
farthest. In this competition, a certain mother has a mass of 61 kg, and her daughter a
mass of 19 kg. Both skaters experience negligible friction as long as their skates point
straight ahead. At the starting bell, the mother pushes the child with a constant applied
force of magnitude 56 N for 0.83 s. Determine the magnitude of
(a) the daughter’s acceleration
(b) the mother’s acceleration
(c) the maximum velocity of the daughter

Solution
Figure 7(a) is the system diagram. Figures 7(b) and (c) are the respective FBDs of the
daughter and the mother. From Newton’s third law of motion, it is evident that if the force
of the mother on the daughter is 56 N in one direction, the force of the daughter on the
mother is 56 N in the opposite direction.
(a)

(b)

F ND
+y

F app,D
FgD
(c)

+x

F NM

F app , M
Fg M
NEL

+y
+x

Figure 7
(a) The system diagram for the
mother-daughter pair in
Sample Problem 4
(b) The FBD of the daughter
(c) The FBD of the mother
Dynamics 93

(a) Use the second-law equation for the daughter’s horizontal motion:

oFDx

5 56 N
mD 5 19 kg
aDx 5 ?

oF}
Dx
aDx 5 }
mD
56 N
5 }
19 kg
aDx 5 2.9 m/s2

The magnitude of the daughter’s acceleration is 2.9 m/s2.
(b) Use the second-law equation for the mother’s horizontal motion:

oF Mx

5 56 N
m M 5 61 kg
a Mx 5 ?

oF}
Mx
aMx 5 }
mM
56 N
5 }
61 kg
aMx 5 0.92 m/s2

The magnitude of the mother’s acceleration is 0.92 m/s2.
(c) v i 5 0
a 5 2.9 m/s2
∆t 5 0.83 s
vf 5 ?
vf 5 vi 1 a∆t
5 0 1 (2.9 m/s2 )(0.83 s)
vf 5 2.4 m/s

The magnitude of the maximum velocity of the daughter is 2.4 m/s.

Practice
Understanding Concepts
Answers
10. (a) 1.0 3 104 N [fwd]
(b) 2.0 3 104 N [fwd]
11. (a) 1.8 kg
(b) 0.37 N
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10. A train consisting of two cars pulled by a locomotive experiences an acceleration

of 0.33 m/s2 [fwd]. Friction is negligible. Each car has a mass of 3.1 3 104 kg.
(a) Determine the force exerted by the first car on the second car.
(b) Determine the force exerted by the locomotive on the first car.
11. Two books are resting side by side, in contact, on a desk. An applied horizontal

force of 0.58 N causes the books to move together with an acceleration of
0.21 m/s2 horizontally. The mass of the book to which the force is applied
directly is 1.0 kg. Neglecting friction, determine
(a) the mass of the other book
(b) the magnitude of the force exerted by one book on the other
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SUMMARY

Applying Newton’s Laws of Motion

•

It is wise to develop a general strategy that helps solve the great variety of types
of problems involving forces, no matter how different each problem may at
first appear.

•
•

The skill of drawing an FBD for each object in a given problem is vital.
For motion in two dimensions, it is almost always convenient to analyze the
perpendicular components of the forces separately and then bring the concepts
together.

Section 2.3 Questions
Understanding Concepts
1. A basketball is thrown so that it experiences projectile

motion as it travels toward the basket. Air resistance is
negligible. Draw an FBD of the ball (a) as it is rising,
(b) as it arrives at the top of its flight, and (c) as it moves
downward.

4. Just after a space shuttle is launched (Figure 9), its accel-

eration is about 0.50g [up]. The shuttle’s mass, including
fuel, is approximately 2.0 3 106 kg.
(a) Calculate the approximate magnitude of the upward
force on the shuttle.
(b) What causes the upward force?

2. A shark, of mass 95 kg, is swimming with a constant

velocity of 7.2 m/s [32° above the horizontal]. What is the
net force acting on the shark?
3. Figure 8 shows three masses (5.00 kg, 2.00 kg, and 1.00 kg)

hung by threads.
(a) Draw an FBD for the bottom mass. Determine the
magnitude of the tension in the lowest thread.
(b) Repeat (a) for the middle mass and the tension in the
middle thread.
(c) Repeat (a) for the top mass and the tension in the
highest thread.

5.00 kg

2.00 kg

1.00 kg
Figure 8
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Figure 9
The space shuttle Endeavour is launched carrying astronauts to the International Space Station.
5. Two boxes, of masses m1 5 35 kg and m2 5 45 kg, are

hung vertically from opposite ends of a rope passing over a
rigid horizontal metal rod. The system starts moving from
rest. Assuming that friction between the rod and the rope is
negligible, determine the magnitude of
(a) the acceleration of the boxes
(b) the tension in the rope
(c) the magnitude of each box’s displacement after 0.50 s
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6. Two blocks are held in place by three ropes connected at

point P, as shown in Figure 10. The magnitude of the force
of static friction on block A is 1.8 N. The magnitude of the
force of gravity on blocks A and B is 6.7 N and 2.5 N,
respectively.
(a) Draw an FBD for block B. Determine the magnitude of
the tension in the vertical rope.
(b) Draw an FBD for block A. Determine the magnitudes of
the tension in the horizontal rope and of the normal
force acting on block A.
(c) Draw an FBD of point P. Calculate the tension (the
magnitude and the angle v) in the third rope.

9. A child on a toboggan slides down a hill with an accelera-

tion of magnitude 1.5 m/s2. If friction is negligible, what is
the angle between the hill and the horizontal?
10. Blocks X and Y, of masses mX 5 5.12 kg and mY 5 3.22 kg,

are connected by a fishing line passing over an essentially
frictionless pulley (Figure 12).
(a) Show that block X slides up the incline with a positive acceleration. Determine the magnitude of that
acceleration. Friction is negligible.
(b) Determine the magnitude of the tension in the
fishing line.

+x
+y
A

X

u

P

Y
35.7°
B

Figure 12

Figure 10

11. A figure skater of mass m 5 56 kg pushes horizontally for

7. A store clerk pulls three carts connected with two horizontal

cords (Figure 11) to move products from the storage room
to the display shelves. The masses of the loaded carts are:
m1 5 15.0 kg; m2 5 13.2 kg; and m3 5 16.1 kg. Friction is
negligible. A third cord, which pulls on cart 1 and is at an
angle of 21.0° above the horizontal, has a tension of magnitude 35.3 N. Determine the magnitude of
(a) the acceleration of the carts
(b) the tension in the last cord
(c) the tension in the middle cord
35.3 N

m3

m2

m1

u = 21.0°

Figure 11
8. A hotel guest starts to pull an armchair across a horizontal

floor by exerting a force of 91 N [15° above the horizontal].
The normal force exerted by the floor on the chair is 221 N
[up]. The acceleration of the chair is 0.076 m/s2 [fwd].
(a) Determine the mass of the chair.
(b) Determine the magnitude of the friction force on the
chair.
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0.75 s with a constant force against the boards at the side
of a skating rink. Having started from rest, the skater
reaches a maximum speed of 75 cm/s. Neglecting friction,
determine the magnitude of
(a) the (constant) acceleration
(b) the force exerted by the skater on the boards
(c) the force exerted by the boards on the skater
(d) the displacement of the skater from the boards after
1.50 s
Applying Inquiry Skills
12. (a) A constant net force is applied to various masses.

Draw a graph of the magnitude of the resulting acceleration as a function of mass.
(b) A variable net force is applied to a constant mass.
Draw a graph of the resulting acceleration as a function of the net force.
Making Connections
13. Discuss the physics principles illustrated by the following

statement: “In front-end collisions, airbag deployment can
pose extreme danger if the passenger is not wearing a seat
belt or if the passenger is a small child.”

NEL

Exploring Frictional Forces
In Section 2.1, we looked at the definition of frictional forces, which include static
friction and kinetic friction. In this section, we apply Newton’s first law of motion, in which
#$ 5 0, and his second law, in which SF
#$ 5 ma#$, to situations involving friction. We will
SF
also consider situations in which one object slides over another and situations that
involve air resistance and other forces of fluid friction. We will discover that analyzing
friction has numerous practical applications, such as designing a nonstick frying pan, spinning a ball to curve its path in sports activities, maximizing the speed of skis, and maximizing the acceleration of racing cars.
There are some instances where scientists and engineers search for ways to increase
friction. For example, an airport runway must be designed so that when it is wet, the friction between the airplane tires and the runway is almost as great as in dry conditions.
Rock climbers (like the one shown in the introduction to this chapter) use footwear and
gloves that provide the largest possible friction.
In other instances, reducing friction is the main objective. If you were responsible for
designing an artificial limb, such as the hand shown in Figure 1, you would want to
minimize the friction between the moving parts. Car manufacturers face a similar challenge as they try to maximize the efficiency of engines by minimizing the friction in the
moving parts.

2.4

Figure 1
Artificial hands are designed to
operate with as little friction as possible. How much friction do you feel
within your hand when you wrap
your fingers around a pen?

Practice
Understanding Concepts
1. List examples (other than those given here) of situations in which it would be advan-

tageous to have (a) increased friction and (b) decreased friction.

Coefficients of Friction
Consider what happens when you pull or push a box of bottled water across a countertop. Static friction acts on the stationary box and prevents it from starting to move.
Once the box is in motion, kinetic friction acts to oppose the motion. For example, if
you use a force meter or a spring scale to pull horizontally with an ever-increasing
force on a stationary object, you will notice that the force increases steadily until, suddenly, the object starts moving. Then, if you keep the object moving at a constant
velocity, you will notice that the applied force remains constant because there is no accel#$ 5 ma#$ 5 0). The magnitude of the force needed to start a stationary object
eration (SF
moving is the maximum static friction, FS,max . The magnitude of the force needed to
keep the object moving at a constant velocity is the kinetic friction, FK. The results of
such an experiment are depicted in Figure 2.
The magnitudes of the forces of static and kinetic friction depend on the surfaces in
contact with each other. For example, a fried egg in a nonstick frying pan experiences little
friction, whereas a sleigh pulled across a concrete sidewalk experiences a lot of friction.
The magnitude of the force of friction also depends on the normal force between the
objects, which is logical when you consider the situations shown in Figure 3.
The coefficient of friction is a number that indicates the ratio of the magnitude of
the force of friction between two surfaces to the normal force between those surfaces. The
value for the coefficient of friction depends on the nature of the two surfaces in contact
and the type of friction—static or kinetic. The coefficient of static friction, mS, is the ratio
NEL

Ff
F S,max
FK

static
friction
Object
begins
to move.

F app
Figure 2
This graph depicts the magnitude of
friction as a function of the magnitude of the applied force on an
object up to the instant the object
begins to move. The magnitude of
kinetic friction is usually less than
the maximum static friction.

coefficient of static friction ( m S )
the ratio of the magnitude of the
maximum static friction to the
magnitude of the normal force
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(a)

(b)
FN
FN
FK

+y
Fapp

+y
FK

+x

F app
+x

Fg
Fg
Figure 3
The greater the mass of an object, the greater is the normal force exerted on the object by the
underlying surface, and the greater is the applied force needed to keep the object moving.
(a) If the mass is small, the normal force on it is small and so is the applied force needed to
overcome kinetic friction.
(b) If the mass doubles, the normal force doubles and so does the applied force needed to
overcome kinetic friction.

coefficient of kinetic friction
( m K ) the ratio of the magnitude of
the kinetic friction to the magnitude
of the normal force

of the magnitude of the maximum static friction to the magnitude of the normal force.
The coefficient of kinetic friction, mK, is the ratio of the magnitude of the kinetic friction to the magnitude of the normal force. The corresponding equations are
FS,max

mS 5 }}
FN

and

FK

mK 5 }}
FN

LEARNING TIP
Using Magnitudes of Forces
It is important to realize that the
force of friction is perpendicular
to the normal force. Thus, equations involving the coefficient of
friction deal with magnitudes
only; directions are decided by
analyzing the given situation.

Determining mS and mK for given substances is done empirically, or through experimentation. Results of such experiments may differ from one laboratory to another, even
with careful measurements and sophisticated equipment. For example, if several scientists at different locations in Canada measure the coefficient of kinetic friction between
wood and dry snow, the wood and snow samples would vary; therefore, the coefficient
values would not be consistent. The approximate coefficients of friction for several
common pairs of surfaces are listed in Table 1.
Table 1 Approximate Coefficients of Friction of Some Common Materials
Materials
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mS

mK

rubber on concrete (dry)

1.1

1.0

rubber on asphalt (dry)

1.1

1.0

steel on steel (dry)

0.60

0.40

steel on steel (greasy)

0.12

0.05

leather on rock (dry)

1.0

0.8

ice on ice

0.1

0.03

steel on ice

0.1

0.01

rubber on ice

?

0.005

wood on dry snow

0.22

0.18

wood on wet snow

0.14

0.10

Teflon® on Teflon

0.04

0.04

near-frictionless carbon, NFC (in air)

?

0.02 to 0.06

synovial joints in humans

0.01

0.003
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SAMPLE problem 1
A crate of fish of mass 18.0 kg rests on the floor of a parked delivery truck. The coefficients of friction between the crate and the floor are mS 5 0.450 and mK 5 0.410. The local
value of gravitational acceleration is, to three significant figures, 9.80 m/s2. What are the
force of friction and the acceleration (a) if a horizontal force of 75.0 N [E] is applied to the
crate, and (b) if a horizontal force of 95.0 N [E] is applied?

(a)
FN
Ff

+y
Fapp

+x

Solution
Figure 4 shows both the system diagram and the FBD for this situation.
(a) m 5 18.0 kg

Fg

mS 5 0.450

F#$app 5 75.0 N [E]

ug#$ u 5 9.80 N/kg

(b)

To determine whether the crate will accelerate or remain stationary, we find the maximum static friction. We first determine the normal force, using the equation for the
second law in the vertical direction:

oFy

5 may 5 0

FN 1 (2mg) 5 0
FN 5 mg
5 (18.0 kg)(9.80 N/kg)
FN 5 176 N

We can now determine the magnitude of the maximum static friction:

FN

+y
Fapp

Ff

+x

mg
Figure 4
For Sample Problem 1
(a) System diagram for the crate
(b) FBD for the crate

FS,max 5 mSFN
5 (0.450)(176 N)
FS,max 5 79.4 N

Since the applied force is 75.0 N [E], the static friction (a reaction force to the applied
force) must be 75.0 N [W], which is less than the magnitude of the maximum static
friction. Consequently, the crate remains at rest.
(b) In this case, the magnitude of the applied force is greater than the magnitude of the
maximum static friction. Since the crate is, therefore, in motion, we must consider the
kinetic friction:
F#$app 5 95.0 N [E]
FN 5 176 N

mK 5 0.410
FK 5 mKFN
5 (0.410)(176 N)
FK 5 72.3 N

To determine the acceleration of the crate, we apply the second-law equation in the
horizontal direction:

oFx

5 max

Fapp 1 (2FK) 5 max
Fapp 1 (2FK )
ax 5 }m}
95.0 N 2 72.3 N
5 }}
18.0 kg
ax 5 1.26 m/s2

Since the applied force is eastward, the acceleration of the crate is 1.26 m/s2 [E].

NEL
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SAMPLE problem 2
In a lab practical test, students are asked to determine the coefficient of static friction
between the back of their calculator and the cover of their (closed) textbook. The only permitted measuring instrument is a ruler. The students realize that, having placed the calculator on the book, they can very slowly raise one end of the book until the instant the
calculator begins to slide, and can then take the measurements for “rise” and “run,” indicated in Figure 5. Show how to calculate the coefficient of static friction from a measurement of 12 cm for rise and 25 cm for run.

calculator
textbook

rise
tan u = run
rise

u
Figure 5
The system diagram for
a calculator on a book

run

Solution
We begin by showing, as in Figure 6(a), that the angle between the component of the
force of gravity perpendicular to the book’s surface equals the angle of the book above
the horizontal.

(a)

Next, we derive an expression for the normal force:

FN

oFy

b2
b1

5 may 5 0

FN 2 mg cos v 5 0

θ2

FN 5 mg cos v

θ1

Finally, we analyze the forces along the x-axis and substitute the expression for the normal
force. Figure 6(b) shows the FBD of the calculator.

Fg
v1 1 b1 5 90°

oFx

v2 1 b2 5 90°
b1 5 b2 (from the Z pattern)
Therefore, v1 5 v2
(5 v, the angle in the problem)

5 max 5 0

mg sin v 2 FS,max 5 0
mg sin v 5 FS,max where FS,max 5
mg sin v 5

mSFN

mSFN

mg sin v
mS 5 }
}
FN

(b)
FN

mg sin v
5 }}
mg cos v

+y

+x

θ

θ

F S,max
mg cos θ
mg sin θ

mg
Figure 6
(a) Proof of angular equality
(b) The FBD of the calculator
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sin v
5 }}
cos v
5 tan v
12 cm
5 }}
25 cm

mS 5 0.48
The coefficient of static friction is 0.48.

NEL
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It is relatively easy to determine the coefficient of static friction experimentally.
Experiments can also be conducted to determine the coefficient of kinetic friction.
Investigation 2.4.1, in the Lab Activities section at the end of this chapter, gives you the
opportunity to measure both of these coefficients of friction.

TRY THIS activity

Observing Triboluminescence

INVESTIGATION 2.4.1
Measuring Coefficients
of Friction (p. 113)
What adjustments to the experiment
described in Sample Problem 2
would you make to determine the
coefficient of kinetic friction? Your
answer will help you prepare for this
investigation.

Triboluminescence (from the Greek tribein, “to rub”) is the production of light by friction.
You can observe triboluminescence by crushing some crystals of hard candy, such as a
WintOGreen Lifesaver®. Darken the room completely, allow your eyes to adapt, then crush
the candy with pliers.
Wear goggles when crushing the candy.

Practice
Understanding Concepts
2. A car accelerates southward due to a frictional force between the road and the tires.

(a) In what direction is the frictional force of the road on the tires? Why does that
force exist?
(b) Is the frictional force static or kinetic? Explain your answer.
3. The coefficients of friction between a 23-kg exercise mat and the gym floor are

mS 5 0.43 and mK 5 0.36.
(a) Determine the magnitude of the minimum horizontal force needed to start the
mat moving.
(b) Once the mat is moving, what magnitude of horizontal force will keep it moving
at a constant velocity?

Answers
3. (a) 97 N
(b) 81 N
4. 0.30
5. (c) 0.26
7. 53 N

4. A musician applies a horizontal force of 17 N [W] to an instrument case of mass 5.1 kg.

The case slides across a table with an acceleration of 0.39 m/s2 [W]. What is the coefficient of kinetic friction between the case and the table?
5. A small box is resting on a larger box sitting on a horizontal surface. When a horizontal

force is applied to the larger box, both boxes accelerate together. The small box does
not slip on the larger box.
(a) Draw an FBD of the small box during its acceleration.
(b) What force causes the small box to accelerate horizontally?
(c) If the acceleration of the pair of boxes has a magnitude of 2.5 m/s2, determine
the smallest coefficient of friction between the boxes that will prevent slippage.
6. Draw an FBD for the larger box in question 5 when it is accelerating.
7. An adult is pulling two small children in a sleigh over level snow. The sleigh and

children have a total mass of 47 kg. The sleigh rope makes an angle of 23° with the
horizontal. The coefficient of kinetic friction between the sleigh and the snow is 0.11.
Calculate the magnitude of the tension in the rope needed to keep the sleigh
moving at a constant velocity. (Hint: The normal force is not equal in magnitude to
the force of gravity.)
Applying Inquiry Skills
8. (a) Describe how you would perform an experiment to determine the coefficient of

kinetic friction between your shoes and a wooden board, using only a metre stick
to take measurements.
(b) Describe likely sources of random and systematic error in this experiment.

NEL
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Low-Friction Materials
Scientists have found ways of producing materials with very low
coefficients of friction. Teflon®, a
compound of fluorine and carbon
developed in 1938, experiences
extremely weak electrical forces
from molecules such as those in
foods, so it makes an excellent
coating for frying pans. (To make
the coating stick to the pan, the
Teflon is blasted into tiny holes in
the metal.) Since Teflon does not
interact with body fluids, it is also
useful in surgical implants.

Dynamics 101

Making Connections
9. In the kitchen, friction sometimes helps and sometimes hinders.

(a) Describe at least two ways in which you can increase friction when you are
trying to open a tight lid on a jar.
(b) What materials and methods can be used to decrease friction between food and
a cooking surface?

Fluid Friction and Bernoulli’s Principle
fluid substance that flows and
takes the shape of its container

viscosity internal friction between
molecules caused by cohesive forces
laminar flow stable flow of a viscous fluid where adjacent layers of a
fluid slide smoothly over one another

A fluid is a substance that flows and takes the shape of its container. Both liquids and gases
are fluids, with water and air being common examples. Fluids in relative motion are an
important and practical part of our lives. One type of fluid motion occurs when a fluid,
such as water or natural gas, moves through a pipe or a channel (motion of a fluid relative to the object). The other type of fluid motion occurs when an object, such as a
golf ball, moves through air, water, or some other fluid (motion of an object relative to
the fluid).
Newton’s laws of motion can be applied to analyze relative fluid motion. Such analysis
allows us to explore the factors that affect air resistance, as well as to learn how to research
and reduce turbulence, and to control the motion of objects moving through fluids or
the motion of fluids moving through objects.
As a fluid flows, the cohesive forces between molecules cause internal friction, or
viscosity. A fluid with a high viscosity, such as liquid honey, has a high internal resistance and does not flow readily. A fluid with a low viscosity, such as water, has low internal
resistance and flows easily. Viscosity depends not only on the nature of the fluid, but
also on the fluid’s temperature: as the temperature increases, the viscosity of a liquid
generally decreases and the viscosity of a gas generally increases.

TRY THIS activity

(a)

(b)

Figure 7
Laminar flow in fluids. The length of
each vector represents the magnitude of the fluid velocity at that point.
(a) Water in a pipe
(b) Air around a cone
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Oil Viscosity

Observe the effect of temperature changes on the viscosity of various grades of motor oil
(e.g., SAE 20, SAE 50, and SAE 10W-40) in stoppered test tubes provided by your teacher.
Make sure that each tube has a small air space near the stopper. Record the time it takes
for an air bubble to travel through the oil in a test tube that has been placed in a coldwater bath. Compare your results with the time it takes for a bubble to travel through the
oil in a test tube that has been placed in a bath of water from the hot-water tap.
Wear gloves and goggles to handle the oil. Exercise care when
using hot water from the tap.

As a fluid flows, the fluid particles interact with their surroundings and experience
external friction. For example, as water flows through a pipe, the water molecules closest
to the walls of the pipe experience a frictional resistance that reduces their speed to
nearly zero. Measurements show that the water speed varies from a minimum at the
wall of the pipe to a maximum at the centre of the pipe. If the speed of a fluid is slow and
the adjacent layers flow smoothly over one another, the flow is called a laminar flow
(Figure 7(a)). Laminar flow can also occur when a fluid such as air passes around a
smooth object (Figure 7(b)).
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In most situations involving moving fluids, laminar flow is difficult to achieve. As the
fluid flows through or past an object, the flow becomes irregular, resulting, for example,
in whirls called eddies (Figure 8). Eddies are an example of turbulence, which resists
the fluid’s motion. A fluid undergoing turbulence loses kinetic energy as some of the
energy is converted into thermal energy and sound energy. The likelihood of turbulence
increases as the velocity of the fluid relative to its surroundings increases.
(a)

(b)
low velocity

high velocity

Turbulence in tubes or pipes can be reduced in various ways. For example, in London,
UK, small amounts of liquid plastic are injected into the sewage system. The plastic particles mix with the sewage particles, reducing the liquid’s viscosity and adhesion to the
sewer pipe and walls, and thereby making it easier for the pumps to transfer the sewage.
A similar method can be used to reduce the turbulence of water ejected from a fire-hose
nozzle, allowing the water-jet to stream farther. This is advantageous, especially in fighting
fires in tall buildings. In the human body, liquid plastic can be added to the bloodstream
of a person with blood-flow restrictions. Doing this helps reduce turbulence in the blood
and lessens the chances of a blood stoppage.
Turbulence around an object moving through a fluid is a problem observed both in
nature and in the transportation industry. Streamlining is the process of reducing turbulence by altering the design of an object, such as a car body or an airplane. To aid
their designs, designers have found it useful to study fish, birds, and other animals
that move quickly in the water or air, and provide excellent examples of streamlining. The
transportation industry in particular devotes much research trying to improve the
streamlining of cars, trucks, motorcycles, trains, boats, submarines, airplanes, spacecraft, and other vehicles. Streamlining often enhances the appearance of a vehicle, but
more importantly it improves safety and reduces fuel consumption.
Streamlining is an experimental science and the best way to research it is in large wind
tunnels and water tanks. Figure 9 shows a wind tunnel design used to investigate the

turbulence irregular fluid motion

Figure 8
The turbulence caused by eddies
increases as the fluid velocity
increases.
(a) Low turbulence at a
low velocity
(b) Higher turbulence at a
high velocity

DID YOU KNOW

?

Urban Wind Gusts
Wind turbulence can be a problem
in a district with multiple high
towers. Tall buildings direct fastmoving air from near the top,
where the winds are greatest,
toward the bottom. At street level,
gusts of wind can have a devastating effect on an unsuspecting
pedestrian. To help overcome this
problem, engineers fine-tune their
designs after running wind-tunnel
tests on models of a proposed
structure and its surroundings.

streamlining process of reducing
turbulence by altering the design of
an object

corner vanes (direct the air around corners)

fan

test car

air speed
decreases
NEL

test chamber

control
booth

air speed
increases

Figure 9
A typical wind tunnel for analyzing
the streamlining of automobiles
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Figure 10
Using grooves to improve
streamlining
(a) A patch of shark skin, shown
here magnified to about 3000
times its actual size, contains
grooves parallel to the water
flow.
(b) A thin plastic coating with
three grooves per millimetre
reduces the drag of a metal
surface in water.

water moves
slowly

A

water moves
quickly
B
direction
of flow

Figure 11
The flow speed depends on the
diameter of the pipe.
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streamlining of automobiles. A fan directs air along the tunnel, around two corners,
and then through the smaller tunnel. As the air moves into the smaller tunnel it accelerates, reaching speeds up to 100 km/h, and flows past the automobile being tested. It then
returns to the fan to be recirculated. Researchers view the action from behind an adjacent glass wall and analyze the turbulence around the automobile. Pressure-sensitive
beams, electronic sensors, drops of coloured water, small flags, and plumes of smoke
are among the means of detecting turbulence.
Researchers have found interesting ways of reducing the turbulence that limits the
speed of submarines travelling underwater. For example, to reduce the adhesion of water
particles to a submarine’s hull, compressed air is forced out from a thin layer between the
hull and its porous outer skin. Millions of air bubbles then pass along the submarine, preventing adhesion and thus reducing the turbulence. Turbulence around a submarine
can also be reduced by taking some of the water the submarine is passing through and
expelling it under pressure from the rear. (What law of motion is applied here?) A third
method of turbulence reduction for submarines, which at first seems surprising, applies
a principle evolved by sharks. It has long been assumed that the best means of reducing
turbulence is to have perfectly smooth surfaces and hidden joints. However sharks,
which are obviously well adapted to moving through water with reduced fluid friction,
have tiny grooves in their skin that are parallel to the flow of water. Similarly, a thin
plastic coating with fine grooves applied to the surface of a submarine can reduce turbulence and increase the maximum speed (see Figure 10). Some of the innovations in
submarine design can also be adapted to ships and boats, as well as to airplanes.
(a)

(b)

grooved
coating
5 mm

metal

The speed of a moving fluid has an effect on the pressure exerted by the fluid. Consider
water flowing under pressure through a pipe having the shape illustrated in Figure 11.
As the water flows from the wide section to the narrow section, its speed increases. This
effect is seen in a river that flows slowly at its wider regions, but speeds up when it passes
through a narrow gorge.
The water flow in Figure 11 accelerates as the water molecules travel from region A into
region B. Acceleration is caused by an unbalanced force, but what is its source in this
case? The answer lies in the pressure difference between the two regions. The pressure
(or force per unit area) must be greater in region A than in region B to accelerate the water
molecules as they pass into region B.
These concepts were analyzed in detail by Swiss scientist Daniel Bernoulli (1700–1782).
His conclusions became known as Bernoulli’s principle.
Bernoulli’s Principle
Where the speed of a fluid is low, the pressure is high.
Where the speed of the same fluid is high, the pressure
is low.
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Throwing a curve in baseball is also an application of Bernoulli’s principle. In
Figure 12(a), a ball is thrown forward, which means that, relative to the ball, the air
is moving backward. When the ball is thrown with a clockwise spin, the air near the
ball’s surface is dragged along with the ball (Figure 12(b)). To the left of the moving
ball, the speed of the air is slow, so the pressure is high. The ball is forced to curve to
the right, following the path shown in Figure 12(c).
(a)

(b)

direction of throw

air

air

(c)
original direction
of throw

curved path
of ball

air

air

Figure 12
Bernoulli’s principle explains curve balls as viewed from above.
(a) A ball thrown without spin is undeflected.
(b) Air is dragged around the surface of a spinning ball.
(c) Since the flow speed around a spinning ball is not equal on both sides, the pressure is
not equal. The ball is deflected in the direction of lower pressure.

TRY THIS activity

How Will the Cans Move?

DID YOU KNOW

?

Dimpled Golf Balls
The earliest golf balls were smooth.
When it was discovered that a ball
with scratches travelled farther
than a smooth ball, the surface
was redesigned with dimples.
Experiments show that a person
who can drive a dimpled ball over
200 m can drive a smooth ball of
equal mass only about 50 m! As a
smooth ball travels through the air,
laminar flow produces a high pressure at the front of the ball and a
low pressure at the rear, causing
substantial frictional drag. As a
dimpled ball travels through the air,
however, turbulence minimizes the
pressure difference between front
and rear, thereby minimizing drag.

empty cans

Predict what will happen when you blow air between the two empty beverage cans
arranged as shown in Figure 13. Verify your prediction experimentally and explain
your results.

Practice

drinking
straws

air
flow

Understanding Concepts
10. List four liquids, other than those mentioned in the text, in order of increasing viscosity.
11. Describe what you think is meant by the following phrases:

(a) As slow as molasses in January. (Molasses is the syrup made from sugar cane.)
(b) Blood runs thicker than water.

Figure 13
What happens when you blow air
between the cans?

12. Compare the speeds of the top and bottom of the bulge where the syrup leaves the

jar (Figure 14). How does this pattern relate to laminar flow?
13. Identify design features commonly used to reduce drag in

(a)
(b)
(c)
(d)

the cabs of heavy trucks
launch rockets
sport motorcycles
locomotives

top of
bulge
bottom of
bulge

14. Explain the following observations in terms of Bernoulli’s principle.

(a) As a convertible car with its top up cruises along a highway, the top bulges
upward.
(b) A fire in a fireplace draws better when wind is blowing over the chimney than
when the air is calm.

NEL

Figure 14
For question 12
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15. A baseball (viewed from above) is thrown in the direction indicated by the dashes in

Figure 15. If the ball is spinning counterclockwise, determine the approximate direction of the path of the ball. Use diagrams in your explanation.
Figure 15
For question 15

Applying Inquiry Skills
16. Describe how you would perform an experiment to measure the linear speed of water

leaving a horizontal hose of known nozzle diameter. (Hint: Show that if you collect a
measured volume of water for a certain amount of time, then divide that value by the
area of the nozzle, you obtain the speed. You can see that this reasoning is plausible
by considering units: (cm3/s)/cm2 5 cm/s.) If possible, try the experiment.
Making Connections
17. Burrowing animals, such as prairie dogs and gophers, require air circulation in

their burrows. To set the air into motion, these creatures give their burrow a front
entrance and a back entrance, piling dirt up to make one entrance higher than the
other. Draw a cross-section sketch of this burrow design and explain how it promotes air circulation.

SUMMARY

Exploring Frictional Forces

•

As the force applied to an object increases, the static friction opposing the force
increases until the maximum static friction is reached, at which instant the object
begins to move. After that instant, kinetic friction opposes the motion.

•

The coefficients of static friction and kinetic friction are the ratios, respectively,
of the magnitude of the static friction force and the kinetic friction force to the
normal force between an object and the surface with which it is in contact. These
coefficients have no units.

•

Internal friction in a fluid is called viscosity and depends on the nature and temperature of the fluid.

•

Laminar flow of a fluid occurs when the layers of the fluid flow smoothly over
one another.

•

The irregular flow of a fluid is called turbulence; this problem can be reduced by
streamlining.

•

Bernoulli’s principle states: Where the speed of a fluid is low, the pressure is high,
and where the speed of the same fluid is high, the pressure is low. Among the
illustrations of this principle is the throwing of curve balls in baseball.

Section 2.4 Questions
Understanding Concepts
1. When you rub your hands together vigorously, the tempera-

ture of the skin rises. Why?
2. A team of horses at a winter carnival is starting to pull a

loaded sleigh with wooden runners along a horizontal trail
covered in dry snow. The total mass of the sleigh, including
its passengers, is 2.1 3 103 kg. The horses apply a force of
5.3 3 103 N [horizontally]. Determine the magnitude of
(a) the frictional force and (b) the acceleration of the sled.
(Hint: Look up the appropriate coefficient of friction in
Table 1.)
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3. Two skiers, A and B, each of mass m, are skiing down a

snow-covered hill that makes an angle f above the horizontal. A is moving with constant velocity. B is accelerating.
(a) Derive an equation for the coefficient of kinetic friction
experienced by A, in terms of the angle f.
(b) Derive an equation for the magnitude of the acceleration experienced by B, in terms of g, f, and mK.
(c) What effect would a change in the mass of skier B
have on the magnitude of the acceleration? Explain
your answer.

NEL
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4. A race car is accelerating on a level track. The coefficient of

paper

static friction between the tires and the track is 0.88. The
tires are not slipping.
(a) Draw an FBD of the car.
(b) Determine the maximum possible magnitude of acceleration if the car is to travel without slipping.

straw

air
flow

short straw

5. A steel ball reaches a terminal speed when falling in glyc-

erine. Will the terminal speed be greater if the glycerine is
at 20°C or at 60°C? Explain.

water

6. Why are pumping stations required at regular intervals

along the cross-Canada natural gas pipeline?
7. Figure 16 shows a venturi flowmeter, used to measure the

speed of gas flowing through a tube. How does its design
illustrate Bernoulli’s principle?

Figure 17
Making Connections
10. In 1896, Carl E. Johansson of Sweden produced the first

mercury

Figure 16
A venturi flowmeter
Applying Inquiry Skills
8. (a) With your hand facing palm downward, slide your fin-

gers across the cover of your textbook. Estimate the
coefficient of kinetic friction between your fingers and
the cover.
(b) Turn your hand over and repeat the procedure with
your fingernails.
(c) Devise and carry out an experiment (using a ruler for
measurements) to determine values for the coefficients
in (a) and (b). Compare your estimated and calculated
values.
(d) Describe what you could do to improve your skill in
estimating coefficients of friction.
9. Predict, with an explanation, what will happen when a

person blows through the horizontal straw in Figure 17.
Verify your prediction experimentally with teacher approval.
Relate your explanation to the design principle of a paint
sprayer.

gauge blocks (also called “Jo blocks” in his honour) for
quality control in manufacturing. Since the blocks have
extremely smooth sides, the coefficient of static friction is
high. The blocks thus stick together upon contact. (You
have likely noticed a similar strong bonding when microscope slides stick together.) Research the topic of gauge
blocks, describing their properties and uses.

GO

11. What are the meanings of the terms “slice” and “hook” in

golf ? What causes slices and hooks? What can you do to
prevent them?

GO

www.science.nelson.com

12. Running-shoe designs have changed with advances in

technology. Research how the soles of running shoes have
evolved, writing a few sentences on your findings.

GO

www.science.nelson.com

13. The near-frictionless carbon (NFC) listed in Table 1 is a

new, ultra-hard carbon film with a coefficient of kinetic friction of only about 0.001 in an environment of nitrogen or
argon. Although the coefficient is greater in an ordinary
environment of air, the friction remains low enough to give
this amazing material many applications. Research the
advantages and uses of NFC, and write a report on what
you discover.

GO

NEL
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2.5

Inertial and Noninertial
Frames of Reference
Imagine that you are travelling on a bus at a constant speed along a straight, smooth
road. If you place a ball on the floor of the bus, it stays at rest relative to you and the
bus, just as it would if you placed it on the classroom floor (Figure 1). Initially, the ball
is stationary and it remains that way because there is no net force acting on it. However,
if the bus driver suddenly applies the brakes, the ball appears to accelerate forward relative to the bus, even though there is still no net force acting on it. (There is no force actually pushing the ball forward.)

vbus

vball
Figure 1
The bus and the ball move at a
constant velocity. Relative to the
bus, the ball is at rest.

inertial frame of reference a
frame in which the law of inertia
is valid
noninertial frame of reference a
frame in which the law of inertia is
not valid

Figure 2
When the brakes are applied, the
bus slows down, but the ball tends
to continue moving forward at a
constant velocity relative to the
ground. Thus, relative to the bus, the
ball accelerates forward.
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Relative to your classroom, or relative to a bus travelling at a constant velocity, the ball
stays at rest if there is no net force acting on it; in other words, the ball obeys Newton’s
first law of motion, the law of inertia. Therefore, we call your classroom or the bus
moving at a constant velocity an inertial frame of reference. A frame of reference
(defined in Chapter 1) is an object, such as a room, a bus, or even an atom, relative to
which the positions, velocities, accelerations, etc., of other objects can be measured.
An inertial frame of reference is a frame in which the law of inertia and other physics
laws are valid. Any frame moving at a constant velocity relative to the first frame is also
an inertial frame.
When the brakes are applied to the bus, the bus undergoes acceleration. Thus, it is a
noninertial frame of reference, one in which the law of inertia does not hold. Although
the ball accelerates toward the front of the bus when the brakes are applied, there is no
net force causing that acceleration. The reason there appears to be a net force on the
ball is that we are observing the motion from the accelerated frame of reference inside
the bus (a noninertial frame). The situation is much easier to explain if we consider it
from an inertial frame, such as the road. Relative to the road, when the brakes are applied
to the bus, the ball tends to continue to move forward at a constant velocity, as explained
by the law of inertia. Since the bus is slowing down and the ball is not, the ball accelerates toward the front, relative to the bus (Figure 2).

a bus

vball

vbus
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To explain the ball’s observed motion in the bus, we have to invent a force toward the
front of the bus. This fictitious force is an invented force that we can use to explain
observed motion in an accelerating frame of reference. In the case of the ball, the fictitious force is in the opposite direction to the acceleration of the noninertial frame itself.

fictitious force an invented force
used to explain motion in an accelerating frame of reference

SAMPLE problem 1
Draw an FBD for the ball shown in (a) Figure 1 and (b) Figure 2. Indicate the fictitious
force in (b) relative to the frame of reference of the bus.

Solution
Figure 3 shows the required diagrams. We use the symbol F#$ fict to represent the
fictitious force.
(a)

(b)
FN

FN

+y

F fict

+x
(direction of
the velocity)

Fg

+y
+x
(direction of
the apparent
acceleration)

Fg

Figure 3
(a) The FBD in a fixed frame of reference. The 1x direction is
chosen to be the direction of
the velocity.
(b) The FBD in the accelerating
frame of reference. The 1x
direction is chosen to be the
direction of the apparent acceleration due to the fictitious
force F#$ fict relative to the frame
of reference of the bus.

SAMPLE problem 2
A teacher suspends a small rubber stopper from the roof of a bus, as in Figure 3(a) from
the chapter opener. The suspending cord makes an angle of 8.5° from the vertical as the
bus is accelerating forward. Determine the magnitude of the acceleration of the bus.

Solution
To solve this problem, we will look at the situation from Earth’s frame of reference
because it is an inertial frame. We begin by drawing the system diagram and the FBD in
that frame, as shown in Figure 4.
(a)

LEARNING TIP
Fictitious Forces
Fictitious forces are sometimes
called pseudoforces or inertial
forces. Fictitious forces are not
needed in an inertial frame of
reference.

(b)
FT

ceiling

direction of
acceleration

θ

F T cos θ

θ
F T sin θ

rubber stopper

Fg

NEL

+y
+x

Figure 4
(a) System diagram of improvised
rubber-stopper accelerometer
(b) FBD of accelerometer bob
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It is the horizontal component of the tension that causes the acceleration. Since both it
and the horizontal acceleration are unknowns, we must use two equations. We start with
the vertical components:

oFy

5 may 5 0

F T cos v 2 Fg 5 0
F T cos v 5 Fg where Fg 5 mg
mg
F T 5 }}
cos v

LEARNING TIP
The Validity of Physics Laws
All the laws of physics are valid
in any inertial frame of reference, whether it is your classroom, a bus moving at a
constant velocity, or Canada.
There is no single frame that is
better than others. However, the
velocity of an object in one
frame may be different than the
velocity of the same object in
another frame. For example, if
you are riding a bicycle and
holding a ball in your hand, the
velocity of the ball in your frame
of reference is zero, but it is not
zero relative to the road. It is
evident that without a frame of
reference, it would be impossible to measure such quantities
as velocity and position.

This expression for F T can now be substituted into the equation for the horizontal
components:

oFx

5 max

F T sin v 5 max
sin v
ax 5 (F T) }}
m

1

2

mg
sin v
5 }} }}
m
cos v

1

21

2

sin v
5 g }}
cos v

1

2

5 g tan v
5 (9.8 m/s2)(tan 8.5°)
ax 5 1.5 m/s2

The magnitude of the acceleration is 1.5 m/s2.

We have so far considered inertial and noninertial frames of reference for linear
motion. Comparing these frames of reference when the acceleration involves changing
direction, such as when you are in a car following a curve on a highway, is presented in
Chapter 3.

Practice
Understanding Concepts
1. You push an air-hockey puck along a surface with negligible friction while riding in a

Answers
3. (a) 2.3

m/s2

(b) 0.25 N

[E]

truck as it moves at a constant velocity in Earth’s frame of reference. What do you
observe? Why?
2. You are in a school bus initially travelling at a constant velocity of 12 m/s [E]. You

gently place a tennis ball in the aisle beside your seat.
(a) What happens to the ball’s motion? Why?
(b) Draw an FBD of the ball in the frame of reference of the road, and an FBD of the
ball in the frame of reference of the bus.
(c) The bus driver presses down on the accelerator pedal, causing the bus to accelerate forward with a constant acceleration. Describe the ball’s motion.
(d) Draw an FBD and explain the ball’s motion in (c) from the frame of reference of
the road, and from your frame of reference in the bus. Indicate which frame is
noninertial, labelling any fictitious forces.
3. A rubber stopper of mass 25 g is suspended by string from the handrail of a subway

car travelling directly westward. As the subway train nears a station, it begins to slow
down, causing the stopper and string to hang at an angle of 13° from the vertical.
(a) What is the acceleration of the train? Is it necessary to know the mass of the
stopper? Why or why not?
(b) Determine the magnitude of the tension in the string. Is it necessary to know the
mass of the stopper? Why or why not?
110 Chapter 2

NEL

Section 2.5

Inertial and Noninertial Frames
of Reference

SUMMARY

•

An inertial frame of reference is one in which the law of inertia (Newton’s first
law of motion) holds.

•

An accelerating frame of reference is a noninertial frame where the law of inertia
does not hold.

•

In a noninertial frame of reference, fictitious forces are often invented to account
for observations.

Section 2.5 Questions
Understanding Concepts

Applying Inquiry Skills

1. What phrases can you think of that mean the same as

“noninertial frame of reference”?
2. You are a passenger in a vehicle heading north. You are

holding a horizontal accelerometer like the one shown in
Figure 5.
(a) How will you hold the accelerometer so that it can
indicate the acceleration?
(b) Describe what happens to the beads in the accelerometer when the vehicle
(i) is at rest
(ii) is accelerating northward
(iii) is moving with a constant velocity
(iv) begins to slow down while moving northward
(c) Draw an FBD of the beads for an instant at which the
vehicle is travelling with a constant acceleration northward, from the frame of reference of the road.
(d) Repeat (c) from your frame of reference in the vehicle.
(e) If the beads are at an angle of 11° from the vertical,
what is the magnitude of the acceleration of the
vehicle?
(f) Determine the magnitude of the normal force acting
on the middle bead, which has a mass of 2.2 g.

3. An ornament hangs from the interior rear-view mirror of

your car. You plan to use this ornament as a pendulumstyle accelerometer to determine the acceleration of the car
as it is speeding up in a straight line.
(a) Draw a system diagram, an FBD of the ornament from
the frame of reference of the road, and an FBD of the
ornament from the frame of reference of the car.
(b) Describe how you would determine the acceleration,
indicating what measurement(s) you would take and
what calculations you would perform. Explain your
calculations by referring to one of the two FBDs from
part (a).
Making Connections
4. You are a passenger in a car stopped at an intersection.

Although the stoplight is red and the driver’s foot is still
firmly on the brake, you suddenly feel as if the car is
moving backward.
(a) Explain your feeling. (Hint: Think about the motion of
the car next to you.)
(b) How could the sensation you feel be applied to the
design of an amusement ride in which the riders
remain stationary, but have the sensations of motion?

0
0 6
80 7
50

40

30

20

10 0 10 20

beads
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40

Figure 5
A typical horizontal
accelerometer
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Chapter 2

SUMMARY
fluid

Key Expectations
• define and describe the concepts and units related to
•
•

•
•

viscosity

the study of forces (e.g., inertial and noninertial
frames of reference) (2.1, 2.2, 2.4, 2.5)

laminar flow

distinguish between accelerating (noninertial) and
nonaccelerating (inertial) frames of reference; predict
velocity and acceleration in various situations (2.5)

streamlining

turbulence
Bernoulli’s principle
inertial frame of reference

determine the net force acting on an object and the
resulting acceleration by analyzing experimental data
using vectors, graphs, trigonometry, and the resolution
of vectors into components (2.2, 2.4)
analyze and predict, in quantitative terms, and explain
the acceleration of objects in one and two dimensions
(2.2, 2.3, 2.4, 2.5)
analyze the principles of the forces that cause acceleration and describe how the motion of human beings,
objects, and vehicles can be influenced by modifying
such factors as air pressure and frictional forces (e.g.,
analyze the physics of throwing a baseball; analyze the
frictional forces acting on objects and explain how the
control of these forces has been used to modify the
design of objects) (2.2, 2.3, 2.4)

Key Terms
force
force of gravity
normal force
tension
friction
static friction
kinetic friction
air resistance
free-body diagram (FBD)
net force
dynamics

noninertial frame of reference
fictitious force

Key Equations
F#$

o
• a#$ 5 }
m
#$
• Fg 5 mg#$
• oFx 5 max
• oFy 5 may
• Ff 5 mFN
FS,max

•

mS 5 }}

•

mK 5 }}

FN

FK

FN

(2.2)
(2.2)
(2.2)
(2.2)
(2.4)
(2.4)
(2.4)

MAKE a summary
Draw a large diagram of a snow-covered hill shaped like the
one shown in Figure 1. On one side of the hill, a child is
pulling on a rope attached to a sleigh with the rope parallel
to the hillside. On the other side of the hill, the child is on
the sleigh and moving down the hill (not shown in the diagram). There is friction between the snow and the sleigh. At
point E near the bottom of the hill, the sleigh stops when it
hits a snowbank, and the child falls forward into the snow.
Draw FBDs, as appropriate, of the child, the sleigh, or the
child-sleigh system at each of the five points A through E.
Show all the forces and components of forces. Add any
notes that will help you summarize the key expectations, key
terms, and key equations presented in this chapter.

Newton’s first law of motion
inertia

B
A

C

equilibrium (of forces)
Newton’s second law of motion

D

E

weight
force field
gravitational field strength
Newton’s third law of motion

Figure 1
You can use a diagram of a snow-covered hill to summarize
the concepts presented in this chapter.

coefficients of friction (static and kinetic)
114 Chapter 2
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SELF QUIZ

Write numbers 1 to 11 in your notebook. Indicate beside
each number whether the corresponding statement is true
(T ) or false (F). If it is false, write a corrected version, correcting just the part of the statement that is printed in
italics. Assume air resistance to be negligible in each case.

1. When a ball is rising upward after you toss it vertically, the net force on the ball is equal to the force of
gravity on the ball.
2. You pull horizontally on a rope, attached firmly to a
hook on the wall, with a force of magnitude 16 N. If
you pull horizontally with a force of the same magnitude on a string held firmly by a friend, the magnitude
of the tension in the string is 32 N.
3. A grocery cart, at rest on a level floor, experiences a
normal force of magnitude 155 N. You push on the
cart handle with a force directed at an angle of 25°
below the horizontal. The magnitude of the normal
force is now less than 155 N.
4. Snow conditions are identical throughout the ski
valley in Figure 1. The coefficient of kinetic friction
between a skier’s skis and the snow is 0.18 when the
skier is travelling down the one side of the valley. As
the skier moves up the other side of the valley, the
coefficient of kinetic friction exceeds 0.18 because
gravity is acting against the skier’s motion.

Figure 1

5. It is impossible for an object to be travelling eastward
while experiencing a westward net force.
6. It is possible for the sum of three vector forces of equal
magnitude to be zero.
7. Static friction is always greater than kinetic friction.
8. One possible SI unit of weight is the kilogram.
9. When you are standing at rest on the floor, there are
two action-reaction pairs of forces involved.
10. Viscosity and air resistance are both types of friction
involving fluids.

Unit 1

Write numbers 12 to 21 in your notebook. Beside each
number, write the letter corresponding to the best choice.

12. A person of mass 65 kg is ascending on an escalator at
a constant velocity of 2.5 m/s [22° above the horizontal]. The magnitude of the net force acting on the
person is
(a) 0 N
(b) 6.4 3 102 N
(c) 5.9 3 102 N
(d) 2.4 3 102 N
(e) 1.6 3 102 N
13. On a windy day, a quarterback throws a football into
the wind. After the football has left the quarterback’s
hand and is moving through the air, the correct list of
the force(s) acting on the football is
(a) a force from the throw and the downward force
of gravity
(b) a force from the throw, a force exerted by the air,
and the downward force of gravity
(c) a force exerted by the air and a force from the
throw
(d) a force exerted by the air and the downward force
of gravity
(e) the downward force of gravity
14. A skier of mass m is sliding down a snowy slope that
is inclined at an angle f above the horizontal. The
magnitude of the normal force on the skier is
(a) mg tan f
(b) mg cos f
(c) mg sin f
(d) mg
(e) zero
15. A soft-drink can is resting on a table. If Earth’s force
of gravity on the can is the action force, the reaction
force is
(a) an upward normal force exerted by the table on
the can
(b) a downward gravitational force exerted by Earth
on the table
(c) a downward normal force exerted on the table by
the can
(d) an upward force of gravity on Earth by the can
(e) none of these

11. Fictitious forces must be invented to explain observations whenever the chosen frame of reference is in
motion.

NEL

An interactive version of the quiz is available online.
GO
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Dynamics 115

16. The coefficients of friction between a box of mass
9.5 kg and the horizontal floor beneath it are
mS 5 0.65 and mK 5 0.49. The box is stationary.
The magnitude of the minimum horizontal force
that would suffice to set the box into motion is
(a) 93 N
(b) 61 N
(c) 46 N
(d) 6.2 N
(e) 4.7 N
For questions 17 to 21, refer to Figure 2.
17. During the time interval that the spring acts on the
double cart, the force exerted by the double cart on
the single cart is
(a) 2.0 N [W]
(b) 0.0 N
(c) 2.0 N [E]
(d) 4.0 N [W]
(e) 4.0 N [E]
18. During the spring interaction, the net force acting on
the single cart is
(a) 4.0 N [W]
(b) 2.0 N [W]
(c) 2.0 N [E]
(d) 4.0 N [W]
(e) zero
single cart

19. During the interaction, the acceleration of the double
cart is
(a) 0.33 m/s2 [E]
(b) 1.0 m/s2 [E]
(c) 3.0 m/s2 [E]
(d) 0.50 m/s2 [E]
(e) 2.0 m/s2 [E]
20. The velocity of the double cart exactly 0.20 s after the
compression spring is released is
(a) 0.25 cm/s [E]
(b) 1.0 cm/s [E]
(c) 4.0 cm/s [E]
(d) zero
(e) less than 0.25 cm/s [E], but greater than zero
21. After the spring interaction is complete and the carts
are separated, the net force acting on the single cart is
(a) 19.6 N [down]
(b) 2.0 N [W]
(c) 19.6 N [up]
(d) the vector sum of 19.6 N [down] and 2.0 N [W]
(e) zero

exploder piston

W

E

compression
spring
double
cart

Figure 2
For questions 17 to 21. Two dynamics carts, one a single cart of
mass 1.0 kg, the other a double cart of mass 2.0 kg, each with
essentially frictionless wheels, are in contact and at rest. The
compression spring on the single cart is suddenly released,
causing the cart to exert an average force of 2.0 N [E] on the
double cart for 0.50 s.
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REVIEW

Unit 1

Understanding Concepts
1. Why must an object at rest have either no force or a
minimum of two forces acting on it?
2. Whiplash injuries are common in automobile accidents where the victim’s car is struck from behind.
Explain how such accidents illustrate Newton’s laws
of motion, and how the laws can be applied in the
development of safer car seat designs.
3. If you get to your feet in a canoe and move toward
the front, the canoe moves in the opposite direction.
Explain why.
4. How would you determine the mass of an object in
interstellar space, where the force of gravity
approaches zero?
5. In a disaster film, an elevator full of people falls freely
when the cable snaps. The film depicts the people
pressed upward against the ceiling. Is this good
physics? Why or why not?
6. In the amusement park ride in Figure 1, cars and passengers slide down the incline before going around
vertical loops. The incline is at an angle of 36° to the
horizontal. If friction is negligible, what is the magnitude of the acceleration of the cars down the incline?

8. Three blocks, of masses m1 5 26 kg, m2 5 38 kg, and
m3 5 41 kg, are connected by two strings over two
pulleys, as in Figure 2. Friction is negligible.
Determine (a) the magnitude of the acceleration of
the blocks, and (b) the magnitude of the tension in
each of the two strings.
m2

m1

m3

Figure 2

9. A mountain climber of mass 67.5 kg is using a rope to
hang horizontally against a vertical cliff, as in Figure 3.
The tension in the rope is 729 N [27.0° below the horizontal]. Determine the force exerted by the cliff on
the climber’s feet.

27.0°

Figure 3

Figure 1

7. Two veggieburger patties, in contact with each other,
are being pushed across a grill. The masses of the
burgers are 113 g and 139 g. Friction is negligible. The
applied horizontal force of magnitude 5.38 3 1022 N is
exerted on the more massive burger. Determine (a)
the magnitude of the acceleration of the two-burger
system, and (b) the magnitude of the force exerted by
each of the two burgers on the other.

NEL

10. A child is pulling a wagon of mass 7.38 kg up a hill
inclined at an angle of 14.3° to the horizontal. The
child applies a force parallel to the hill. The acceleration of the wagon is 6.45 cm/s2 up the hill. Friction is
negligible. Determine the magnitude of (a) the force
applied by the child, and (b) the normal force on the
wagon.
11. Which is more likely to break when loaded with wet
laundry—a clothesline with a significant sag, or a
clothesline with almost no sag? Use diagrams to
explain why.
12. In most sports, athletic shoes should have a high coefficient of friction, so that the person wearing the shoe
can stop and turn quickly. In which sports would this
be a disadvantage?

Dynamics 117

13. Why do people take very short steps on slippery
surfaces?
14. A student is pushing horizontally on a table (m 5
16 kg) to move it across a horizontal floor. The coefficient of kinetic friction between the table and the
floor is 0.61.
(a) Determine the magnitude of the applied force
needed to keep the table moving at constant
velocity.
(b) If the applied force were 109 N and the table were
to start from rest, how long would the table take
to travel 75 cm?
15. A rope exerts a force of magnitude 21 N, at an angle
31° above the horizontal, on a box at rest on a horizontal floor. The coefficients of friction between the
box and the floor are mS 5 0.55 and mK 5 0.50. The
box remains at rest. Determine the smallest possible
mass of the box.
16. A skier on a slope inclined at 4.7° to the horizontal
pushes on ski poles and starts down the slope. The
initial speed is 2.7 m/s. The coefficient of kinetic friction between skis and snow is 0.11. Determine how
far the skier will slide before coming to rest.
17. A passenger is standing without slipping in a forward-accelerating train. The coefficient of static friction between feet and floor is 0.47.
(a) Draw an FBD for the passenger in Earth’s frame
of reference.
(b) Draw an FBD for the passenger in the train’s
frame of reference.
(c) Determine the maximum required acceleration
of the train relative to the track if the passenger is
not to slip.
18. You throw a baseball eastward. The ball has a fast clockwise spin when viewed from above. In which direction
does the ball tend to swerve? Show your reasoning.
19. It takes 30.0 s to fill a 2.00-L container with water
from a hose with constant radius 1.00 cm. The hose is
held horizontally. Determine the speed of the water
being ejected from the hose.

Applying Inquiry Skills
20. A varying net force is applied to a loaded wagon.
Table 1 gives the resulting accelerations. Plot a graph
of the data. Use the information on the graph to
determine the mass of the wagon.
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Table 1 Data for Question 20
Net Force
(N [fwd])

0

Acceleration
(m/s2 [fwd])

0

10.0
0.370

20.0
0.741

30.0
1.11

40.0
1.48

50.0
1.85

21. The apparatus in Figure 4 determines the coefficient
of static friction between two surfaces. The force
#$ ,
sensor measures the minimum horizontal force, F
app
needed to prevent the object from sliding down the
vertical slope.
(a) Draw an FBD of the object against the wall. Use
this FBD to derive an expression for the coeffi#$ .
cient of static friction in terms of m, g, and F
app
(b) Design and carry out an investigation to determine the coefficient of static friction between two
appropriate surfaces. Use the technique sketched
in Figure 4 and two other techniques. Compare
the results, describing the advantages and disadvantages of each technique.

block
horizontal
force
force sensor

wall
Figure 4

22. Obtain a piece of paper about 10 cm by 20 cm and
fold it into the shape of an airplane wing, as in
Figure 5(a). Tape the ends together. Hold the middle
of the wing with a pencil, as in Figure 5(b), blowing
across the wing as indicated. Repeat the procedure
for the situation shown in Figure 5(c). Explain what
you observe.

Making Connections
23. High-speed movies reveal that the time interval
during which a golf club is in contact with a golf ball
is typically 1.0 ms, and that the speed of the ball when
it leaves the club is about 65 m/s. The mass of a golf
ball is 45 g.
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(b)

(a)

(c)
air flow

pencil

pencil

air flow

paper

gentle fold

Figure 5
For question 22

tape

(a) Determine the magnitude of the average force
exerted by the club on the ball. (For this calculation, you can neglect the force of gravity.)
(b) Why is it reasonable to neglect the force of
gravity in calculating the average force exerted by
the club?
(c) What does the term “high-speed movies” mean?

Extension
24. You are a gymnast of mass 72 kg, initially hanging at
rest from a bar. You let go of the bar and fall vertically
92 cm to the floor below. Upon landing, you bend
your knees, bringing yourself to rest over a distance of
35 cm. The floor exerts a constant force on your body
as you slow down. Determine (a) your speed at
impact, and (b) the magnitude of the force the floor
exerts on you as you slow down.
25. A box of mass m 5 22 kg is at rest on a ramp inclined
at 45° to the horizontal. The coefficients of friction
between the box and the ramp are mS 5 0.78 and
mK 5 0.65.
(a) Determine the magnitude of the largest force that
can be applied upward, parallel to the ramp, if
the box is to remain at rest.
(b) Determine the magnitude of the smallest force that
can be applied onto the top of the box, perpendicular to the ramp, if the box is to remain at rest.
26. In the oscilloscope shown in Figure 6, an electron
beam is deflected by an electric force produced by
charged metal plates AD and BC. In the region ABCD,
each electron experiences a uniform downward electric force of 3.20 3 10215 N. Each electron enters the
electric field along the illustrated axis, halfway
between A and B, with a velocity of 2.25 3 107 m/s
axis
A

parallel to the plates. The electric force is zero outside
ABCD. The mass of an electron is 9.11 3 10231 kg.
The gravitational force can be neglected during the
short time interval an electron travels to the fluorescent screen, S. Determine how far an electron is below
the axis of entry when it hits the screen.
27. Tarzan (m 5 100 kg) holds one end of an ideal vine
(infinitely strong, completely flexible, but having zero
mass). The vine runs horizontally to the edge of a cliff,
then vertically to where Jane (m 5 50 kg) is hanging
on, above a river filled with hungry crocodiles. A
sudden sleet storm has removed all friction. Assuming
that Tarzan hangs on, what is his acceleration toward
the cliff edge?
Sir Isaac Newton Contest Question

28. Two blocks are in contact on a frictionless table. A
horizontal force is applied to one block as shown in
Figure 7. If m1 5 2.0 kg, m 2 5 1.0 kg, and #$F 5 3.0 N,
find the force of contact between the two blocks.
F

Sir Isaac Newton Contest Question

29. A 2.0-kg chicken rests at point C on a slack clothesline ACB as shown in Figure 8. C represents chicken,
not centre—real problems don’t have to be symmetrical, you know! CA and CB slope up from the horizontal at 30° and 45°, respectively. What minimum
breaking strength must the line have to ensure the
continuing support of the bird?
A

B

45°

30°

v

C
B

C
3.0 cm

Figure 6
NEL

m2
Figure 7

screen
S

D

m1

13.0 cm

Figure 8
Sir Isaac Newton Contest Question
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3

In this chapter,
you will be able to

•

define and describe the
concepts and SI units related
to the dynamics of circular
motion

•

analyze and predict, in
quantitative terms, and
explain uniform circular
motion in the horizontal and
vertical planes, with reference to the forces involved

•

distinguish between noninertial (accelerating) and
inertial (nonaccelerating)
frames of reference, and
calculate the velocity and
acceleration of objects in
uniform circular motion

•

describe Newton’s law of
universal gravitation and
apply it quantitatively

•

investigate experimentally
and analyze relationships
among variables involved in
uniform circular motion

•

describe technological
devices based on concepts
and principles related to
circular motion

•

analyze the forces involved
in circular motion and
describe how the circular
motions of human beings,
objects, and vehicles can be
influenced by modifying
certain factors

Circular Motion
At an amusement park, riders on a Ferris wheel experience circular motion as they move
around the centre point of the ride. Usually their speeds are slow enough that they don’t
feel pushed into their seats. However, on a fast-moving loop-the-loop roller coaster
(Figure 1), riders experience motion on circles of varying radii for brief periods of time,
sometimes feeling large forces pushing on them. Those forces would be even greater
(and much more dangerous) if the loops had constant radii. But the loops have smaller
radii at the top than at the sides, for reasons that you will explore in this chapter.
In this chapter, you will explore circular motion and associated forces in different situations, answering questions such as:

•
•

What forces are involved when figure skating pairs do the spiral?

•
•

Why are expressway ramps banked at an angle to the horizontal?

How could artificial gravity be created on future space flights for humans to
Mars?
What principles explain the operation of a centrifuge?

This chapter builds on what you learned in Chapters 1 and 2, especially regarding
motion and forces in two dimensions. Your skill in drawing free-body diagrams (FBDs)
and solving problems will be developed further, and you will have opportunities to
investigate the forces and accelerations of circular motion.

REFLECT on your learning
1. Figure 2 shows a truck negotiating a curve, with the path of the truck in the hori-

zontal plane. The curve is banked at an angle f from the horizontal.
(a) Draw an FBD of the truck.
(b) What is the magnitude of the normal force acting on the truck?
(c) In what direction is the net force acting on the truck?
2. Figure 3 shows a typical student accelerometer, for use as a force meter in analyzing

circular motion. You hold the accelerometer upright at an amusement park, while on
a horizontal ride roating counterclockwise as viewed from above. You are near the
outer edge of the ride, and are at this particular instant facing northward.
(a) Draw a system diagram of the accelerometer in the (noninertial) reference frame
of your body, and an FBD of the middle bead of the accelerometer in that frame.
(b) Draw system diagrams of the accelerometer in the reference frame of your body,
showing what would happen to the beads
(i) if the ride were to rotate faster, with your distance from the centre the same
(ii) if you were closer to the centre at the original rate of the ride’s rotation
3. (a) You are a space-flight architect. What design would you use to create artificial

gravity on interplanetary space flights?
(b) What designs have authors of science-fiction books and film scripts used?
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Figure 1
Although a loop-the-loop roller
coaster looks scary, the forces it
exerts on riders are carefully
controlled.

f
Figure 2
For question 1

TRY THIS activity

A Challenge

The device shown in Figure 4 has one
small marble on either side of the barrier.
Consider, in a brainstorming session with
a small group of your classmates, how
you would get both marbles into the
holes near the top of the curve. Test your
ideas, one at a time, in your group until
you succeed.
(a) Describe your successful idea.
beads
Figure 3
For question 2
NEL

(b) Describe at least one other device
that operates on a similar principle.

Figure 4
How could you make a similar
device using common materials,
such as beads or marbles?
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3.1

Uniform Circular Motion
When figure skating pairs perform the spiral, the woman travels in a circular path around
the man (Figure 1). In doing so, she is constantly changing direction, which means she
is undergoing acceleration. In this section, we will analyze the factors influencing that acceleration and relate our analysis to other applications that involve motion in a circular path.
Imagine you have attached a rubber stopper to the end of a string and are whirling the
stopper around your head in a horizontal circle. If both the speed of the stopper
and the radius of its path remain constant, the stopper has uniform circular motion.
Figure 2 shows the position and velocity vectors at various positions during the motion
of the stopper. Uniform circular motion also occurs if only part of the circle (an arc) is
covered.

Figure 1
In performing the spiral, the female
skater undergoes circular motion.

v3

v2
r3
r2
r4

r1

v4

v1
stopper

path of stopper
uniform circular motion motion
that occurs when an object has
constant speed and constant radius
centripetal acceleration instantaneous acceleration directed toward
the centre of the circle

INVESTIGATION 3.1.1
Analyzing Uniform Circular
Motion (p. 152)
If you are whirling a rubber stopper,
attached to a string, around your
head, the tension in the string (a
force you can measure) keeps the
stopper travelling in a circle. How do
you think the force depends on such
factors as the mass of the stopper,
the frequency with which you are
whirling the stopper, and the distance between your hand and the
stopper? You will explore these relationships in a controlled experiment
at the end of this chapter.
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Figure 2
In uniform circular motion, the speed of the object
remains constant, but the velocity vector changes
because its direction changes. The radius of the
path also remains constant. Notice that the instantaneous position vector (also called the radius
vector) is perpendicular to the velocity vector and
the velocity vectors are tangent to the circle.

Uniform circular motion occurs for the individual parts of any object spinning at a constant rate, for example, electric fans and motors, lawn mower blades, wheels (from the
point of view of the centre of the wheel), and rotating rides at amusement parks. Circular
or almost circular motion can also occur for objects or particles in orbits around other
objects. For example, to analyze the motion of a planet orbiting the Sun, a satellite
around Earth, or an electron around a nucleus, we make the assumption that the motion
is uniform circular motion even though the paths are often ellipses rather than circles.
As you learned in Chapter 1, an object travelling at a constant speed is undergoing
acceleration if the direction of the velocity is changing. This is certainly true for uniform circular motion. The type of acceleration that occurs in uniform circular motion
is called centripetal acceleration.
Centripetal acceleration is an instantaneous acceleration. Investigation 3.1.1 in the
Lab Activities section at the end of this chapter will help you to better understand the
related concepts. In this investigation, you will perform a controlled experiment to
explore the factors that affect centripetal acceleration and the force that causes it.

Practice
Understanding Concepts
1. (a) What does “uniform” mean in the expression “uniform circular motion”?

(b) Give some examples of uniform circular motion, other than those in the text.
2. How can a car moving at a constant speed be accelerating at the same time?

NEL
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The Direction of Centripetal Acceleration

Dv#$
Recall that the defining equation for instantaneous acceleration is #a$ 5 lim } . To
Dt→0 Dt
apply this equation to uniform circular motion, we draw vector diagrams and perform
#$ as Dt decreases. As the time
vector subtractions. Figure 3 shows what happens to Dv
#$ comes closer to
interval approaches zero, the direction of the change of velocity Dv
pointing toward the centre of the circle. From the defining equation for instantaneous
acceleration, you can see that the direction of the acceleration is the same as the direction of the change of velocity. We conclude that the direction of the centripetal acceleration is toward the centre of the circle. Notice that the centripetal acceleration and the
instantaneous velocity are perpendicular to each other.
v2
−v1

∆v

−v1
v1

v2
∆v

v2
−v1
v1

v1

?

Understanding “Centripetal”
The word “centripetal” was coined
by Sir Isaac Newton, from the Latin
centrum (“centre”) and petere (“to
seek”). Do not confuse centripetal,
or “centre-seeking,” forces with
centrifugal forces. “Fugal” means
to flee, so centrifugal forces are
“centre-fleeing” forces.

v2

−v1
∆v

DID YOU KNOW

∆v

Figure 3
#$ comes closer and closer
As the time interval between #v$1 and #v$2 is made shorter and shorter, Dv
to pointing toward the centre of the circle. In the diagram on the far right, Dt is very small and
#$ vector is nearly perpendicular to the instantaneous velocity vector #v$2.
the Dv

v1

(a)
v2
r2
v1

v

Practice

r1

Understanding Concepts
3. A sports car moves through a horizontal circular arc at a constant speed.

(a) What is the direction of the instantaneous acceleration at every point in the arc?
(b) Draw a sketch showing the directions of the instantaneous velocity and instantaneous acceleration at two different positions.

(b)

−r1

4. If the direction of an object moving with uniform circular motion is reversed, what

happens to the direction of the centripetal acceleration?

∆r

v
r2

v
r1

The Magnitude of Centripetal Acceleration
We can derive an equation for the magnitude of the centripetal acceleration in terms of
the instantaneous speed and the radius of the circle. Figure 4(a) shows a particle in uniform circular motion as it moves from an initial position #r$1 to a subsequent position #r$2;
its corresponding velocities are #v$1 and #v$2. Since we have uniform circular motion,
#$1 5 v
#$2. The change in position is Dr$ and the change in velocity is Dv#$. Both of these
v
quantities involve a vector subtraction as shown in Figures 4(b) and (c). Both triangles
#$1 5 v
#$2. Since #v$1 ⊥ #r$1 and #v$2 ⊥ #r$2, the two
are isosceles because r#$1 5 r#$2 and v
triangles are similar. Therefore, the following equation can be written:
Dr#$
Dv#$
} 5 } where v
#$ 5 v
#$1 5 v
#$2 and r#$ = r#$1 = r#$2
v#$
r$
v#$ 3 Dr$
or Dv#$ 5 }}
r$

Now, the magnitude of the centripetal acceleration a#$c is

(c)
−v1

v

v2

v

v1

∆v
Figure 4
Derivation of the equation for the
magnitude of the centripetal
acceleration
(a) The position and velocity
vectors
(b) The change of position
(c) The change of velocity

D#v$
#$c 5 lim }
a
}
Dt→0 Dt
NEL
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LEARNING TIP
The Position Vector
In Chapter 1, we used the sym#$ for
bols #$
d for position and Dd
change of position (displacement). Here we use the symbols
#r$ and Dr#$ for the corresponding
quantities, as a reminder that
our position vector is the radius
vector, equal in magnitude to
the radius of the circle.

#$equation by Dt to obtain
We can divide both sides of the Dv
v#$
D#v$
D#r$
}} 5 } 3 }}
$
Dt
Dt
r

Therefore, a#$c 5 lim

Dt→0

1

v#$
D#r$
} 3 }}
Dt
r$

2

Now the magnitude of the instantaneous velocity is
D#r$
#$5 lim }
v
}
Dt→0 Dt
v#$
r$

Therefore, a#$c 5 } 3 v#$
LEARNING TIP
Two Different Accelerations
Remember that centripetal
acceleration is an instantaneous
acceleration. Thus, even if the
magnitude of the velocity is
changing for an object in circular motion (i.e., the circular
motion is not “uniform” since
the speed is either increasing or
decreasing), the magnitude of
the centripetal acceleration can
still be found using the equation
v2
ac 5 }}. However, there is also
r
another acceleration, called the
tangential acceleration, that is parallel to the velocity (i.e., tangential
to the circle). This acceleration
changes only the velocity’s magnitude. The centripetal acceleration, which is perpendicular to the
velocity, changes only the
velocity’s direction.

Hence, the magnitude of the centripetal acceleration is
v2
ac 5 }}
r

where ac is the centripetal acceleration, v is the speed of the object undergoing uniform
circular motion, and r is the radius of the circle or arc.
v2
The equation a c 5 }} makes sense because as the speed of an object in circular
r
motion increases at a constant radius, the direction of the velocity changes more quickly
requiring a larger acceleration; as the radius becomes larger (at a constant speed), the direction changes more slowly, meaning a smaller acceleration.

SAMPLE problem 1
A child on a merry-go-round is 4.4 m from the centre of the ride, travelling at a constant
speed of 1.8 m/s. Determine the magnitude of the child’s centripetal acceleration.

Solution
v = 1.8 m/s
r = 4.4 m
ac = ?
v2
ac 5 }}
r
(1.8 m/s)2
5 }}
4.4 m
ac 5 0.74 m/s2

The child’s centripetal acceleration has a magnitude of 0.74 m/s2.

For objects undergoing uniform circular motion, often the speed is not known, but
the radius and the period (the time for one complete trip around the circle) are known.
To determine the centripetal acceleration from this information, we know that the speed
is constant and equals the distance travelled (2pr) divided by the period of revolution
(T):
2pr
v 5 }}
T
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v2
Substituting this expression into the centripetal acceleration equation ac 5 } , we
r
obtain
4p 2r
ac 5 }}
T2

For high rates of revolution, it is common to state the frequency rather than period.
The frequency f is the number of revolutions per second, or the reciprocal of the period.
It is measured in cycles per second or hertz (Hz), but may be stated mathematically as
1
s21. Since f = } , the equation for centripetal acceleration can be written as:
T
ac 5 4p2rf 2

We now have three equations for determining the magnitude of the centripetal
acceleration:
4p2r
v2
ac 5 }} 5 }
5 4p2rf 2
T2
r

Remember that the direction of the centripetal acceleration is always toward the centre
of the circle.

SAMPLE problem 2
Find the magnitude and direction of the centripetal acceleration of a piece of lettuce on
the inside of a rotating salad spinner. The spinner has a diameter of 19.4 cm and is
rotating at 780 rpm (revolutions per minute). The rotation is clockwise as viewed from
above. At the instant of inspection, the lettuce is moving eastward.

Solution
f 5 (780 rev/min)(1 min/60 s) = 13 Hz = 13 s21

N
E

19.4 cm
r 5 }} 5 9.7 cm 5 9.7 3 1022 m
2
#a$c 5 ?

lettuce
v
ac

ac 5 4p2rf 2
5 4p2(9.7 3 1022 m)(13 s21)2
ac 5 6.5 3 102 m/s2

Figure 5 shows that since the lettuce is moving eastward, the direction of its centripetal
acceleration must be southward (i.e., toward the centre of the circle). The centripetal
acceleration is thus 6.5 3 102 m/s2 [S].

direction
of rotation

Figure 5
Piece of lettuce undergoing uniform
circular motion for Sample
Problem 2

SAMPLE problem 3
Determine the frequency and period of rotation of an electric fan if a spot at the end of
one fan blade is 15 cm from the centre and has a centripetal acceleration of magnitude
2.37 3 103 m/s2.

Solution
ac 5 2.37 3 103 m/s2

f 5 ?

r 5 15 cm 5 0.15 m

T 5 ?

NEL
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DID YOU KNOW

?

ac 5 4p 2r f 2

Changing Technologies
The technology of recorded music
continually changes. A record
turntable rotating at a constant rate
1
of 33}3} revolutions per minute (rpm)
has a stylus that moves faster
through the groove near the outside
edge of the record than near the
middle. Thus, the sound information
must be compressed more closely as
the groove gets closer to the centre.
In compact discs, however, the laser
pickup moves at a constant speed
across the information tracks. Since
the information bits are evenly
spaced, the disc must rotate at a
lower frequency as the laser moves
from the centre toward the outside.

ac
f 2 5 }}
4p2r

!§

ac
f 5 6 }}
4p 2r

!§§§

5 6

2.37 3 10 3 m/s2
}
}
4p 2(0.15 m)

5 62.0 3 101 s21
f 5 2.0 3 101 Hz

(rejecting a negative frequency as meaningless)

The frequency of rotation of the electric fan is 2.0 3 101 Hz.
1
T 5 }}
f
1
5 }}
2.0 3 101 Hz
1
5 }}
2.0 3 101 s21
T 5 5.0 3 1022 s

The period of rotation of the fan is 5.0 3 1022 s.

Practice
Understanding Concepts
Answers
5. (b) 2.0 3

5. Figure 6 shows a particle undergoing uniform circular motion at a speed of 4.0 m/s.

101

(a) State the direction of the velocity vector, the acceleration vector, and the
radius vector at the instant shown.
(b) Calculate the magnitude of the centripetal acceleration.

m/s2

7. 0.10 m/s2
8. (a) 8.97 3 1022 m/s2

6. You are whirling a ball on the end of a string in a horizontal circle around your head.

(b) 1.2 3 102 m/s2

What is the effect on the magnitude of the centripetal acceleration of the ball if
(a) the speed of the ball remains constant, but the radius of the circle doubles?
(b) the radius of the circle remains constant, but the speed doubles?

(c) 1.6 m/s2
9. 5.5 m/s

7. At a distance of 25 km from the eye of a hurricane, the wind is moving at

10. 7.6 3 106 s or 88 d

180 km/h in a circle. What is the magnitude of the centripetal acceleration, in
metres per second squared, of the particles that make up the wind?
8. Calculate the magnitude of the centripetal acceleration in the following situations:

N
E

direction
of rotation

(a) An electron is moving around a nucleus with a speed of 2.18 3 106 m/s.
The diameter of the electron’s orbit is 1.06 3 10210 m.
(b) A cowhand is about to lasso a calf with a rope that is undergoing uniform
circular motion. The time for one complete revolution of the rope is 1.2 s.
The end of the rope is 4.3 m from the centre of the circle.
1
(c) A coin is placed flat on a vinyl record, turning at 33}3} rpm. The coin is 13 cm
from the centre of the record.
9. A ball on a string, moving in a horizontal circle of radius 2.0 m, undergoes a

centripetal acceleration of magnitude 15 m/s2. What is the speed of the ball?
10. Mercury orbits the Sun in an approximately circular path, at an average distance

0.80 m

particle

Figure 6
For question 5
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of 5.79 3 1010 m, with a centripetal acceleration of magnitude 4.0 3 1022 m/s2.
What is its period of revolution around the Sun, in seconds? in “Earth” days?
Applying Inquiry Skills
11. Graph the relationship between the magnitude of centripetal acceleration and

(a) the speed of an object in uniform circular motion (with a constant radius)
(b) the radius of a circle (at a constant speed)
(c) the radius of rotation (at a constant frequency)

NEL
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SUMMARY

Uniform Circular Motion

•

Uniform circular motion is motion at a constant speed in a circle or part of a
circle with a constant radius.

•

Centripetal acceleration is the acceleration toward the centre of the circular path
of an object travelling in a circle or part of a circle.

•

Vector subtractions of position and velocity vectors can be used to derive the
equations for centripetal acceleration.

Section 3.1 Questions
Understanding Concepts
1. Describe examples of uniform circular motion that can

occur
(a) in a kitchen
(b) in a repair workshop
(c) in situations in which there is less than a complete
circle
2. Two balls at the ends of two strings are moving at the same

speed in horizontal circular paths. One string is three times
as long as the other. Compare the magnitudes of the two
centripetal accelerations.
3. Calculate the magnitude of the centripetal acceleration in

each of the following situations:
(a) A satellite is travelling at 7.77 3 103 m/s in a circular
orbit of radius 6.57 3 106 m from the centre of Earth.
(b) A motorcycle is racing at 25 m/s on a track with a constant radius of curvature of 1.2 3 102 m.
4. (a) What is the magnitude of centripetal acceleration due

to the daily rotation of an object at Earth’s equator?
The equatorial radius is 6.38 3 106 m.
(b) How does this acceleration affect a person’s weight at
the equator?
5. Patrons on an amusement park ride called the Rotor stand

with their backs against the wall of a rotating cylinder while
the floor drops away beneath them. To keep from sliding
downward, they require a centripetal acceleration in excess
of about 25 m/s2. The Rotor has a diameter of 5.0 m. What is
the minimum frequency for its rotation? (The vertical force
required to support the rider’s weight is supplied by static
friction with the wall.)

NEL

6. A car, travelling at 25 m/s around a circular curve, has a

centripetal acceleration of magnitude 8.3 m/s2. What is the
radius of the curve?
7. The Moon, which revolves around Earth with a period of

about 27.3 d in a nearly circular orbit, has a centripetal
acceleration of magnitude 2.7 3 1023 m/s2. What is the
average distance from Earth to the Moon?
Applying Inquiry Skills
8. You are asked to design a controlled experiment to verify

the mathematical relationships between centripetal acceleration and other relevant variables.
(a) Describe how you would conduct the experiment.
(b) What are the most likely sources of random and systematic error in your experiment? How does your
experiment help keep these sources of error within
reasonable bounds?
Making Connections
9. A biophysicist seeks to separate subcellular particles with

an analytic ultracentrifuge. The biophysicist must determine
the magnitude of the centripetal acceleration provided by
the centrifuge at various speeds and radii.
(a) Calculate the magnitude of the centripetal acceleration
at 8.4 cm from the centre of the centrifuge when it is
spinning at 6.0 3 104 rpm. Express your answer in
terms of g.
(b) What are some other uses of centrifuges?
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3.2

Analyzing Forces in Circular Motion
How would you design a highway turn in which northbound traffic would go around a
curve and become westbound, as in Figure 1(a)? Which design shown in Figure 1(b) is
preferable?

Figure 1
(a) A car travelling around a curve
undergoes centripetal acceleration since the curve is an arc
with radius r.
(b) Would the best design of a
highway turn have a flat curve
or a banked curve?

(a)

(b)
N

path of vehicles

E
flat curve

r
banked
curve

u

LEARNING TIP
The Direction of the Net
Force in Uniform Circular
Motion
Since centripetal acceleration is
directed toward the centre of
the circle, the net force must
also be directed toward the
centre of the circle. This force
can usually be determined by
drawing an FBD of the object in
uniform circular motion.

Cars negotiating curves on highways provide an example of circular motion. You
learned in Section 3.1 that an object travelling at a constant speed in a circle or an arc
experiences centripetal acceleration toward the centre of the circle. According to Newton’s
second law of motion, centripetal acceleration is the result of a net force acting in the direction of the acceleration (toward the centre of the circle) and perpendicular to the instantaneous velocity vector.
It is important to note that this net force is no different from other forces that cause
acceleration: it might be gravity, friction, tension, a normal force, or a combination of
two or more forces. For example, if we consider Earth travelling in a circular orbit around
the Sun, the net force is the force of gravity that keeps Earth in its circular path.
We can combine the second-law equation for the magnitude of the net force, SF 5 ma,
v2
with the equation for centripetal acceleration, ac 5 }} :
r

oF

mv 2
5 }
r

where oF is the magnitude of the net force that causes the circular motion, m is the
mass of the object in uniform circular motion, v is the speed of the object, and r is the
radius of the circle or arc.
The equations for centripetal acceleration involving the period and frequency of
circular motion can also be combined with the second-law equation. Thus, there are
three common ways of writing the equation:

oF
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SAMPLE problem 1
A car of mass 1.1 3 103 kg negotiates a level curve at a constant speed of 22 m/s.
The curve has a radius of 85 m, as shown in Figure 2.
(a) Draw an FBD of the car and name the force that provides the centripetal acceleration.
(b) Determine the magnitude of the force named in (a) that must be exerted to keep the
car from skidding sideways.
(c) Determine the minimum coefficient of static friction needed to keep the car on the
road.

85 m

Figure 2
The radius of the curve is 85 m.

Solution
(a) Figure 3 is the required FBD. The only horizontal force keeping the car going toward
#$S ) of the road on the wheels perthe centre of the arc is the force of static friction (F
pendicular to the car’s instantaneous velocity. (Notice that the forces parallel to the
car’s instantaneous velocity are not shown in the FBD. These forces act in a plane
perpendicular to the page; they are equal in magnitude, but opposite in direction
because the car is moving at a constant speed.)
(b) m 5 1.1 3 103 kg
v 5 22 m/s

FN

+y
+x

FS
mg

Figure 3
The FBD of the car on a level curve

r 5 85 m
FS 5 ?
mv 2
FS 5 }
r
(1.1 3 103 kg)(22 m/s)2
5 }}}
85 m
FS 5 6.3 3 103 N

The magnitude of the static friction force is 6.3 3 103 N.
(c) g 5 9.8 N/kg
We know from part (b) that the static friction is 6.3 3 103 N and from Figure 3 that
FN 5 mg. To determine the minimum coefficient of static friction, we use the ratio of
the maximum value of static friction to the normal force:
FS,max

mS 5 }}
FN

6.3 3 103 N
5 }}}
(1.1 3 103 kg)(9.8 N/kg)

mS 5 0.58
The minimum coefficient of static friction needed is 0.58. This value is easily achieved
on paved and concrete highways in dry or rainy weather. However, snow and ice
make the coefficient of static friction less than 0.58, allowing a car travelling at 22 m/s
to slide off the road.
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SAMPLE problem 2
A car of mass 1.1 3 103 kg travels around a frictionless, banked curve of radius 85 m. The
banking is at an angle of 19° to the horizontal, as shown in Figure 4.
(a) What force provides the centripetal acceleration?
(b) What constant speed must the car maintain to travel safely around the curve?
(c) How does the required speed for a more massive vehicle, such as a truck, compare
with the speed required for this car?

u
85 m

F N cos θ

FN

Solution

incline
θ

θ

Figure 4
The radius of the curve is 85 m.

horizontal

F N sin θ
mg

+y
+x

Figure 5
The FBD of the car on a banked
curve

(a) From the FBD shown in Figure 5, you can see that the cause of the centripetal acceleration, which acts toward the centre of the circle, is the horizontal component of the
normal force, FN sin v. Thus, the horizontal acceleration, ax , is equivalent to the centripetal acceleration, ac . (Notice that the FBD resembles the FBD of a skier going
downhill, but the analysis is quite different.)
(b) m 5 1.1 3 103 kg
r 5 85 m

v 5 19°
v 5 ?
We take the vertical components of the forces:

oFy

5 0

FN cos v 2 mg 5 0
mg
cos v

FN 5 }
Next, we take the horizontal components of the forces:

oFx

5 mac

FN sin v 5 mac
mg
} sin v 5 mac
cos v
mv 2
mg tan v 5 }
r
v 2 5 gr tan v
wv
v 5 6Ïgr
tan w
2)(85wn
5 6Ï(9.8
w/s
mw
m)(taw
19°)

v 5 617 m/s

We choose the positive square root, since v cannot be negative. The speed needed to
travel safely around the frictionless curve is 17 m/s. If the car travels faster than
17 m/s, it will slide up the banking; if it travels slower than 17 m/s, it will slide downward.
(c) The speed required for a more massive vehicle is the same (17 m/s) because the
mass does not affect the calculations. One way of proving this is to point to our
expression v 2 5 gr tan v: v depends on g, r, and v but is independent of m.
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A

SAMPLE problem 3
A 3.5-kg steel ball in a structural engineering lab swings on the end of a rigid steel rod
at a constant speed in a vertical circle of radius 1.2 m, at a frequency of 1.0 Hz, as in
Figure 6. Calculate the magnitude of the tension in the rod due to the mass at the top (A)
and the bottom (B) positions.

rod
ball

1.2 m
motion

Solution
m = 3.5 kg
r = 1.2 m

B

f = 1.0 Hz
FT = ?

In both FBDs in Figure 7, the tension in the rod is directed toward the centre of the circle.
At position A, the weight, mg, of the ball acts together with the tension to cause the centripetal acceleration. At position B, the tension must be greater than at A because the tension and the ball’s weight are in opposite directions and the net force must be toward the
centre of the circle. In each case, 1y is the direction in which the centripetal acceleration
is occurring.

Figure 6
The system diagram for the steel
ball and the rod in Sample
Problem 3
at A
FT

at B

+y

FT

At position A:

oFy

+y
5 mac

mg

F T 1 mg 5 4p 2mrf 2

mg

F T 5 4p 2mrf 2 2 mg
5

4p 2(3.5

F T 5 1.3 3

kg)(1.2 m)(1.0

102

Hz)2

2 (3.5 kg)(9.8 N/kg)

N

When the ball is moving at the top of the circle, the magnitude of the tension is 1.3 3 102 N.

Figure 7
The FBDs at positions A and B
(a)

At position B:
r1

oFy 5 mac

r1

F T 2 mg 5 4p 2mrf 2

height

F T 5 4p 2mrf 2 1 mg
5 4p 2(3.5 kg)(1.2 m)(1.0 Hz)2 1 (3.5 kg)(9.8 N/kg)
F T 5 2.0 3 102 N

When the ball is moving at the bottom of the circle, the magnitude of the tension is
2.0 3 102 N.

(b)
r2

Case Study The Physics of the Looping

height

Roller Coaster
The first loop-the-loop roller coaster, built in the early part of the 20th century, consisted of a circular loop as illustrated in Figure 8(a). With this design, however, the
coaster had to be so fast that many people were injured on the ride and the design was
soon abandoned.
Today’s looping coasters have a much different design: a curve with a radius that starts
off large, but becomes smaller at the top of the loop. This shape, called a clothoid loop,
is illustrated in Figure 8(b).
NEL

Figure 8
Two different loop designs used in
roller coasters
(a) The circular loop used almost a
century ago
(b) The clothoid loop used in today’s
looping coasters
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FN
+y

mg
Figure 9
The FBD of the rider at the top of a
roller-coaster loop

We can apply physics principles to compare the two designs. We will assume that in
both designs, the magnitude of the normal force felt by a rider of mass m at the top of
the loop is double his or her own weight, mg. (This means that the normal force has a
magnitude of 2mg.) This assumption allows us to calculate how fast each coaster must
travel to achieve the same force on the rider.
Figure 9 shows the FBD of a rider at the top of the loop. The magnitude of the net force
acting on the rider at that instant, SF, can be used to determine an expression for the speed
of the coaster. Note that in this case study, we will use the subscript “old” to represent the
older, circular loop and the subscript “new” to represent the newer, clothoid loop. We will
also estimate that the ratio of the radius in the old design to the radius in the new design
is 2.0: 1.0.

oF

5 mac

mv 2
FN 1 mg 5 }
r
mv 2
2mg 1 mg 5 }
r
v2
3g 5 }
r
v 2 5 3gr
w
v 5 Ï3gr

(rejecting the negative square root as meaningless)

Next, we find the ratio of the speeds of the two designs required to satisfy these
conditions:
rold 5 2.0rnew
vold
}
vnew 5
5

}
!}
§
3gr
3grold

new

}
!}§
r
rold

new

5

}
!}
§
r
2.0rnew
new

5 Ï2.0
w
vold 5 1.4vnew

Thus, the speed of the roller coaster of the older design had to be 1.4 times as fast as the
roller coaster of the new design to have the same force act on the riders, even though the
heights of the two loops are equal.

Practice
Understanding Concepts
Answers
1. (a) 19 m/s; 68 km/h
(b) 95 km/h
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1. (a) Determine the speed required by a coaster that would cause a rider to experi-

ence a normal force of 2mg at the top of a clothoid loop where the radius is 12 m.
Express your answer both in metres per second and in kilometres per hour.
(b) How fast would a coaster on a circular loop of the same height have to travel to
create the same normal force? Express your answer in kilometres per hour.
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So far in our discussion of forces and circular motion, we have seen that centripetal
acceleration can be caused by a variety of forces or combinations of forces: static friction
(in Sample Problem 1); the horizontal component of a normal force (in Sample
Problem 2); gravity (Earth orbiting the Sun); gravity and a tension force (in
Sample Problem 3); and gravity and a normal force (in the Case Study). The net force
that causes centripetal acceleration is called the centripetal force. Notice that centripetal
force is not a separate force of nature; rather it is a net force that can be a single force (such
as gravity) or a combination of forces (such as gravity and a normal force).

centripetal force net force that
causes centripetal acceleration

Practice
Understanding Concepts
2. Draw an FBD of the object in italics, and name the force or forces causing the cen-

tripetal acceleration for each of the following situations:
(a) The Moon is in an approximately circular orbit around Earth.
(b) An electron travels in a circular orbit around a nucleus in a simplified model of a
hydrogen atom.
(c) A snowboarder slides over the top of a bump that has the shape of a circular arc.
3. The orbit of Uranus around the Sun is nearly a circle of radius 2.87 3 1012 m. The

speed of Uranus is approximately constant at 6.80 3 103 m/s. The mass of Uranus is
8.80 3 1025 kg.
(a) Name the force that causes the centripetal acceleration.
(b) Determine the magnitude of this force.
(c) Calculate the orbital period of Uranus, both in seconds and in Earth years.

Answers
3. (b) 1.42 3 1021 N
(c) 2.65 3 109 s; 84.1 a
4. 5.95 N
5. 9.3°
6. 1.97 3 103 N
7. 121 m/s or 436 km/h
8. (a) 3.3 3 102 m
(b) 6.4 3 103 N

4. A bird of mass 0.211 kg pulls out of a dive, the bottom of which can be considered to

be a circular arc with a radius of 25.6 m. At the bottom of the arc, the bird’s speed is a
constant 21.7 m/s. Determine the magnitude of the upward lift on the bird’s wings at
the bottom of the arc.
5. A highway curve in the horizontal plane is banked so that vehicles can proceed safely

even if the road is slippery. Determine the proper banking angle for a car travelling at
97 km/h on a curve of radius 450 m.
6. A 2.00-kg stone attached to a rope 4.00 m long is whirled in a circle horizontally on a

frictionless surface, completing 5.00 revolutions in 2.00 s. Calculate the magnitude of
tension in the rope.
7. A plane is flying in a vertical loop of radius 1.50 km. At what speed is the plane flying

at the top of the loop if the vertical force exerted by the air on the plane is zero at this
point? State your answer both in metres per second and in kilometres per hour.
8. An 82-kg pilot flying a stunt airplane pulls out of a dive at a constant speed of

540 km/h.
(a) What is the minimum radius of the plane’s circular path if the pilot’s acceleration
at the lowest point is not to exceed 7.0g ?
(b) What force is applied on the pilot by the plane seat at the lowest point in the
pullout?
Applying Inquiry Skills
9. You saw in Sample Problem 3 that when an object is kept in circular motion in the

vertical plane by a tension force, the tension needed is greater at the bottom of the
circle than at the top.
(a) Explain in your own words why this is so.
(b) Describe how you could safely demonstrate the variation in tension, using a onehole rubber stopper and a piece of string.
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Making Connections
Answer

10. (a) How do the banking angles for on- and off-ramps of expressways compare with

the banking angles for more gradual highway turns? Why?
(b) Why is the posted speed for a ramp lower than the speed limit on most
highways?

11. (a) 23 m/s

11. Railroad tracks are banked at curves to reduce wear and stress on the wheel flanges

and rails, and to prevent the train from tipping over.
(a) If a set of tracks is banked at an angle of 5.7° from the horizontal and follows a
curve of radius 5.5 3 102 m, what is the ideal speed for a train rounding the
curve?
(b) How do banked curves on railroads reduce wear and stress?

Rotating Frames of Reference
We saw in Section 2.5 that an accelerating frame of reference is a noninertial frame in
which Newton’s law of inertia does not hold. Since an object in circular motion is accelerating, any motion observed from that object must exhibit properties of a noninertial
frame of reference. Consider, for example, the forces you feel when you are the passenger in a car during a left turn. You feel as if your right shoulder is being pushed
against the passenger-side door. From Earth’s frame of reference (the inertial frame),
this force that you feel can be explained by Newton’s first law of motion: you tend to
maintain your initial velocity (in both magnitude and direction). When the car you are
riding in goes left, you tend to go straight, but the car door pushes on you and causes you
to go in a circular path along with the car. Thus, there is a centripetal force to the left on
your body, as depicted in Figure 10(a). The corresponding FBD (as seen from the side)
is shown in Figure 10(b).
Figure 10
(a) The top view of a passenger in
a car from Earth’s frame of reference as the car makes a left
turn
(b) The side-view FBD of the
passenger

(a)

(b)
actual path
of passenger

F N,vertical
instantaneous
velocity

F N , door
mg

radius
+y
door
centre of
curve

centrifugal force fictitious force in
a rotating (accelerating) frame of
reference
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force of
door on
passenger

+x
passenger

Consider the same situation from the accelerating frame of reference of the car. You
feel as if something is pushing you toward the outside of the circle. This force away from
the centre is a fictitious force called the centrifugal force. This situation, and the corresponding FBD involving the centrifugal force, are shown in Figure 11. Since the passenger is stationary (and remains so) in the rotating frame, the sum of the forces in that
frame is zero.
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(a)

(b)
FN

path
of passenger
F N , door

F N ,centrifugal
mg

radius

Figure 11
(a) Top view of a passenger from
the car’s frame of reference as
the car makes a left turn
(b) The side-view FBD of the passenger, showing the fictitious
force in the accelerating frame
of reference

+y
centre of
curve

(a)

force of
door on
passenger

centrifugal
force on
passenger

+x

(b)

Figure 12
(a) This centrifuge located at the Manned Spacecraft Center in Huston, Texas, swings a
three-person gondola to create g-forces experienced by astronauts during liftoff and
re-entry conditions.
(b) A medical centrifuge used to separate blood for testing purposes

A practical application of centrifugal force is the centrifuge, a rapidly-rotating device
used for such applications as separating substances in solution according to their densities and training astronauts. Figure 12 shows some applications of a centrifuge.
Figure 13 shows the operation of a typical centrifuge. Test tubes containing samples
are rotated at high frequencies; some centrifuges have frequencies higher than 1100 Hz.
A dense cell or molecule near the top of a tube at position A tends to continue moving
at a constant speed in a straight line (if we neglect fluid friction due to the surrounding
liquid). This motion carries the cell toward the bottom of the tube at position B. Relative
to the rotating tube, the cell is moving away from the centre of the circle and is settling
out. Relative to Earth’s frame of reference, the cell is following Newton’s first law of
motion as the tube experiences an acceleration toward the centre of the centrifuge.
Another rotating noninertial frame of reference is Earth’s surface. As Earth rotates
daily on its axis, the effects of the centrifugal acceleration on objects at the surface are
very small; nonetheless, they do exist. For example, if you were to drop a ball at the
equator, the ball would fall straight toward Earth’s centre because of the force of gravity.
However, relative to Earth’s rotating frame of reference, there is also a centrifugal force
NEL

centrifuge rapidly-rotating device
used for separating substances and
training astronauts

centre

rotation
direction

A
B
velocity of
particle
Figure 13
As the centrifuge rotates, a particle
at position A tends to continue
moving at a constant velocity, thus
settling to the bottom of the tube.
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FWcentrifugal
(exaggerated in size)

mg

+y

Figure 14
A ball dropped at the equator experiences not only the force of gravity,
but also a small centrifugal force.
This FBD of the ball is in Earth’s
rotating frame of reference.

directed away from Earth’s centre. (This is Newton’s first law of motion in action; you
feel a similar, though much greater effect when travelling at a high speed over the hill of
a roller coaster track.) Thus, the net force on the ball in Earth’s rotating frame is less
than the force of gravity in a nonrotating frame of reference. This is illustrated in the FBD
of the ball in Figure 14. The acceleration of the ball at the equator is about 0.34% less
than the acceleration due to gravity alone. The magnitude of the centrifugal force is a maximum at the equator, and decreases to zero at the Poles.
A detailed analysis of the motion of particles in a rotating frame of reference would
show that another fictitious force is involved. This force, perpendicular to the velocity
of the particle or object in the rotating frame, is called the Coriolis force. It is named
after the French mathematician Gaspard Gustave de Coriolis (1792–1843). Notice that
this fictitious force acts on objects that are in motion relative to the rotating frame.
For most objects moving at Earth’s surface, the effect of the Coriolis force is not noticeable. However, for objects that move very quickly or for a very long time, the effect is
important. For example, the Coriolis force is responsible for the rotation of many weather
patterns, such as the low-pressure systems that rotate counterclockwise in the Northern
Hemisphere and clockwise in the Southern Hemisphere.

TRY THIS activity

The Foucault Pendulum

In 1851, Jean Foucault, a French physicist, set up a pendulum to illustrate that Earth is a
rotating frame of reference. The Foucault pendulum consists of a heavy bob suspended on
a long wire; Foucault used a 28-kg bob attached to a 67-m wire. However, you can use a
much smaller pendulum with a globe to model a Foucault pendulum.

Figure 15
A Foucault pendulum at the North
Pole for the Try This Activity

(a) How would you use a globe and a simple pendulum to illustrate the behaviour of a
Foucault pendulum swinging at the North Pole, as in Figure 15? Describe what you
would observe at that location.
(b) How does the observed behaviour of a Foucault pendulum at the equator differ from
the observed behaviour at your latitude?
(c) If possible, set up a demonstration of your answer to (a).

Practice
Understanding Concepts
Answers
13. (d) 35°
(e) 5.4 3 1022 N

12. You are standing on a slowly rotating merry-go-round, turning counterclockwise as

viewed from above. Draw an FBD for your body and explain your motion
(a) in Earth’s frame of reference (assumed to have negligible rotation)
(b) in the frame of reference of the merry-go-round
13. When you stand on the merry-go-round in question 12, you hold a string from which

Coriolis force fictitious force that
acts perpendicular to the velocity of
an object in a rotating frame of
reference

is suspended a rubber stopper of mass 45 g. You are 2.9 m from the centre of the
merry-go-round. You take 4.1 s to complete one revolution.
(a) Draw a system diagram, showing the situation at the instant you are moving due
east.
(b) Draw an FBD of the stopper in Earth’s frame of reference for a person looking
eastward from behind you.
(c) Draw an FBD of the stopper in your frame of reference.
(d) What angle does the string make with the vertical?
(e) What is the magnitude of the tension in the string?
14. (a) Show that the acceleration of an object dropped at the equator is about 0.34%

less than the acceleration due to gravity alone.
(b) What is the difference between your weight at the equator (in newtons) and your
weight (from acceleration due to gravity alone)?
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Applying Inquiry Skills
15. You take a horizontal accelerometer (the type with three small beads in transparent

tubing, as in Figure 3 in the introduction to this chapter) onto an amusement-park
ride rotating in the horizontal plane to determine your centripetal acceleration
(Figure 16). The mass of the central bead in the accelerometer is 1.1 g. The ride
rotates clockwise as viewed from above, at a frequency of 0.45 Hz. You are 4.5 m from
the centre.

Answers
15. (b) 36 m/s2
(c) 75°
(d) 4.1 3 1022 N

DID YOU KNOW
Figure 16
As this ride begins, it rotates in
the horizontal plane, allowing a
rider to use a horizontal
accelerometer to measure the
acceleration.
(a)
(b)
(c)
(d)

How would you hold the accelerometer to obtain the reading?
What is the magnitude of your centripetal acceleration?
At what angle from the vertical is the central bead in the accelerometer?
Determine the magnitude of the normal force exerted by the accelerometer on
the bead.

?

Physics and Military Action
In World War I, during a naval
battle near the Falkland Islands,
British gunners were surprised to
observe their shells landing about
100 m to the left of their targets.
The gun sights had been adjusted
for the Coriolis force at 50° N
latitude. However, the battle was in
the Southern Hemisphere, where
this force produces a deflection in
the opposite direction.

Making Connections
16. Research the origin and design of Foucault pendulums. Where is the Foucault pen-

dulum closest to your home? (Hint: Science centres and university astronomy or
physics departments may have a demonstration pendulum in operation.)
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SUMMARY

Analyzing Forces in Circular Motion

•

The net force acting on an object in uniform circular motion acts toward the
centre of the circle. (This force is sometimes called the centripetal force, although
it is always just gravity, the normal force, or another force that you know already.)

•

The magnitude of the net force can be calculated by combining Newton’s secondlaw equation with the equations for centripetal acceleration.

•

The frame of reference of an object moving in a circle is a noninertial frame of
reference.

•

Centrifugal force is a fictitious force used to explain the forces observed in a
rotating frame of reference.

•

Centrifuges apply the principles of Newton’s first law of motion and centrifugal
force.

•

The Coriolis force is a fictitious force used to explain particles moving in a
rotating frame of reference.
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Shuttle Launches
Tangential centrifugal force assists
in the launching of NASA’s space
shuttles. All shuttles are launched
eastward, in the same direction as
Earth’s rotation. This is really an
application of Newton’s first law
because even before a shuttle is
launched, its speed is the speed of
the ground at that location. Can
you state why Toronto is a less
satisfactory location for a space
centre than Cape Canaveral, and
Yellowknife still less satisfactory
than Toronto?
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Section 3.2 Questions
Understanding Concepts
1. Which of the two designs in Figure 1(b) at the beginning

of this section is better? Why?
2. A 1.00-kg stone is attached to one end of a 1.00-m string,

of breaking strength 5.00 3 102 N, and is whirled in a horizontal circle on a frictionless tabletop. The other end of the
string is kept fixed. Find the maximum speed the stone can
attain without breaking the string.
3. A 0.20-kg ball on the end of a string is rotated in a hori-

zontal circle of radius 10.0 m. The ball completes 10 rotations in 5.0 s. What is the magnitude of the tension in the
string?
4. In the Bohr-Rutherford model of the hydrogen atom, the

electron, of mass 9.1 3 10231 kg, revolves around the
nucleus. The radius of the orbit is 5.3 3 10211 m and the
period of revolution of the electron around the nucleus is
1.5 3 10216 s.
(a) Find the magnitude of the acceleration of the electron.
(b) Find the magnitude of the electric force acting on the
electron.
5. A 1.12-m string pendulum has a bob of mass 0.200 kg.

(a) What is the magnitude of the tension in the string
when the pendulum is at rest?
(b) What is the magnitude of the tension at the bottom of
the swing if the pendulum is moving at 1.20 m/s?

(c) Name the forces contributing to the centripetal force
on the bob of the accelerometer.
(d) If the accelerometer is calibrated as in Figure 17, what
reading will you observe at the top of the loop? (Hint:
Draw an FBD of the accelerometer bob when it is
inverted in Earth’s frame of reference at the top of the
ride. Assume two significant digits.)
(e) What are the most likely sources of random and systematic error in trying to use a vertical accelerometer
on a roller coaster?
Making Connections
10. Very rapid circular motion, particularly of machinery, pres-

ents a serious safety hazard. Give three examples of such
hazards—one from your home, one from an ordinary car,
and one from the workplace of a friend or family member.
For each hazard, describe the underlying physics and propose appropriate safety measures.
11. Centrifuges are used for separating out components in

many mixtures. Describe two applications of centrifuges
from one of the following areas: the clinical analysis of
blood, laboratory investigations of DNA and proteins, the
preparation of dairy products, and sample analyses in
geology.

GO
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6. When you whirl a small rubber stopper on a cord in a ver-

tical circle, you find a critical speed at the top for which the
tension in the cord is zero. At this speed, the force of
gravity on the object is itself sufficient to supply the necessary centripetal force.
(a) How slowly can you swing a 15-g stopper like this so
that it will just follow a circle with a radius of 1.5 m?
(b) How will your answer change if the mass of the stopper
doubles?
7. An object of mass 0.030 kg is whirled in a vertical circle of

0g

radius 1.3 m at a constant speed of 6.0 m/s. Calculate the
maximum and minimum tensions in the string.
8. A child is standing on a slowly rotating ride in a park. The

ride operator makes the statement that in Earth’s frame of
reference, the child remains at the same distance from the
centre of the ride because there is no net force acting on
him. Do you agree with this statement? Explain your
answer.

1g

2g

Applying Inquiry Skills
9. You are on a loop-the-loop roller coaster at the inside top

of a loop that has a radius of curvature of 15 m. The force
you feel on your seat is 2.0 times as great as your normal
weight. You are holding a vertical accelerometer, consisting
of a small metal bob attached to a sensitive spring
(Figure 17).
(a) Name the forces that act toward the centre of the
circle.
(b) Determine the speed of the coaster at the top of the
loop.
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Figure 17
This vertical accelerometer is
calibrated in such a way that
when it is at rest, the scale
reads “1g” at the bottom of the
bob.
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Figure 1
The details of the night sky are
enhanced when the surroundings
are dark and a telescope is used.
The force of gravity has an important influence on all the objects in
the universe.

People have always enjoyed viewing stars and planets on clear, dark nights (Figure 1). It
is not only the beauty and variety of objects in the sky that is so fascinating, but also
the search for answers to questions related to the patterns and motions of those objects.
Until the late 1700s, Jupiter and Saturn were the only outer planets identified in our
solar system because they were visible to the naked eye. Combined with the inner planets
(Mercury, Venus, Earth, and Mars), the solar system was believed to consist of the Sun
and six planets, as well as other smaller bodies such as moons. Then in 1781, British
astronomer William Herschel (1738–1822), after making careful observations on what
other astronomers thought was a star, announced that the “star” appeared to move relative to the background stars over a long period. This wandering star turned out to be
the seventh planet, which Herschel named Uranus, after the Greek god of the sky and ruler
of the universe. Astronomers studied the motion of Uranus over many years and discovered that its path was not quite as smooth as expected. Some distant hidden object
appeared to be “tugging” on Uranus causing a slightly uneven orbit. Using detailed mathematical analysis, they predicted where this hidden object should be, searched for it for
many years, and in 1846 discovered Neptune (Figure 2). Neptune is so far from the Sun
that it takes almost 165 Earth years to complete one orbit; in other words, it will soon
complete its first orbit since being discovered.
The force that keeps the planets in their orbits around the Sun and our Moon in its
orbit around Earth is the same force tugging on Uranus to perturb its motion—the
force of gravity. This force exists everywhere in the universe where matter exists. Sir
Isaac Newton first analyzed the effects of gravity throughout the universe. Neptune was
discovered by applying Newton’s analysis of gravity.

Newton’s Law of Universal Gravitation
In his Principia, published in 1687, Newton described how he used known data about
objects in the solar system, notably the Moon’s orbit around Earth, to discover the factors that affect the force of gravity throughout the universe. The relationships involved
are summarized in his law of universal gravitation.
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Figure 2
Neptune, the most distant of the
gas giant planets, was named after
the Roman god of water. Although
earthbound telescopes disclose
little detail, photographs taken by
the space probe Voyager 2 in 1989
reveal bright blue and white clouds,
and a dark area that may be a large
storm.

LEARNING TIP
Perturbations
In physics, a perturbation is a
slight alteration in the action of a
system that is caused by a secondary influence. Perturbations
occur in the orbits of planets,
moons, comets, and other heavenly bodies. When astronomers
analyze the perturbations in the
orbits of heavenly bodies, they
search for the secondary influence
and sometimes discover another
body too small to find by chance.
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DID YOU KNOW

?

Newton’s Law of Universal Gravitation
The force of gravitational attraction between any two
objects is directly proportional to the product of the masses
of the objects, and inversely proportional to the square of
the distance between their centres.

Caroline Herschel:
An Underrated Astronomer

To express this law in equation form, we use the following symbols for the magnitudes of the variables involved: FG is the force of gravitational attraction between any two
objects; m1 is the mass of one object; m2 is the mass of a second object; and r is the distance between the centres of the two objects, which are assumed to be spherical.
Newton discovered the following proportionalities:
If m2 and r are constant, FG ~ m1 (direct variation).
Uranus was the first planet discovered by telescope. William Herschel,
the astronomer who made the discovery, designed and built his own
instruments with the assistance of
another astronomer, his sister.
Caroline Herschel (1750–1848) spent
long hours grinding and polishing
the concave mirrors used to make
reflecting telescopes. With some of
those telescopes, she made many
discoveries of her own, including
nebulae (clouds of dust or gas in
interstellar space) and comets. She
also helped William develop a mathematical approach to astronomy,
and contributed greatly to permanently valuable catalogues of astronomical data. She was the first
woman to be granted a membership
in the Royal Astronomical Society in
London, UK.

If m1 and r are constant, FG ~ m2 (direct variation).
1
If m1 and m2 are constant, FG ~ }2 (inverse square variation).
r
Combining these statements, we obtain a joint variation:
m1m2
FG ~ }}
r2

Finally, we can write the equation for the law of universal gravitation:
Gm1m2
FG 5 }}
r2

where G is the universal gravitation constant.
In applying the law of universal gravitation, it is important to consider the following
observations:

•

There are two equal, but opposite forces present. For example, Earth pulls on you
and you pull on Earth with a force of equal magnitude.

•

For the force of attraction to be noticeable, at least one of the objects must be
very large.

•

The inverse square relationship between FG and r means that the force of attraction diminishes rapidly as the two objects move apart. On the other hand, there
is no value of r, no matter how large, that would reduce the force of attraction to
zero. Every object in the universe exerts a force of attraction on every other
object.

•

The equation for the law of universal gravitation applies only to two spherical
objects (such as Earth and the Sun), to two objects whose sizes are much smaller
than their separation distance (for example, you and a friend separated by
1.0 km), or to a small object and a very large sphere (such as you and Earth).

SAMPLE problem 1
Earth’s gravitational pull on a spacecraft some distance away is 1.2 3 102 N in magnitude.
What will the magnitude of the force of gravity be on a second spacecraft with 1.5 times
the mass of the first spacecraft, at a distance from Earth’s centre that is 0.45 times as
great?

Solution
Let mE represent the mass of Earth, and the subscripts 1 and 2 represent the first and
second spacecraft, respectively.
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F1 = 1.2 3 102 N
m2 = 1.5m1
r2 = 0.45r1
F2 = ?

By ratio and proportion:
GmEm2

1}r }2
2

2
F
}}2 5 }}
GmEm1
F1
}}
r12

1

2

m2 r12
F2 5 F1 }}
}}
r22 m1

1 21 2

1.5m 1
5 F1 }2
(0.45r1 )

1

r12
}}
m1

21 2

1.5
5 1.2 3 102 N }2
(0.45)

1

2

F2 5 8.9 3 102 N

The force of gravity on the spacecraft is 8.9 3 102 N in magnitude.

Practice
Understanding Concepts
1. Relate Newton’s third law of motion to his law of universal gravitation.
2. What is the direction of the gravitational force of attraction of object A on

object B?

Answers
3. 8.0 N
4. 2.3 3 102 N

3. The magnitude of the force of gravitational attraction between two uniform

spherical masses is 36 N. What would the magnitude of the force be if one mass
were doubled, and the distance between the objects tripled?

5. 4.2 m

4. Mars has a radius and mass 0.54 and 0.11 times the radius and mass of Earth.

If the force of gravity on your body is 6.0 3 102 N in magnitude on Earth, what
would it be on Mars?
5. The magnitude of the force of gravity between two uniform spherical masses is

14 N when their centres are 8.5 m apart. When the distance between the masses
is changed, the force becomes 58 N. How far apart are the centres of the
masses?
Applying Inquiry Skills
6. Sketch a graph showing the relationship between the magnitude of the gravita-

tional force and the distance separating the centres of two uniform spherical
objects.
Making Connections
7. In the past, Pluto has been known as the ninth planet in the solar system.

Recently, however, it has been suggested that Pluto should be classified as
a body other than a planet. Research and write a brief report on Pluto’s
discovery, and also the reasons for the recent controversy over Pluto’s planetary
status.

GO
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DID YOU KNOW

?

Universal Laws
Newton’s law of universal gravitation was among the first of the “universal truths,” or laws of nature that
could be applied everywhere.
Scientists in the 18th and 19th centuries introduced an analytical and
scientific approach to searching for
answers to questions in other fields.
By the turn of the 20th century,
however, scientific investigation
showed that nature was not as
exact and predictable as everyone
had believed. For example, as you
will see in Unit 5, the tiny physical
world of the atom does not obey
strict, predictive laws.

Determining the Universal Gravitation Constant
The numerical value of the universal gravitation constant G is extremely small; experimental determination of the value did not occur until more than a century after Newton
formulated his law of universal gravitation. In 1798, British scientist Henry Cavendish
(1731–1810), using the apparatus illustrated in Figure 3, succeeded in measuring the
gravitational attraction between two small spheres that hung on a rod approximately
2 m long and two larger spheres mounted independently. Using this equipment, he
derived a value of G that is fairly close to today’s accepted value of 6.67 3 10211 N?m2/kg2.
His experiment showed that gravitational force exists even for relatively small objects and,
by establishing the value of the constant of proportionality G, he made it possible to
use the law of universal gravitation in calculations. Cavendish’s experimental determination of G was a great scientific triumph. Astronomers believe that its magnitude may
influence the rate at which the universe is expanding.
(a)
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Figure 3
Cavendish’s experimental setup
(a) This sketch of the apparatus
appeared in his original paper. The
device is mounted in a large case G,
with outside controls to move the
masses and adjust the horizontal
rod. Scales near the end of the rod
are illuminated by lamps L and
observed through the telescope T.
(b) A simplified view of the apparatus
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SAMPLE problem 2
Determine the magnitude of the force of attraction between two uniform metal balls, of
mass 4.00 kg, used in women’s shot-putting, when the centres are separated by 45.0 cm.

Solution
G 5 6.67 3 10211 N?m2/kg2

r 5 0.450 m

m1 5 m2 5 4.00 kg

FG 5 ?

Gm1m2
FG 5 }
r2
(6.67 3 10211 N?m2/kg2)(4.00 kg)(4.00 kg)
5 }}}}}
(0.450 m)2
FG 5 5.27 3 1029 N

The magnitude of the force of attraction is 5.27 3 1029 N, an extremely small value.

Practice
Understanding Concepts
8. What is the magnitude of the force of gravitational attraction between two

1.8 3 108-kg spherical oil tanks with their centres 94 m apart?
9. A 50.0-kg student stands 6.38 3

106

m from Earth’s centre. The mass of Earth is
5.98 3 1024 kg. What is the magnitude of the force of gravity on the student?

10. Jupiter has a mass of 1.90 3 1027 kg and a radius of 7.15 3 107 m. Calculate the

magnitude of the acceleration due to gravity on Jupiter.
11. A space vehicle, of mass 555 kg, experiences a gravitational pull from Earth of

255 N. The mass of Earth is 5.98 3 1024 kg. How far is the vehicle (a) from the
centre of Earth and (b) above the surface of Earth?

Answers
8. 2.4 3 102 N
9. 4.90 3 102 N
10. 24.8 m/s2
11. (a) 2.95 3 107 m
(b) 2.31 3 107 m
12. 6.8 N
13. (a) 5.98 3 1024 kg

12. Four masses are located on a plane, as in Figure 4. What is the magnitude of

the net gravitational force on m1 due to the other three masses?
Making Connections
13. The mass of Earth can be calculated by applying the fact that an object’s weight

is equal to the force of gravity between Earth and the object. The radius of Earth
is 6.38 3 106 m.
(a) Determine the mass of Earth.
(b) At what stage in the historical development of science would physicists first
have been able to calculate Earth’s mass accurately? Explain your answer.
(c) What effect on society is evident now that we accurately know Earth’s mass?

m1 = 3.0 kg

1.0 m

m4 = 1.0 kg

SUMMARY

Universal Gravitation

•

Newton’s law of universal gravitation states that the force of gravitational attraction between any two objects is directly proportional to the product of the
masses of the objects and inversely proportional to the square of the distance
between their centres.

•

The universal gravitation constant, G = 6.67 3 10211 N?m2/kg2, was first determined experimentally by Henry Cavendish in 1798.

•

The law of universal gravitation is applied in analyzing the motions of bodies in
the universe, such as planets in the solar system. (This analysis can lead to the
discovery of other celestial bodies.)
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m2 = 1.0 kg

m3 = 4.0 kg

1.0 m
Figure 4
For question 12
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Understanding Concepts
1. Do you agree with the statement, “There is no location any-

where in the universe where a body can exist with no force
acting on it”? Explain.
2. The force of attraction between masses m1 and m2 is 26 N

in magnitude. What will the magnitude of the force become
if m2 is tripled, and the distance between m2 and m1 is
halved?
3. You are an astronaut. At what altitude above the surface of

Earth is your weight one-half your weight on the surface?
Express your answer as a multiple of Earth’s radius rE.

(b) What is the physical meaning of the root of the quadratic equation whose value exceeds the Earth-Moon
distance? (An FBD of the object in this circumstance
will enhance your answer.)
Applying Inquiry Skills
7. Using Figure 6, you can illustrate what happens to the

magnitude of the gravitational force of attraction on an
object as it recedes from Earth. Make a larger version of the
graph and complete it for the force of gravity acting on you
as you move from the surface of Earth to 7.0 Earth radii
from the centre of Earth.

4. Calculate the magnitude of the gravitational attraction

between a proton of mass 1.67 3 10227 kg and an electron
of mass 9.11 3 10231 kg if they are 5.0 3 10211 m apart (as
they are in a hydrogen atom).
5. Uniform spheres A, B, and C have the following masses

and centre-to-centre separations: mA 5 55 kg, mB 5 75 kg,
mC 5 95 kg; rAB 5 0.68 m, rBC 5 0.95 m. If the only forces
acting on B are the forces of gravity due to A and C, determine the net force acting on B with the spheres arranged
as in Figures 5(a) and (b).

FG
on You
(N)

Earth
rE

(a)
B

A

rE
3rE
5rE
7rE
Distance from the
Centre of Earth

C
rAC

rAB

Figure 6

(b)
B

A

Making Connections
8. A geosynchronous satellite must remain at the same loca-

rAB

N
rAC
E
C

Figure 5

6. At a certain point between Earth and the Moon, the net

gravitational force exerted on an object by Earth and the
Moon is zero. The Earth-Moon centre-to-centre separation
is 3.84 3 105 km. The mass of the Moon is 1.2% the mass of
Earth.
(a) Where is this point located? Are there any other such
points? (Hint: Apply the quadratic formula after setting
up the related equations.)
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tion above Earth’s equator as it orbits Earth.
(a) What period of revolution must a geosynchronous
satellite have?
(b) Set up an equation to express the distance of the
satellite from the centre of Earth in terms of the universal gravitation constant, the mass of Earth, and the
period of revolution around Earth.
(c) Determine the value of the distance required in (b).
(Refer to Appendix C for data.)
(d) Why must the satellite remain in a fixed location
(relative to an observer on Earth’s surface)?
(e) Research the implications of having too many geosynchronous satellites in the space available above the
equator. Summarize your findings in a brief report.

GO
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Satellites and Space Stations
A satellite is an object or a body that revolves around another object, which is usually
much larger in mass. Natural satellites include the planets, which revolve around the
Sun, and moons that revolve around the planets, such as Earth’s Moon. Artificial satellites are human-made objects that travel in orbits around Earth or another body in the
solar system.
A common example of an artificial satellite is the network of 24 satellites that make
up the Global Positioning System, or GPS. This system is used to determine the position
of an object on Earth’s surface to within 15 m of its true position. The boat shown in
Figure 1 has a computer-controlled GPS receiver that detects signals from each of three
satellites. These signals help to determine the distance between the boat and the satellite, using the speed of the signal and the time it takes for the signal to reach the boat.
(a)

(b)
S1

satellite object or body that
revolves around another body
space station an artificial satellite
that can support a human crew and
remains in orbit around Earth for
long periods

(c)
S1

S2

Another example of an artificial satellite is a space station, a spacecraft in which
people live and work. Currently, the only space station in operation is the International
Space Station, or ISS. Like satellites travelling with uniform circular motion, the ISS
travels in an orbit of approximately fixed radius. The ISS is a permanent orbiting laboratory in which research projects, including testing how humans react to space travel, are
conducted. In the future, the knowledge gained from this research will be applied to
design and operate a spacecraft that can transport people great distances to some destination in the solar system, such as Mars.

Satellites in Circular Orbit
When Isaac Newton developed his idea of universal gravitation, he surmised that the
same force that pulled an apple downward as it fell from a tree was responsible for
keeping the Moon in its orbit around Earth. But there is a big difference: the Moon does
not hit the ground. The Moon travels at the appropriate speed that keeps it at approximately the same distance, called the orbital radius, from Earth’s centre. As the Moon
circles Earth, it is undergoing constant free fall toward Earth; all artificial satellites
in circular motion around Earth undergo the same motion. A satellite pulled by the
force of gravity toward Earth follows a curved path. Since Earth’s surface is curved, the
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S1

S3

S2

Figure 1
GPS satellites can determine the
location of an object, in this case a
boat.
(a) With one satellite, the location
is known to be somewhere
along the circumference of a
circle.
(b) With two satellites consulted
simultaneously, the location is
found to be at one of two intersection spots.
(c) With three satellites consulted
simultaneously, the intersection
of three circles gives the exact
location of the boat.
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satellite falls downward at the same rate as Earth’s curvature. If the orbiting, free-falling
satellite has the proper speed for its orbital radius as it falls toward Earth, it will never
land (Figure 2).
To analyze the motion of a satellite in uniform circular motion, we combine Newton’s
law of universal gravitation with the equation for centripetal acceleration involving the
satellite’s speed. Using the magnitudes of the forces only, we have:

force of gravity

radius

oF
orbit
Figure 2
A satellite in a circular orbit around
Earth experiences constant free fall
as its path follows the curvature of
Earth’s surface.

GmSmE
mSv 2
5 }}
5 }
2
r
r

where G is the universal gravitation constant, mS is the mass of the satellite, mE is the mass
of Earth, v is the speed of the satellite, and r is the distance from the centre of Earth to
the satellite. Solving for the speed of the satellite and using only the positive square root:
v5

!§
GmE
}}
r

This equation indicates that for a satellite to maintain an orbit of radius r, its speed must
be constant. Since the Moon’s orbital radius is approximately constant, its speed is also
approximately constant. A typical artificial satellite with a constant orbital radius is a
geosynchronous satellite used for communication. Such a satellite is placed in a 24-hour
orbit above the equator so that the satellite’s period of revolution coincides with Earth’s
daily period of rotation.
The equations for centripetal acceleration in terms of the orbital period and frequency
can also be applied to analyze the motion of a satellite in uniform circular motion
depending on the information given in a problem.

SAMPLE problem 1
The Hubble Space Telescope (HST), shown in Figure 3, follows an essentially circular
orbit, at an average altitude of 598 km above the surface of Earth.
(a) Determine the speed needed by the HST to maintain its orbit. Express the speed both
in metres per second and in kilometres per hour.
(b) What is the orbital period of the HST?

Solution
(a) G 5 6.67 3 10211 N?m2/kg2
mE 5 5.98 3

1024

kg

r 5 6.38 3 106 m + 5.98 3 105 m 5 6.98 3 106 m
v 5 ?

Since gravity causes the centripetal acceleration,
mS v 2
GmSmE
}
5 }
2
r
r

Solving for v:
Figure 3
The Hubble Space Telescope (HST)
being deployed from the cargo bay
of a space shuttle

v5

5

!§
GmE
}}
r

!§§
(6.67 3 10211 N?m2/kg2)(5.98 3 1024 kg)
}}}}}
6.98 3 106 m

5 7.56 3 103 m/s
v 5 2.72 3 104 km/h

The required speed of the HST is 7.56 3 103 m/s, or 2.72 3 104 km/h.
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(b) v 5 2.72 3 104 km/h
d 5 2pr 5 2p(6.98 3 103 km)
T 5 ?
2pr
T 5 }}
v
2p(6.98 3 103 km)
5 }}}
2.72 3 104 km/h
T 5 1.61 h

The orbital period of the HST is 1.61 h.

Practice
Understanding Concepts
1. (a) As the altitude of an Earth satellite in circular orbit increases, does the

speed of the satellite increase, decrease, or remain the same? Why?
(b) Check your answer by comparing the speed of the HST (discussed in
Sample Problem 1) with the speed of the Moon. The orbital radius of the
Moon is 3.84 3 105 km.
2. The ISS follows an orbit that is, on average, 450 km above the surface of Earth.

Determine (a) the speed of ISS and (b) the time for one orbit.

DID YOU KNOW

?

Analyzing Black Holes
A black hole is created when a
star, having exhausted the nuclear
fuel from its core, and having a
core mass about twice as great as
the mass of the Sun, collapses. The
gravitational force of a black hole
is so strong that nothing—not even
light—can escape. A black hole is
observed indirectly as material
from a nearby star falls toward it,
resulting in the emission of X rays,
some of which can be detected on
Earth. Measurements of the material in circular motion around a
black hole can reveal the speed of
the material and the distance it is
from the centre of its orbital path.
The equations developed for satellite motion can then be used to
determine the mass of the black
hole.

3. Derive an expression for the radius of a satellite’s orbit around Earth in terms of

the period of revolution, the universal gravitation constant, and Earth’s mass.
4. Satellite-broadcast television is an alternative to cable. A “digital TV” satellite fol-

lows a geosynchronous orbit.
(a) State the period of revolution of the satellite in seconds.
(b) Determine the altitude of the orbit above the surface of Earth.
Applying Inquiry Skills
5. Sketch graphs showing the relationship between the speed of a satellite in uni-

form circular motion and
(a) the mass of the body around which the satellite is orbiting
(b) the orbital radius
Making Connections

Answers
1. (b) vM = 1.02 3 103 m/s
2. (a) 7.64 3 103 m/s
(b) 1.56 h
3. r 5

}
!§
p

3

T 2GmE
4

2

4. (a) 8.64 3 104 s
(b) 3.59 3 104 km
6. (a) 4.8 3 1039 kg
(b) 2.4 3 109 :1

6. Astronomers have identified a black hole at the centre of galaxy M87

(Figure 4). From the properties of the light observed, they have measured
material at a distance of 5.7 3 1017 m from the centre of the black hole, travelling at an estimated speed of 7.5 3 105 m/s.

Figure 4
This image of the centre of galaxy
M87 was obtained by the HST. The
square identifies the area at the
core of the galaxy where a black
hole is believed to exist.
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(a) Determine the mass of this black hole, making the assumption that the
observed material is in a circular orbit.
(b) What is the ratio of the mass of the black hole to the mass of the Sun
(1.99 3 1030 kg)? What does this ratio suggest about the origin and makeup
of a black hole found at the centre of a galaxy?
(c) It has been suggested that “dark body” is a better term than “black hole.”
Do you agree? Why or why not?

apparent weight the net force
exerted on an accelerating object in
a noninertial frame of reference

Apparent Weight and Artificial Gravity
Figure 5
(a) The reading on a bathroom
scale is equal to the magnitude
of your weight, mg.
(b) The reading on the bathroom
scale becomes less than mg if
you weigh yourself on an elevator accelerating downward.
(c) The reading is zero in vertical
free fall at an amusement park.
(d) An astronaut in orbit is in free
fall, so the reading on the
scale is zero.

When you stand on a bathroom scale, you feel a normal force pushing upward on your
body. That normal force makes you aware of your weight, which has a magnitude of
mg. If you were standing on that same scale in an elevator accelerating downward, the
normal force pushing up on you would be less, so the weight you would feel would be
less than mg. This force, called the apparent weight, is the net force exerted on an accelerating object in its noninertial frame of reference. If you were standing on that same scale
on a free-falling amusement park ride, there would be no normal force and the scale
would read zero. If you were to travel on the ISS, you would be in constant free fall, so
there would be no normal force acting on you. Figure 5 illustrates these four situations.

a < 9.8 m/s 2 [down]

(b)

(a)

(c)

a = 9.8 m/s 2 [down]

(d)

scale

scale

scale

scale

ac

FN

=

mg

FN <

mg

FN = 0

FN = 0

Have you ever noticed how astronauts and other objects in orbiting spacecraft appear
to be floating (Figure 6)? This condition arises as the spacecraft and everything in it
undergo constant free fall. The apparent weight of all the objects is zero. (This condition
of constant free fall has been given various names, including zero gravity, microgravity,
and weightlessness. These terms will be avoided in this text because they are misleading.)
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Since humans first became space travellers approximately four decades ago, researchers
have investigated the effects of constant free fall on the human body. The absence of
forces against the muscles causes the muscles to become smaller and the bones to become
brittle as they lose calcium. Excess body fluids gather in the upper regions of the body
causing the heart and blood vessels to swell, making the astronauts’ faces look puffy and
their legs look thinner. This imbalance of fluids also affects the kidneys, resulting in
excess urination.
Today, vigorous exercise programs on space flights help astronauts reduce these negative effects on their bodies. Even with such precautions, however, the effects of constant free fall would be disastrous over the long periods needed to travel to other parts
of the solar system, such as Mars. The most practical solution to this problem is to design
interplanetary spacecrafts that have artificial gravity, where the apparent weight of an
object is similar to its weight on Earth.
One way to produce artificial gravity during long space flights is to have the spacecraft
constantly rotating (Figure 7). Adjusting the rate of rotation of the spacecraft to the
appropriate frequency allows the astronauts’ apparent weight to equal the magnitude
of their Earth-bound weight.
Physics teachers often use water in a bucket swung quickly (and safely!) in a loop to
simulate artificial gravity. You can perform a similar simulation in Activity 3.4.1 in the
Lab Activities section at the end of this chapter.
axis of
rotation

FN

Figure 7
Any object on the inside surface of a rotating spacecraft experiences a normal force
toward the centre of the craft. This normal force causes the centripetal acceleration
of the objects in circular motion.

Figure 6
Canadian astronaut Julie Payette in
free fall during duties on the space
shuttle Discovery in 1999.
artificial gravity situation in which
the apparent weight of an object is
similar to its weight on Earth

ACTIVITY 3.4.1
Simulating Artificial Gravity
(p. 154)
You can use a ball inside a bucket
swung quickly in a vertical circle to
simulate the situation in which an
astronaut moves with uniform circular motion on the interior wall of a
rotating space station. How does
this model differ from the real-life
rotating space station?

DID YOU KNOW

?

Early Space Stations
The former Soviet Union and the
United States operated experimental space stations intermittently from the 1970s onward. The
most famous and long-lasting station before the ISS was the Soviet
(later Russian) Mir, launched in
1986 and decommissioned in 2001.

SAMPLE problem 2
You are an astronaut on a rotating space station. Your station has an inside diameter of
3.0 km.
(a) Draw a system diagram and an FBD of your body as you stand on the interior surface
of the station.
(b) Determine the speed you need to have if your apparent weight is to be equal in magnitude to your Earth-bound weight.
(c) Determine your frequency of rotation, both in hertz and in revolutions per minute.
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(a)
axis of
rotation

Solution
(a) Figure 8 contains the required diagrams.
(b) The centripetal acceleration is caused by the normal force of the inside surface of the
station on your body. Your weight on Earth is mg.
r 5 1.5 km 5 1.5 3 103 m
v 5 ?

oF

5 max

FN 5 mac
mv 2
FN 5 }
r

(b)

+x

mv 2
mg 5 }
r
v 2 5 gr

FN
Figure 8
(a) The system diagram of the
astronaut and the space station
for Sample Problem 2
(b) The FBD of the astronaut

v 5 Ïgr
w
2 )(1.w
5 Ï(9.8
w/s
mw5
3 103w
m)

v 5 1.2 3 102 m/s

Your speed must be 1.2 3 102 m/s.
(c) v 5 1.2 3 102 m/s
f 5 ?
2pr
v 5 }}
T
1
f 5 }}
T
v 5 2prf
v
f 5 }
2p}r
1.2 3 102 m/s
5 }}
2p (1.5 3 103 m)
f 5 1.3 3 1022 Hz, or 0.77 rpm

Your frequency of rotation is 1.3 3 1022 Hz, or 0.77 rpm.

Practice
Understanding Concepts
Answers
7. (a) 3.7 3 102 N
(b) 7.3 3 102 N
9. (a) 5.5 3 102 N
(b) 87%
10. (a) 126 m/s
(b) 80.8 s

7. Determine the magnitude of the apparent weight of a 56-kg student standing in

an elevator when the elevator is experiencing an acceleration of (a) 3.2 m/s2
downward and (b) 3.2 m/s2 upward.
8. Describe why astronauts appear to float around the ISS even though the gravita-

tional pull exerted on them by Earth is still relatively high.
9. The ISS travels at an altitude of 450 km above the surface of Earth.

(a) Determine the magnitude of the gravitational force on a 64-kg astronaut at
that altitude.
(b) What percentage of the astronaut’s Earth-bound weight is the force in (a)?
10. A cylindrical spacecraft travelling to Mars has an interior diameter of 3.24 km.

The craft rotates around its axis at the rate required to give astronauts along the
interior wall an apparent weight equal in magnitude to their Earth-bound weight.
Determine (a) the speed of the astronauts relative to the centre of the spacecraft
and (b) the period of rotation of the spacecraft.
150 Chapter 3
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Applying Inquiry Skills
11. You are an astronaut on a mission to Mars. You want to determine whether the

frequency of rotation of your spacecraft is providing an apparent weight equal in
magnitude to your Earth-bound weight. What experiment(s) could you perform?
Making Connections
12. Astronauts on a rotating spacecraft travelling to Mars, like present-day astro-

nauts on the nonrotating ISS, need to minimize problems with muscles, bones,
and body fluids. In what ways would an exercise program for astronauts bound
for Mars resemble, and in what ways would it differ from, an exercise program
for astronauts on the ISS?

SUMMARY

Satellites and Space Stations

•

Satellites can be natural (such as moons of planets) or artificial (such as the
Hubble Space Telescope).

•

The speed of a satellite in uniform circular motion around a central body is a
function of the mass of that central body and the radius of the orbit. The speed is
constant for a given radius.

•

Any interplanetary space travel for humans in the future must involve artificial
gravity aboard a spacecraft.

Section 3.4 Questions
Understanding Concepts
1. Describe a situation in which a space station is a satellite

and a situation in which a space station is not a satellite.
2. Arrange the following satellites in decreasing order of

speed: the Moon, the ISS, a geosynchronous satellite, and a
weather-watch satellite. (Weather-watch satellites are
closer to Earth than the ISS.)
3. The Moon’s mass is 1.23% of Earth’s mass and its radius is

27.2% of Earth’s radius. Determine the ratio of the speed of
an artificial satellite in orbit around Earth to the speed of a
similar satellite in orbit around the Moon, assuming that the
orbital radii are the same.
4. Mars travels around the Sun in 1.88 Earth years in an

approximately circular orbit with a radius of 2.28 3 108 km.
Determine (a) the orbital speed of Mars (relative to the
Sun) and (b) the mass of the Sun.
5. Each satellite in the Global Positioning System travels at

1.05 3 104 km/h. Determine, in kilometres, each satellite’s
(a) orbital radius and (b) distance from the surface of Earth.
(Refer to Appendix C for data.)
6. As a spacecraft of diameter 2.8 km approaches Mars, the

Applying Inquiry Skills
7. (a) Choose a toy that involves motion and describe how

you think its operation on the ISS would differ from its
operation on Earth.
(b) Research which toys have been taken into space for
physics experiments. Describe some results of these
experiments.

GO
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Making Connections
8. Although Earth’s orbit around the Sun is not perfectly cir-

cular, it can still be analyzed by applying the principles and
equations of circular motion. Consider that Earth’s orbital
speed is slightly greater during our winters than during our
summers.
(a) In which month, June or December, is Earth closer to
the Sun?
(b) Does your answer to (a) explain why June in the
Northern Hemisphere is so much warmer than
December? Why or why not?

astronauts want to experience what their Mars-bound
weight will be. What should (a) the period and (b) the frequency of rotation be to simulate an acceleration due to
gravity of magnitude 3.8 m/s2?

NEL
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Chapter 3

SUMMARY

Key Expectations
• define and describe concepts and SI units related to
the dynamics of circular motion (3.1, 3.2, 3.3, 3.4)

•
•

analyze and predict, in quantitative terms, and explain
uniform circular motion in the horizontal and vertical
planes with reference to the forces involved (3.2)
distinguish between noninertial (accelerating) and
inertial (nonaccelerating) frames of reference, and calculate velocity and acceleration of objects in uniform
circular motion (3.2, 3.4)

•

describe Newton’s law of universal gravitation, apply it
quantitatively, and use it to explain the motion of
planets and satellites (3.3, 3.4)

•

investigate, through experimentation, the relationships
among centripetal acceleration, radius of orbit, and
frequency and period of an object in uniform circular
motion, and analyze the relationships in quantitative
terms (3.1)

•

•

describe technological devices that are based on the
concepts and principles of circular motion (e.g.,
explain, using scientific concepts and principles, how a
centrifuge separates the components of a mixture and
why the clothoid loop is used in the design of looping
roller coasters) (3.2, 3.4)
analyze the principles of dynamics and describe, with
reference to these principles, how the motion of
human beings, objects, and vehicles can be influenced
by modifying certain factors (e.g., analyze artificial
gravity in long-range spacecraft) (3.2, 3.4)

Key Equations
4p2r
v2
5 4p2rf 2
• ac 5 }r 5 }
T2
• oF 5
•

4p2mr
mv 2
} 5 }
5 4p2mrf 2
r
T2

Gm1m2
FG 5 }}
r2

(3.1)
(3.2)
(3.3)

MAKE a summary
Draw and label several FBDs to illustrate the key expectations, key terms, key equations, concepts, and applications
presented in this chapter. Objects for which you can draw
FBDs include

•

a passenger near the outside perimeter of a merry-goround (show both the inertial and noninertial frames of
reference)

•

a horizontal accelerometer held by a passenger on a
merry-go-round

•

a rubber stopper on the end of a string being twirled in a
vertical circle (draw at least three FBDs)

•

a car travelling around a banked curve as viewed from the
rear of the car

•
•

a geosynchronous satellite in orbit around Earth

•

a physics student using a vertical accelerometer at various locations on the ride shown in Figure 1

an astronaut walking along the inside wall of a large
rotating space station

Key Terms
uniform circular
motion

Newton’s law of
universal gravitation

centripetal acceleration

satellite

centripetal force

space station

centrifugal force

apparent weight

centrifuge

artificial gravity

Coriolis force

Figure 1
A vertical accelerometer can
be used to determine the
accelerations experienced by
the riders at various locations
on this coaster.
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SELF QUIZ

Unit 1

Write numbers 1 to 11 in your notebook. Indicate beside
each number whether the corresonding statement is true
(T) or false (F). If it is false, write a corrected version.

(d) vertically downward and lower in magnitude
than mg
(e) vertical and equal in magnitude to mg

1. A body in uniform circular motion experiences
acceleration that is constant in magnitude.

13. At the bottom of the circle for this same rubber
stopper, the net force that causes acceleration is
(a) horizontal and greater in magnitude than mg
(b) horizontal and lower in magnitude than mg
(c) vertically upward and greater in magnitude
than mg
(d) vertically upward and lower in magnitude than mg
(e) vertical and equal in magnitude to mg

2. Centripetal acceleration is in a direction tangential to
the path of the object in motion.
3. At a constant speed, the centripetal acceleration of an
object in uniform circular motion is inversely proportional to the orbital radius, yet, at a constant period of
revolution, the centripetal acceleration is directly proportional to the orbital radius.
4. The centrifugal force on an object in uniform circular
motion is, as required by Newton’s first law of
motion, directed toward the centre of the circle.
5. Centripetal force is a fundamental force of nature
that applies to all objects, both natural and humanmade, in circular motion.
6. It is possible for static friction to be the sole force
producing centripetal acceleration in a moving
object.
7. The centripetal and centrifugal forces are an actionreaction pair of forces for an object in uniform circular motion.
8. Perturbations in the orbits of planets or other heavenly bodies can be used to locate additional such
bodies.
9. The magnitude of your weight, as calculated from
F = mg, yields a much smaller value than the magnitude of the force of gravity between you and Earth, as
GmmE
calculated from FG 5 }}.
r2
10. The International Space Station is an example of an
artificial satellite.
11. As the radius of the orbit of a satellite in uniform circular motion around a central body increases, the
speed of the satellite decreases.
Write numbers 12 to 23 in your notebook. Beside each
number, write the letter corresponding to the best choice.

12. You are whirling a rubber stopper of mass m,
attached to a string, in a vertical circle at a high constant speed. At the top of the circle, the net force that
causes acceleration is
(a) horizontal and greater in magnitude than mg
(b) horizontal and lower in magnitude than mg
(c) vertically downward and greater in magnitude
than mg
NEL

An interactive version of the quiz is available online.
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14. You now reduce the speed of this stopper, so that the
stopper barely makes it over the top of the circle.
When the stopper is at its highest point, the net force
toward the centre of the circle is
(a) horizontal, and greater in magnitude than mg
(b) horizontal, and lower in magnitude than mg
(c) vertically downward, and greater in magnitude
than mg
(d) vertically downward, and lower in magnitude
than mg
(e) vertical, and equal in magnitude to mg
15. You are a passenger in a car making a right turn on
level ground. The direction of the instantaneous
velocity is north. The direction of the centrifugal
force you feel is
(a) west
(b) northwest
(c) north
(d) northeast
(e) east
16. When the tip of the minute hand on a clock face is
moving past the 4:00 o’clock position, the vector in
Figure 1(a) that gives the direction of the acceleration
of the tip is
(a) vector 4
(b) vector 7
(c) vector 1
(d) vector 6
(e) vector 10
17. When the child on the swing in Figure 1(b) reaches
the lowest position on the swing, the vector in
Figure 1(a) that gives the direction of the centripetal
force is
(a) vector 4
(b) vector 10
(c) vector 12
(d) vector 6
(e) vector 8
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(a)

(b)
11

12

(c)

(d)

1
2

10

3

9

30°
8

4
7

6

5

Figure 1
For questions 16 to 19

18. In Figure 1(c), the car is travelling at a constant speed
around a banked curve. The direction of the normal
force acting on the car and the direction of the centripetal acceleration of the car are the same as the
directions, in Figure 1(a), of
(a) vector 12 and vector 6, respectively
(b) vector 11 and vector 7, respectively
(c) vector 11 and vector 8, respectively
(d) vector 11 and vector 9, respectively
(e) vector 11 and vector 11, respectively
19. At the instant shown in Figure 1(d), the skier is travelling over a frictionless, circular hump. The direction
of the skier’s instantaneous velocity and the direction
of the net force acting on the skier are the same as the
directions, in Figure 1(a), of
(a) vector 9 and vector 9, respectively
(b) vector 9 and vector 6, respectively
(c) vector 10 and vector 7, respectively
(d) vector 8 and vector 5, respectively
(e) vector 8 and vector 12, respectively

(a)

22. Choose the graph in Figure 2 that most accurately
represents the variation in the centripetal acceleration
of an object in uniform circular motion, as a function
of the speed of the object at a constant radius.
23. Choose the graph in Figure 2 that most accurately
represents the variation in the speed of a moon
undergoing uniform circular motion around a planet,
as a function of the mass of the planet.

x

(e)

(d)

y

y

x

21. Choose the graph in Figure 2 that most accurately
represents the variation in the gravitational force of
attraction between two uniform spheres, as a function of their centre-to-centre separation.

(c)

(b)

y

20. Choose the graph in Figure 2 that most accurately
represents the variation in the net force toward the
centre of the circle on an object in uniform circular
motion, as a function of the mass of the object.

y

y

x

x

x

Figure 2
For questions 20 to 23
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Understanding Concepts
1. Is centripetal acceleration an instantaneous acceleration, an average acceleration, both, or neither?
Explain.
2. Do all points along the minute hand of a clock experience the same centripetal acceleration? Explain.
3. If the speed of a particle in circular motion is
increasing, is the net acceleration of the particle still
directed toward the centre of the circle? Use a diagram to explain your answer.
4. A civil engineer has calculated that the magnitude of
the maximum centripetal acceleration of a car on a
certain horizontal curve is 4.4 m/s2. What is the
minimum radius of this curve for a car travelling at
25 m/s?
5. For the clock shown in Figure 1, calculate the magnitude of the centripetal acceleration of the tip of the
second hand, the minute hand, and the hour hand.

12

10

1
2

9.8 cm
6.0 cm

9

8.0 cm
6

4

5

Figure 1

6. A chicken is cooking on the rotating turntable of a
microwave oven. The end of the drumstick, which is
16 cm from the centre of rotation, experiences a centripetal acceleration of magnitude 0.22 m/s2.
Determine the period of rotation of the plate.
7. For each of the following situations, draw an FBD
and name the force(s) causing the centripetal
acceleration:
(a) A truck travels, without sliding, around an
unbanked curve on a highway.
(b) A bus travels around a banked curve at the
optimal speed for the banking angle.
(c) A planet travels in an essentially circular orbit
around the Sun.
(d) A communications satellite travels in a circular
orbit around Earth.

NEL

9. Neptune travels in a nearly circular orbit, of diameter
9.0 3 1012 m, around the Sun. The mass of Neptune
is 1.0 3 1026 kg. The gravitational force of attraction
between Neptune and the Sun has a magnitude of
6.8 3 1020 N.
(a) What is the speed of Neptune?
(b) Determine Neptune’s period of revolution
around the Sun in Earth years.
10. Points A through E in Figure 2 represent a piece of
cement experiencing centripetal acceleration in the
vertical plane inside a rotating cement mixer. The
mixer itself is in uniform circular motion. For each of
the points A through E, draw an FBD of the piece of
cement at that point, and state what forces cause the
centripetal acceleration.
E

3

8
7

8. A wet towel, of mass 0.65 kg, travels in a horizontal
circle of radius 26 cm in the spin cycle of a washing
machine. The frequency of rotation is 4.6 Hz.
(a) Name the force causing the centripetal acceleration. What object exerts that force?
(b) What is the speed of the towel?
(c) Determine the magnitude of the centripetal force
on the towel.

on of rotati
ecti
on
dir

11

Unit 1

D
C

B
A

Figure 2

11. A 45.7-kg boy on a swing moves in a circular arc of
radius 3.80 m. At the lowest position, the child’s
speed reaches 2.78 m/s. Determine the magnitude of
the tension in each of the two vertical support chains.
12. A sport utility vehicle, of mass 2.1 3 103 kg, travels in
the horizontal plane around an unbanked curve of
radius 275 m at a speed of 26 m/s, without sliding.
(a) Determine the minimum coefficient of static
friction between the tires and the road.
(b) How would your answer in (a) be affected if the
mass of the vehicle were greater because of the
presence of heavy cargo?
(c) How would your answer in (a) be affected if the
curve were sharper (i.e., if its radius were
smaller)?
Circular Motion 159

13. A ball, of mass 0.23 kg, is attached securely to a
string, then whirled at a constant speed in a vertical
circle of radius 75 cm.
(a) Draw FBDs of the ball at the top and the bottom
of the circle.
(b) Determine the magnitude of the tension in the
string at the locations in (a) for which the speed
of the ball is 3.6 m/s.
(c) Calculate the minimum speed of the ball at the
top of the path if it is to follow a complete circle.
14. In which of the following situations would it not be
possible to determine the gravitational force of
GmAmB
attraction from the equation FG 5 }},
if in
r2
each case the masses and the radius r are provided?
(a) Saturn and one of Saturn’s moons
(b) two friends hugging
(c) a ball moving in a parabola through the air and
Earth
(d) two textbooks standing together on a bookshelf
15. A spherical meteor approaches Earth from a great
distance. By what factor does the force between Earth
and the meteor increase when the distance between
the centres of the two bodies decreases by a factor
of 3.9?
16. At a certain distance above Earth’s surface, the gravitational force on a certain object is only 2.8% of its
value at Earth’s surface. Determine this distance,
expressing it as a multiple of Earth’s radius, rE.

20. The Canadarm2 is the robotic arm, designed and
built in Canada, that services the ISS in its orbit
4.50 3 102 km above the surface of Earth. Although
the mass of this arm is 1.80 3 103 kg, it can move
masses as large as 1.16 3 105 kg on the ISS.
(a) Determine the magnitude of the force of gravity
acting on the maximum load for the arm.
(b) If the arm had to move such a large mass here on
the surface of Earth, it would break. Why does it
not break in space?

Applying Inquiry Skills
21. Suppose that you have determined the results in
Table 1 while performing an investigation. Determine
the new value for the centripetal force.
Table 1 Data for Question 21
Before

After

mass 5 1 ball

mass 5 3 balls

radius 5 0.75 m

radius 5 1.50 m

frequency 5 1.5 Hz

frequency 5 3.0 Hz

centripetal force 5 8.0 units centripetal force 5 ? units

22. A conical pendulum consists of a mass (the pendulum
bob) that travels in a circle on the end of a string,
tracing out a cone as in Figure 4. For the pendulum
shown, m 5 1.50 kg, L 5 1.15 m, and v 5 27.5°.

17. Determine the magnitude of the gravitational force
between two bowling balls, each of mass 1.62 kg, if
the centres are separated by 64.5 cm.

v
L

18. The orbit of Venus is approximately circular. The
masses of the Sun and Venus are 1.99 3 1030 kg and
4.83 3 1024 kg, respectively. The Sun-Venus distance
is 1.08 3 108 km. Determine the centripetal acceleration of Venus.
19. Given the data in Figure 3, calculate the net gravitational force on the Moon due to the gravitational
forces exerted by Earth and the Sun.

r
Figure 4
A conical pendulum

to Earth (5.98 3 1024 kg)

(a) Describe how you would investigate what factors
affect the frequency of revolution of the
pendulum.
(b) Draw an FBD of the bob at the instant shown.
What force causes the centripetal acceleration?

r = 3.84 3 105 km
r = 1.49 3 108 km
to Sun
Moon
(1.99 3 1030 kg)
22
(7.35 3 10 kg)
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(c) Calculate the speed of the bob.
(d) Determine the frequency of the bob.

teacher
rope

23. How would the device in Figure 4 of the Chapter 3
introductory Try This Activity have to be modified to
make it work aboard the ISS? Explain your answer.
24 m

24 m

Making Connections
24. In April 2001, an automobile race on a 2.4-km oval
racetrack in Fort Worth, Texas, was cancelled because
of complaints of danger by the drivers. At the high
speeds involved, the drivers experienced forces nearly
twice as great as the forces on most racetracks. Find
out why the racetrack was so dangerous and why the
race was cancelled. Explain the physics of the situation, referring to the banking angle of the track and
the net forces on the drivers.
GO
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Extension
25. Obtain the value of g at the surface of Earth using the
motion of the Moon. Assume that the Moon’s period
around Earth is 27 d 8 h and that the radius of its
orbit is 60.1 times the radius (6.38 3 106 m) of Earth.

24 m
Figure 5

28. A baseball player works out by slugging a baseball in
an Olympic stadium. The ball hangs from a long,
light vertical rod that is free to pivot about its upper
end (P), as shown in Figure 6(a). The ball starts off
with a large horizontal velocity, but the rod pulls it up
in a big vertical circle and it coasts slowly over the top
as shown. If we look at the ball on the way down,
after the rod has swung through 270°, which of the
vector arrows shown in Figure 6(b) gives the correct
direction for the acceleration of the ball? Ignore air
resistance and friction at the pivot.
(a)

P

26. Snoopy, in hot pursuit of the Red Baron, is flying his
vintage warplane in a “loop-the-loop” path. His
instruments tell him that the plane is level (at the
bottom of the loop) and travelling at a speed of
180 km/h. He is sitting on a set of bathroom scales.
He notes that the scales show four times his normal
weight. What is the radius of the loop, in metres?

down

Sir Isaac Newton Contest Question

27. Your favourite physics teacher who is late for class
attempts to swing from the roof of a 24-m high
building to the bottom of an identical building using
a 24-m rope as shown in Figure 5. She starts from rest
with the rope horizontal, but the rope will break if the
tension force in it is twice the weight of the teacher.
How high is the swinging physicist above level when
the rope breaks? (Hint: Apply the law of conservation
of energy.)
Sir Isaac Newton Contest Question

(b)

P

270º

ball
E

A
B

C

D

start

Figure 6
Sir Isaac Newton Contest Question
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Unit 1

SELF QUIZ

Write numbers 1 to 12 in your notebook. Indicate beside
each number whether the corresponding statement is true
(T ) or false (F). If it is false, write a corrected version.

For questions 1 to 6, consider a ball of mass m, thrown at an
angle above the horizontal and undergoing projectile motion
under negligible air resistance.
1. The time for the ball to rise equals the time for the
ball to fall to the same horizontal level.
2. The net force on the ball at the top of its flight is zero.
3. The acceleration of the ball on the way up equals the
acceleration on the way down.
4. After leaving your hand and before landing, the speed
of the ball is at a minimum at the top of its trajectory.
5. The magnitude of the horizontal component of the
velocity of the ball just before impact exceeds the
magnitude of the horizontal component of the
velocity just after the ball leaves your hand.

11. If you release the ball at the instant it reaches
position 1, the instantaneous velocity of the stopper
just after the release will have a small upward component and a large eastward component.
12. For a constant radius and frequency of revolution of
the stopper, the magnitude of the centripetal acceleration is directly proportional to m.
Write numbers 13 to 24 in your notebook. Beside each
number, write the letter corresponding to the best choice.

Questions 13 to 18 relate to the situation in Figure 2, in which
a child on a toboggan (a system of total mass m) accelerates
down a hill of length L inclined at an angle v to the horizontal
in a time interval Dt. The +x and +y directions are labelled
on the diagram. Assume that friction is negligible unless
indicated.
+y

6. The magnitude of the acceleration of the ball at the
top of its trajectory equals the ratio of the weight of
the ball to its mass.

+x

For questions 7 to 12, assume that you are twirling a small
rubber stopper of mass m (at a constant speed v) tied to a
string in a vertical circle as shown in Figure 1.

Figure 2
For questions 13 to 18

u

up
5

13. The magnitude of the child’s acceleration down the
hill is
g
(c) g sin v
(e) g tan v
(a) }}
sin v
g
(b) }}
(d) g cos v
cos v
14. The magnitude of the child’s average velocity is

4
E

6
centre

3
2

1

direction of
revolution

Figure 1
For questions 7 to 12

7. At position 3, the direction of the instantaneous
acceleration is westward and the direction of the
instantaneous velocity is upward.
Dv#$
8. The vector quantity } is closest to the instantaneous
Dt
acceleration as the stopper moves from position 6 to
position 1.
9. The magnitude of the tension in the string at
position 1 exceeds the magnitude of the tension at
position 4 by an amount equal to mg.
10. At position 5, the force that causes the stopper to
accelerate toward the centre of the circle is the sum of
the force of tension in the string and a component of
the force of gravity on the stopper.
164 Unit 1

(a) Ï2gL
w
(b)

!}§g2L}

(c) Ïw
2gL sinwv

(e)

gL sin v
}
!}
§
2 §

(d) Ïw
gL sin vw

15. The magnitude of the force exerted by the toboggan
on the hill is
(a) mg
(c) mg sin v
(e) 2mg sin v
(b) mg cos v
(d) mg tan v
16. If the child starts from rest and accelerates uniformly
down the hill, the time required to reach the bottom
of the hill is
2L
(a) Lg sin v
(c) Ïw
2Lg sinwv
(e)
}}
g sin v
2L
(b) 2Lg sin v
(d) }}
g sin v

!§

An interactive version of the quiz is available online.
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17. If #v$av is the average velocity and #v$ is the instantaneous
velocity, then at the halfway point in the journey
down the hill
(a) v#$av 5 v#$
(b) v#$av . v#$
(c) v#$av , v#$
(d) v#$avand v#$ can be compared only if we are
given numerical data.
(e) #v$av and v#$ cannot be meaningfully compared, since
the object in question is on an inclined plane .
18. If the situation in Figure 2 is changed so that there is
a coefficient of kinetic friction mK between the
toboggan and the hill, then the magnitude of the
child’s acceleration down the hill is
(a) g(sin v 2 mK cos v) (d) g(mK cos v 2 sin v)
(b) g(sin v 1 mK cos v) (e) none of these
g sin v
(c) }}
mK cos v
19. A car of mass m collides head-on with a truck of mass
#$C→T and #$
5m. If F
FT→C are the forces respectively
exerted during the collision on the car by the truck
and on the truck by the car, then
#$T→C . F
#$C→T
(a) F
#$
#$
(b) F
T→C , FC→T
#$
#$C→T
(c) FT→C 5 F
#$T→C 5 0
(d) F
#$
#$
(e) FC→T and F
T→C cancel because they are in opposite directions
20. A monkey throws a walnut from a tree, giving the
walnut an initial velocity of 2.5 m/s [down]. Air
resistance is negligible. After being released, the
walnut experiences an acceleration of
(a) 9.8 m/s2 [up]
(b) 9.8 m/s2 [down]
(c) less than 9.8 m/s2 [down]
(d) more than 9.8 m/s2 [down]
(e) zero
21. A rocket of mass m is at a distance 3rE from Earth’s
centre when its engines are fired to move it to a distance 6rE from Earth’s centre. Upon reaching its desti
m
nation, its new mass is }} since fuel is consumed in
2
the burn. The ratio of Earth’s gravitational force on
the rocket at the first location to the gravitational
force on the rocket at the second location is
(a) 8:1
(b) 4:1 (c) 2:1
(d) 1:4
(e) 1:8
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22. Which of the following is a list of all the forces that
act on a satellite in circular orbit around Earth?
(a) the force due to the satellite’s motion and the
force of gravity toward Earth
(b) the force due to the satellite’s motion, the centrifugal force, and the force of gravity toward
Earth
(c) the centrifugal force and the force of gravity
toward Earth
(d) the centripetal force and the force of gravity
toward Earth
(e) the force of gravity toward Earth
23. A stunt airplane flies in a vertical circular loop of
radius r at a constant speed. When the airplane is at
the top of the loop, the pilot experiences an apparent
weight of zero. The speed of the airplane is
g
g
}
(a) 2gr
(c) }
(e)
r
r

!§

(b) gr

(d) Ïgr
w

24. A 9.5-kg box is initially stationary on a horizontal
table. The coefficient of kinetic friction between the
table and the box is 0.49. The coefficient of static friction is 0.65. The magnitude of the minimum force
needed to set the box into motion is
(a) 4.7 N
(c) 93 N
(e) 46 N
(b) 6.2 N
(d) 61 N
Write the numbers 25 to 40 in your notebook. Beside each
number, place the word, number, phrase, or equation that
completes the sentence(s).

25. State the number of significant digits in each measurement or answer of the operation:
?
(a) 0.0501 N _______
5
?
(b) 3.00 3 10 km/s _______
?
(c) 25.989 m + 25.98 m + 25.9 m + 25 m _______
?
(d) 65.98 m 4 11.5 s 4 2.0 s _______
26. Convert the following measurements:
?
(a) 109 km/h = _______
m/s
4
?
(b) 7.16 3 10 km/min = _______
m/s
?
(c) 3.4 mm/s2 = _______
m/s2
?
(d) 5.7 cm/(ms)2 = _______
m/s2
?
(e) 4.62 3 10-3 (km/h)/s = _______
m/s2
? .
27. A windsock indicates _______
28. The three principal controls a car has for regulating
? , _______
? , and _______
? .
acceleration are _______
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29. You are facing southward when suddenly a snowball
passes in front of your eyes from left to right. The
snowball was thrown from some distance away with
an initial horizontal velocity. The direction of the
? . The direction
instantaneous velocity is now _______
? .
of the instantaneous acceleration is now _______
30. If the direction of an object undergoing uniform circular motion is suddenly reversed, the direction of
? .
the centripetal acceleration is _______
? .
31. If v#$LM is 26 m/s [71° W of S], then v#$ML is _______
?
32. _______
5 v#$CD 1 #v$DE
? .
33. The horizontal acceleration of a projectile is _______
34. The acceleration of an object falling (vertically)
? .
through the air at terminal speed is _______
35. Using L, M, and T for the dimensions of length, mass,
and time, respectively, then
(a) the dimensions of the slope of a line on a
?
velocity-time graph are _______
(b) the dimensions of the area under the line on an
?
acceleration-time graph are _______
?
(c) the dimensions of weight are _______
(d) the dimensions of the universal gravitation con?
stant are _______
(e) the dimensions of gravitational field strength are
?
_______
(f) the dimensions of a coefficient of static friction
?
are _______
?
(g) the dimensions of frequency are _______
(h) the dimensions of the slope of a line on an accel?
eration-force graph are _______
? .
36. The law of inertia is also known as _______

Write the numbers 41 to 46 in your notebook. Beside each
number, place the letter that matches the best choice. Use
the choices listed below.

(a) directly proportional to
(b) inversely proportional to
(c) proportional to the square of
(d) inversely proportional to the square of
(e) proportional to the square root of
(f) inversely proportional to the square root of
(g) independent of
41. For an object moving at a constant velocity, the time
interval needed to cover a certain displacement is
?
_______
the velocity.
42. When a ball is undergoing projectile motion, the hor?
izontal motion is _______
the vertical motion.
43. For a car that starts from rest and undergoes constant
acceleration, the time interval to cover a certain dis?
placement is _______
the displacement.
?
44. On the surface of Earth, your weight is _______
the
mass of Earth.
45. For an object that remains stationary on a horizontal
?
surface, the magnitude of the static friction is _______
the magnitude of the horizontal force applied to the
object.
46. For an object undergoing uniform circular motion
with a constant radius, the magnitude of the cen?
tripetal acceleration is _______
the speed. The force
?
that causes the centripetal acceleration is _______
the
period of revolution of the object.

37. As the speed of a flowing river increases, the pressure
? .
of the flowing water _______
38. An accelerating frame of reference is also known as
? . In such a frame, we must invent _______
?
_______
to
explain an observed acceleration. If the frame is
? .
rotating, the invented force is called _______
39. A passenger of mass m is standing on an elevator that
has an acceleration of magnitude a. The normal force
? if
acting on the passenger has a magnitude of _______
? if the accelerathe acceleration is upward, and _______
tion is downward.
?
40. On the surface of the Moon, your _______
would be
?
the same as on the surface of Earth, but your _______
? .
would be reduced by a factor of _______
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REVIEW

Unit 1

Understanding Concepts

N

1. Choosing the positive direction of a one-dimensional
motion as south, describe the motion of a runner
with
(a) a positive velocity and a positive acceleration
(b) a positive velocity and a negative acceleration
(c) a negative velocity and a negative acceleration
(d) a negative velocity and a positive acceleration
2. State the conditions under which
(a) average speed exceeds instantaneous speed
(b) average speed is less than instantaneous speed
(c) average speed equals instantaneous speed

(c)

v

t
(d)
d

C

Figure 2
For question 6

t

(b)

r

r = 12 m

4. Describe the motion represented by each graph in
Figure 1.
d

Y

B

X

3. Can a component of a vector have a magnitude
greater than the magnitude of the vector? Explain.

(a)

E

v
t

t
Figure 1

5. Would a parachute work on the Moon? Explain your
answer.

9. A car of mass 1.2 3 103 kg travels initially at 42 km/h
on the entrance ramp of an expressway, then accelerates uniformly to 105 km/h in 21 s.
(a) How far, in kilometres, does the car travel in this
interval?
(b) Determine the magnitude of the car’s average
acceleration, in kilometres per hour per second.
(c) Calculate the magnitude of the average force
needed to cause this acceleration.
10. A billiard ball travels 0.44 m [S] from its original
position, bounces off another ball and travels 0.88 m
[N], then bounces off the edge of the billiard table,
coming to rest 0.12 m from that edge. The entire
motion is one-dimensional and takes 2.4 s. Calculate
(a) average speed of the ball
(b) the final position of the ball
(c) the average velocity of the ball

7. Compare the horizontal ranges of projectiles
launched with identical velocities on Earth and on the
Moon.

11. A 12-hour clock mounted on a vertical wall has a
second hand with a tip that is 14 cm from the centre
of the clock.
(a) What is the average speed of the tip of the second
hand?
(b) Determine the instantaneous velocity of the tip
when it passes the 6:00 o’clock position and the
10:00 o’clock position.
(c) Find the average velocity of the tip between the
1:00 o’clock position and the 5:00 o’clock
position.

8. The following objects are dropped from a rooftop: a
pencil, a Ping-Pong ball, a piece of paper, and a
feather. On a single speed-time graph, sketch the
curve for each object, assuming that the objects reach
the ground in the order given.

12. A train is travelling at 23 m/s [E] when it enters a
curved portion of the track and experiences an
average acceleration of 0.15 m/s2 [S] for 95 s.
Determine the velocity of the train after this
acceleration.

6. A square is inscribed in a circle as shown in Figure 2.
One person walks from X to Y along the edge of the
square. A second person walks along the circumference. Each person reaches B after 48 s. Calculate
(a) each person’s average speed
(b) each person’s average velocity
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13. A projectile lands at the same elevation from which it
is launched. At what position(s) in its flight is the
speed of the projectile greatest? least?
14. An inflated balloon is released and immediately
moves eastward. Explain what causes this motion.
15. In running a 100-m sprint in 10 s, an Olympic-class
athlete accelerates to a speed of about 8.0 m/s in the
first 2.0 s. Determine the magnitude of the average
horizontal force on a 63-kg runner during this
interval. What exerts the force?
16. At a certain distance above the surface of Earth, the
gravitational force on an object is reduced to 18% of
its value at Earth’s surface. Determine this distance
and express it as a multiple of Earth’s radius, rE.
17. A trapeze artist balances in the middle of a tightrope
14.2 m in length. The middle of the rope is 2.3 m
below the two secured ends. If the artist’s weight is
6.3 3 102 N [down], determine the magnitude of the
tension in the rope.
18. If the speed of a particle in circular motion is
decreasing, is the particle’s acceleration still toward
the centre of the circle? Use a diagram to explain your
answer.
19. The magnitude of the maximum centripetal acceleration of a car on a certain horizontal curve is
4.49 m/s2. For a car travelling at 22 m/s, determine
the minimum radius of curvature of this curve.
20. Mars travels in a nearly circular orbit of radius
2.28 3 1011 m around the Sun. The mass of Mars is
6.27 3 1023 kg. The gravitational force of attraction
between Mars and the Sun has a magnitude of
1.63 3 1021 N.
(a) What is the speed of Mars?
(b) Determine the period of revolution of Mars
around the Sun in Earth years.
21. A ride at an amusement park rotates, with circular
motion, in the vertical plane 72 times during the
3.0 min of maximum rotation rate. Passengers on the
ride are 6.3 m from the centre of the ride. When
viewed from the side of the ride so that it is rotating
clockwise, determine the instantaneous velocity of a
passenger at the following clock positions:
(a) 3:00 o’clock
(b) 6:00 o’clock
(c) 7:00 o’clock
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22. Determine the magnitude of the average acceleration
during the time interval it takes each object described
below to complete half a revolution around the central object.
(a) A satellite takes 80.0 min to travel once around
Earth, in an orbit of diameter 1.29 3 104 km.
(b) The Moon travels once around Earth in 2.36 3
106 s, at an average speed of 1.02 km/s.
23. In pairs figure skating, a female of mass 55 kg spirals
in a horizontal circle of radius 1.9 m around a male
skater of mass 88 kg. The frequency of revolution is
0.88 Hz.
(a) Determine the magnitude of the force causing
the female skater to maintain her circular
motion.
(b) What is the magnitude of the horizontal force on
the male skater?
24. An 18-g rubber stopper is suspended by a 45-cm
string from the rear-view mirror of a car. As the car
accelerates eastward, the string makes an angle of 5.1°
with the vertical.
(a) Draw an FBD of the stopper in Earth’s frame of
reference.
(b) Draw an FBD of the stopper in the car’s frame of
reference.
(c) Determine the acceleration of the car.
25. A homeowner drags a garbage can of mass 27 kg
along a horizontal sidewalk at a constant speed of
1.8 m/s by applying a force of 1.12 3 102 N [27°
above the horizontal]. What is the coefficient of
kinetic friction between the garbage can and the sidewalk?
26. Box A (m = 2.5 kg) is connected by a rope that passes
over a frictionless pulley to Box B (m = 5.5 kg), as
shown in Figure 3. The coefficient of kinetic friction
between the box and the ramp is 0.54. Determine the
magnitude of the acceleration of the boxes.

A
B
25.4˚
Figure 3
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27. Determine the magnitude of the apparent weight of a
62-kg person in an elevator when the elevator is
(a) accelerating at 2.5 m/s2 [up]
(b) accelerating at 2.5 m/s2 [down]
(c) moving with zero acceleration at 2.5 m/s [up]

B
fishing line

Applying Inquiry Skills
28. A Ferris wheel at an amusement park close to your
school somehow falls off its support and rolls along
the ground.
(a) Determine a reasonable estimate of the number
of rotations the wheel would make, travelling in a
straight line, to reach the closest capital city of a
province other than your own. State all your
assumptions and show all your calculations.
(b) If you were at an amusement park, how would
you use indirect measurements to determine the
diameter of a Ferris wheel that cannot be
accessed directly. Show a sample calculation.
29. Assuming that you have an accurate stopwatch,
describe how you could calculate the average acceleration of a car in the distance from the starting position to the end of a straight 100-m stretch of track.
30. You are planning a controlled investigation in which
you determine the effect of air resistance on falling
objects.
(a) What objects would you choose to test the effects
of air resistance?
(b) Describe what measurements you would make
and how you would make them.
(c) What safety precautions would you take in conducting your investigation?
31. Draw a sine curve for angles ranging from 0° to 180°.
With reference to this curve, explain why there are
two possible launch angles corresponding to any horizontal range for a projectile, with one exception.
What is that exception?
32. Steel washers connected by a fishing line to a force
sensor, labelled A in Figure 4, are kept hovering by a
heavy U-shaped magnet suspended from a second
force sensor, B. The force sensors are connected to a
computer such that the force registered by A is negative and the force registered by B is positive.
(a) If the force registered by A is 20.38 N, what is
the force registered by B? Explain the physics
principle on which your answer is based.
(b) Sketch, on a single force-time graph, the dataset
the computer program would generate as the
force sensor B is slowly raised.
NEL

magnet

steel washers
fishing line
A
Figure 4

33. An experiment is performed in which a varying net
force is applied to a dynamics cart; the resulting accelerations are shown in Table 1. Plot a graph of the data
and use the information on the graph to determine
the object’s mass.
Table 1 Data for Question 33
Net Force

Acceleration

(N [forward])

(m/s2 [forward])

0

0

1.0

0.29

2.0

0.54

3.0

0.83

4.0

1.10

5.0

1.42

6.0

1.69

7.0

1.89

34. After performing an investigation to determine how
the frequency of a rubber stopper in uniform circular
motion in the horizontal plane depends on the magnitude of the tension force acting on the stopper, the
mass of the stopper, and the radius of the circle, you
draw graphs to show the relationships. You are then
asked to draw the corresponding graphs by replacing
the frequency with the period of revolution as the
dependent variable. Draw these graphs.
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Making Connections
35. A pole vault jumper clears the crossbar set at a height
of 6.0 m above the mat.
(a) Determine the time interval for the first 45 cm on
the way down.
(b) Determine the time interval for the last 45 cm
before reaching the mat.
(c) Explain why the jumper appears to be in “slow
motion” near the top of the jump.
36. A swimmer steps off the edge of a diving board and
falls vertically downward into the water. Describe the
velocities and accelerations of the swimmer from the
initial position until impact.
37. If you drop a stone into a deep well and hear a splash
4.68 s after dropping the stone, how far down is the
water level? Neglect air resistance and assume that the
speed of the sound in air is 3.40 3 102 m/s.
38. A certain volleyball player can jump to a vertical
height of 85 cm while spiking the volleyball.
(a) How long is the player in the air?
(b) What is the player’s vertical take-off speed?
39. A person’s terminal speed with an open parachute
ranges from 5.0 m/s to 10.0 m/s. You are designing a
training facility in which people practise landing at
the same speeds they would when parachuting. What
range of heights will you specify for the practice platforms?
40. Explain why an east-to-west trans-Canada airplane
flight generally takes longer than a west-to-east flight.
41. Water moving horizontally at 2.0 m/s spills over a
waterfall and falls 38 m into a pool below. How far
out from the vertical wall of the waterfall could a
walkway be built so that spectators stay dry?
42. A motorist’s reaction time can be crucial in avoiding
an accident. As you are driving with a velocity of
75.0 km/h [N], you suddenly realize that there is a
stalled vehicle in your lane 48.0 m directly ahead. You
react, applying the brakes to provide an acceleration
of 4.80 m/s2 [S]. If you manage to just avoid a collision, what is your reaction time?
43. Figure 5 shows a time-exposure photograph in which
the stars and planets visible appear to be travelling in
circles around a central star (the North Star, Polaris).
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Figure 5
The North Star is almost directly above Earth’s North Pole.

(a) Explain the observed motion of the stars and
planets in the photograph. (Include the concepts
related to frames of reference.)
(b) How can you estimate how long the exposure
time was?
(c) Would people in Australia be able to take this
photograph or a similar one? Explain your
answer.
44. In answering a newspaper reader’s question, “Why
does a shower curtain move inward while water is
spraying downward?” a physicist replies, “The air
being dragged downward by the water must be
replaced by air from somewhere else.”
(a) With reference to the appropriate principle, provide a more technical explanation to the reader’s
question.
(b) If you were answering the question in a newspaper article, what other examples or demonstrations could you describe to help the readers
understand the situation?
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45. In the exciting sport of kite surfing (Figure 6), a specially designed power kite propels the pilot across the
water on kite boards. The pilot can rise high into the
air for several seconds, performing amazing aerial
stunts. Would you expect the power kite to be
designed to have good streamlining? Explain your
answer.
46. A remote-sensing satellite travels in a circular orbit at
a constant speed of 8.2 3 103 m/s.
(a) What is the speed of the satellite in kilometres
per hour?
(b) Determine the altitude in kilometres of the satellite above Earth’s surface.
(c) What is remote sensing? Give some practical uses
of a remote-sensing satellite.
47. In the future, video games and simulations of sports
activities will become more realistic, as designers
become better able to apply the physics principles
presented in this unit. Describe some ways in which
these games and simulations could become more
realistic.

48. In testing a model of a looping roller coaster, an engineer observes that the current design would result in
a zero normal force acting on the passengers at the
top of the loop.
(a) If the radius of the loop is 2.1 m, what is the
speed of the model coaster at the top of the loop?
(b) Explain why and how the coaster design should
be changed.
49. (a) Why will artificial gravity be needed on a space
mission to Mars by humans?
(b) Describe how artificial gravity could be created
on such a mission.

Extension
50. In a basketball game, a ball leaves a player’s hand 6.1 m
downrange from the basket from a height of 1.2 m
below the level of the basket. If the initial velocity of
the ball is 7.8 m [55° above the horizontal] in line
with the basket, will the player score a basket? If not,
by how much will the ball miss the basket?

Figure 6
Kite surfing is a dangerous and physically demanding sport.
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Energy and
Momentum

2

Dr. Judith Irwin
Astrophysicist, Queen’s University

Humans have looked at the night sky for thousands of years,
but the science of astrophysics is a relatively young field.
Today, astrophysicists such as Judith Irwin, carry out detailed
observations, carefully reducing collected data until they can
see some small part of the universe that no one has ever seen
before. This spirit of discovery has led astrophysicists to
examine the extremes of our physical universe, from the least
dense regions in the so-called vacuum of space, to the densest
objects known—black holes. Dr. Irwin’s research involves
understanding the dynamics of gases that are found in interstellar space between
hot stars. Because gases are affected by the dynamics of objects nearby (like a
supernova or an exploding star) the gases are swept up into an expanding shell
around the explosion. Calculating the energy and momentum of this shell provides information on its evolution as it grows and expands into space.
While astrophysics is exploding with new research, it is still a vast unexplored canvas. Unravelling the secrets of celestial objects becomes ever more
possible as technology—including such telescopes as the Very Large Array in
New Mexico, the James Clerk Maxwell Telescope in Hawaii, and the Giant
Metre-wave Radio Telescope in India—becomes more sophisticated and precise. Dr. Irwin and her Canadian colleagues are involved in several major international projects involving the “next generation” of telescopes.

Overall Expectations
In this unit, you will be able to

•

apply the concepts of work, energy, and momentum, and the laws of conservation of
energy and momentum for objects moving in two dimensions, and explain them in
qualitative and quantitative terms

•

investigate the laws of conservation of momentum and of energy (including elastic and
inelastic collisions) through experiments or simulations, and analyze and solve problems
involving these laws with the aid of vectors, graphs, and free-body diagrams

•

analyze and describe the application of the concepts of energy and momentum to the
design and development of a wide range of collision and impact-absorbing devices used
in everyday life

chapter

4

In this chapter,
you will be able to

•

analyze and explain
situations involving work and
energy

•

define and describe
concepts and units related to
energy

•

analyze situations involving
the concepts of mechanical
energy, thermal energy and
its transfer (heat), and the
law of conservation of
energy

•

design and conduct an
experiment to verify the law
of conservation of energy in
a system involving several
types of energy

•

analyze and describe, using
the law of conservation of
energy, various practical
applications of energy
transformations

•

state Hooke’s law and
analyze it in quantitative
terms

Work and Energy
Springs are used in bed mattresses, armchairs, door-closing units, pens, toys, exercise
equipment, children’s jumpers, trampolines, vehicles, and many other objects. Whenever
a force is applied to a spring, the spring has elastic potential energy that is stored until
the spring returns to its original shape. What forms of energy can be transformed into
elastic potential energy? How can that energy be used for other functions? These are
just a few of the questions you will learn to answer in this chapter.
On most vehicles, springs operate in conjunction with shock absorbers. Both devices
serve to improve the safety and comfort of the occupants (Figure 1). As its name suggests, a shock absorber absorbs some of the shock that occurs when a vehicle encounters a bump or pothole in the road. As this is happening, energy of motion changes into
elastic potential energy, which in turn changes back into energy of motion and thermal
energy. The energy does not disappear—it simply changes form.
You may recall how energy is changed from one form into another, and how such
energy transformations can be analyzed. In this chapter, you will extend your knowledge to analyze energy transformations in two-dimensional situations.

REFLECT on your learning
1. Some springs are compression springs. Others are extension springs. Explain the

difference, giving several examples of each.
2. Although a bouncing ball obeys the law of conservation of energy, it reaches a lower

height with each successive bounce. Explain this apparent discrepancy.
3. How does a grandfather clock use gravitational potential energy to keep time?
4. Figure 2 shows identical carts being pushed along a smooth, horizontal surface

with negligible friction. Force #$F1 has a horizontal component equal in magnitude to
force F#$2.
(a) If both carts are pushed the same distance forward, how does the work done on
cart 1 compare with the work done on cart 2?
(b) Would your answer to (a) change if the carts were replaced with boxes, assuming
that the coefficient of kinetic friction between each box and the surface were
equal? Explain your answer.
(c) If F#$2 is less than the maximum static friction force between box 2 and the underlying surface, how much work does #$F2 do on the box?
5. The spring in a spring scale stretches when a force is applied to it. Assuming that the

spring does not overstretch, sketch a graph to show how the amount of stretch
depends on the magnitude of the force.
6. You are designing a shock absorber to be attached to the wheel of a motorcycle.

What design features will you include? (Consider such issues as choice of materials,
internal friction, and dimensions.)

176 Chapter 4

NEL

Figure 1
You may have the impression that
well-designed springs and shock
absorbers on vehicles are meant
to provide the smoothest ride possible, even over a bumpy surface.
However, the design also relates to
safety.

TRY THIS activity

Figure 3 shows a device with two
tracks that a marble can roll down. In
a small group, discuss which marble,
the one on track X or the one on
track Y, will win the race if the marbles are released simultaneously
from rest at the top of the device.

F1
F2

(a) Write your prediction and give
reasons.
cart 1

Figure 2
For question 4. The forces do work
in moving the carts.

NEL

Which Ball Wins?

cart 2

track X

track Y

(b) What happens to the total
energy of the marbles as they
roll down the ramp?
(c) Observe a demonstration of the
apparatus (or a similar setup).
Compare the observations to
your predictions, and explain
any differences.

Figure 3
Which marble would win the race?
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4.1
work (W ) the energy transferred to
an object when a force acting on
the object moves it through a
distance

LEARNING TIP
Scalar Product
The defining equation for the
work done by a constant force
can be written as the scalar
product, also called the dot
product, of the force vector and
the displacement vector. In this
notation, the equation for work
is W 5 #$F ?Dd#$. To review the
properties of scalar products,
refer to Appendix A.

Work Done by a Constant Force
In everyday language, the term “work” has a variety of meanings. In physics, however, work
is the energy transferred to an object when a force acting on the object moves it through
a distance. For example, to raise your backpack from the floor to your desk, you must do
work. The work you do in raising the backpack is directly proportional to the magnitude
of the displacement and directly proportional to the magnitude of the applied force.
The force needed to raise the backpack and the displacement of the backpack are in
the same direction. However, this is often not the case, as shown in Figure 1 where the
force is at some angle v to the displacement. The component of the force that is parallel
to the displacement, F cos v, causes the object to undergo the displacement. The resulting
mathematical relationship is the defining equation for work:
W 5 (F cos v)Dd

where W is the work done on an object by a constant force #$
F, F is the magnitude of that
force, v is the angle between the force and the displacement, and Dd is the magnitude of
the displacement.
(b)

(a)

F

F sin θ

θ
F cos θ

+y
+x

F

u

direction of the displacement

joule (J) SI derived unit for measuring forms of energy and work;
equal to the work done when a
force of 1 N displaces an object 1 m
in the direction of the force

∆d
Figure 1
(a) Work can be done by a force that is at an angle
to the displacement.
(b) The component of the force parallel to the displacement is F cos v.

Work is a scalar quantity—it has no direction. Since force is measured in newtons
and displacement in metres, the SI unit for work is the newton metre (N?m). The newton
metre is called a joule (J) after James Prescott Joule (1818–1889), a British physicist who
did pioneering research into the relationship between work and heat. Since the joule is
a derived SI unit, it can be expressed in terms of metres, kilograms, and seconds:
1 J 5 1 kg?m2/s2.

SAMPLE problem 1
An emergency worker applies a force to push a patient horizontally for 2.44 m on a gurney
with nearly frictionless wheels.
(a) Determine the work done in pushing the gurney if the force applied is horizontal and
of magnitude of 15.5 N.
(b) Determine the work done if the force, of magnitude 15.5 N, is applied at an angle of
25.3° below the horizontal.
(c) Describe the difference in the observed motion between (a) and (b).
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Solution
(a) In this case, the force and the displacement are in the same direction.
F 5 15.5 N
v 5 0°
Dd 5 2.44 m
W 5 ?
W 5 (F cos v)Dd
5 (15.5 N)(cos 0°)(2.44 m)
5 37.8 N?m
W 5 37.8 J

The work done is 37.8 J.
(b) v 5 25.3°
W 5 ?
W 5 (F cos v)Dd
5 (15.5 N)(cos 25.3°)(2.44 m)
W 5 34.2 J

The work done is 34.2 J.
(c) Since friction is negligible, the applied force causes an acceleration in the direction of
the horizontal component. The greater amount of work accomplished in (a) must
result in a greater speed after the gurney has moved 2.44 m. (This example relates to
the concept of work changing into kinetic energy, which is presented in Section 4.2.)

direction
of motion

In Sample Problem 1, the positive work done caused the speed of the gurney to
increase. However, if the force acting on an object in motion is opposite in direction to
the displacement, we say that negative work is done. If the only force acting on an object
does negative work, the result is a decrease in the speed of the object.

SAMPLE problem 2
A snowboarder reaches the bottom of a hill, then glides to a stop in 16.4 m along a horizontal surface (Figure 2). The total mass of the board and its rider is 64.2 kg. The coefficient of kinetic friction between the snowboard and the snow is 0.106.

Figure 2
The system diagram of the snowboarder in Sample Problem 2

(a) Draw an FBD of the snowboarder as the board is gliding to a stop. Determine the
magnitude of the kinetic friction.

FN

(b) Calculate the work done by friction in bringing the board to a stop.
+y

Solution

FK

+x

(a) The FBD of the snowboarder is shown in Figure 3.
m 5 64.2 kg
#$ = 9.80 N/kg
g 5 g

mK 5 0.106
#$ because oF#$y 5 may 5 0
F#$N 5 mg
FK 5 ?
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Using the magnitudes of the forces (as described in Section 2.4):
FK 5 mK FN
5 ( mK)(mg)
5 (0.106)(64.2 kg)(9.80 N/kg)
FK 5 66.7 N

The magnitude of kinetic friction is 66.7 N.
(b) FK 5 66.7 N
Dd 5 16.4 m
v 5 180°
W 5 (FK cos v) Dd
5 (66.7 N)(cos 180°)(16.4 m)
W 5 21.09 3 103 J
The work done by the kinetic friction is 21.09 3 103 J.

In Sample Problem 2, the work done by the kinetic friction is negative. In this case, the
negative work caused a decrease in speed. Can negative work be done in other situations? Consider the work done in lowering an object at a constant speed.

SAMPLE problem 3
A store employee raises an 8.72-kg case of cola at a constant velocity from the floor to a
shelf 1.72 m above the floor. Later, a customer lowers the case 1.05 m from the shelf to a cart
at a constant velocity. (We can neglect the short periods of acceleration at the beginning
and end of the raising and lowering of the case.) Determine the work done on the case

(a)

(a) by the employee as the case rises
F

+y

(b) by gravity as the case rises
(c) by the customer as the case descends

Solution
∆ d = 1.72 m
Fg
(b)
F

+y

(a) Figure 4(a) shows that the force needed to raise the case at constant velocity is
#$.
equal in magnitude to the weight of the case,mg
v 5 0°

g 5 9.80 N/kg

m 5 8.72 kg

Dd 5 1.72 m

W 5 ?

W 5 (F cos v)Dd
5 (mg cos v)Dd
5 (8.72 kg)(9.80 N/kg)(cos 0°)(1.72 m)

∆ d = 1.05 m

W 5 1.47 3 102 J

The work done on the case by the employee is 1.47 3 102 J.
Fg
(b) Since the force of gravity is opposite in direction to the displacement, v 5 180°.
Figure 4
System diagrams and FBDs for
Sample Problem 3
(a) Employee raising a case of cola
(b) Customer lowering a case of
cola into a cart

W 5 (F cos v)Dd
5 (mg cos v)Dd
5 (8.72 kg)(9.80 N/kg)(cos 180°)(1.72 m)
W 5 21.47 3 102 J

The work done by gravity is 21.47 3 102 J.
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(c) Figure 4(b) shows that the force needed to lower the case at constant velocity is
upward while the displacement is downward.
v 5 180°
Dd 5 1.05 m
W 5 (F cos v) Dd
5 (mg cos v)Dd
5 (8.72 kg)(9.80 N/kg)(cos 180°)(1.05 m)
W 5 28.97 3 101 J

The work done on the case by the customer is 28.97 3 101 J.

Notice that in Sample Problem 3, the work done on the case by an upward force as the
case rises (at constant velocity) is positive, but the work done by a downward force
(gravity) as the case rises is negative. Likewise, the work done on the case by an upward
force as the case moves downward (at constant velocity) is negative. We can conclude that
the equation W 5 (F cos v)Dd yields positive work when the force and displacement
are in the same direction, and negative work when the force and displacement are in
opposite directions. This conclusion also applies when considering the components of
the forces involved.

Practice

F2
direction of motion
of crate
crate
F1

scale: 1.0 cm = 5.0 N
Figure 5
For question 1

Understanding Concepts
1. Figure 5 shows a scale diagram of two applied forces, #$
F1 and #$F2, acting on a crate

and causing it to move horizontally. Which force does more work on the crate?
Explain your reasoning.
2. Can the work done by the force of kinetic friction on an object ever be positive?

If “yes,” give an example. If “no,” explain why not.
3. Can the work done by the force of Earth’s gravity on an object ever be positive?

If “yes,” give an example. If “no,” explain why not.

Answers
4. (a) 36.9 J
(b) 15.8 J
5. 194 J
6. 19.1 m
7. (a) 8.0 J
(b) 0.0 J

4. A 2.75-kg potted plant rests on the floor. Determine the work required to move the

plant at a constant speed
(a) to a shelf 1.37 m above the floor
(b) along the shelf for 1.07 m where the coefficient of kinetic friction is 0.549
5. A loaded grocery cart of mass 24.5 kg is pushed along an aisle by an applied force of

14.2 N [22.5° below the horizontal]. How much work is done by the applied force if the
aisle is 14.8 m long?
4.0

6. A tension force of 12.5 N [19.5° above the horizontal] does 225 J of work in pulling a

toboggan along a smooth, horizontal surface. How far does the toboggan move?
2.0

displacement along a horizontal surface.
(a) Determine the area under the line up to a displacement of 2.0 m [E]. What does
that area represent?
(b) Determine the total area up to 6.0 m [E].
(c) Describe a physical situation that could result in this graph.
Applying Inquiry Skills
8. How would you demonstrate, using a pen and a sheet of paper, that static friction can

do positive work on a pen?

NEL

F (N [E])

7. Figure 6 is a graph of the net horizontal forces acting on an object as a function of

d (m [E])

0
1.0

2.0

3.0

4.0

5.0

–2.0
–4.0
Figure 6
For question 7
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6.0

Zero Work

Figure 7
As a volunteer carries a heavy
sandbag toward the bank of a
flooding river, the normal force on
the sandbag is upward and the displacement is horizontal.

(a)

If you push against a tree, are you doing work? Since the force you apply does not move
the tree, you do zero work on the tree. Whenever the magnitude of displacement Dd is
zero, the work, W 5 (F cos v)Dd, is also zero. No energy is transferred to the object.
Zero work due to zero displacement is just one way in which no work is done on an
object. Consider a space probe that has travelled beyond the farthest planet in the solar
system and is so far from any noticeable forces that the net force on it is negligible.
Although the probe undergoes a displacement, since the force acting on it is zero the
work done on the probe is zero. In this case, too, no energy is transferred to the object.
Finally, consider the third variable in the work equation, the angle v between the force
and the displacement. When the force and the displacement are perpendicular, cos 90°
is zero. Thus, no work is done by the force on the object, even if the object moves, and
no energy is transferred to the object. This can happen, for example, when you carry a
heavy bag of sand (Figure 7): an upward force is exerted on the bag of sand to keep it from
falling as you move horizontally. The normal force is perpendicular to the displacement,
so the work done by that normal force on the bag of sand is zero. Can you think of other
situations in which the force is perpendicular to the motion?

SAMPLE problem 4
In performing a centripetal-acceleration investigation, you twirl a rubber stopper in a horizontal circle around your head. How much work is done on the stopper by the tension in
the string in half a revolution?

direction of stopper’s motion

Solution
rubber stopper
centre
of circle
FT

Figure 8(a) shows the situation described. The force causing the centripetal acceleration
is the tension #$F T. This force changes direction continually as the stopper travels in a circle.
However, at any particular instant as shown in Figure 8(b), the instantaneous velocity is
perpendicular to the tension. Consequently, the displacement over a very short time
interval is also at an angle of 90° to the tension force applied by the string to the stopper.
Thus, for any short time interval during the rotation,
W 5 (F cos v)Dd
5 F(cos 90°)Dd
W 5 0.0 J

path of stopper
(as seen from above)
(b)
v

direction of
displacement
over a short
time interval

FT
(F g is ignored because it
is very small compared to F T.)
Figure 8
(a) The situation for Sample
Problem 4
(b) An instantaneous view of the
force on the stopper, the
velocity, and the direction of a
small displacement
182 Chapter 4

Adding the work done over all the short time intervals in half a revolution yields 0.0 J.
Therefore, the work done by the tension on the stopper is zero.

Using Sample Problem 4 as an example, we conclude that the work done by any centripetal force acting on an object in circular motion is zero. This applies because the orbit
can be considered to be a series of individual small displacements perpendicular to the
force, even though the force on the object in circular motion continually changes its
direction.

Practice
Understanding Concepts
9. Describe four different situations in a physics classroom or laboratory in which the

equation W 5 (F cos v)Dd yields a zero result.
10. Describe, with the use of diagrams, a situation in which one component of a force does

zero work while the other component does (a) positive work and (b) negative work.
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SUMMARY

Work Done by a Constant Force

•

Work is the energy transferred to an object when a force #$
F, acting on the object,
moves it through a distance Dd.

•
•

The SI unit of work is the joule (J).

•

Under certain conditions, zero work is done on an object even if the object experiences an applied force or is in motion.

If the force causing an object to undergo a displacement is at an angle to the displacement, only the component of the force in the direction of the displacement
does work on the object.

Section 4.1 Questions
Understanding Concepts
1. In what ways is the everyday usage of the word “work” dif-

ferent from the physics usage? In what ways is it the same?
2. Is it possible for a centripetal force to do work on an

object? Explain your answer.
3. Describe why you can get tired pushing on a wall even

though you are not doing work on the wall.
4. Estimate the work you would do in climbing a vertical

ladder equal in length to the height of your
classroom.
5. Figure 9 shows a girl and a boy each exerting

a force to move a crate horizontally a distance of 13 m at a
constant speed. The girl’s applied force is 75 N [22° below
the horizontal]. The tension in the rope pulled by the boy is
75 N [32° above the horizontal].
(a) Determine the total work done by the girl and the boy
on the crate.
(b) How much work is done by the floor on the crate?

Figure 10
7. A parent pulls a toboggan with three children at a constant

velocity for 38 m along a horizontal snow-covered trail. The
total mass of the children and the toboggan is 66 kg. The
force the parent exerts is 58 N [18° above the horizontal].
(a) Draw an FBD of the toboggan, and determine the
magnitude of the normal force and the coefficient of
kinetic friction.
(b) Determine the work done on the toboggan by kinetic
friction.
(c) List three forces, or components of forces, that do zero
work on the toboggan.
(d) How much work does the parent do on the toboggan
in pulling it the first 25 m?
Applying Inquiry Skills
8. Plot the cosine of an angle as a function of the angle (from

Figure 9
6. A child does 9.65 3 102 J of work in pulling a friend on a

sleigh 45.3 m along a snowy horizontal surface (Figure 10).
The force applied by the child is 24.1 N [parallel to the
handle of the sleigh]. What angle relative to the snowy surface is the handle oriented?

NEL

0° to 180°). Describe how the graph indicates when the
work done on an object is positive, negative, or zero.
Making Connections
9. Describe the environmental effects that result from work

done by friction.
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4.2

Figure 1
As the propeller of a seaplane exerts
a backward force on the air, the air
exerts a forward force on the
propeller. This force, applied as the
plane moves forward by a displacement of magnitude Dd, does work
on the plane.

Kinetic Energy and
the Work-Energy Theorem
In Section 4.1, we learned how to calculate the amount of work done on an object
when a force acts on the object as it moves through a displacement. But how is the
object different as a result of having work done on it? Consider what happens when a
net force causes a seaplane to accelerate as it covers a certain displacement (Figure 1).
According to the defining equation of work, the total work done on the plane by the net
force is Wtotal 5 (SF)(cos v)Dd. In this case, the work done causes the speed of the
plane to increase, thereby causing the energy of the plane to increase.
Specifically, the plane gains kinetic energy as its speed increases; in simple terms,
kinetic energy is energy of motion. Kinetic energy depends on both the mass and the speed
of the moving object. Since work is energy transferred to an object, if the work results
in an increase in speed, the kinetic energy also increases.
Figure 2 illustrates a situation we will analyze mathematically.
vi
m

vf
m

constant net force, ΣF

Figure 2
This situation can be used to derive an equation
relating work and kinetic energy.

kinetic energy (EK) energy of
motion

A constant net horizontal force is applied to an object, causing its speed to increase uniformly from vi to vf as it moves a distance Dd. The total work done by the net force is
Wtotal 5

1 oF 2(cos v)Dd

Since v 5 0°, then cos v 5 1, and we can simplify the equation:
Wtotal 5

1 oF 2Dd

From Newton’s second law of motion,

oF

5 ma

where a is the acceleration. With a constant force, the acceleration is constant. We can
rearrange the equation involving constant acceleration, vf2 5 vi2 1 2aDd as
vf2 2 vi2
a 5 }
} and substitute for a:
2Dd

oF

1

vf2 2 vi2
5 m }
2Dd

2

We now substitute this equation into the equation for total work:

1

2

vf2 2 vi2
Wtotal 5 m }
Dd
2Dd
1
1
Wtotal 5 }}mvf2 2 }}mvi2
2
2

Our result shows that the total work done on an object equals the change in the quantity
1
1
}}mv 2. We define }}mv 2 to be the kinetic energy EK of the object.
2
2
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Kinetic Energy Equation
1
EK 5 }}mv 2
2

where EK is the kinetic energy of the object in joules, m is the mass of the object in kilograms, and v is the speed of the object in metres per second. Note that kinetic energy is
a scalar quantity.
We can summarize the relationship involving the total work and the kinetic energy as
follows:
1
1
Wtotal 5 }}mvf2 2 }}mvi2
2
2
5 EKf 2 EKi
Wtotal 5 DEK

These relationships are the basis of the work-energy theorem.
Work-Energy Theorem
The total work done on an object equals the change in the
object’s kinetic energy, provided there is no change in any
other form of energy (for example, gravitational potential
energy).

LEARNING TIP
Comparing Force and Energy
There is no completely satisfactory
definition of energy. However, the
concept of energy can be more
easily understood by comparing it
with force: force is the agent that
causes change; energy is a
measure of that change. For
example, when a net force causes
the speed of an object to change,
that change is manifested as a
change in the kinetic energy of the
object. Remember that the energy
of an object is a measure of how
much work that object can do.

Although this theorem was derived for one-dimensional motion involving a constant
net force, it is also true for motion in two or three dimensions involving varying forces.
It is important to note that a change in the object’s kinetic energy equals the work
#$, which is the vector sum of all the forces. If the total work is posdone by the net force SF
itive, then the object’s kinetic energy increases. If the total work is negative, then the
object’s kinetic energy decreases.

SAMPLE problem 1
What total work, in megajoules, is required to cause a cargo plane of mass 4.55 3 105 kg to
increase its speed in level flight from 105 m/s to 185 m/s?

Solution
m 5 4.55 3 105 kg

vf 5 185 m/s

vi 5 105 m/s

Wtotal 5 ?

Wtotal 5 DEK
5 EKf 2 EKi
1
1
5 }}mvf2 2 }}mvi2
2
2
1
5 }}m vf2 2 vi2
2
1
5 }} 4.55 3 105 kg (185 m/s)2 2 (105 m/s)2
2
1 MJ
5 5.28 3 109 J }6}
10 J

1

2

1

21

1

2

2

Wtotal 5 5.28 3 103 MJ

The total work required is 5.28 3 103 MJ.
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SAMPLE problem 2
A fire truck of mass 1.6 3 104 kg, travelling at some initial speed, has 22.9 MJ of work
done on it, causing its speed to become 11 m/s. Determine the initial speed of the fire
truck.

Solution
m 5 1.6 3 104 kg
DEK 5 22.9 MJ 5 22.9 3 106 J
vf 5 11 m/s
vi 5 ?
1
DEK 5 }}m(vf2 2 vi2)
2
2DEK 5 mvf2 2 mvi2
mvi2 5 mvf2 2 2DEK
mvf2 2 2DEK
vi2 5 }}
m

!§§
(1.6 3 10 kg)(11 m/s) 2 2( 22.9 3 10 J)
5 6 }}}}}
!§§§
1.6 3 10 kg

vi 5 6

mvf2 2 2DEK
}}
m
4

2

6

4

vi 5 622 m/s

We choose the positive root because speed is always positive. The initial speed is thus
22 m/s.

Practice
Understanding Concepts
Answers
2. (a) 4
(b) 9
(c) 1.9
4. (a) 42 J
(b) 2.1 3 103 N
5. 66 m/s
6. 1.38 3 104 m/s

1. Could a slow-moving truck have more kinetic energy than a fast-moving car?

Explain your answer.
2. By what factor does a cyclist’s kinetic energy increase if the cyclist’s speed:

(a) doubles
(b) triples
(c) increases by 37%
3. Calculate your kinetic energy when you are running at your maximum speed.
4. A 45-g golf ball leaves the tee with a speed of 43 m/s after a golf club strikes it.

(a) Determine the work done by the club on the ball.
(b) Determine the magnitude of the average force applied by the club to the
ball, assuming that the force is parallel to the motion of the ball and acts
over a distance of 2.0 cm.
5. A 27-g arrow is shot horizontally. The bowstring exerts an average force of 75 N

on the arrow over a distance of 78 cm. Determine, using the work-energy
theorem, the maximum speed reached by the arrow as it leaves the bow.
6. A deep-space probe of mass 4.55. 3 104 kg is travelling at an initial speed of

1.22 3 104 m/s. The engines of the probe exert a force of magnitude 3.85 3
105 N over 2.45 3 106 m. Determine the probe’s final speed. Assume that the
decrease in mass of the probe (because of fuel being burned) is negligible.
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7. A delivery person pulls a 20.8-kg box across the floor. The force exerted on the

box is 95.6 N [35.0° above the horizontal]. The force of kinetic friction on the box
has a magnitude of 75.5 N. The box starts from rest. Using the work-energy
theorem, determine the speed of the box after being dragged 0.750 m.
8. A toboggan is initially moving at a constant velocity along a snowy horizontal

surface where friction is negligible. When a pulling force is applied parallel to
the ground over a certain distance, the kinetic energy increases by 47%. By what
percentage would the kinetic energy have changed if the pulling force had been
at an angle of 38° above the horizontal?

Answers
7. 0.450 m/s
8. 16%
10. (a) 2.13 3 1011 J

(b) 22.13 3 1011 J

Applying Inquiry Skills
9. Use either unit analysis or dimensional analysis to show that kinetic energy and

work are measured in the same units.
Making Connections
10. Many satellites move in elliptical orbits (Figure 3). Scientists must understand

the energy changes that a satellite experiences in moving from the farthest position A to the nearest position B. A satellite of mass 6.85 3 103 kg has a speed of
2.81 3 103 m/s at position A, and speed of 8.38 3 103 m/s at position B.
Determine the work done by Earth’s gravity as the satellite moves
(a) from A to B
(b) from B to A

A

Earth

e lli p

B

ti c a l o r b it

Figure 3

SUMMARY

Kinetic Energy and the
Work-Energy Theorem

•

Kinetic energy EK is energy of motion. It is a scalar quantity, measured in
joules (J).

•

The work-energy theorem states that the total work done on an object equals the
change in the object’s kinetic energy, provided there is no change in any other
form of energy.

NEL

Work and Energy

187

Section 4.2 Questions
Understanding Concepts
1. As a net external force acts on a certain object, the speed

of the object doubles, and then doubles again. How does
the work done by the net force in the first doubling compare with the work done in the second doubling? Justify
your answer mathematically.
2. What is the kinetic energy of a car of mass 1.50 3 103 kg

moving with a velocity of 18.0 m/s [E]?
3. (a) If the velocity of the car in question 2 increases by

15.0%, what is the new kinetic energy of the car?
(b) By what percentage has the kinetic energy of the car
increased?
(c) How much work was done on the car to increase its
kinetic energy?
4. A 55-kg sprinter has a kinetic energy of 3.3 3 103 J. What is

the sprinter’s speed?
5. A basketball moving with a speed of 12 m/s has a kinetic

energy of 43 J. What is the mass of the ball?
6. A plate of mass 0.353 kg falls from rest from a table to the

floor 89.3 cm below.
(a) What is the work done by gravity on the plate during
the fall?
(b) Use the work-energy theorem to determine the speed
of the plate just before it hits the floor.
7. A 61-kg skier, coasting down a hill that is at an angle of 23°

to the horizontal, experiences a force of kinetic friction of
magnitude 72 N. The skier’s speed is 3.5 m/s near the top of
the slope. Determine the speed after the skier has travelled
62 m downhill. Air resistance is negligible.
8. An ice skater of mass 55.2 kg falls and slides horizontally

along the ice travelling 4.18 m before stopping. The coefficient of kinetic friction between the skater and the ice is
0.27. Determine, using the work-energy theorem, the
skater’s speed at the instant the slide begins.
Applying Inquiry Skills
9. The heaviest trucks in the world travel along relatively flat

roads in Australia. A fully loaded “road-train” (Figure 4)
has a mass of 5.0 3 102 t, while a typical car has a mass of
about 1.2 t.
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Figure 4
Australian “road-trains” are massive transport trucks comprised
of three or more trailers hooked up together. The long, flat
desert roads of central Australia make this an ideal form for
transporting goods.
(a) Prepare a table to compare the kinetic energies of
these two vehicles travelling at ever-increasing speeds,
up to a maximum of 40.0 m/s.
(b) Prepare a single graph of kinetic energy as a function
of speed, plotting the data for both vehicles on the
same set of axes.
(c) Based on your calculations and the graph, write conclusions about the masses, speeds, and kinetic energies of moving vehicles.
Making Connections
10. You may have heard the expression “Speed kills” in discus-

sions of traffic accidents. From a physics perspective, a
better expression might be “Kinetic energy kills.”
(a) When a traffic accident involving at least one moving
vehicle occurs, the initial kinetic energy of the
vehicle(s) must transform into something. Where do
you think the energy goes?
(b) Explain the expression “Kinetic energy kills.”
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Gravitational Potential Energy
at Earth’s Surface
A roller coaster, like the one in Figure 1, is called a “gravity ride” for a very good reason.
Work is done on the coaster to raise it to the top of the first hill, which is the highest
position in the ride. Once the coaster leaves that position, the only work that keeps the
coaster moving is the work done by gravity. At the highest position, the coaster has the
maximum potential to develop kinetic energy. The coaster has gravitational potential
energy due to its elevation above Earth’s surface.
To analyze gravitational potential energy mathematically, consider a situation in which
a box of groceries is raised by an applied force to rollers at a higher level (Figure 2).
Because gravity acts vertically, we will use Dy rather than Dd for the magnitude of the
displacement. The force applied to the box to raise it is in the same direction as the displacement and has a magnitude equal to mg. The work done by the force on the box is

4.3
gravitational potential energy
(Eg ) the energy due to elevation
above Earth’s surface

W 5 (F cos v)Dy
5 mg(cos 0°)Dy
W 5 mgDy

At the top of the rollers (the higher position), the box of groceries has gravitational
potential energy relative to all lower positions. In other words, gravitational potential
energy is a relative quantity in which the height of an object above some reference level
must be known. Thus, the work done in increasing the elevation of an object is equal to
the change in the gravitational potential energy:
DEg 5 mgDy

where DEg is the change in gravitational potential energy, in joules; m is the mass, in
kilograms; g is the magnitude of the gravitational field constant in newtons per kilogram or metres per second squared; and Dy is the vertical component of the displacement, in metres.
There are a few important points to remember in using this equation:

•

The equation determines the change in gravitational potential energy and does
not determine an absolute value of gravitational potential energy. In practical
problems involving the equation, Earth’s surface is often used as a reference level
of zero gravitational potential energy, although any other convenient arbitrary
level may be chosen.

•

The value of Dy is the vertical displacement of the object. This means that the
horizontal path an object follows in changing its vertical height is not significant.

•

The equation may only be used when Dy is small enough that g does not vary
appreciably over Dy.

•

Values of Dy (and DEg) are positive if the displacement is upward, and negative if
the displacement is downward.

Figure 1
In any “gravity ride,” such as this
roller coaster, the first hill is the
highest. Can you explain why?

FA

+y

∆y

Figure 2
Work is done on the box of groceries to raise it from the floor to the
top of the rollers.

Many of the situations in which this equation is applied involve objects that are
thrown or lifted up away from Earth, or dropped toward Earth. In such cases, kinetic
energy is converted into gravitational potential energy as the object moves upward,
and gravitational potential energy is converted into kinetic energy after the object is
released and falls downward. In both cases, if friction is negligible, the sum total of
kinetic energy and gravitational potential energy remains constant.
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When an object has gravitational potential energy relative to a lower position and the
object is released, the force of gravity does work on the object, giving it kinetic energy,
as specified by the work-energy theorem. For example, if you hold a basketball at shoulder
height and then drop it, the ball has an initial velocity of zero, but a gravitational potential energy relative to the floor. When you release the ball, the force of gravity does work
on the ball and the gravitational potential energy changes into kinetic energy. As a roller
coaster leaves the highest hill, gravity does work on the coaster and gravitational potential energy changes into kinetic energy. The kinetic energy provides the coaster with
enough speed to get up the next hill.

SAMPLE problem
A diver, of mass 57.8 kg, climbs up a diving-board ladder and then walks to the edge of
the board. He then steps off the board and falls vertically from rest to the water 3.00 m
below. The situation is shown in Figure 3. Determine the diver’s gravitational potential
energy at the edge of the diving board, relative to the water.

y = 3.00 m

LEARNING TIP
Choosing the Reference
Position
Gravitational potential energy is
a relative quantity—it is always
measured with respect to some
arbitrary position where y 5 0.
In many cases, you will have to
choose the reference position.
It is usually easiest to choose
y 5 0 to be the lowest possible
position. This ensures that all
y values and all gravitational
potential energies are positive
(or zero), and therefore easy to
work with. Often it is the change
in gravitational potential energy,
which does not depend on the
choice of y 5 0, that is important. Strictly speaking, y is the
height of the centre of mass of
the object.

+y

y =0
Figure 3

Solution
The 1y direction is upward. The reference position ( y 5 0) is the level of the water.
m 5 57.8 kg
g 5 9.80 m/s2
Dy 5 3.00 m
DEg 5 ?
DEg 5 mgDy
5 (57.8 kg)(9.80 m/s2)(3.00 m)
DEg 5 1.70 3 103 J

The diver’s gravitational potential energy relative to the water is 1.70 3 103 J.
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Notice that in Sample Problem 1, the diver would have the same gravitational potential energy relative to the water surface no matter where he stood along the horizontal
diving board. Furthermore, his gravitational potential energy relative to the water surface does not depend on the path he took to reach the higher level. If he had been lifted
by a crane and placed on the diving board, instead of climbing the ladder, his gravitational potential energy relative to the water surface would still be 1.70 3 103 J.

Practice
Understanding Concepts
1. You lower your pen vertically by 25 cm, then you raise it vertically by 25 cm. During

this motion, is the total work done by gravity positive, negative, or zero? Explain your
answer.
2. What, relative to the ground, is the gravitational potential energy of a 62.5-kg visitor

standing at the lookout level of Toronto’s CN Tower, 346 m above the ground?
3. A 58.2-g tennis ball is dropped from rest vertically downward from a height of 1.55 m

above the court surface.
(a) Determine the gravitational potential energy of the ball relative to the court surface before it is dropped, and as it strikes the court surface.
(b) How much work has the force of gravity done on the ball at the instant the ball
strikes the court surface?
(c) Relate the work done in (b) to the change in the kinetic energy from the release
point to the court surface.

Answers
2. 2.12 3 105 J
3. (a) 0.884 J; 0.0 J
(b) 0.884 J
4. 4.13 3 105 J
5. 71.3 kg

4. A 68.5-kg skier rides a 2.56-km ski lift from the base of a mountain to the top. The lift

is at an angle of 13.9° to the horizontal. Determine the skier’s gravitational potential
energy at the top of the mountain relative to the base of the mountain.
5. A high jumper clears the pole at a height of 2.36 m, then falls safely back to the

ground. The change in the jumper’s gravitational potential energy from the pole to the
ground is 21.65 3 103 J. Determine the jumper’s mass.
6. On your desk you have N identical coins, each with a mass m. You stack the coins

into a vertical pile to height y.
(a) Approximately how much work, in terms of m, g, and y, must you do on the last
coin to raise it from the desk to the top of the pile?
(b) Approximately how much gravitational potential energy, in terms of m, g, N, and
y, is stored in the entire pile?
Applying Inquiry Skills
7. Using unit analysis, express the units of gravitational potential energy in terms of

base SI units. Compare the result to the SI base units of work and kinetic energy.
Making Connections
8. A barrel of oil contains about 6.1 3 109 J of chemical potential energy.

(a) Determine to what height above the ground this energy could raise all the students in your school. State all your assumptions and show all your calculations.
(b) How many joules of chemical potential energy are stored in each litre of oil?
(Hint: You will have to determine how many litres there are in a barrel.)

GO
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Case Study

An Environmentally Friendly
Way of Generating Electricity

There are many practical applications of gravitational potential energy. For example,
hydroelectric generating stations take advantage of the gravitational potential energy
of water as it flows or falls from one level to a lower level. At many stations, huge dams
store the water, allowing engineers to control the flow of water through pipes into turbines connected to the generators.
One of the major problems with building large dams is that the local ecology is drastically and permanently affected. Large artificial lakes created by dams flood previously
dry areas, destroying plant life and animal habitat.
Bhutan, located east of Nepal and north of India (see Figure 4), has found a method
of generating hydroelectricity without large dams. This small country, with a land area
only about 85% that of Nova Scotia, is located in the Himalayan Mountain region. It
has very strict environmental laws to protect its great forests, which cover more than
70% of its land. Careful environmental policy is evident in the design of the Chukha
electrical generating station, which generates power at a rate of 360 MW. (By comparison, the two huge Robert Beck generating stations and the adjacent pumping-generating
station at Niagara Falls generate 1800 MW.) The design of this generating station along
the Wong Chu River is called a “run-of-the-river scheme,” as shown in Figure 5. In this
design, a small dam diverts some of the river’s water flow into a large entrance tunnel,
or head race, that is 6.0 km long. This tunnel, drilled through solid granite, is angled
downward to the top of the generating station and takes advantage of the drop in elevation to convert the gravitational potential energy of the water into kinetic energy.
After the water falls through the turbines at the generating station, it flows through an
exit tunnel, or tail race, rejoining the river 1.0 km downstream.
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Figure 4
Bhutan is a land-locked nation with
many mountain glaciers and rivers.
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Figure 5
The basic design of the Chukha generating plant

Only about 5% of the electrical energy generated at the Chukha plant is used in
Bhutan. The remainder is exported to India along 220-V transmission lines.

Practice
Understanding Concepts
9. (a) Starting with energy from the Sun, list all the energy transformations that occur

in the production of electrical energy at the Chukha plant.
(b) What is a run-of-the-river generating station?
Making Connections
10. Canada also has run-of-the-river generating stations. Research this way of gener-

ating electricity in Canada. Describe any differences between the Chukha plant and
Canadian designs.

GO

www.science.nelson.com

11. Research more about Bhutan’s generation of electrical energy, from the Internet or

other appropriate publications, and report your findings.
(a) What are the sources of water in Bhutan?
(b) Describe how Bhutan is trying to preserve its environment while adapting to
growing energy needs.

GO

www.science.nelson.com

12. Set up a debate in which it is resolved “That Canada should place more emphasis on

developing environmentally friendly ways of generating electrical energy.”

NEL

Work and Energy

193

SUMMARY

Gravitational Potential Energy
at Earth’s Surface

•

Gravitational potential energy is the energy possessed by an object due to its elevation above Earth’s surface. It is a scalar quantity measured in joules (J).

•
•

Gravitational potential energy is always stated relative to a reference level.
The gravitational potential energy of an object depends on its mass, the gravitational field in which the object is located, and the object’s height above a reference level.

Section 4.3 Questions
Understanding Concepts
1. When a construction worker lifts a piece of wood from the

ground, does the wood’s gravitational potential energy
increase or decrease?
2. An astronaut of mass 63 kg climbs a set of stairs with a

total vertical rise of 3.4 m.
(a) What is the astronaut’s gravitational potential energy,
relative to the bottom of the stairs, if the stairs are
located on Earth?
(b) Repeat (a) if the stairs are located on the Moon where
g 5 1.6 N/kg.

Making Connections
7. Some Canadian hydroelectric generating facilities, similar to

the one in Figure 6, convert the gravitational potential
energy of water behind a dam into electrical energy.
(a) Determine the gravitational potential energy relative to
the turbines of a lake of volume 32.8 km3 with an
average height of 23.1 m above the turbines. ( The density of the water is 1.00 3 103 kg/m3.)
(b) Compare your answer in (a) with the annual energy
output of the Chukha plant in Bhutan, which is
1.14 3 1015 J.

3. A pear of mass 125 g falls from a branch 3.50 m above the

ground. What are the respective gravitational potential
energies of the pear on the branch and on the ground
(a) relative to the ground
(b) relative to the branch
4. After being hit by a bat, a 0.15-kg baseball reaches a max-

imum height where its gravitational potential energy has
increased by 22 J from the point where it was hit. What is the
ball’s maximum height (above the point where it was hit)?
5. A weightlifter, doing a biceps curl, lifts a 15-kg mass a ver-

tical distance of 66 cm. Acceleration is negligible.
(a) How much work is done by gravity on the mass?
(b) How much work is done by the weightlifter on the mass?
(c) By how much does the gravitational potential energy
of the mass increase?
Applying Inquiry Skills
6. Plot, on a single graph, the gravitational potential energy of

a 60.0-kg astronaut on Earth, on the Moon, and on Mars,
as a function of the vertical elevation above the surface to a
maximum height of 10.0 m. Your graph will have three distinct lines. (If necessary, refer to Appendix C for planetary
data.)
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Figure 6
The Revelstoke Dam and Generating Station sits on the
Columbia River in British Columbia, 5 km north of the city of
Revelstoke, B.C.
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The Law of Conservation of Energy
What does a computer have in common with a moving truck? What does the production of starlight have in common with a waterfall? In each case, energy is converted from
one form into another form, while following an extremely important law of nature—the
law of conservation of energy.
Law of Conservation of Energy
For an isolated system, energy can be converted into different forms, but cannot be created or destroyed.

The law of conservation of energy is an example of a conservation law that applies to
an isolated system, which is a system of particles that is completely isolated from outside influences. As the particles of an isolated system move about and interact with one
another, the total energy of the system remains constant with no energy flowing into or
out of the system. An example of an isolated system is the system of your calculator
sliding across your desk after your hand has stopped pushing it. The kinetic energy of the
calculator is converted into other forms of energy, mainly thermal energy, and a small
amount of sound energy as the particles of the desk and calculator rub against each
other.
As far as we know, the law of conservation of energy cannot be violated. It is one of
the fundamental principles in operation in the universe. When applied in physics, the law
provides a very useful tool for analyzing a variety of problems.
As an example, consider a 50.0-kg swimmer falling (from rest) from a 3.00-m diving
board under negligible air resistance. At the diving board, the swimmer has zero kinetic
energy and maximum gravitational potential energy relative to the water surface below.
Together, the kinetic energy and gravitational potential energy make up the swimmer’s
mechanical energy. When the swimmer is falling, the gravitational potential energy is
converted into kinetic energy, but the total amount of mechanical energy remains constant. Table 1 gives sample values for this example.

4.4
DID YOU KNOW

?

Energy Conservation
Do not confuse the expressions
“conservation of energy” and
“energy conservation.” Conservation
of energy is a law of nature. Energy
conservation, which refers to the
wise use of energy resources, is
something that we should all
practise.

isolated system a system of particles that is completely isolated from
outside influences

LEARNING TIP
Closed and Open Systems
An isolated system is a closed
system. The opposite of a closed
system is an open system, which
either gains or loses energy to an
outside system. In the situations
analyzed in this text, we will look
only at closed (or isolated) systems
using the law of conservation of
energy.

Table 1 Various Energies of a Falling Swimmer
Height
(m)

Gravitational Potential
Energy
Eg (J)

Kinetic Energy
EK (J)

Total Mechanical
Energy
ET 5 Eg 1 EK (J)

3.00

1.47 3 103

0.00

1.47 3 103

2.00

9.80 3 102

4.90 3 102

1.47 3 103

1.00

4.90 3

102

102

1.47 3 103

0.00

0.00

1.47 3 103

1.47 3 103

9.80 3

So far, the only forms of energy we have discussed in detail are gravitational potential
energy and kinetic energy. The sum of these two energies is called the total mechanical
energy E T, where E T 5 E g 1 E K. We will extend this equation in Section 4.5 to include
other forms of energy, such as elastic potential energy.
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SAMPLE problem 1
A basketball player makes a free-throw shot at the basket. The basketball leaves the
player’s hand at a speed of 7.2 m/s from a height of 2.21 m above the floor. Determine the
speed of the basketball as it goes through the hoop, 3.05 m above the floor. Figure 1
shows the situation.

LEARNING TIP
Choosing Reference Levels
In Sample Problem 1, the floor
was used as the reference level.
A different reference level, such
as the release position, would
yield the same final answer.
When you solve a problem
involving gravitational potential
energy, remember to choose a
reference level and use that
level throughout the problem.

v2 = ?

v1 = 7.2 m/s

y1 = 2.21 m

+y

y2 = 3.05 m

y =0
Figure 1

Solution
According to the law of conservation of energy, the total energy of the basketball is constant as it travels through the air. Using the subscript 1 for the release position and 2 for
the position where the basketball goes through the hoop, and taking the heights y1 and y2
relative to the floor,
v1 5 7.2 m/s

g 5 9.80 m/s2

y1 5 2.21 m

v2 5 ?

y2 5 3.05 m

Applying the law of conservation of energy:
ET1 5 ET2
1
1
}}mv12 1 mgy1 5 }}mv22 1 mgy2
2
2
mv12 1 2mgy1 5 mv22 1 2mgy2
v12 1 2gy1 5 v22 1 2gy2
v22 5 v12 1 2gy1 2 2gy2
v22 5 v12 1 2g( y1 2 y2)
v2 5 6 Ïw
v1 2 1 w
2g( y1 w
2 y2)
2 1 ww(2.21
5 6 Ï(7.2
ws)
m/w2(9.80
m/s2 )w
mw5
2 3.0w
m)

v2 5 6 5.9 m/s

Only the positive square root applies since speed is always greater than zero. The speed of
the basketball through the hoop is therefore 5.9 m/s. It is logical that this speed is less
than the release speed because the ball is at a higher level; the gravitational potential
energy of the ball is greater while its kinetic energy (and thus its speed) must be less.
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The direction of the initial velocity and the parabolic path that the basketball follows
are not important in solving Sample Problem 1. The kinetic and potential energies are
scalar quantities, and do not involve a direction.
In general, we consider the work done by the net force as the amount of energy transformed from one form into another. The forms of energy involved depend on the nature
of the net force. However, if the work done by the net force is positive, then the kinetic
energy increases. Similarly, if the work done by the net force is negative, the kinetic
energy decreases.
The law of conservation of energy can be applied to many practical situations. A
common example is found in the operation of a “gravity clock,” like the one in Figure 2.
To explore this application and others, perform Activity 4.4.1 in the Lab Activities section at the end of this chapter.

ACTIVITY 4.4.1
Applying the Law of
Conservation of Energy (p. 220)
Gravity clocks tend to be used more
for decoration than for accurate
timekeeping. They do, however, provide a good example of the application of the law of conservation of
energy. Describe what you think are
the energy transformations responsible for the operation of a gravity
clock.

Practice
Understanding Concepts
1. A ball has an initial speed of 16 m/s. After a single external force acts on the ball, its

speed is 11 m/s. Has the force done positive or negative work on the ball? Explain.
2. Two snowboarders start from rest at the same elevation at the top of a straight slope.

They take different routes to the bottom, but end at the same lower elevation. If the
energy lost due to friction and air resistance is identical for both snowboarders, how
do their final speeds compare? Would your answer be different if the slope has dips
and rises, instead of being straight?
3. Apply energy concepts to determine the maximum speed reached by a roller coaster

at the bottom of the first hill, if the vertical drop from the top of the hill is 59.4 m, and
the speed at the top of the hill is approximately zero. Friction and air resistance are
negligible. Express your answer in metres per second and kilometres per hour.
4. A skier, moving at 9.7 m/s across the top of a mogul (a large bump), becomes air-

borne, and moves as a projectile under negligible air resistance. The skier lands on
the downward side of the hill at an elevation 4.2 m below the top of the mogul. Use
energy concepts to determine the skier’s speed upon touching the hillside.

Figure 2
A gravity clock

5. The highest waterfall in Canada is the Della Falls in British Columbia, with a change

in elevation of 4.4 3 102 m. When the water has fallen 12% of its way to the bottom,
its speed is 33 m/s. Neglecting air resistance and fluid friction, determine the speed
of the water at the top of the waterfall.
6. A cyclist reaches the bottom of a gradual hill with a speed of 9.7 m/s—a speed great

enough to coast up and over the next hill, 4.7 m high, without pedalling. Friction and
air resistance are negligible. Find the speed at which the cyclist crests the hill.
7. A simple pendulum, 85.5 cm long, is held at rest so that its amplitude will be

Answers
3. 34.1 m/s; 123 km/h
4. 13 m/s
5. 5.0 m/s
6. 1.4 m/s
7. 0.838 m/s

24.5 cm as illustrated in Figure 3. Neglecting friction and air resistance, use energy
concepts to determine the maximum speed of the pendulum bob after release.
Applying Inquiry Skills
8. A 5.00-kg rock is released from rest from a height of 8.00 m above the ground.

Prepare a data table to indicate the kinetic energy, the gravitational potential energy,
and the total mechanical energy of the rock at heights of 8.00 m, 6.00 m, 4.00 m,
2.00 m, and 0.00 m. Plot a single graph showing all three energies as a function of the
height above the ground. (If possible, use a spreadsheet program to generate the
graph.)

length = 85.5 cm

Making Connections
24.5 cm

9. A wrecking ball used to knock over a wall provides an example of the law of conser-

vation of energy. Describe how a wrecking ball is used and list the energy transformations that occur in its use.
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Other Forms of Energy

thermal energy (Eth) internal
energy associated with the motion
of atoms and molecules

FK

∆d

Kinetic energy and gravitational potential energy are just two of the many forms of
energy. Table 2 lists several other forms of energy.
As the law of conservation of energy states, energy can be changed from one form to
another. However, the efficiency of conversion is often not 100% because of friction.
Friction causes kinetic energy to transform into thermal energy, or internal energy,
which is associated with the motion of atoms and molecules. For example, picture a
curling rock sliding along the ice in a straight line toward its target, covering a horizontal distance Dd (Figure 4). After the rock has left the player’s hand, the only force
that does work on the rock is the force of kinetic friction, #$
FK. (Gravity and the normal
force are both perpendicular to the displacement, and do no work on the rock.) Since
the kinetic friction is in the opposite direction to the displacement, the angle v between
this force and the displacement is 180°. Since cos 180° = 21, the work done by the kinetic
friction is
W 5 (F K cos v)Dd

initial position

final position

Figure 4
As the speed of the curling rock
along the ice decreases, kinetic
energy is transformed into thermal
energy.

W 5 2FKDd

Table 2 Common Forms of Energy
Form of Energy

Comment

electromagnetic

•

electrical

•

results from the passage of electrons, for example,
along wires in appliances in your home

electric potential

•
•

associated with electric force
changes as charges are moved

gravitational potential

• associated with the gravitational force
• changes as masses are moved relative to each other

chemical potential

•

stored in the chemical bonds that hold the atoms of
molecules together

nuclear potential

•
•

the stored energy in the nucleus of an atom
converts into other forms by rearranging the particles
inside a nucleus, by fusing nuclei together (fusion), or
by breaking nuclei apart (fission)

sound

•

carried by longitudinal waves from molecule to molecule

elastic potential

•

stored in objects that are stretched or compressed

thermal

•
•

associated with the motion of atoms and molecules
for a monatomic gas such as helium, it is the total
kinetic energy of all the atoms
for more complicated molecules and for atoms in solids,
it is partly kinetic energy and partly electric potential energy
differs from heat, which is the transfer of energy due to
a difference in temperatures

carried by travelling oscillations called electromagnetic
waves
• includes light energy, radio waves, microwaves,
infrared waves, ultraviolet waves, X rays, and gamma rays
• travels in a vacuum at 3.00 3 108 m/s, the speed of
light

•
•
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Since FK and Dd are both positive (being the magnitudes of vectors), the work done
by friction is negative. This means that friction is removing kinetic energy from the
rock. However, because energy is always conserved, the kinetic energy is transformed
into another form, in this case into thermal energy of the rock and the ice. As the rock
slides along the ice, the atoms in the rock and the ice vibrate with increased energy. Both
the rock and the ice warm up, with a small portion of the ice developing a thin layer of
melted water.
Whenever kinetic friction does negative work to slow an object down, the magnitude
of the work equals the thermal energy produced. Since kinetic friction is always opposite to the direction of the displacement, the work done by friction can be written as
W 5 2FKDd

Note that the magnitude of the work done by friction is F KDd. Thus, we can write
Eth = FKDd

where E th is the thermal energy produced by kinetic friction, in joules; FK is the magnitude
of the kinetic friction, in newtons; and Dd is the magnitude of the displacement, in
metres.

SAMPLE problem 2
After leaving a player’s hand, a 19.9-kg curling rock slides in a straight line for 28.8 m,
experiencing friction with a coefficient of kinetic friction of 0.105. The situation is shown in
Figure 5.
(a) How much thermal energy is produced during the slide?
(b) Determine, using energy conservation, the rock’s speed just as it left the player’s
hand.
28.8 m
F K = 20.5 N

vi = ?

+x
vf = 0

Figure 5
Using components to illustrate the rock’s motion

Solution
(a)

mK 5 0.105

FK 5 mKFN

m 5 19.9 kg

FN 5 mg

Dd 5 28.8 m

Eth 5 ?

Eth 5 FKDd
5 mKFNDd
5 mKmgDd
5 (0.105)(19.9 kg)(9.80 N/kg)(28.8 m)
Eth 5 5.90 3 102 J

The thermal energy produced is 5.90 3 102 J.
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(b) According to the law of conservation of energy, the initial kinetic energy of the rock
must equal the thermal energy produced during the slide, because there is no kinetic
energy remaining at the end of the slide. (Gravitational potential energy is not considered because the ice surface is level.)
Eth 5 5.90 3 102 J
vi 5 ?
EKi 5 Eth
mvi2
}} 5 Eth
2
2Eth
vi2 5 }}
m
vi 5 6

!§
2(5.90 3 102 J)
}}
19.9 kg

vi 5 67.70 m/s

We choose the positive root because speed is always positive. Thus, the rock’s initial
speed is 7.70 m/s.

Practice
Understanding Concepts
Answers

10. (a) You push this book across a horizontal desk at a constant velocity. You are

11. (a) 22.3 3 102 J
(b) 2.3 3

102 J

12. 0.75 m
13. 1.1 m/s
14. 1.1 m/s

supplying some energy to the book. Into what form(s) does this energy go?
(b) You push the same book with a larger force so that the book accelerates.
Into what form(s) does the energy now go?
11. A force of kinetic friction, of magnitude 67 N, acts on a box as it slides across

the floor. The magnitude of the box’s displacement is 3.5 m.
(a) What is the work done by friction on the box?
(b) How much thermal energy is produced?
12. A plate produces 0.620 J of thermal energy as it slides across a table. The kinetic

friction force acting on the plate has a magnitude of 0.83 N. How far does the
plate slide?
13. A clerk pushes a filing cabinet of mass 22.0 kg across the floor by exerting a

horizontal force of magnitude 98 N. The magnitude of the force of kinetic friction
acting on the cabinet is 87 N. The cabinet starts from rest. Use the law of conservation of energy to determine the speed of the cabinet after it moves 1.2 m.
14. A pen of mass 0.057 kg slides across a horizontal desk. In sliding 25 cm, its

speed decreases to 5.7 cm/s. The force of kinetic friction exerted on the pen by
the desk has a magnitude of 0.15 N. Apply the law of conservation of energy to
determine the initial speed of the pen.
Applying Inquiry Skills
15. (a) Describe how you would use the motion of a simple pendulum to verify the

law of conservation of energy.
(b) Describe sources of random and systematic error in your experiment.
Making Connections
16. Most of the thermal energy associated with operating a vehicle is produced by

the combustion of fuel, although some is also produced by friction. Describe
how the circulation systems in a car (the oil circulation system and the watercooling system) relate to the thermal energy produced in a moving car.
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SUMMARY

The Law of Conservation of Energy

•

The law of conservation of energy states that for an isolated system, energy can
be converted into different forms, but cannot be created or destroyed.

•

The work done on a moving object by kinetic friction results in the conversion of
kinetic energy into thermal energy.

•

The law of conservation of energy can be applied to solve a great variety of
physics problems.

Section 4.4 Questions
Understanding Concepts
1. Why do roller-coaster rides always start by going uphill?
2. You crack an egg and drop the contents of mass 0.052 kg

from rest 11 cm above a frying pan. Determine, relative to
the frying pan ( y 5 0),
(a) the initial gravitational potential energy of the egg’s
contents
(b) the final gravitational potential energy of the egg’s
contents
(c) the change in gravitational potential energy as the
egg’s contents fall
(d) the kinetic energy and the speed of the egg’s contents
just before hitting the pan

48°
3.7 m

3. A child throws a ball, which hits a vertical wall at a height

of 1.2 m above the ball’s release point. The speed of the ball
at impact is 9.9 m/s. What was the initial speed of the ball?
Use conservation of energy and ignore air resistance.
Figure 6
For question 5

4. A river flows at a speed of 3.74 m/s upstream from a water-

fall of vertical height 8.74 m. During each second,
7.12 3 104 kg of water pass over the waterfall.
(a) What is the gravitational potential energy of this mass
of water at the top of the waterfall, relative to the
bottom?
(b) If there is a complete conversion of gravitational
potential energy into kinetic energy, what is the speed
of the water at the bottom?
5. An acrobat, starting from rest, swings freely on a trapeze of

length 3.7 m (Figure 6). If the initial angle of the trapeze is
48°, use the law of conservation of energy to determine
(a) the acrobat’s speed at the bottom of the swing
(b) the maximum height, relative to the initial position, to
which the acrobat can rise
6. A skier of mass 55.0 kg slides down a slope 11.7 m long,

inclined at an angle f to the horizontal. The magnitude of
the kinetic friction is 41.5 N. The skier’s initial speed is
65.7 cm/s and the speed at the bottom of the slope is
7.19 m/s. Determine the angle f from the law of conservation of energy. Air resistance is negligible.
7. A skateboarder, initially at rest at the top edge of a vertical

centre

radius
half-pipe

Figure 7
For question 7

8. A 55-g chalkboard eraser slides along the ledge at the

bottom of the chalkboard. Its initial speed is 1.9 m/s. After
sliding for 54 cm, it comes to rest.
(a) Calculate, from the law of conservation of energy, the
coefficient of kinetic friction between the eraser and
the ledge.
(b) Repeat the calculation using kinematics and force
principles.
(c) Into what form is the kinetic energy converted?

ramp half-pipe (Figure 7), travels down the pipe, reaching
a speed of 6.8 m/s at the bottom of the pipe. Friction is
negligible. Use the law of conservation of energy to find the
radius of the half-pipe.
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9. Brakes are applied to a car initially travelling at 85 km/h.

The wheels lock and the car skids for 47 m before coming
to a halt. The magnitude of the kinetic friction between the
skidding car and the road is 7.4 3 103 N.
(a) How much thermal energy is produced during the
skid?
(b) In what form was this thermal energy before the skid?
(c) Use the law of conservation of energy to determine the
mass of the car.
(d) Determine the coefficient of kinetic friction between
the tires and the road.
10. A box of apples of mass 22 kg slides 2.5 m down a ramp

inclined at 44° to the horizontal. The force of friction on the
box has a magnitude of 79 N. The box starts from rest.
(a) Determine the work done by friction.
(b) Determine the box’s final kinetic energy. (Hint: Use the
law of conservation of energy.)
(c) Find the thermal energy produced.

(c) Describe how you would conduct measurements from
the ground outside the ride to determine an estimate
of the thermal energy mentioned in (a).
Making Connections
12. In medieval times, the weapon of choice for military engi-

neers was a trebuchet, a mechanical device that converted
gravitational potential energy of a large rock into kinetic
energy. Figure 9 shows the design of a gravity-powered
trebuchet used to hurl projectiles at castle walls. Find out
more about this device, and explain why it is a good illustration of the law of conservation of energy.

GO

www.science.nelson.com

Applying Inquiry Skills
11. The backward-looping roller coaster in Figure 8 accelerates

from the top of the lift by the station, travels through several
vertical loops, and then moves part way up a second lift. At
this stage, the coaster must be pulled up to the top of the
second lift, where it is released to accelerate backward,
returning the riders to the first lift and the station.
(a) What physics principle(s) would you apply to determine the amount of thermal energy produced as the
coaster travels from the top of the first lift to the position where it starts to be pulled up the second lift?
(b) List the equations you would need to determine the
amount of energy converted into thermal energy for
the situation in (a).

Figure 9
A medieval trebuchet

Figure 8
A reversing ride is easy to analyze to determine energy
losses due to friction.
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Imagine that you are to design a cord that will be used for bungee jumping from a bridge
to a river (Figure 1). Although the distance between the bridge and the river is constant,
the masses of the jumpers vary. The cord should offer complete and consistent safety, while
at the same time providing a good bounce to prolong the thrill of jumping.
Figure 1
How would you test the properties
of a bungee cord?

How could you analyze the force exerted by an elastic device, such as a bungee cord?
What happens when the energy is transformed, as a person attached to the cord bounces
up and down? A situation that involves the force changing as the cord is squeezed or
compressed is more complex that the situations that we have looked at so far.

Hooke’s Law
The force exerted by an elastic device varies as the device is
stretched or compressed. To analyze the force mathematically,
consider a horizontal spring attached to a wall and resting on a
surface with negligible friction (Figure 2(a)). The position at
which the spring rests, x 5 0, is the equilibrium position. If a
force is applied to the spring, stretching the spring to the right
of equilibrium, the spring pulls back to the left as shown in
Figure 2(b). Similarly, if a force is applied to compress the spring
to the left of equilibrium, the spring pushes back to the right. In
both cases, the direction of the force exerted by the spring is
opposite to the direction of the force applied to the spring.

x=0
+x
(equilibrium)
(a)

+x
x
(b)
Fx = force exerted
by spring on hand
Figure 2
(a) A spring at its equilibrium position
(b) If the spring is stretched to the right, it exerts a
force to the left: Fx = 2kx.
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Hooke’s law the magnitude of the
force exerted by a spring is directly
proportional to the distance the
spring has moved from equilibrium

ideal spring a spring that obeys
Hooke’s law because it experiences
no internal or external friction

force constant (k) the proportionality constant of a spring

LEARNING TIP
Forces Exerted by and
Applied to a Spring
It is important to remember
which force is exerted by the
spring and which is applied to
the spring. For example, a graph
of the force exerted by the
spring as a function of x has a
negative slope. A graph of the
force applied to the spring as a
function of x has a positive
slope. The magnitude of the
force exerted by a spring is
written either as kxor as
kx.

Experiments with springs show that the magnitude of the force exerted by the spring
is directly proportional to the distance the spring has moved from equilibrium. This
relationship is known as Hooke’s law, after Robert Hooke (1635–1703), who published
his law and its corresponding equation in 1678. Any spring that obeys Hooke’s law is
called an ideal spring because it experiences no friction, either internal or external.
Using k as the constant of proportionality, we can write Hooke’s law for the force exerted
by a spring in equation form, in this case with horizontal components to correspond to
the situation in Figure 2(b):
Fx = 2kx

where Fx is the force exerted by the spring, x is the position of the spring relative to equilibrium, and k (the proportionality constant) is the force constant of the spring. Springs
that require a large force to stretch or compress them have large k values.
According to Hooke’s law, if x . 0, then Fx , 0. In other words, if the spring is stretched
in the 1x direction, it pulls in the opposite direction. Similarly, if x , 0, then Fx . 0, which
means that if the spring is compressed in the 2x direction, it pushes in the opposite
direction.
Since 2kx indicates the force exerted by the spring, we can apply Newton’s third law
to find that 1kx is the force applied to the spring to stretch or compress it to position x.
Thus, Hooke’s law for the force applied to a spring is:
Fx 5 kx

Although we have been referring to springs, Hooke’s law applies to any elastic device
for which the magnitude of the force exerted by the device is directly proportional to the
distance the device moves from equilibrium.

SAMPLE problem 1
A student stretches a spring horizontally a distance of 15 mm by applying a force of
0.18 N [E].
(a) Determine the force constant of the spring.
(b) What is the force exerted by the spring on the student?

LEARNING TIP

Solution

Hooke’s Law in General
To eliminate the need for new
symbols, we use the same
Hooke’s-law equations for
springs lying on an inclined
plane or suspended vertically, as
for springs in the horizontal
plane. For example, in the vertical plane, F 5 kx is the force
applied to a spring, while the
extension x is the change in the
y position from the equilibrium
position.

(a) Fx 5 0.18 N
x 5 15 mm 5 0.015 m
k 5 ?

Since the force is applied to the spring, we use the equation
Fx 5 kx
Fx
k 5 }}
x
0.18 N
5 }}
0.015 m
k 5 12 N/m

The force constant is 12 N/m. (Notice the SI units of the force constant.)
(b) According to Newton’s third law, if the force applied to the spring is 0.18 N [E], then
the force exerted by the spring is 0.18 N [W].
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SAMPLE problem 2
A ball of mass 0.075 kg is hung from a vertical spring that is allowed to stretch slowly from
its unstretched equilibrium position until it comes to a new equilibrium position 0.15 m
below the initial one. Figure 3(a) is a system diagram of the situation, and Figure 3(b) is
an FBD of the ball at its new equilibrium position.
(a) Determine the force constant of the spring.
(b) If the ball is returned to the spring’s unstretched equilibrium position and then
allowed to fall, what is the net force on the ball when it has dropped 0.071 m?
(c) Determine the acceleration of the ball at the position specified in (b).
(a)

(b)

2kx

x=0

+x

mg = |2kx |

+x
x = 0.15 m
mg

Figure 3
(a) The system diagram
(b) The FBD of the ball when the
extension is 0.15 m

Solution
(a) We measure the extension x of the spring from its original unstretched position
(x 5 0) and choose 1x to be downward. Two vertical forces act on the ball: gravity
and the upward force of the spring. At the new equilibrium position, the ball is stationary, so the net force acting on it is zero.
m 5 0.075 kg
x 5 0.15 m
k 5 ?

SFx

5 0

mg 1 (2kx) 5 0
mg
k 5 }}
x
(0.075 kg)(9.8 N/kg)
5 }}}
0.15 m
k 5 4.9 N/m

2kx
+x

mg > |2kx |

The force constant is 4.9 N/m.
(b) Figure 4 is the FBD for the ball when x 5 0.071 m. Considering the components of
the forces in the vertical ( x) direction:

SFx

5 mg 1 (2kx)
5 (0.075 kg)(9.8 N/kg) 2 (4.9 N/m)(0.071 m)

SFx

5 10.39 N

mg
Figure 4
The FBD of the ball when the
extension is 0.071 m

The net force is 0.39 N [down] when the ball has dropped to 0.071 m.

NEL

Work and Energy

205

(c)

SFy

5 0.39 N

ay 5 ?

Applying Newton’s second law:

SFy

5 may

SFy
ay 5 }
m
0.39 N
5 }
0.075 kg

INVESTIGATION 4.5.1
Testing Real Springs (p. 220)
A graph of the force applied to an
ideal extension spring suspended
vertically yields a single straight line
with a positive slope. How do you
think a graph of the force applied to
a real extension spring would
compare?

ay 5 5.2 m/s2

The acceleration is 5.2 m/s2 [down] when the ball is at a spring extension of 0.071 m.

In our applications of Hooke’s law, we have assumed that the springs are ideal. To
discover how real springs compare to ideal springs, you can perform Investigation 4.5.1
in the Lab Activities section at the end of this chapter.

Practice
Understanding Concepts
Answers
3. (a) 4.0 N; 8.0 N
(b) 4.0 N; 8.0 N
4. 6.4 N

1. Spring A has a force constant of 68 N/m. Spring B has a force constant of 48 N/m.

Which spring is harder to stretch?
2. If you pull northward on a spring, in what direction does the spring exert a force on

you?
3. An ideal spring has a force constant of 25 N/m.

(a) What magnitude of force would the spring exert on you if you stretched it from
equilibrium by 16 cm? by 32 cm?
(b) What magnitude of force would you have to exert on the spring to compress it
from equilibrium by 16 cm? by 32 cm?
4. Figure 5 shows the design of a tire-pressure gauge. The force constant of the spring

in the gauge is 3.2 3 102 N/m. Determine the magnitude of the force applied by the
air in the tire if the spring is compressed by 2.0 cm. Assume the spring is ideal.
air under pressure
tire valve
2.0 cm

2.0 cm

plunger

pressure
indicator

force applied
by air under pressure

Figure 5
A pressure gauge indicates the force per unit area, a quantity
measured in pascals, or newtons per square metre (1 Pa 5 1 N/m2).
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5. A 1.37-kg fish is hung from a vertical spring scale with a force constant of

5.20 3 102 N/m. The spring obeys Hooke’s law.
(a) By how much does the spring stretch if it stretches slowly to a new equilibrium
position?
(b) If the fish is attached to the unstretched spring scale and allowed to fall, what is
the net force on the fish when it has fallen 1.59 cm?
(c) Determine the acceleration of the fish after it has fallen 2.05 cm.

Answers
5. (a) 0.0258 m
(b) 5.16 N [down]
(c) 2.02 m/s2 [down]

Applying Inquiry Skills
6. (a) Draw a graph of Fx as a function of x for an ideal spring, where Fx is the

x-component of the force exerted by the spring on whatever is stretching
(or compressing) it to position x. Include both positive and negative
values of x.
(b) Is the slope of your graph positive or negative?
Making Connections
7. Spring scales are designed to measure weight but are sometimes calibrated to indi-

cate mass. You are given a spring scale with a force constant of 80.0 N/m.
(a) Prepare a data table to indicate the stretch that would occur if masses of 1.00 kg,
2.00 kg, and on up to 8.00 kg were suspended from the scale at your location.
(b) Draw a scale diagram to show the calibration of the scale if it is set up to
measure
(i) mass at your location
(ii) weight at your location
(c) If both springs in (b) were taken to the top of a high mountain, would they give
the correct values? Explain.

Elastic Potential Energy
When an archer draws a bow, work is done on the limbs of the bow, giving them potential energy. The energy stored in objects that are stretched, compressed, bent, or twisted
is called elastic potential energy. In the case of the bow, the stored energy can be transferred to the arrow, which gains kinetic energy as it leaves the bow.
To derive an equation for elastic potential energy, we consider the work done on an
ideal spring in stretching or compressing it. Recall from Practice question 7 in Section
4.1 that the area under the line on a force-displacement graph indicates the work. For a
constant force, the area is a rectangle. However, the force applied to an ideal spring
depends on the displacement, so the area of the graph is a triangle (Figure 6). Since the
1
area of a triangle is equal to }} bh, we have:
2

elastic potential energy (Ee ) the
energy stored in an object that is
stretched, compressed, bent, or
twisted

Fx

1
W 5 }}x(kx)
2
1
W 5 }}kx 2
2

height = kx

where W is the work, k is the force constant of the spring, and x is the amount of stretch
or compression of the spring from the equilibrium position. Since this work has been
transformed into elastic potential energy, we can rewrite the equation as
1
Ee 5 }}kx 2
2

where Ee is the elastic potential energy.
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Elastic potential energy can be transformed into other forms of energy, such as the
kinetic energy of an arrow shot by a bow, the sound energy of a guitar string, or the
gravitational potential energy of a pole-vaulter at the top of the jump. As you can see from
these examples, elastic potential energy can be stored in objects other than springs.

LEARNING TIP
Simplified Symbols
Various symbols are used to
distinguish initial and final conditions. For example, #v$i or v#$1
can be used to represent an initial velocity, and #v$f or #v$2 can be
used to represent a final
velocity. We can also use the
prime symbol (9) to represent
the final condition. For example,
we can use EK for the initial
kinetic energy, and EK9 for the
final kinetic energy. Using the
prime symbol helps simplify the
equations for the law of conservation of energy and the law of
conservation of momentum.

SAMPLE problem 3
An apple of mass 0.10 kg is attached to a vertical spring with a force constant of 9.6 N/m.
The apple is held so that the spring is at its unstretched equilibrium position, then it is
allowed to fall. Neglect the mass of the spring and its kinetic energy.
(a) How much elastic potential energy is stored in the spring when the apple has fallen
11 cm?
(b) What is the speed of the apple when it has fallen 11 cm?

Solution
(a) We measure the extension x of the spring from its original unstretched position
( x 5 0) and choose 1x to be downward (Figure 7).

x = 0 (unstretched position)
+x
x = 11 cm

Figure 7
x 5 11 cm 5 0.11 m
k 5 9.6 N/m
Ee 5 ?
1
Ee 5 }}kx 2
2
1
5 }}(9.6 N/m)(0.11 m)2
2
Ee 5 5.8 3 1022 J

The elastic potential energy stored in the spring is 5.8 3 1022 J.
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(b) We use the prime symbol (9) to represent the final condition of the apple. To apply the
law of conservation of energy to determine v9, we include the elastic potential energy.
m 5 0.10 kg

(for the gravitational potential energy of the apple at the initial
position relative to the final position)

x 5 0.11 m
v50
k 5 9.6 N/m
g 5 9.8 m/s2

(the extension of the spring when the apple is at the final position)

x9 5 0.11 m
E K 5 Ee 5 0
v9 5 ?

ET 5 ET9
Eg 1 EK 1 Ee 5 (Eg 1 EK 1 Ee )9
Eg 5 (E K 1 Ee )9
1
1
mgx 5 }}mv92 1 }}kx92
2
2
1
1
}} mv 92 5 mgx 2 }}kx92
2
2
v9 5 6
5 6

kx 9
}}
!2gx
§2§
m
2

!§§§§§§
(9.6 N/m)(0.11 m)2
2(9.8 m/s2)(0.11 m) 2 }}
0.10 kg

v 9 5 6 1.0 m/s

We choose the positive root because speed is always positive. The speed of the apple
is 1.0 m/s.

centre of
target

SAMPLE problem 4
A group of students participating in an annual “Spring Wars Contest” is given a spring
and the following challenge: Launch the spring so that it leaves a launching pad at an
angle of 32.5° above the horizontal and strikes a target at the same elevation, a horizontal
distance of 3.65 m away (Figure 8). Friction and air resistance are negligible.
(a) What measurements must the students make before they perform the calculations
and launch their springs?
(b) Calculate the stretch needed for the spring to reach the target if the spring’s mass is
15.4 g and its force constant is 28.5 N/m.

32.5°

3.65 m

Figure 8
A student-designed launching pad
for a spring

Solution

1
(a) As the spring is stretched, it gains elastic potential energy Ee 5 }}kx 2.
2
According to the law of conservation of energy, when the spring is released,
1
this energy is converted into kinetic energy (EK 5 }}mv 2). The spring then
2
moves as a projectile, covering a horizontal range given by the
vi2
projectile motion equation from Section 1.4, Dx 5 }} sin 2v. (Note that Dx is
g
the horizontal range, which is not to be confused with the extension x of a spring.)
The force constant and the mass of the spring must be measured experimentally.
The other variables are either given or can be calculated.
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(b) We begin by calculating the speed of a projectile needed to cover the horizontal
range.
Dx 5 3.65 m

v 5 32.5°

g 5 9.80 m/s2

v 5 ?

v2
Dx 5 }} sin 2v
g
gDx
v 2 5 }}
sin 2 v
v 5 6

5 6

}
sin 2v
!§
gDx

!§§
(9.80 m/s2 )(3.65 m)
}}}
sin 2(32.5°)

5 6 6.28 m/s
v 5 6.28 m/s

We choose the positive root because speed is always positive. Since the elastic
potential energy changes into kinetic energy, we apply the law of conservation of
energy equation to find the stretch x of the spring:
m 5 15.4 g 5 0.0154 kg

v 5 6.28 m/s

k 5 28.5 N/m

x5?

Ee 5 EK
1
1
}}kx 2 5 }}mv 2
2
2
mv 2
x 2 5 }}
k
mv
}
!}§
k
(0.0154 kg)(6.28 m/s)
5 6 }}}
!§§
28.5 N/m
2

x 5 6

2

x 5 60.146 m

The required stretch is 0.146 m, or 14.6 cm. (The negative root would apply to a compression spring.)

TRY THIS activity

Hitting the Target

Using ideas from Sample Problem 4, design an adjustable
launching pad for firing a spring (provided by your teacher)
from any angle above the horizontal toward a target at least
3.00 m away and at the same vertical height as the spring.
Determine the mass and force constant of your spring, and then
calculate the stretch needed to launch the spring at a given

angle to hit the target. If the spring is not “ideal,” make adjustments to the launch so that your spring comes closer to the
target.
Perform this activity away from other people.
Wear safety goggles in case the spring misfires.
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Practice
Understanding Concepts
8. Figure 9 is a graph of the force as a function of stretch for a certain spring.

(a) Is the force applied to or by the spring? Explain your answer.
(b) Determine the force constant of the spring.
(c) Use the graph to determine the elastic potential energy stored in the spring after
it has been stretched 35 cm.
0

0.20

Answers
8. (b) 38 N/m
(c) 2.3 J
9. (a) 0.45 J
(b) 1.8 J

0.40
x (m)

10. (a) 0.35 J

Fx (N)

(b) 9.5 m/s
–5

11. (a) 2.0 cm
12. (a) 0.48 m/s

–10
–15

(b) 0.071 m
Figure 9

9. A spring has a force constant of 9.0 3 103 N/m. What is the elastic potential energy

13. 0.66 m
15. 9.6 3 1028 J

stored in the spring when it is (a) stretched 1.0 cm and (b) compressed 2.0 cm?
10. A child’s toy shoots a rubber dart of mass 7.8 g, using a compressed spring with a

force constant of 3.5 3 102 N/m. The spring is initially compressed 4.5 cm. All the
elastic potential energy is converted into the kinetic energy of the dart.
(a) What is the elastic potential energy of the spring?
(b) What is the speed of the dart as it leaves the toy?
11. In a game, a small block is fired from a compressed spring up a plastic ramp into var-

ious holes for scoring. The mass of the block is 3.5 3 1023 kg. The spring’s force constant is 9.5 N/m. Friction is negligible.
(a) If the block is to slide up the ramp through a vertical height of 5.7 cm, by how
much must the spring be compressed?
(b) If friction were not negligible, would your answer in (a) increase, decrease, or
remain the same? Explain.
12. A 0.20-kg mass is hung from a vertical spring of force constant 55 N/m. When the

spring is released from its unstretched equilibrium position, the mass is allowed to
fall. Use the law of conservation of energy to determine
(a) the speed of the mass after it falls 1.5 cm
(b) the distance the mass will fall before reversing direction
13. A horizontal spring, of force constant 12 N/m, is mounted at the edge of a lab bench

to shoot marbles at targets on the floor 93.0 cm below. A marble of mass 8.3 3
1023 kg is shot from the spring, which is initially compressed a distance of 4.0 cm.
How far does the marble travel horizontally before hitting the floor?
Applying Inquiry Skills
14. You are designing a toy that would allow your friends to bounce up and down when

hanging (safely) onto a vertical spring.
(a) What measurement(s) would you make to determine the approximate force constant the spring would need to allow a maximum stretch of 75 cm when a person
was suspended at rest from it?
(b) Estimate the approximate force constant for such a spring. Show your
calculations.
Making Connections
15. Scientists analyze the muscles of a great variety of animals and insects. For example,

when a flea jumps, the energy is provided not by muscles alone, but also by an
elastic protein that has been compressed like a spring. If a flea of mass 2.0 3 102 mg
jumps vertically to a height of 65 mm, and 75% of the energy comes from elastic
potential energy stored in the protein, determine the initial quantity of elastic potential energy. Neglect energy losses due to air resistance.
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Simple Harmonic Motion
When a mass on the end of a spring vibrates in line with the central axis of the spring,
it undergoes longitudinal vibration. Consider the longitudinal vibration of a mass on a
flat surface, connected to the end of a horizontal spring that can be stretched or compressed (Figure 10(a)). The mass is initially at its equilibrium or rest position (x 5 0).
A force is then applied to pull the mass to a maximum displacement, called the amplitude A (Figure 10(b)). If the mass is released at this stage, the force exerted by the spring
accelerates it to the left, as in Figure 10(c). The force exerted by the spring varies with the
DID YOU KNOW
stretch x according to Hooke’s law, Fx 5 2kx.
Walking and SHM
After the mass in Figure 10(c) is released, it accelerates until it reaches maximum
As you are walking, your foot swings
back and forth with a motion that
speed as it passes through the equilibrium position. The mass then begins to compress
resembles the SHM of a pendulum.
the spring so that the displacement is to the left. However, since the restoring force of the
The speed of your foot during parts
spring is now to the right, the acceleration is also to the right. Again, the displacement
of the cycle is approximately 1.5
and the acceleration are in opposite directions. The mass slows down and comes to a
times the speed of your forward
momentary stop at x 5 2A, as shown in Figure 10(d), and then moves to the right
motion.
through the equilibrium position at maximum speed, and reaches x 5 A again.
Since we are neglecting friction both in the spring and between the mass and the surface, this back-and-forth motion continues indefinitely in simple harmonic motion
(SHM). SHM is defined as a periodic vibratory motion in which the force (and the
acceleration) is directly proportional to the displacement. Be careful
not
to confuse simple harmonic motion with other back-and-forth
ideal spring
mass
motions. For example, if basketball players are running back and forth
across a gym during practice, their motion is not SHM, even though
1x
(a)
the time taken for each trip may be constant.
A convenient way to analyze SHM mathematically is to combine
x=0
Hooke’s law and Newton’s second law with a reference circle (Figure 11).
Imagine
a mass attached to a horizontal spring, vibrating back and
Fspring = 2kx
forth with SHM. At the same time, a handle pointing upward from a
Fapp = kx
rotating disk revolves with uniform circular motion; the circular motion
(b)
of the handle provides the reference circle. The frequency of revolution
of the circular motion equals the frequency of vibration of the SHM,
x=A
and the motions synchronize with one another. (Technically, we can say
Fspring = 2kx
that the motions are in phase with one another.) Furthermore, the
radius of the circle equals the amplitude of the SHM. A bright light
(c)
source can be aimed from the side of the disk so that it casts a shadow
of the upright handle onto the mass in SHM, and this shadow appears
acceleration
to have the same motion as the mass. This verifies that we can use
of mass
equations from uniform circular motion to derive equations for SHM.
Fspring = kx
Recall that the magnitude of the acceleration of an object in uniacceleration
form
circular motion with a radius r and a period T is given by
(d)
simple harmonic motion (SHM)
periodic vibratory motion in which
the force (and the acceleration) is
directly proportional to the
displacement

?

of mass

x = 2A
Figure 10
Using the longitudinal vibration of a mass-spring system
to define simple harmonic motion (SHM)
(a) The equilibrium position
(b) The position of maximum stretch
(c) Releasing the mass
(d) The position of maximum compression
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4p2r
ac 5 }}
T2

which we can rewrite as
4p 2r
T 2 5 }}
ac

or

T 5 2p

!}§ar}
c

Since r = A for the reference circle in Figure 11,
T 5 2p

!}§aA}
c
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1x
x

direction of
acceleration at
instant shown
mass

A

shadow
of handle
handle

Figure 11
A reference circle. The handle on
the disk is revolving with uniform
circular motion, at the same frequency as the mass on the end of
the spring is undergoing SHM. As
the light source causes a shadow of
the handle to be superimposed on
the mass, the motions appear to be
identical when viewed from the side.
We use the motion of the reference
circle to derive equations for SHM.

r
rotating
disk

direction of
revolution of
handle
light source

This period is not only the period of revolution of any point on the reference circle, but
it is also the period of the mass undergoing SHM, since this mass has the same motion
as the shadow of the handle.
Although the handle on the reference circle is undergoing uniform circular acceleration, its shadow is undergoing the same acceleration as the mass attached to the spring.
This acceleration is not constant, as can be shown by applying Hooke’s law (Fx 5 2kx)
and Newton’s second law (Fx 5 max). If we equate the right-hand sides of these
2kx
equations, then 2kx 5 max , from which ax 5 }}. Thus, since k and m are constants,
m
the acceleration of a mass (and the shadow of the handle) undergoing SHM is proportional to the displacement, x, from the equilibrium position. Furthermore, the acceleration is opposite to the direction of the displacement, as indicated by the negative sign.
The relationship between the displacement and the acceleration can be written as
2x m
}} 5 }}; that is, the ratio of the displacement to the acceleration is constant. But in the
ax
k
A
equation that we developed for the period of SHM, the ratio }} is one specific value of the
ac
2x
more general ratio of }a} . Thus, a general equation for the period of SHM is
x
T 5 2p

LEARNING TIP
The Period and Frequency
of SHM
Like other periodic motions, SHM
has a period and a frequency. The
period T, measured in seconds, is
the amount of time for one complete cycle. Frequency f, which is
measured in hertz (Hz), is the
number of cycles per second.
Since period and frequency are
reciprocals of one another
1
1
f 5 }} and T 5 }}.
T
f

a}
!}§
2x
x

The equation always yields a positive value under the square root sign because x and ax
have opposite signs.
2x
m
If we substitute }a} 5 }}, then
x
k
T 5 2p

!}§mk}

where T is the period in seconds, m is the mass in kilograms, and k is the force constant
of the spring in newtons per metre.
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Since the frequency is the reciprocal of the period,
1
2p

f 5 }}

!}§mk}

These equations for the SHM of a mass–spring system apply even if the motion is
vertical. The horizontal motion was used in the derivations because we did not have to
consider gravity.

SAMPLE problem 5
A 0.45-kg mass is attached to a spring with a force constant of 1.4 3 102 N/m. The massspring system is placed horizontally, with the mass resting on a surface that has negligible
friction. The mass is displaced 15 cm, and is then released. Determine the period and
frequency of the SHM.

DID YOU KNOW

?

Simple Pendulums
A simple pendulum undergoes SHM
if the oscillations have a small
amplitude. In this case, the equation
for the period is T 5 2p

!}§gL} ,

where L is the length of the pendulum and g is the magnitude of the
acceleration due to gravity.

Solution
m 5 0.45 kg
k 5 1.4 3 102 N/m
A 5 15 cm 5 0.15 m
T 5 ?
f 5 ?

!}§mk}
0.45 kg
5 2p }}
!§
1.4 3 §
10 N/§
m

T 5 2p

2

T 5 0.36 s
1
T

Now, f 5 }}
1
5 }
0.36 s
f 5 2.8 Hz

The period and the frequency of the motion are 0.36 s and 2.8 Hz.

Practice
Understanding Concepts
Answers
17. (a) 4.0 s; 0.25 Hz
(b) 0.29 s; 3.5 Hz
(c) 2.3 3 1023 s;
4.4 3 102 Hz

16. A vertical mass–spring system is bouncing up and down with SHM of amplitude

A. Identify the location(s) at which
(a) the magnitude of the displacement from the equilibrium position is at a
maximum
(b) the speed is at a maximum
(c) the speed is at a minimum
(d) the magnitude of the acceleration is at a maximum
(e) the magnitude of the acceleration is at a minimum
17. Determine the period and frequency, in SI units, for the following:

(a) a human eye blinks 12 times in 48 s
(b) a compact disc rotates at a rate of 210 revolutions per minute
(c) the A string on a guitar vibrates 2200 times in 5.0 s
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18. A 0.25-kg mass is attached to the end of a spring that is attached horizontally to

a wall. When the mass is displaced 8.5 cm and then released, it undergoes SHM.
The force constant of the spring is 1.4 3 102 N/m. The amplitude remains
constant.
(a) How far does the mass move in the first five cycles?
(b) What is the period of vibration of the mass-spring system?

Answers
18. (a) 1.7 3 102 cm
(b) 0.27 s
19. 25 N/m
20. 2.6 kg

19. A 0.10-kg mass is attached to a spring and set into 2.5-Hz vibratory motion.

What is the force constant of the spring?
20. What mass, hung from a spring of force constant 1.4 3 102 N/m, will give a

mass-spring system a period of vibration of 0.85 s?
Applying Inquiry Skills
21. Show that

!}§a} and !}§k} are dimensionally equivalent.
x

m

Making Connections
22. To build up the amplitude of vibration in a trampoline, you move up and down

on the trampoline 6.0 times in 8.0 s without losing contact with the surface.
(a) Estimate the force constant of the trampoline.
(b) If you bounce into the air above the trampoline with a regular period of
bouncing, are you undergoing SHM? Explain.

Energy in Simple Harmonic Motion and
Damped Harmonic Motion
We have seen that the elastic potential energy in an ideal spring when it is stretched or
1
compressed a displacement x is }}kx 2. Let us now look at the energy transformations in
2
an ideal spring that undergoes SHM, as in Figure 12. The spring is first stretched to the
right, to x 5 A, from its equilibrium position, then released. The elastic potential energy
is at a maximum at x 5 A:
1
Ee 5 }}kA2
2

x = 2A

x=0

x=A
1x

EK = max EK = 0
EK = 0
Ee = max
Ee = max Ee = 0

Figure 12
Mechanical energy in a
mass–spring system

According to the law of conservation of energy, when the mass is released, the total
energy E T of the system is the sum of the elastic potential energy in the spring and the
kinetic energy of the mass. Thus,
1
1
ET 5 }}kx 2 1 }}mv 2
2
2

where k is the spring constant, x is the displacement of the mass from the equilibrium
position, m is the mass at the end of the spring, and v is the instantaneous speed of the
mass. As we will now see, the conservation of mechanical energy can be used to solve problems involving SHM.
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SAMPLE problem 6
A 55-g box is attached to a horizontal spring of force constant 24 N/m. The spring is then
compressed to a position A 5 8.6 cm to the left of the equilibrium position. The box is
released and undergoes SHM.
(a) What is the speed of the box when it is at position x 5 5.1 cm from the equilibrium
position?
(b) What is the maximum speed of the box?

Solution
(a) We use the prime symbol (9) to represent the final condition. We apply the law of
conservation of mechanical energy at the two positions of the box, the initial position
A and the final position x9.
A 5 8.6 cm 5 0.086 m
m 5 55 g 5 0.055 kg
x 9 5 5.1 cm 5 0.051 m
k 5 24 N/m
v9 5 ?
E T 5 E T9
Ee 1 EK 5 Ee91 EK9
kx92
k A2
mv 92
}} 1 0 5 } 1 }}
2
2
2
kA2 5 kx92 1 m v92
}(A 2 x9 )
§§ (discarding the negative root)
!}§
m
24 N/m
5
} 1(0.086 m) 2 (0.051 m) 2
!}
§
§
§ §§ §
0. 055 k
g
k

v9 5

2

2

2

2

v 9 5 1.4 m/s

The speed of the box is 1.4 m/s.
(b) The maximum speed occurs when x9 = 0.
k
}(A §
2 x9 )§
!}§
m
24 N /m
5 }
}
(0.086
m)
!§
§
§
0. 055 k
g

v9 5

2

2

2

v 9 5 1.8 m/s

The maximum speed of the box is 1.8 m/s.

damped harmonic motion periodic or repeated motion in which
the amplitude of vibration and the
energy decrease with time
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In many practical situations involving a mass–spring system, it would be a disadvantage to have SHM. For example, if you were to step onto a bathroom scale to find your mass
or weight, you would not want the spring in the scale to undergo SHM. You would expect
the spring to settle down quickly and come to rest so you could observe the reading. This
“settling down” is called damping. Damped harmonic motion is periodic or repeated
motion in which the amplitude of vibration and thus the energy decrease with time.
A typical displacement-time curve representing damped harmonic motion with a fairly
long damping time is shown in Figure 13.
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Displacement

1

INVESTIGATION 4.5.2

decreasing
amplitide

0

Time
“envelope” of
the damping

Figure 13
A displacement-time curve representing damped harmonic motion. The
overall outline of the curve is called the
envelope of the damping.

2

One way to study the damping properties of a real spring is to set up a mass–spring
system vertically, start the mass vibrating with an appropriate amplitude, and observe the
vibrations. Investigation 4.5.2, in the Lab Activities section at the end of this chapter,
gives you an opportunity for such a study.
A bathroom scale is one example of a device specifically designed for damping. Another
example is the system of springs and shock absorbers in a car. When a wheel goes over
a bump in the road, the wheel’s spring and shock absorber are compressed easily, but they
are designed to quickly stop bouncing up and down. The energy given to the spring and
shock absorber is dissipated, or transformed into other types of energy. To find out
more about the spring and shock absorbers on automobiles, you can perform
Activity 4.5.1 in the Lab Activities section at the end of this chapter.

Practice
Understanding Concepts
23. Figures 14(a) and (b) show a mass–spring system undergoing SHM at maximum

compression and maximum extension.
(a) At what length(s) of the spring is the speed of the mass at a minimum? What is
that speed?
(b) At what length(s) of the spring is the speed of the mass at a maximum? What is
that speed?
(c) What is the amplitude of the SHM?

ACTIVITY 4.5.1
Achieving a Smooth and
Safe Ride (p. 223)
Springs and shock absorbers on an
automobile help create a smooth
and safe ride for the occupants.
What happens to the energy of
vibration produced when the automobile goes over a bump?
Answers
23. (a) 12 cm; 38 cm; zero
(b) 25 cm; zero
(c) 13 cm
24. (a) 0.215 m

(b)

(a)

Analyzing Forces and Energies
in a Mass–Spring System
(p. 222)
If you were given a spring and
appropriate measuring apparatus,
you could determine the force constant of a spring. You could then
apply the conservation of energy to
predict the motion that will occur
when a known mass, attached vertically to the end of the spring, is
released from rest from the
unstretched equilibrium position.
What measurements would you
need to make to determine the
damping properties of the spring
when the mass is set into vibration?

(b) 9.39 m/s
(c) 6.51 m/s
25. (a) 0.58 J; 4.5 m/s

12 cm

38 cm

Figure 14

(b) 0.25 m
(c) 6.3 m/s

24. The maximum energy of a mass–spring system undergoing SHM is 5.64 J. The mass

is 0.128 kg and the force constant is 244 N/m.
(a) What is the amplitude of the vibration?
(b) Use two different approaches to determine the maximum speed of the mass.
(c) Find the speed of the mass when it is 15.5 cm from the equilibrium position.
25. The amplitude of vibration of a mass on a spring experiencing SHM is 0.18 m.

The mass is 58 g and the force constant is 36 N/m.
(a) Find the maximum energy of the system and the maximum speed of the mass.
(b) What amplitude of vibration would be required to double the maximum energy?
(c) What is the maximum speed of the mass at this new energy?
26. Prove that the maximum speed of a mass on a spring in SHM is given by 2pfA.
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Applying Inquiry Skills
27. (a) Determine the dimensions of the expression

k
} (A 2 x ).
!}§
m §
2

2

(b) Explain in words the meaning of this expression.
Making Connections

28. State whether each of the following devices is designed to have fast, medium, or slow

damping. Give a reason for each answer.
(a) the prongs of a tuning fork
(b) the needle on an analog voltmeter
(c) a guitar string
(d) saloon doors (of the swinging type)
(e) the string on an archer’s bow after the arrow leaves the bow

SUMMARY

Elastic Potential Energy and
Simple Harmonic Motion

•

Hooke’s law for an ideal spring states that the magnitude of the force exerted by
or applied to a spring is directly proportional to the displacement the spring has
moved from equilibrium.

•

The constant of proportionality k in Hooke’s law is the force constant of the
spring, measured in newtons per metre.

•

Elastic potential energy is the energy stored in objects that are stretched, compressed, twisted, or bent.

•

The elastic potential energy stored in a spring is proportional to the force constant of the spring and to the square of the stretch or compression.

•

Simple harmonic motion (SHM) is periodic vibratory motion such that the force
(and thus the acceleration) is directly proportional to the displacement.

•

A reference circle can be used to derive equations for the period and frequency of
SHM.

•

The law of conservation of mechanical energy can be applied to a mass–spring
system and includes elastic potential energy, kinetic energy, and, in the case of
vertical systems, gravitational potential energy.

•

Damped harmonic motion is periodic motion in which the amplitude of vibration and the energy decrease with time.

Section 4.5 Questions
Understanding Concepts
Note: For the following questions, unless otherwise stated,
assume that all springs obey Hooke’s law.
1. Two students pull equally hard on a horizontal spring

attached firmly to a wall. They then detach the spring from
the wall and pull horizontally on its ends. If they each pull
equally hard, is the amount of stretch of the spring equal
to, greater than, or less than the first stretch? Explain your
answer. (Hint: Draw an FBD for the spring in each case.)
2. Is the amount of elastic potential energy stored in a spring

greater when the spring is stretched 2.0 cm than when it is
compressed by the same amount? Explain your answer.

218 Chapter 4

3. What does “harmonic” mean in the term “simple harmonic

motion?”
4. State the relationship, if any, between the following sets of

variables. Where possible, write a mathematical variation
( proportionality) statement based on the appropriate
equation.
(a) period and frequency
(b) acceleration and displacement in SHM
(c) period and the force constant for a mass on a spring in
SHM
(d) the maximum speed of a body in SHM and the amplitude of its motion
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5. A student of mass 62 kg stands on an upholstered chair

containing springs, each of force constant 2.4 3 103 N/m. If
the student is supported equally by six springs, what is the
compression of each spring?
6. What magnitude of force will stretch a spring of force con-

stant 78 N/m by 2.3 cm from equilibrium?
7. The coiled spring in a hand exerciser compresses by

1.85 cm when a force of 85.5 N is applied. Determine the
force needed to compress the spring by 4.95 cm.
8. A trailer of mass 97 kg is connected by a spring of force

constant 2.2 3 103 N/m to an SUV. By how much does the
spring stretch when the SUV causes the trailer to undergo
an acceleration of magnitude 0.45 m/s2?
9. A grapefruit of mass 289 g is attached to an unstretched

14. A 0.20-kg ball attached to a vertical spring of force con-

stant 28 N/m is released from rest from the unstretched
equilibrium position of the spring. Determine how far the
ball falls, under negligible air resistance, before being
brought to a momentary stop by the spring.
Applying Inquiry Skills
15. Figure 16 shows the energy relationships of a 0.12-kg

mass undergoing SHM on a horizontal spring. The quantity
x is the displacement from the equilibrium position.
(a) Which line represents (i) the total energy, (ii) the
kinetic energy, and (iii) the elastic potential energy?
(b) What is the amplitude of the SHM?
(c) What is the force constant of the spring?
(d) What is the maximum speed of the mass?

vertical spring of force constant 18.7 N/m, and is allowed
to fall.
(a) Determine the net force and the acceleration on the
grapefruit when it is 10.0 cm below the unstretched
position and moving downward.
(b) Air resistance will cause the grapefruit to come to rest
at some equilibrium position. How far will the spring be
stretched?

E (J)
5

A

4
B

3

10. A bungee jumper of mass 64.5 kg (including safety gear) is

standing on a platform 48.0 m above a river. The length of
the unstretched bungee cord is 10.1 m. The force constant
of the cord is 65.5 N/m. The jumper falls from rest and just
touches the water at a speed of zero. The cord acts like an
ideal spring. Use conservation of energy to determine the
jumper’s speed at a height of 12.5 m above the water on
the first fall.
11. A toy car is attached to a horizontal spring. A force of 8.6 N

exerted on the car causes the spring to stretch 9.4 cm.
(a) What is the force constant of the spring?
(b) What is the maximum energy of the toy-spring system?
12. If the maximum amplitude of vibration that a human

eardrum can withstand is 1.0 3 1027 m, and if the energy
stored in the eardrum membrane is 1.0 3 10213 J, determine the force constant of the eardrum.
13. A 22-kg crate slides from rest down a ramp inclined at 29°

to the horizontal (Figure 15) onto a spring of force constant 8.9 3 102 N/m. The spring is compressed a distance
of 0.30 m before the crate stops. Determine the total distance the crate slides along the ramp. Friction is
negligible.

2
1

28.0 24.0

C
0

4.0

8.0

x (cm)

Figure 16
16. You are given a spring comprised of 24 coils that has a

force constant of 24 N/m.
(a) If this spring were cut into two equal pieces, would the
force constant of each new spring be equal to, greater
than, or less than 24 N/m? Explain.
(b) With your teacher’s permission, design and carry out
an experiment to test your answer in (a). Explain what
you discover.
Making Connections
17. The shock absorbers in the suspension system of a truck are

in such poor condition that they have no effect on the behaviour of the springs attached to the axles. Each of the two
identical springs attached to the rear axle supports 5.5 3
102 kg. After going over a severe bump, the rear end of the
truck vibrates through six cycles in 3.5 s. Determine the force
constant of each spring.
18. In designing components to be sent on board a satellite,

29°

Figure 15
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engineers perform tests to ensure that the components can
withstand accelerations with a magnitude as high as 25g.
In one test, the computer is attached securely to a frame
that is vibrated back and forth in SHM with a frequency of
8.9 Hz. What is the minimum amplitude of vibration used in
this test?

Work and Energy

219

Chapter 4

SUMMARY

Key Expectations
• define and describe the concepts and units related to

energy (e.g., work-energy theorem, gravitational
potential energy, elastic potential energy, thermal
energy and its transfer [heat], open and closed energy
systems, and simple harmonic motion) (4.1, 4.2, 4.3,
4.4, 4.5)

•

analyze situations involving the concepts of mechanical energy, thermal energy and its transfer (heat), and
the law of conservation of energy (4.4)

•

analyze and explain common situations involving
work and energy (4.1, 4.2, 4.3, 4.4, 4.5)

•

state Hooke’s law and analyze it in quantitative terms
(4.5)

•

design and conduct an experiment to verify the law of
conservation of energy in a system involving several
types of energy (4.5)

•

analyze and describe, using the law of conservation of
energy, various applications of energy transformations
(e.g., analyze and describe the operation of a shock
absorber, and analyze the energy transformations that
take place; research and explain the operation of a
gravity clock) (4.4, 4.5)

Key Terms

•

Wtotal 5 DEK

•
•
•
•
•

DEg 5 mgDy

assuming no change in any
other form of energy

Eth 5 FKDd
Fx 5 6kx
1
Ee 5 }} kx 2
2
m
T 5 2p }
k

!§

(4.2)
(4.3)
(4.4)
(4.5)
(4.5)
(4.5)

MAKE a summary
Launching an extension spring so that it travels through the
air toward an intended target (Figure 1) provides the context for a summary of this chapter. Imagine that you are
given the following materials:

•
•
•
•

a spring of unknown mass and unknown force constant
a ruler
a mass scale
a set of launch parameters (the distance to the target, the
launch angle, and the height the target is above or below
the launching pad)

Use the following questions as a guideline for summarizing the concepts presented in this chapter:
1. Describe how you would make sure that the spring
lands as close to the target as possible. Show typical
calculations.
2. Show how you would determine the maximum height of
the spring. Include typical calculations.

work

3. How would friction within the spring, friction on the
launching pad, and air resistance affect your calculations?

joule
kinetic energy

4. List the energy transformations involved in the
sequence of events starting with the work you must do
in stretching the spring and ending after the spring hits
the floor near the target and slides to a stop.
5. What would you observe if the same spring were set up
to demonstrate SHM and/or damped harmonic motion?
6. How can the concepts and equations related to springs
be applied in practical situations?

work-energy theorem
gravitational potential energy
law of conservation of energy
isolated system
Hooke’s law
ideal spring
force constant
elastic potential energy
simple harmonic motion
damped harmonic motion

Key Equations
• W 5 (F cos v)Dd
• EK 5 }21} mv 2
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(4.1)
(4.2)

Figure 1
If the spring is stretched the appropriate amount and then
launched from the launching pad, it will travel as a projectile and strike the target several metres away.
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SELF QUIZ

Unit 2

Write numbers 10 to 16 in your notebook. Beside each
number, write the letter correspondng to the best choice.

Write numbers 1 to 9 in your notebook. Indicate beside
each number whether the corresponding statement is true
(T) or false (F). If it is false, write a corrected version.

For questions 10 to 15, choose the graph in Figure 1 that best
represents the relationship between the described variables.

1. If friction is negligible, the work done on a pen in
raising it 25 cm is the same whether the pen is raised
along a vertical path or along a path inclined at some
angle v to the horizontal.

10. The y-variable is the work done by a spring; x is the
spring’s stretch.
11. The y-variable is the kinetic energy of an object; x is
the object’s speed.
12. The y-variable is the period of vibration of an object
undergoing SHM; x is the frequency of vibration.
13. The y-variable is the frequency of vibration of an
object undergoing SHM in a mass-spring system; x is
the force constant of the spring.
14. The y-variable is the period squared of an object
undergoing SHM in a mass-spring system; x is the
force constant of the spring.
15. The y-variable is the period squared of an object
undergoing SHM in a mass-spring system; x is the
reciprocal of the force constant of the spring.
16. A child pulls a sleigh up the incline in Figure 2. The
work done by gravity on the sleigh during this
motion is
(a) mgL cos v
(b) mgL sin v
(c) 2mgL cos v
(d) 2mgL sin v
(e) none of these

2. As you walk along a horizontal floor carrying a backpack at a constant height above the floor, the work
done by gravity on the backpack is negative.
3. Extending the situation in question 2, you come to a
complete stop to talk to a friend. As you are in the
process of slowing down to stop, the work you do on
the backpack is zero.
4. An eraser falls from rest from a desktop to the floor.
As it falls, its kinetic energy increases in proportion to
the square of its speed, and its gravitational potential
energy decreases in proportion to the square of the
distance fallen.
5. A ball bouncing off a floor never reaches the same
height from which it was dropped (from rest). This
does not refute the law of conservation of energy,
because the ball and the floor do not belong to the
same isolated system.
6. Thermal energy is the same as internal energy,
whereas heat is the transfer of energy from a warmer
object to a cooler one.
7. In a horizontal mass-spring system undergoing SHM,
the maximum speed of the mass occurs when the
elastic potential energy is at a minimum.

+y

8. In a vertical mass-spring system undergoing SHM,
the maximum speed of the mass occurs when the
elastic potential energy is at a minimum.

L

θ

+x

Figure 2

9. A long damping time would be appropriate for a
bathroom scale, but inappropriate for a child’s “jollyjumper” toy.
(a)

(b)

y

(c)

y

0

x

0

(d)

y

x

0

(e)

y

x

0

y

x

0

x

Figure 1
The first variable in questions 10 to 15 corresponds to the y-variable on one of these graphs;
the second variable corresponds to the x-variable.
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REVIEW

Understanding Concepts
1. In each of the following situations, indicate whether
the work done on object X by force #$
F is positive, negative, or zero.
(a) A golfer, walking at constant velocity, carries a
golf bag X horizontally by exerting an upward
force #$
F on it.
#$ on a book X as the
(b) A student exerts a force F
book is lowered at constant velocity toward the
floor.
#$ acts on a hot-air balloon X
(c) The force of gravity F
moving vertically upward.
#$ is exerted by a road on a car X
(d) A normal force F
accelerating away from an intersection.
(e) In a simple model of the atom, an electron X
travels in a circular orbit as a result of the elec#$ toward the nucleus.
trical force F
#$ acts on a mass X attached to a string.
(f) A tension F
The mass is swinging as a pendulum.
2. A force is applied to an object, which undergoes a displacement. What can you conclude if the work done
on the object by the force is zero?
3. Can the normal force on an object ever do work on
the object? Explain your answer.
4. A swimmer is trying to swim upstream in a river with
a constant flow of water, but remains stationary relative to the shore.
(a) Is any work being done on the swimmer?
Explain.
(b) If the swimmer stops swimming and floats with
the water flow, is any work done on the
swimmer? Explain.
5. A nonzero net external force acts on a particle. Is this
enough information to conclude that there is a change
(a) to the particle’s velocity?
(b) to the particle’s speed?
(c) to the particle’s kinetic energy?
Justify each answer.
6. Do you agree or disagree with the statement: “If friction and air resistance can be neglected, the speed of a
falling body does not depend on the mass of the body
or the path it takes.” Justify your answer.
7. Give examples in which the damping of vibrations is
(a) useful and (b) not useful.
8. Do you think it is possible to have any isolated harmonic motion that is not damped? (“Isolated” means
there is no external influence.) If “yes,” give at least
one example. If “no,” explain why not.
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9. A soccer ball of mass 0.425 kg is kicked on a parabolic
trajectory so that its maximum height is 11.8 m above
the ground. What work does gravity do on the ball
(a) on the way up and (b) on the way down?
10. A gardener pushes a lawnmower by exerting a constant force of magnitude 9.3 N. If this force does 87 J
of work on the lawnmower while pushing it 11 m
across level ground, what is the angle between the
applied force and the horizontal?
11. A 25.6-kg child pulls a 4.81-kg toboggan up a hill
inclined at 25.7° to the horizontal. The vertical height
of the hill is 27.3 m. Friction is negligible.
(a) Determine how much work the child must do on
the toboggan to pull it at constant velocity up the
hill.
(b) Repeat (a) if the vertical height is still 27.3 m, but
the angle is 19.6°. What general conclusion can
you make?
(c) The child now slides down the hill on the
toboggan. Determine the total work on the child
and toboggan during the slide.
12. A 73-kg skier coasts up a hill inclined at 9.3° to the
horizontal. Friction is negligible. Use the work-energy
theorem to determine how far along the hill the skier
slides before stopping, if the initial speed at the
bottom is 4.2 m/s.
13. What is the original speed of an object if its kinetic
energy increases by 50.0% when its speed increases by
2.00 m/s?
14. Assume that the Great Pyramid of Cheops in Egypt
(Figure 1) has a mass of 7.0 3 109 kg and that its
centre of mass is 36 m above the ground.
(a) Determine the gravitational potential energy of
the pyramid relative to the ground on which it
was built.
(b) Assume that each person worked on building the
pyramid 40 days each year and was able to do
5 3 106 J of work each day in raising stone
blocks. If the efficiency of each worker in moving
the blocks was 20% and the pyramid took 20
years to complete, how many workers were
involved?
15. In a biceps curl, a weightlifter lifts a mass of 45 kg a
vertical distance of 66 cm. Acceleration is negligible.
(a) How much work is done by gravity on the mass?
(b) How much work is done by the weightlifter on
the mass?
(c) By how much does the gravitational potential
energy of the mass increase?
NEL

Unit 2

19. A 1.2 3 103-kg space probe, travelling initially at a
speed of 9.5 3 103 m/s through deep space, fires its
engines that produce a force of magnitude 9.2 3
104 N over a distance of 86 km. Determine the final
speed of the probe.
20. A gymnast springs vertically from a trampoline,
leaving the trampoline at a height of 1.15 m from the
ground, and reaching a maximum height of 4.75 m
from the ground. Determine the speed with which
the gymnast leaves the trampoline. (Ignore air resistance and apply energy concepts.)

16. A seagull drops a 47-g seashell, initially at rest, from
the roof of a cabin.
(a) If air resistance is negligible, what is the seashell’s
speed when it has fallen 4.3 m? Use the law of
conservation of energy.
(b) If air resistance were included, would your
answer to (a) increase, decrease, or remain the
same?

12.0
Fx (N)

Figure 1
The Great Pyramid of Cheops was the largest pyramid ever built.
(for question 14)

21. Figure 2 is a graph of the horizontal component of
the force exerted by a person moving a table in a
straight line across a horizontal floor. How much
work does the person do on the table as the table
moves 6.0 m?

8.0
4.0

0

2.0

4.0

6.0

x (m)
Figure 2

17. A stick is thrown from a cliff 27 m high with an initial
velocity of 18 m/s at an angle of 37° above the
horizontal.
(a) Use the law of conservation of energy to determine the speed of the stick just before it hits the
ground.
(b) Repeat (a) with an angle of 37° below the
horizontal.

22. A spring is stretched 0.418 m from equilibrium by a
force of magnitude 1.00 3 102 N.
(a) What is the force constant of the spring?
(b) What is the magnitude of force required to
stretch the spring 0.150 m from equilibrium?
(c) How much work must be done on the spring to
stretch it 0.150 m from equilibrium and to compress it 0.300 m from equilibrium?

18. A gardener exerts a force of 1.5 3 102 N [22° below
the horizontal] in pushing a large 18-kg box of flower
seeds a distance of 1.6 m. The coefficient of kinetic
friction between the box and the floor is 0.55.
(a) Use Newton’s laws to determine the magnitudes
of the normal force and the force of friction on
the box.
(b) Use the law of conservation of energy to determine the final speed of the box if it starts from
rest.
(c) How much thermal energy is produced?

23. A student uses a compressed spring of force constant
22 N/m to shoot a 7.5 3 1023-kg eraser across a desk.
The magnitude of the force of friction on the eraser is
4.2 3 1022 N. How far along the horizontal desk will
the eraser slide if the spring is initially compressed
3.5 cm? Use the law of conservation of energy.
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24. A block attached to a horizontal spring of force constant 75 N/m undergoes SHM with an amplitude of
0.15 m. If the speed of the mass is 1.7 m/s when the
displacement is 0.12 m from the equilibrium position, what is the mass of the block?
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25. A mass of 0.42 kg, attached to a horizontal spring of
force constant 38 N/m, undergoes SHM without friction at an amplitude of 5.3 cm.
(a) What is the maximum energy of the mass-spring
system?
(b) Determine the maximum speed of the mass
using energy concepts.
(c) What is the speed of the mass when the displacement is 4.0 cm?
(d) Determine the sum of the system’s kinetic energy
and elastic potential energy when the displacement is 4.0 cm. Compare your result with your
answer in (a).

Making Connections
30. On extremely windy or cold days, certain rollercoaster rides are shut down. Why?
31. Two identical balls, A and B, are released from rest on
inclines that have the same vertical drop and the same
horizontal distance from one end to the other. The
inclines differ in detail as illustrated in Figure 3.
(Note that very little energy is lost due to rolling
friction.)
(a) Which ball arrives at the end first? Explain your
answer.
(b) Racing cyclists apply this principle on inclined
oval tracks. Explain how.

Applying Inquiry Skills

A

26. (a) Use actual measurements to determine how
much work you would have to do to stack five of
these physics texts one on top of the other, if they
are originally lying flat on the table.
(b) Identify sources of random and systematic error
in your measurements.
27. A force sensor is used to push a box along a horizontal surface at a constant velocity. If the sensor is
connected to a graphing calculator, what information
would the calculator have to generate to indicate the
amount of work done by the force applied by the
sensor to the box?
28. The end of a diving board exhibits damped harmonic
motion after a diver jumps off. At the instant the
diver leaves the board (t 5 0), the end of the board is
at its highest position, y 5 26 cm above the equilibrium position. The period of vibration of the end of
the board is 0.40 s. The amplitude becomes negligible after 6 cycles. Draw a graph showing the
approximate displacement as a function of time for
this motion. (Include the envelope of the damping.)
29. Farm tractors often produce vibrations that are irritating to the person riding in them. You are hired by
a manufacturer to design a tractor seat that will
reduce the vibrations transmitted to the person sitting in the seat to a minimum. Describe ways of
accomplishing your goal. (Consider concepts presented in this chapter, such as damping and the law
of conservation of energy.)

B

Figure 3

Extension
32. Figure 4 shows a partial profile of a roller-coaster
ride. Friction and air resistance are negligible.
Determine the speed of the coaster at position C if
the speed at the top of the highest hill is (a) zero and
(b) 5.00 m/s.
A

C

37.8 m
B
12.8 m

17.8 m

(Note: The horizontal and vertical scales are different.)
Figure 4
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33. (a) Why, in question 32, was it unnecessary to specify
the mass of the coaster?
(b) Compare the increase in speeds in the two situations. Is the difference surprising? Why or why
not?
34. A helicopter of mass m has an acceleration of magnitude 0.12 g upward.
(a) Determine the force required to cause this acceleration.
(b) How much work is done by this force in moving
the helicopter a distance Dy upward?

38. An athlete throws a basketball through a hoop as in
Figure 6. The ball leaves his hands at a height of 2.5 m
with a speed of 9.0 m/s. Calculate the speed of the
ball when it “swishes” through the hoop. The hoop is
at a height of 3.0 m and it is 5.0 m along the court
from the basketball player.

down

35. A 1.5-kg steel mass is dropped onto a vertical compression spring of force constant 2.1 3 103 N/m,
from a height of 0.37 m above the top of the spring.
Find, from energy considerations, the maximum distance the spring is compressed.
36. A stretched elastic band of mass 0.55 g is released so
that its initial velocity is horizontal, and its initial
position is 95 cm above the floor. What was the elastic
potential energy stored in the stretched band if, when
it lands, it has a horizontal displacement of 3.7 m
from the initial position under negligible air
resistance?
37. A skier swoops down a hill and over a ramp as in
Figure 5. She starts from rest at a height of 16 m,
leaves the 9.0-m ramp at an angle of 45°, and just
clears the hedge on her way down, making an angle of
30° with the vertical as she does. Assuming that there
is no friction, and that she is small compared to the
dimensions of the problem, solve for H, the height
of the hedge in metres.

45˚

30˚

down

3.0 m

5.0 m
Figure 6
Sir Isaac Newton Contest Question

39. A space shuttle lands on a distant planet where the
gravitational acceleration is 2.0. (We don’t know the
local units of length and time, but they are consistent
throughout this problem.) The shuttle coasts along a
level, frictionless plane (Figure 7) with a speed of 6.0
(position 1). It then coasts up a frictionless ramp of
height 5.0 and angle 30° (position 2). After a brief
ballistic flight, it lands a distance S from the ramp
(position 3). Solve for S in local units of length.
Assume the shuttle is small compared to the local
length unit and that all atmospheric effects are
negligible.

16 m
9.0 m

H

(2)

hedge
(1)

30˚

up
(3)

5.0

Figure 5
S

Sir Isaac Newton Contest Question
Figure 7

Sir Isaac Newton Contest Question
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Momentum
and Collisions
Collisions occur all the time. Air molecules continually collide with each other and with
objects near them, such as your eardrums. Hockey sticks and pucks, and tennis rackets and
tennis balls collide. Hailstones collide with car roofs. A train engine attached to a set of
railway cars collides with the cars and then pulls them away. Energetic particles from the
Sun undergo collisions with molecules in Earth’s atmosphere to produce the northern
and southern lights (aurora borealis and aurora australis). Even entire galaxies collide. To
understand collisions and apply the knowledge to the world around us, we need to understand the concept of momentum and the law of conservation of momentum.
The knowledge gained in studying collisions can be applied to many situations that
involve safety issues. In sports activities, helmets and other protective gear reduce concussions and other injuries that occur as a result of collisions. In transportation, vehicle
airbags are designed to reduce injuries that occur in collisions. Crash barriers are incorporated into highway designs to reduce damage to vehicles and injuries to the vehicle’s occupants (Figure 1).

REFLECT on your learning
1. Momentum is an important concept in physics, but the word is also used in

everyday discourse.
(a) Explain the everyday meaning of the expression “Our soccer team appears to be
gaining momentum.”
(b) How do you think the physics meaning of “gaining momentum” differs from the
everyday meaning?
2. For each of the following situations involving objects A and B, state whether the mag-

nitude of the momentum of A is greater than, less than, or equal to the magnitude of
the momentum of B.
(a) Car A is at rest; an identical car B is in motion.
(b) Cyclist A is moving at moderate speed; a cyclist of equal mass B, riding an identical bicycle, is moving at a high speed.
(c) A large truck A is moving at the same speed as car B.
3. In sports activities in which a ball is struck by a device, such as a golf club, a baseball

bat, a tennis racket, etc., “follow-through” is an advantage.
(a) What is meant by the phrase “follow-through?” Why is it an advantage?
(b) What variable do you think affects follow-through in sports activities?
4. Figure 2 is a graph of the force applied by a cue to a billiard ball as a function of time.

(a) What technique could you use to determine the approximate area between the
curved line and the time axis?
(b) Use unit analysis or dimensional analysis to determine what quantity the area
under the line on the graph could represent. (Hint: Convert newtons to base SI
units.)
5. If you were designing a new car, would you design it so that it was highly elastic and

would bounce off other cars in a collision, or would you design it so that it had flexible
components that would become crunched in a crash? Give reasons.
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Figure 1
Which design would offer better protection
to the occupants of a car if the car crashed
into these barriers?

TRY THIS activity

Predicting
the Bounces

In this simple activity, you will offer a prediction and hypothesis about the
bounce of a ball, and will then test your ideas by observation. With no preliminary class or group discussion, your teacher will pass ball A around the class,
followed by ball B, to allow each student to decide whether ball A’s bounce
will be higher than, lower than, or equal to ball B’s bounce, assuming that
both are dropped from rest from the same height above the floor.

F (N)

(a) Write your prediction.
(b) Discuss the situation with other students and then write your hypothesis
explaining how you think ball A compares with B.
(c) Drop balls A and B to test the predictions made by you and your classmates. Assess your prediction and hypothesis.

0

t (s)

Figure 2
For question 4. The force applied by a cue as
it collides with a billiard ball is not constant.
NEL

(d) Link your observations in this activity to the law of conservation of
energy as applied to collisions on highways or in sports activities.
Do not throw the balls. The bounce can be dangerous.
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Momentum and Impulse
In bobsleigh racing (Figure 1), also called bobsled racing, team members push as hard
as they can on the bobsleigh in the start zone, then jump in to race it at the fastest speed
possible down an icy, curved course over 1.2 km long. The two-person bobsleigh has a
mass of about 220 kg and requires a large force to achieve a high velocity. When the
competitors jump into the bobsleigh, the total mass can be as high as 390 kg.
The quantities of mass and velocity combine to give an object linear momentum.
The linear momentum of a moving object is the product of the object’s mass and (instantaneous) velocity:
#$ 5 mv#$
p

Figure 1
The start zone of a bobsleigh race is
about 15 m long. The racers must
exert as large a force as possible on
the bobsleigh over that distance to
increase its velocity and give it as
much momentum as possible.

linear momentum ( p#$ ) the product
of the mass of a moving object and
its velocity; a vector quantity

where #p$ is the linear momentum of the object in kilogram metres per second, m is its mass
in kilograms, and v#$ is its velocity in metres per second. The direction of the linear
momentum is the same as the direction of the velocity.
Linear momentum depends on both the mass and the velocity of an object. For any
given mass, the linear momentum is directly proportional to the velocity, and for any given
velocity, the linear momentum is directly proportional to the mass. A truck has more linear
momentum than a car travelling at the same speed, but a fast-moving car may have the
same linear momentum as a slow-moving truck.
Linear momentum is a vector quantity, being the product of a scalar (mass) and a
vector (velocity). We will often consider the components of linear momentum:
px 5 mvx
py 5 mvy

In most of our discussions, we will omit the word “linear” to describe the type of
momentum that involves a mass moving linearly. Another type of momentum, called
angular momentum, is possessed by a rotating object, such as a spinning figure skater.
(Angular momentum is not presented in detail in this text.)

SAMPLE problem 1
Determine the momentum of a Pacific leatherback turtle of mass 8.6 3 102 kg, swimming
at a velocity of 1.3 m/s [forward]. (The Pacific leatherback turtle is the world’s largest
species of turtle.)

Solution
m 5 8.6 3 102 kg
#v$ 5 1.3 m/s [forward]
#p$ 5 ?
#p$ 5 mv#$
5 (8.6 3 102 kg)(1.3 m/s [forward])
#$ 5 1.1 3 103 kg?m/s [forward]
p

The momentum of the turtle is 1.1 3 103 kg?m/s [forward].
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Practice
Understanding Concepts
1. Calculate the momentum of each of the following:

(a) a 7.0 3 103-kg African elephant running at 7.9 m/s [E]
(b) a 19-kg mute swan flying at 26 m/s [S]
(c) an electron of mass 9.1 3 10231 kg moving at 1.0 3 107 m/s [forward]
2. A personal watercraft and its rider have a combined mass of 405 kg, and a

momentum of 5.02 3 103 kg?m/s [W]. Determine the velocity of the craft.
3. A bullet travelling at 9.0 3 102 m/s [W] has a momentum of 4.5 kg?m/s [W].

What is its mass?

Answers
1. (a) 5.5 3 104 kg?m/s [E]
(b) 4.9 3 102 kg?m/s [S]
(c) 9.1 3 10224 kg?m/s
[forward]
2. 12.4 m/s [W]
3. 5.0 3 1023 kg, or 5.0 g

4. (a) By estimating your top running speed, estimate the magnitude of your

momentum when you are running at this speed.
(b) How fast would a typical compact car have to be moving to reach the same
momentum? State your assumptions and show your calculations.

Impulse and Change in Momentum
Consider the factors that cause the momentum of the bobsleigh shown in Figure 1 to build
in the start zone from zero to the maximum possible value. The force applied by the
team is an obvious factor: the greater the force applied, the greater is the final momentum.
The other factor is the time interval over which the force is applied: the greater the time
interval, the greater is the final momentum. To analyze these relationships, we refer to
Newton’s second law of motion.
Newton’s second law states that an object acted upon by an external net force accelerates in the direction of the net force; the relationship between the object’s mass, acceleration, and the net force acting on it is expressed by the equation o#$F 5 ma#$. We can derive
an equation to express an object’s change in momentum in terms of the net force
(assumed to be constant) and the time interval starting with this equation:

o#$F

5 ma#$

o#$F

v#$f 2 v#$i
5 m }}
Dt

o#$FDt
oF#$Dt

1

2

5 m ( #v$ f 2 #v$ i )
5 #p$ f 2 #p$ i

Since the vector subtraction p#$ f 2 p#$ i 5 Dp#$ , we have:

o#$FDt

#$
5 Dp

#$Dt is called the impulse, which is equal to the change in momentum.
The product oF
The SI unit of impulse is the newton second (N?s), and the direction of the impulse is
the same as the direction of the change in momentum.
You can apply the concepts implied in the equation o#$
FDt 5 Dp#$ in your daily activities. For example, catching a ball with your bare hands will hurt depending on the force
oF#$ of the ball. Since the ball always approaches you at the same speed, its change in
momentum as you stop it is always the same: Dp#$ 5 m(v#$f 2 v#$i) 5 m(0 2 v#$i). Thus, if
#$ will be
you allow your hands to move with the ball as you catch it, Dt will be larger, oF
smaller, and your hands will hurt less.
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impulse the product oF#$Dt , equal
to the object’s change in momentum
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DID YOU KNOW

?

High-Speed Particles
The familiar form of Newton’s
second law of motion, oF#$ 5 ma#$,
does not apply to tiny particles, such
as electrons, when their speeds
approach the speed of light.
However, the more general form,
#$

o#$F 5 }DD}pt , does apply even at these

high speeds.

The relationship between impulse and change in momentum can be stated for
components:

oFx Dt
oFy Dt

5 Dpx
5 Dpy

The form of Newton’s second law of motion that we are familiar with is o#$
F 5 ma#$ , but
#$
by rearranging oFDt 5 Dp#$, we can express Newton’s second law as

oF#$

D#p$
5 }}
Dt

This equation indicates that the net force on an object equals the rate of change of the object’s
momentum. This form of the second law is actually more general than o#$
F 5 ma#$ because
it lets us handle situations in which the mass changes. In fact, it is the way in which
Newton originally stated his second law. In terms of x- and y-components, we can write
this equation as
Dp

oFx 5 }D}tx
LEARNING TIP
Finding the Areas on Graphs
Estimating the average force on
a force-time graph involving a
nonconstant force is one way of
determining the impulse (i.e., the
area) on an object. Another way
is to draw a grid system on the
graph as in Figure 2(c) and
count the small rectangles of
known area. A third way involves
applying integral calculus, a
topic left for more advanced
physics courses.

and

Dp

oFy 5 }D}ty

In deriving the equation o#$
FDt 5 Dp#$, we assumed that the acceleration of the object
is constant, and thus the net force on the object is constant. However, in many situations, the force applied to an object changes nonlinearly during its time of application.
The equation o#$
FDt 5 Dp#$ still applies, provided the net force o#$
F is equal to the average
force acting on the object over the time interval Dt.
To understand the term “average force,” consider Figure 2(a), which shows the typical
shape of a graph of the magnitude of the force as a function of time during a collision
or other interaction of time interval Dt. The graph could represent, for example, the
force acting on a soccer ball as a player kicks it. The area between the curved line and the
time axis represents the impulse given to the object. (You can verify this by considering
that the unit of the area, the newton second (N?s), represents impulse.) The average
force is the constant force that would yield the same impulse as the changing force does
in the same time interval. On a force-time graph, the average force is the constant force,
shown as the straight line in Figure 2(b), that would yield the same area as the curved
line in the same time interval.

(a)

(b)

(c)

F (N)

F (N)

F (N)

average
force

0

t (s)

0

t (s)
∆t

t (s)

0

Figure 2
(a) The magnitude of the force acting on an object during a typical collision
(b) The average force, acting over Dt , gives the same area as the area under the curve in (a).
(c) Estimating the area under the curve by counting squares of known area on a superimposed grid
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SAMPLE problem 2
W

A baseball of mass 0.152 kg, travelling horizontally at 37.5 m/s [E], collides with a baseball
bat. The collision lasts for 1.15 ms. Immediately after the collision, the baseball travels horizontally at 49.5 m/s [W] (Figure 3).

E

(a) Determine the initial momentum of the baseball.
(b) What is the average force applied by the bat to the baseball?
vi

(c) Determine the ratio of the magnitude of this force to the magnitude of the force of
gravity on the baseball.

Solution
initial
condition

(a) m 5 0.152 kg
v#$i 5 37.5 m/s [E]
#p$i 5 ?
#$i 5 mv#$i
p
5 (0.152 kg)(37.5 m/s [E])
#p$i 5 5.70 kg?m/s [E]

vf

The initial momentum is 5.70 kg?m/s [E].
(b) m 5 0.152 kg
Dt 5 1.15 ms 5 1.15 3 1023 s
#v$i 5 37.5 m/s [E]
#v$f 5 49.5 m/s [W]
o#$F 5 ?

oF#$

final
condition
Figure 3
The situation for Sample Problem 2

#$
Dp
5 }}
Dt
m ( #v$ 2 #v$i )
5 }f }
Dt
(0.152 kg)(49.5 m/s [W] 2 37.5 m/s [E])
5 }}}}
1.15 3 1023 s
(0.152 kg)(49.5 m/s [W] 1 37.5 m/s [W])
5 }}}}
1.15 3 1023 s

oF#$

5 1.15 3 104 N [W]

The average force is 1.15 3 104 N [W].
(c) Determine the magnitude of the force of gravity on the ball:
Fg 5 mg
5 (0.152 kg)(9.80 N/kg)
Fg 5 1.49 N
We can now calculate the required ratio:
1.15 3 104 N

}} 5 7.72 3 103
1.49 N
The ratio of forces is 7.72 3 103 : 1.
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In Sample Problem 2(c), the magnitude of the average force exerted by the bat on the
baseball is almost 8000 times larger than the magnitude of the force of gravity. In general,
the forces between objects involved in collisions tend to be much larger than other forces,
such as gravity. We can therefore usually ignore other forces when analyzing collisions.
To analyze the effect on impulse of a “follow-through” in sports activities, we will
look at a specific example of a typical collision between a tennis ball and a racket.
DID YOU KNOW

?

Realistic Values
Numerical values used in questions
and sample problems in this text are
all realistic. For example, the official
mass of a tennis ball ranges from
56.7 g to 58.5 g, so the 57-g ball
described in Sample Problem 3 is a
realistic value.

SAMPLE problem 3
A 57-g tennis ball is thrown upward and then struck just as it comes to rest at the top of
its motion. The racket exerts an average horizontal force of magnitude 4.2 3 102 N on the
tennis ball.
(a) Determine the speed of the ball after the collision if the average force is exerted on
the ball for 4.5 ms.
(b) Repeat the calculation, assuming a time interval of 5.3 ms.
(c) Explain the meaning and advantage of follow-through in this example.

Solution
(a) Since this is a one-dimensional problem, we can use components.
m 5 57 g 5 0.057 kg

oFx

5 4.2 3

102

vix 5 0
vfx 5 ?

N

Dt 5 4.5 ms 5 4.5 3 1023 s

oFx Dt
oFx Dt
oFx Dt

5 Dpx
5 m(vfx 2 vix )
5 mvfx 2 mvix

mvfx 5
vfx 5

oFx Dt 1 mvix
oFx Dt
}} 1 v
ix

m

(4.2 3
N)(4.5 3 1023 s)
5 }}} 1 0
0.057 kg
102

vfx 5 33 m/s

The speed of the tennis ball after the collision is 33 m/s.
(b) m 5 57 g = 0.057 kg

oFx

5 4.2 3

102

N

vix 5 0
vfx 5 ?

Dt 5 5.3 ms 5 5.3 3 1023 s

We use the same equation for vfx as was derived in part (a):

oFx Dt
vfx 5 }} 1 vix
m
(4.2 3 102 N)(5.3 3 1023 s)
5 }}} 1 0
0.057 kg
vfx 5 39 m/s

The speed of the tennis ball after the collision is 39 m/s.
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(c) The racket in (b) exerts the same average force as in (a) but over a longer time interval.
The additional time interval of 0.8 ms is possible only if the player follows through in
swinging the racket. The advantage of follow-through is that the final speed of the tennis
ball after the collision is greater even though the average force on the ball is the same.

Practice
Understanding Concepts
5. Show that the units of impulse and change in momentum are equivalent.
6. A snowball of mass 65 g falls vertically toward the ground where it breaks apart

and comes to rest. Its speed just before hitting the ground is 3.8 m/s. Determine
(a) the momentum of the snowball before hitting the ground
(b) the momentum of the snowball after hitting the ground
(c) the change in momentum

Answers
6. (a) 0.25 kg?m/s [down]
(b) zero
(c) 0.25 kg?m/s [up]
7. (a) 1.7 3 104 N?s [W]
(b) 7.5 3 104 kg?m/s [W]

7. A truck’s initial momentum is 5.8 × 104 kg?m/s [W]. An average force of

4.8 ×
N [W] increases the truck’s momentum for the next 3.5 s.
(a) What is the impulse on the truck over this time interval?
(b) What is the final momentum of the truck?
103

8. A 0.27-kg volleyball, with an initial velocity of 2.7 m/s horizontally, hits a net, stops,

and then drops to the ground. The average force exerted on the volleyball by the
net is 33 N [W]. How long, in milliseconds, is the ball in contact with the net?

8. 22 ms
9. 9.19 3 106 kg?m/s;
1.80 3 106 kg?m/s
10. (a) 1.0 N?s [E]
(b) about 4.0 N?s [S]

9. In its approach to an airport runway, an airplane of mass 1.24 × 105 kg has a

velocity of 75.5 m/s [11.1° below the horizontal]. Determine the horizontal and
vertical components of its momentum.
Applying Inquiry Skills

(a)
4

10. Determine the impulse imparted during the interaction represented in each

graph in Figure 4.
11. In boxing matches in the nineteenth century, boxers fought with bare hands.

Today’s boxers use padded gloves.
(a) How do gloves help protect a boxer’s head (and brain) from injury?
(b) Boxers often “roll with the punch.” Use physics principles to explain how
this manoeuvre helps protect them.

3

F (N [E])

Making Connections

2
1
0

0.1

0.2 0.3
t (s)

0.4
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(b)
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•

The linear momentum of an object is the product of the object’s mass and
velocity. It is a vector quantity whose SI base units are kg?m/s.

•

The impulse given to an object is the product of the average net force acting on
the object and the time interval over which that force acts. It is a vector quantity
whose SI base units are N?s.

0

The impulse given to an object equals the change in momentum experienced by
the object.

Figure 4
For question 10

•
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Section 5.1 Questions
Understanding Concepts
1. State Newton’s second law as it was originally proposed by

Newton, as a relationship between momentum and force.
Write an equation expressing this relationship.
2. What is the property of the forces for which the concept of

impulse proves most helpful when analyzing the changes in
motion that occur as a result of the force?
3. Determine the impulse exerted in each of the following cases:

(a) An average force of 24 N [E] is applied to a dynamics
cart for 3.2 s.
(b) A hockey stick exerts an average force of 1.2 3 102 N
[forward] on a puck during the 9.1 ms they are in
contact.
(c) Earth pulls down on a 12-kg rock during the 3.0 s it
takes the rock to fall from a cliff.
(d) A toy car crashes into a brick wall, experiencing the
changing force shown on the force-time graph in
Figure 5.

into an elastic band stretched between two fixed posts. The
elastic band exerts an average opposing force of 1.4 N [W]
on the disk for 1.5 s. What is the final velocity of the disk?
9. A 2.0-kg skateboard is rolling across a smooth, flat floor

when a child kicks it, causing it to speed up to 4.5 m/s [N],
in 0.50 s, without changing direction. The average force
exerted by the child on the skateboard is 6.0 N [N]. What is
the initial velocity of the skateboard?
10. A 0.61-kg basketball is thrown vertically downward. Just

before it hits the floor, its speed is 9.6 m/s. It then rebounds
upward with a speed of 8.5 m/s just as it leaves the floor.
The basketball is in contact with the floor for 6.5 ms.
(a) Determine the basketball’s change in momentum.
(b) Determine the average force exerted on the basketball
by the floor. (Apply an equation involving the change
in momentum.)
11. Explain why the force of gravity can be ignored during

the collision between the basketball and the floor in
question 10.

5

Applying Inquiry Skills

F (N [S])

4

12. Describe an experiment you would perform to determine

3
2
1
0

t (ms)
10

20

30

40

Figure 5
4. What velocity will a 41-kg child sitting on a 21-kg wagon

acquire if pushed from rest by an average force of 75 N [W]
for 2.0 s?
5. What average force will stop a 1.1 3 103-kg car in 1.5 s, if

the car is initially moving at 22 m/s [E]?
6. A billiard ball of mass 0.17 kg rolls toward the right-hand

cushion of a billiard table at 2.1 m/s, then rebounds straight
back at 1.8 m/s.
(a) What is the change in momentum of the ball as a
result of hitting the cushion?
(b) What impulse does the cushion give to the ball?
7. A 0.16-kg hockey puck is sliding along a smooth, flat sec-

tion of ice at 18 m/s when it encounters some snow. After
2.5 s of sliding through the snow, it returns to smooth ice,
continuing at a speed of 11 m/s.
(a) What is the change in the momentum of the puck?
(b) What impulse does the snow exert on the puck?
(c) What average frictional force does the snow exert on
the puck?
8. A frictionless disk of mass 0.50 kg is moving in a straight line

across an air table at a speed of 2.4 m/s [E] when it bumps
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which of four or five athletes have good follow-through
when they are striking a ball (or a puck) with a tennis
racket, golf club, baseball bat, or hockey stick. Assume that
you are allowed to use sophisticated apparatus, such as a
digital camera or a video camera, and a stroboscopic light
source. Draw sketches to compare photographic images of
a good follow-through with a weak follow-through.
Making Connections
13. Experience has taught you that when you land upright on

the ground after a jump, you feel less pain if you bend your
knees as you are landing than if you land with your knees
locked. Explain why bending your knees helps alleviate pain
and injury.
14. A collision analyst applies physics principles to reconstruct

what happened at automobile crashes. Assume that during
a head-on crash between two cars, the cars came to a
stop, and a large component of a plastic bumper broke off
one car and skidded along the highway shoulder leaving
skid marks.
(a) What information could the analyst gather from the
bumper component and from the skid marks it produced? What measurements would be needed to estimate the speed of the cars just before the collision,
and how would they be used?
(b) Find out more about how traffic collision analysts apply
physics and math in their investigations using the
Internet or other suitable publications. Report your
findings in a paper, highlighting connections with
momentum.

GO

www.science.nelson.com
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Imagine standing at rest on skates on essentially frictionless ice, and throwing a basketball forward (Figure 1). As the ball moves in one direction, you move in the opposite direction at a much lower speed. This situation can be explained using Newton’s third law:
you exert a forward force on the ball as it exerts a backward force on you. We can also
explain the situation using the law of conservation of linear momentum.
Law of Conservation of Linear Momentum
If the net force acting on a system of interacting objects is
zero, then the linear momentum of the system before the
interaction equals the linear momentum of the system after
the interaction.

The system comprised of you (on skates) and the basketball has zero momentum before
you throw the ball. Thus, the momentum of the system after the ball is thrown must
also equal zero. Therefore, the momentum of the ball forward must be balanced by your
momentum in the opposite direction.
During the seventeenth century, scientists including Newton discovered that the total
momentum of colliding objects before and after a collision remains constant. To analyze
the conditions under which this is true, we can study a simple collision between two
gliders on a frictionless air track. It is useful to imagine a boundary around the gliders
to focus our attention on the two-glider system. This system and its boundary are shown
in Figure 2(a).
(a)
v1

boundary

v2

m1

air
supply

Figure 1
As a person on skates throws a basketball forward, the force exerted by
the skater on the ball is equal in
magnitude, but opposite in direction
to the force of the ball on the skater.
Friction between the skates and the
ice is assumed to be negligible.
Thus, the net force on the system is
zero and the linear momentum of
this system is conserved.

m2

air through holes
reduces friction to
effectively zero
(b)

(c)

F1→2
m1

m2

v 1′
m1

v 2′
m2

F2→1

Figure 2
(a) Two gliders on an air track will
soon collide.
(b) The collision is in progress.
(c) After colliding the gliders
move apart.

Before the two gliders collide, the total momentum of the system is the vector sum of
the momentum of each glider:
#$ total 5 m1v#$ 1 1 m2v#$ 2
p

where p#$ total is the total momentum, m1 is the mass and #v$1 is the velocity of one glider,
and m 2 is the mass and v#$2 is the velocity of the other glider.
When the two gliders collide, each exerts a force on the other as in Figure 2(b).
According to Newton’s third law of motion, the two forces are equal in magnitude, but
opposite in direction:
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#$F 2→1 5 2F#$ 1→2

#$2→1 is the force glider 2 exerts on glider 1, and #$
where F
F1→2 is the force glider 1 exerts
on glider 2. Thus, the net force acting on the two-glider system is zero:
#$F
#$
2→1 1 F 1→2 5 0

LEARNING TIP
Interactions and Collisions
A collision between two or more
objects in a system can also be
called an interaction. However,
there are interactions that are
not collisions, although they
obey the law of conservation of
momentum. Examples include a
person throwing a ball, an
octopus ejecting water in one
direction to propel itself in the
opposite direction, and fireworks
exploding into several pieces.

Note that the vertical forces—gravity and the upward force exerted by the air—also add
to zero. Therefore, the net force on the system is zero.
The forces exerted by the gliders on each other cause each glider to accelerate according
to Newton’s second law of motion, o#$
F 5 ma#$ . Starting with the equation involving the
forces we have:
F#$ 2→1 5 2F#$ 1→2
m1#a$1 5 2m2a#$2
D#v$1
Dv#$2
5 2m2}}
m1}}
Dt 1
Dt 2

We know that Dt1 5 Dt2 because the force #$F1→2 acts only as long as the force #$F2→1 acts; that
is, #$
F1→2 and #$
F2→1 act only as long as the gliders are in contact with each other. Thus,
m 1Dv#$ 1 5 2m 2Dv#$ 2

This equation summarizes the law of conservation of (linear) momentum for two colliding objects. It states that during an interaction between two objects on which the total
net force is zero, the change in momentum of object 1 (Dp#$ 1) is equal in magnitude but
opposite in direction to the change in momentum of object 2 (Dp#$ 2). Thus,
#$ 1 5 2Dp
#$ 2
Dp

LEARNING TIP
Systems with More than
Two Objects
The equation that relates the
total momentum of the system
before and after a collision can
be applied to interactions
involving more than two objects.
For example, if three figure
skaters, initially at rest in a
huddle, push away from each
other, the initial momentum of
the system is zero and the vector
sum of the skaters’ momentums
after the interaction is also zero.

Let us now consider the glider system before and after the collision (Figure 2(c)). We
will use the prime symbol (9) to represent the final velocities:
m 1Dv#$ 1 5 2m 2Dv#$ 2
m 1( #v$ 19 2 v#$ 1 ) 5 2m 2 ( v#$ 29 2 v#$ 2 )
m 1#v$ 19 2 m 1v#$ 1 5 2m 2v#$ 29 1 m 2v#$ 2
m 1#v$ 1 1 m 2#v$ 2 5 m 1#v$ 19 1 m 2v#$ 29

This equation represents another way of summarizing the law of conservation of (linear)
momentum. It states that the total momentum of the system before the collision equals the
total momentum of the system after the collision. Thus,
#$ system 5 #p$ 9system
p

It is important to remember that momentum is a vector quantity; thus, any additions
or subtractions in these conservation of momentum equations are vector additions or
vector subtractions. These equations also apply to the conservation of momentum in two
dimensions, which we will discuss in Section 5.4. Note that the equations written for
components are:
m 1Dv 1x 5 2m 2Dv 2x
m 1Dv 1y 5 2m 2Dv 2y
m 1v 1x 1 m 2v 2x 5 m 1v 1x
9 1 m 2v 2x
9
m 1v 1y 1 m 2v 2y 5 m 1v 1y
9 1 m 2v 2y
9
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SAMPLE problem 1
A vacationer of mass 75 kg is standing on a stationary raft of mass 55 kg. The vacationer
then walks toward one end of the raft at a speed of 2.3 m/s relative to the water. What are
the magnitude and direction of the resulting velocity of the raft relative to the water?
Neglect fluid friction between the raft and the water.

Solution
In problems involving conservation of momentum, it is useful to draw diagrams that show
the initial and final situations (Figure 3).
m1 = 75 kg
+x

+x

m 2 = 55 kg

initial
v1x = v2x = 0

′
v1x

′
v2x

final
v1′ = 2.3 m/s

v2′ = ?

Figure 3
The initial and final situations

A coordinate system is then chosen; we will arbitrarily select the +x direction to lie in the
direction of the vacationer’s final velocity. Since there is no net force acting on the system
of the raft and person, we can apply the law of conservation of momentum:
m 1v 1x 1 m 2v 2x 5 m 1v 1x
9 1 m 2v 2x
9

where the subscript 1 refers to the person and the subscript 2 refers to the raft. Since this
is a one-dimensional problem, we can omit the x subscripts:
m 1v 1 1 m 2v 2 5 m 1v 19 1 m 2v 29

Note that the v ’s in the equation represent velocity components and can have positive,
zero, or negative values. They do not represent the magnitudes of the velocities, which
must be nonnegative.
In this problem, v1 5 v 2 5 0, since the vacationer and the raft are initially stationary.
Therefore, we can write:
0 5 m 1v 19 1 m 2v 29
2m 1v 19
v 29 5 }
m2
2(75 kg)(2.3 m/s)
5 }}
55 kg

force
exerted
by 1 on 2

1

2

force
exerted
by 2 on 1

v 29 5 23.1 m/s

The final velocity of the raft is 3.1 m/s in the opposite direction to the vacationer’s velocity
(as the negative sign indicates).

Conservation of momentum can be applied to many collisions. For example, in the
collision of two billiard balls on a table (Figure 4), the force exerted on the first ball by
the second is equal in magnitude, but opposite in direction to the force exerted on the
second ball by the first. The net force on the system is zero and, therefore, the momentum
of the system is conserved. (In this case, we can ignore any friction because it is very
small compared to the forces exerted by the billiard balls on each other. Vertically there
is no acceleration and, thus, there is no net vertical force.)
NEL

Figure 4
Two billiard balls colliding:
the momentum of the system is
conserved.
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DID YOU KNOW

?

Rocket Propulsion
An important application of conservation of momentum is rocket
propulsion, both on Earth and in the
“vacuum” of outer space. As the
rocket thruster exerts an action
force on the hot gases ejected
backward, the gases exert a reaction force equal in magnitude on the
spacecraft, causing it to accelerate
forward. Since the spacecraft and
ejected gases form an isolated
system, the change in momentum of
the gases is equal in magnitude to
the change in momentum of the
spacecraft. As the thruster continues
to fire its engines, its fuel supply
becomes smaller, so there is a
decrease in the mass of the spacecraft and remaining fuel. Although
the conservation of momentum
applies, the mathematical analysis
of this changing-mass system is left
for calculus-based physics texts.

SAMPLE problem 2
During a football game, a fullback of mass 108 kg, running at a speed of 9.1 m/s, is tackled
head-on by a defensive back of mass 91 kg, running at a speed of 6.3 m/s. What is the
speed of this pair just after the collision?

Solution
Figure 5 shows the initial and final diagrams. We choose the +x-axis as the direction
of the initial velocity of the fullback. Therefore, the initial velocity of the defensive back
is negative.
v′= ?

v2 = 26.3 m/s

v1 = 9.1 m/s

+x

m1 = 108 kg

m2 = 91 kg
initial

final

Figure 5
The initial and final situations
During the collision, there is no net force on the two-player system. (The horizontal force
exerted between the players is much larger than friction, which can therefore be neglected. In the vertical direction, there is no acceleration because there is no vertical net
force.) Therefore, the momentum of this system is conserved. Thus,
m 1v 1 1 m 2v 2 5 m 1v 19 1 m 2v 29

where the subscript 1 refers to the fullback and the subscript 2 refers to the defensive
back. Remember that v represents a velocity component, not a velocity magnitude.
Since the two players have the same final velocity:
v 19 5 v 29 5 v 9
m 1v 1 1 m 2v 2 5 (m 1 1 m 2)v 9
m 1v 1 1 m 2v 2
v 95 }
}
m1 1 m 2
(108 kg)(9.1 m/s) 1 (91 kg)(26.3 m/s)
5 }}}}
(108 kg 1 91 kg)
v 95 12.1 m/s

The final velocity of the players is 2.1 m/s in the direction of the initial velocity of the
fullback (as the positive sign indicates).
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It is a misconception to think that momentum is conserved in all collisions. There
are many collisions in which the net force on the colliding objects is not zero and, therefore, momentum is not conserved. For example, if a person jumps from a ladder to a
wooden deck, the momentum of the person–deck system is not conserved because there
is a large normal force exerted by the deck supports and the ground during the collision.
#$ jumper does not equal 2Dp
#$ deck . However,
In other words, the deck is not free to move, so Dp
if we change the boundary of the system to include Earth, momentum would be conserved
because Dp#$ jumper 5 2Dp#$ Earth . Since the mass of Earth is very large compared to the mass
of the person, Earth’s change in velocity when the person lands is, of course, too small to
measure. The person–Earth system is isolated, but the person–deck system is not.
Experiments can be performed to determine if momentum is conserved in a variety
of collisions. However, much more can be learned about the collisions if energy is also
analyzed. For greater accuracy, these experiments should involve collisions of objects
that are isolated from external forces, as presented in Investigation 5.2.1 in the Lab
Activities section at the end of this chapter.

INVESTIGATION 5.2.1
Analyzing One-Dimensional
Collisions (p. 260)
Different types of apparatus,
including gliders on air tracks with
motion and force sensors to collect
data, can be used to create and
analyze one-dimensional collisions.
How do you think the challenge of
isolating two colliding objects will
affect the degree to which
momentum and energy are
conserved?

Practice
Understanding Concepts
1. What condition(s) must be met for the total momentum of a system to be conserved?
2. State whether you agree or disagree with the following statement: “The law of conser-

vation of momentum for a system on which the net force is zero is equivalent to
Newton’s first law of motion.” Give a reason for your answer.
3. You drop a 59.8-g hairbrush toward Earth (mass 5.98 3 10 24 kg).

(a)
(b)
(c)
(d)
(e)
(f)

What is the direction of the gravitational force exerted by Earth on the hairbrush?
What is the direction of the gravitational force exerted by the hairbrush on Earth?
How do the forces in (a) and (b) compare in magnitude?
What is the net force on the system consisting of Earth and the hairbrush?
What can you conclude about the momentum of this system?
If we consider Earth and the hairbrush to be initially stationary, how does Earth
move as the hairbrush falls down?
( g) If the hairbrush reaches a speed of 10 m/s when it hits Earth (initially stationary),
what is Earth’s speed at this time?

Answers
3. ( g) 1 3 10225 m/s
4. 2.6 m/s [W]
5. 50.6 kg
6. 44 m/s
7. 16.2 km/h [N]
8. 36 m/s
9. (b) 0.24 kg?m/s [E]
(c) 0.10 m/s [W]

4. A 45-kg student stands on a stationary 33-kg raft. The student then walks with a

velocity of 1.9 m/s [E] relative to the water. What is the resulting velocity of the raft,
relative to the water, if fluid friction is negligible.
5. Two ice skaters, initially stationary, push each other so that they move in opposite

directions. One skater of mass of 56.9 kg has a speed of 3.28 m/s. What is the mass of
the other skater if her speed is 3.69 m/s? Neglect friction.
6. A stationary 35-kg artillery shell accidentally explodes, sending two fragments of mass

11 kg and 24 kg in opposite directions. The speed of the 11-kg fragment is 95 m/s.
What is the speed of the other fragment?
7. A railway car of mass 1.37 3 104 kg, rolling at 20.0 km/h [N], collides with another

railway car of mass 1.12 3 104 kg, also initially rolling north, but moving more slowly.
After the collision, the coupled cars have a velocity of 18.3 km/h [N]. What is the initial velocity of the second car?
8. A 0.045-kg golf ball is hit with a driver. The head of the driver has a mass of 0.15 kg, and

travels at a speed of 56 m/s before the collision. The ball has a speed of 67 m/s as it leaves
the clubface. What is the speed of the head of the driver immediately after the collision?
Applying Inquiry Skills
9. The graph in Figure 6 shows velocity as a function of time for a system of two carts

that undergo an experimental collision on a horizontal, frictionless surface. The mass
of cart A is 0.40 kg. The mass of cart B is 0.80 kg.
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v (m/s [E])

0.6

cart A

0.4
cart B
0.2
t (ms)

0
1

−0.2

2

3

4

5

Figure 6
For question 9

(a) If you were conducting this experiment, describe what you would observe based
on the graph.
(b) Determine the momentum of the system of carts before the collision.
(c) Assuming momentum is conserved, determine the velocity of cart A after the
collision is complete.
(d) Copy the graph into your notebook, and complete the line for cart A. Superimpose
lines that you think you would obtain in an experiment in which friction is not
quite zero.
Making Connections
10. During a space walk, an astronaut becomes stranded a short distance from the

spacecraft. Explain how the astronaut could solve the problem by applying conservation of momentum to return safely to the spacecraft. State any assumptions needed
for your solution to work.

SUMMARY

Conservation of Momentum
in One Dimension

•

The law of conservation of linear momentum states that if the net force acting on
a system is zero, then the momentum of the system is conserved.

•

During an interaction between two objects in a system on which the total net
force is zero, the change in momentum of one object is equal in magnitude, but
opposite in direction, to the change in momentum of the other object.

•

For any collision involving a system on which the total net force is zero, the total
momentum before the collision equals the total momentum after the collision.

Section 5.2 Questions
Understanding Concepts
1. A bowling ball (B) moving at high speed is about to col-

lide with a single stationary pin (P) (Figure 7). The mass
of the ball is more than four times greater than the mass
of the pin. For the short time interval in which the collision occurs, state whether each of the following statements is true or false. If the statement is false, write a
corrected version.
(a) The magnitude of the force exerted by B on P is
greater than the magnitude of the force exerted by P
on B.
(b) The magnitude of the change in velocity of B equals
the magnitude of the change in velocity of P.
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Figure 7
The bowling ball
has a greater mass
than the pin.
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(c) The time interval of the collision for B equals the time
interval of the collision for P.
(d) The magnitude of the change in momentum of B is
less than the magnitude of the change in momentum
of P.
2. Can individual objects in a system have nonzero

8. (a) Determine the magnitude and direction of the change

in momentum for each automobile in question 7.
(b) How are these two quantities related?
(c) What is the total change in momentum of the twoautomobile system?
9. A stationary quarterback is tackled by an 89-kg linebacker

momentum while the momentum of the entire system is
zero? If “yes,” give an example. If “no,” explain why not.

travelling with an initial speed of 5.2 m/s. As the two
players move together after the collision, they have a speed
of 2.7 m/s. What is the mass of the quarterback?

3. In which of the following situations is the momentum con-

served for the system of objects A and B?
(a) A vacationer A stands in a stationary raft B; the vacationer then walks in the raft. (Neglect fluid friction.)
(b) A freely rolling railway car A strikes a stationary
railway car B.
(c) A veggie burger A is dropped vertically into a frying
pan B and comes to rest.
4. In 1920, a prominent newspaper wrote the following about

Robert Goddard, a pioneer of rocket ship development:
“Professor Goddard does not know the relationship of
action to reaction, and of the need to have something
better than a vacuum against which to react. Of course, he
only seems to lack the knowledge ladled out daily in high
schools.” Explain why the newspaper was wrong (as it
itself admitted years later).

10. Two balls roll directly toward each other. The 0.25-kg ball

has a speed of 1.7 m/s; the 0.18-kg ball has a speed of
2.5 m/s. After the collision, the 0.25-kg ball has reversed its
direction and has a speed of 0.10 m/s. What is the magnitude and direction of the velocity of the 0.18-kg ball after
the collision?
Applying Inquiry Skills
11. You are given two dynamics carts of masses m1 and m2,

with nearly frictionless wheels. The carts are touching each
other and are initially at rest. Cart 1 has an internal spring
mechanism that is initially compressed (Figure 8). The
spring is suddenly released, driving the carts apart.
Describe an experimental procedure that you could use to
test conservation of momentum for this “exploding” system.
Include a list of apparatus you would need, safety precautions you would follow, and measurements you would take.

5. A 57-kg factory worker takes a ride on a large, freely rolling

27-kg cart. The worker initially stands still on the cart, and
they both move at a speed of 3.2 m/s relative to the floor.
The worker then walks on the cart in the same direction as
the cart is moving. The worker’s speed is now 3.8 m/s relative to the floor. What are the magnitude and direction of
the final velocity of the cart?

Making Connections
12. On a two-lane highway where the posted speed limit is

80 km/h, a car of mass mC and an SUV of mass mS have a
head-on collision. The collision analyst observes that both
vehicles came to a stop at the location of the initial impact.
Researching the mass of the vehicles, the analyst found
that mS 5 2mC. Both drivers survived the collision and each
claimed to be travelling at the legal speed limit when the
collision occurred.
(a) It is obvious that the analyst cannot believe both
drivers. Use numerical data to explain why.
(b) If both vehicles had been travelling at the legal speed
limit before the collision, how would the accident
scene have been different? (Assume that the collision
was still head-on.)

6. A hiker of mass 65 kg is standing on a stationary raft of

mass 35 kg. He is carrying a 19-kg backpack, which he
throws horizontally. The resulting velocity of the hiker and
the raft is 1.1 m/s [S] relative to the water. What is the
velocity with which the hiker threw the backpack, relative to
the water?
7. Two automobiles collide. One automobile of mass 1.13 3

103 kg is initially travelling at 25.7 m/s [E]. The other automobile of mass 1.25 3 103 kg has an initial velocity of 13.8 m/s
[W]. The vehicles become attached during the collision. What
is their common velocity immediately after the collision?
internal
compression
spring

m1

spring
release

m2
Figure 8
For question 11
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5.3

Elastic and Inelastic Collisions
If you have inspected the structure of a safety helmet, such as a hockey or bicycle helmet,
you may have noticed that the inside is made of relatively soft material designed to fit
tightly around the head (Figure 1). A hockey helmet protects a player’s head during a
collision, whether with another player, the ice, or the goal post. For example, if a player
without a helmet trips and slides head-first into a goal post, the contact with the post
affects only a small area of the head, which must absorb a considerable amount of the
player’s kinetic energy. This of course is extremely dangerous. With a properly-fitted
helmet, on the other hand, the force of the impact is spread out over a much larger
surface area, so that any one spot would have to absorb only a fraction of the energy
absorbed without the helmet. (The padding in the helmet also increases the time interval
of the collision, reducing the force applied to the helmet as the collision causes the
player to come to a stop.) In this section, we will explore the relationship of energy to
various types of collisions.
Experiments in which different sets of balls are thrown toward each other so that they
collide head-on can be used to illustrate different types of collisions (Figure 2). The
experimental observations vary greatly depending on the type of balls selected. When
two superballs collide, they bounce off each other at high speed; tennis balls bounce
off each other with moderate speed; and putty balls (of similar mass) stick together and
have negligible speed after the collision. In each collision, momentum is conserved. To
understand the differences between the collisions, we must consider the kinetic energy
of each system.

Figure 1
A hockey helmet is designed to
spread the force and energy of a
collision over as large an area as
possible.

(b)

(a)

(c)
before

before
Figure 2
(a) Collision of two superballs
(b) Collision of two tennis balls
(c) Collision of two balls made
of soft putty

elastic collision a collision in
which the total kinetic energy after
the collision equals the total kinetic
energy before the collision

inelastic collision a collision in
which the total kinetic energy after
the collision is different from the total
kinetic energy before the collision
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v1

v2

v19

v29

v1

v2

before
v2

v1

after

after
v19

v29

after
v19

In the superball collision, the total kinetic energy of the system before the collision is
equal to the total kinetic energy of the system after the collision. This type of collision
is called an elastic collision. For a system undergoing an elastic collision,
E K9 5 E K
#p$ 9 5 #p$

where the prime symbol represents the final condition of the system.
When the tennis balls collide, the total kinetic energy of the system after the collision
is not equal to the total kinetic energy of the system before the collision. This is an
inelastic collision. For a system undergoing an inelastic collision,
E K9 Þ E K
#p$ 9 5 #p$
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When two objects stick together during a collision, as is the case with the putty
balls, we have a completely inelastic collision. The decrease in total kinetic energy
in a completely inelastic collision is the maximum possible. For a system undergoing
a completely inelastic collision,
E K9 , E K
#$ 9 5 #p$
p

Note that in a completely inelastic collision, the objects stick together and thus have the
same final velocity.
It is important to realize that we compare the kinetic energies of the colliding objects
before and after the collision, not during the collision. Consider two gliders of equal
mass with springs attached approaching each other at the same speed (Figure 3). Just
before the gliders collide, their speeds and kinetic energies are at a maximum, but in
the middle of the collision, their speeds and kinetic energies are zero. The kinetic energy
is transformed into elastic potential energy stored in the springs. This potential energy
is at a maximum when the kinetic energy is at a minimum. After the elastic collision, when
the springs no longer touch, the elastic potential energy drops back to zero and the
kinetic energies return to their original values.

LEARNING TIP
Inelastic Collisions
In most inelastic collisions, for
example, between two tennis balls,
the total final kinetic energy of the
system is less than the total initial
kinetic energy of the system.
However, in some inelastic collisions, such as a collision that initiates an explosion, kinetic energy is
produced, giving a total final
kinetic energy of the system
greater than the initial kinetic
energy of the system.

completely inelastic collision a
collision in which there is a maximum decrease in kinetic energy
after the collision since the objects
stick together and move at the
same velocity

spring
bumpers
v1

v2
Figure 3
When gliders with springs collide,
the duration of the collision is
greater than without the springs,
making it easier to observe what
happens to the energies of the
gliders as they collide.

Mechanical Energy (J)

Figure 4 is a graph of the mechanical energy of the system of gliders and springs. At
any instant in this elastic collision, the sum of the elastic potential energy and the kinetic
energy of the system remains constant, even though the kinetic energy does not return
to its initial value until after the collision is complete.
In practice, it is almost impossible to have a truly elastic collision between two macroscopic objects, such as gliders with springs or superballs. There is always some small
amount of kinetic energy transformed into other forms. For instance, when superballs
collide, thermal energy and sound energy are produced. However, in this text we will
treat certain collisions between macroscopic objects as being elastic, and
total mechanical
we will ignore the small amount of kinetic energy that is lost. Collisions
energy
involving molecules, atoms, and subatomic particles, on the other hand,
can be perfectly elastic.
After an inelastic collision or a completely inelastic collision, the total
total kinetic
final kinetic energy of the system is not equal to the initial kinetic energy
energy
of the system. Usually the final kinetic energy is less than the initial kinetic
total elastic
energy unless the collision is explosive. Since energy is conserved, the
potential energy
lost kinetic energy must be transformed into other forms of energy. For
example, when two putty balls collide, the putty balls become warmer
0
because the kinetic energy has been transformed into thermal energy.
Time (s)
Depending on the properties of the colliding objects, the kinetic energy
Figure 4
could be transformed into sound energy, elastic potential energy, thermal
Mechanical energy in an elastic collision as a
energy, or another form of energy.
function of time
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In the early history of the solar system, there were many completely inelastic collisions between relatively large objects, such as the Moon and chunks of rock (Figure 5).
Such collisions produced the craters on the Moon’s surface. Similar collisions created
craters on Earth, although most have been destroyed in erosion by rain and wind.
However, some relatively recent craters still exist, such as the famous Barringer Crater in
Arizona, which is believed to be about 50 000 years old (Figure 6). This crater, with a diameter of 1.6 km and a depth of 180 m, resulted when a large meteorite collided with Earth.

TRY THIS activity
Figure 5
Craters on the Moon are the result
of completely inelastic collisions
with large rocks.

Newton’s Cradle

Figure 7 shows a Newton’s cradle. Each sphere has the same mass m. If the raised
sphere is released, it will move, and just before it collides with the stationary spheres, its
momentum has a magnitude of mv.
(a) Is it true that momentum can be conserved, no matter how many spheres fly outward
after the initial collision? Why or why not?
(b) Is it true that kinetic energy can be conserved, no matter how many spheres fly outward after the initial collision? Why or why not?
(c) Based on your calculations, predict what will happen when a single sphere hits the
stationary spheres. Test your prediction by trying the demonstration.
(d) Predict what will happen when two spheres, and also when three spheres, strike the
stationary spheres. Test your predictions.

Practice
Figure 6
Analyzing impact craters, such as
the Barringer Crater, helps scientists
understand more about the history
of the solar system. The meteorite
that created this crater was about
45 m in diameter, but it was travelling at about 65 000 km/h (relative
to Earth) when it collided.

Understanding Concepts
1. In a completely inelastic collision between two objects, under what condition(s) will

all of the original kinetic energy be transformed into other forms of energy?
2. In a certain collision between two cars, the cars end up sticking together. Can we

conclude that the collision is completely inelastic? Explain.
3. Use physics principles to explain why head-on vehicle collisions are usually more

dangerous than other types of collisions.
Applying Inquiry Skills
4. Describe how you would use the elasticity of a ball when you squeeze it to predict

how well it will bounce off a hard floor. Test your answer experimentally.
5. Draw a graph similar to the one in Figure 4, illustrating mechanical energy as a func-

tion of time for
(a) an inelastic collision
(b) a completely inelastic collision
Making Connections
6. A safety helmet spreads the force of an impact over as large an area as possible; the

soft interior also changes the time interval of a collision.
(a) Why is the impact force reduced for a helmet with a soft interior versus a hard
interior?
(b) How is safety reduced if the helmet does not fit properly?
(c) Once a helmet has been involved in a collision, it should be replaced. Why?
Figure 7
Newton’s cradle

248 Chapter 5

7. If you were designing a passenger train, would you favour a design with a rigid frame

or a flexible frame? Why?
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Solving Collision Problems

LEARNING TIP

In solving problems involving collisions, it is important to distinguish between elastic,
inelastic, and completely inelastic collisions. For all collisions involving two objects on
which the net force is zero, momentum is conserved:

Solving Simultaneous
Equations
Whenever a problem involves an
elastic collision, the chances are
great that there will be two
unknowns. To solve for two
unknowns, you need to set up
two simultaneous equations (one
involving momentum conservation and the other involving
kinetic energy conservation), and
simplify them.
In problems involving inelastic
and completely inelastic collisions,
there will usually be one or two
unknowns, but the conservation of
kinetic energy does not apply. You
must solve the problem by applying
the equation for the conservation of
momentum and then work out the
kinetic energies if needed.

mv 1 1 mv 2 5 mv91 1 mv92

where m1 and m2 are the masses of the colliding objects, v1 and v2 are the velocities
before the collision, and v91 and v92 are the velocities after the collision. (Remember that
vector notation is omitted because the collisions are in one dimension.) If the collision
is inelastic, this is the only equation that can be used. In the case of a completely inelastic
collision, the objects stick together and their final velocities are equal v 19 5 v 29 .
For an elastic collision (which will be stated clearly in the problem), the total kinetic
energy before the collision equals the total kinetic energy after the collision:
1
1
1
1
}}mv 12 1 }}mv 22 5 }}mv91 2 1 }}mv92 2
2
2
2
2

We can combine this equation with the equation for conservation of momentum to
solve problems that involve elastic collisions.

SAMPLE problem 1
A billiard ball with mass m and initial speed v1, undergoes a head-on elastic collision with
another billiard ball, initially stationary, with the same mass m. What are the final speeds
of the two balls?

Solution
Figure 8 shows the initial and final diagrams. We choose the 1x-axis as the direction of
motion of the initially moving ball (ball 1). Since the problem states that the collision is
elastic, we know that the total initial kinetic energy equals the total final kinetic energy.
Momentum is conserved in this collision. We can thus write two equations, one for kinetic
energy and one for momentum:
1
1
1
1
}}mv 12 1 }}mv 22 5 }}mv91 21 }}mv92 2
2
2
2
2
mv 1 1 mv 2 5 mv91 1 mv92

1x

m
1

m v2 = 0

v1

2

initial
v19 = ?

v29 = ?

1

2

where the subscript 1 refers to the initially moving ball and the subscript 2 refers to the initially
stationary ball. Note that the v ’s represent velocity components (not velocity magnitudes) and
can be positive or negative. Since the masses are equal, they cancel:
v 12 1 v 22 5 v91 21 v92 2
v 1 1 v 2 5 v91 1 v92

Since ball 2 is initially stationary, v2 5 0, and we can write:

final
Figure 8
The situations before and after the
collision for Sample Problem 1

v 12 5 v91 21 v92 2
v 1 5 v91 1 v92

We now have two equations and two unknowns, so we rearrange the latter equation to
solve for v91 :
v91 5 v 1 2 v92
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Substituting for v91 :
v 12 5 (v 1 2 v92 )21 v92 2
5 v 12 2 2v 1v92 1 v92 2 1 v92 2
0 5 22v 1v92 1 2v92 2
0 5 2v92 (v 1 2 v92 )

Therefore, either v92 5 0 (which is not an appropriate solution since it means that no collision occurred) or v1 2 v92 5 0. Thus, we can conclude that v92 5 v1. Substituting this value
into the equation v1 5 v91 1 v92 :
v 1 5 v91 1 v 1
v91 5 0

Therefore, ball 1, which was initially moving, is at rest after the collision (v91 5 0); ball 2,
which was initially stationary, has the same speed after the collision that ball 1 had before
the collision (v92 5 v1). Note that this conclusion is not valid for all elastic collisions in
which one object is initially stationary—the colliding objects must have the same mass.

SAMPLE problem 2
A child rolls a superball of mass 2.5 3 1022 kg along a table at a speed of 2.3 m/s to collide
head-on with a smaller stationary superball of mass 2.0 3 1022 kg. The collision is elastic.
Determine the velocity of each ball after the collision.

Solution
m 1 5 2.5 3 1022 kg

v91 5 ?

m 2 5 2.0 3 1022 kg

v92 5 ?

v 1 5 2.3 m/s

1x

v1 = 2.3 m/s

v2 = 0

1

2

m1 5 2.5 3 1022 kg
m2 5 2.0 3 1022 kg

Figure 9 shows diagrams of the situation. We choose the 1x axis as the direction of the
initial velocity of the larger ball. Since the collision is elastic, both kinetic energy and
momentum are conserved:
1
1
1
1
}}m1v 12 1 }}m2v 22 5 }}m1v91 21 }}m2v92 2
2
2
2
2
m1v 1 1 m2v 2 5 m1v91 1 m2v92

initial
v19 = ?

v29 = ?

1

2

where the subscript 1 refers to the larger ball and the subscript 2 refers to the smaller ball.
Since ball 2 is initially stationary, v2 5 0. Substituting into both equations and multiplying
the kinetic energy equation by 2, we have:
m1v 12 5 m1v91 2 1 m2v92 2
m1v 1 5 m1v91 1 m2v92

final
Figure 9
The situations before and after the
collision for Sample Problem 2

We can rearrange the second equation to solve for v91 in terms of v92 :
m
v91 5 v 1 2 }}2 v92
m1

2.0 3 10 22 kg
v9
5 2.3 m/s 2 }}
2.5 3 1022 kg 2

2

1

v91 5 2.3 m/s 2 0.80 v92

which we can then substitute into the first equation and solve for v92 . However, before
substituting for v91 , we can substitute known numbers into the first equation:
m1v 12 5 m1v91 2 1 m2v92 2
(2.5 3
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1022

kg)(2.3 m/s)2 5 (2.5 3 1022 kg)v91 2 1 (2.0 3 1022 kg)v92 2
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Multiplying by 102 to eliminate each 1022, we have:
(2.5 kg)(2.3 m/s)2 5 (2.5 kg)v91 2 1 (2.0 kg)v92 2
13.2 kg?m2/s2 5 (2.5 kg)v91 2 1 (2.0 kg)v92 2

Now, substituting the expression for v91 :
13.2 kg?m2/s2 5 (2.5 kg)(2.3 m/s 2 0.80v92 ) 2 1 (2.0 kg)v92 2
13.2 kg?m2/s2 5 (2.5 kg)(5.29 m2/s2 2 3.68 m/sv92 1 0.64v92 2) 1 (2.0 kg)v92 2
13.2 kg?m2/s2 5 13.2 kg?m2/s2 2 9.2 kg?m/s v92 1 1.6 kg v92 2 1 2.0 kg v92 2
0 5 29.2 kg?m/s v92 1 3.6 kg v92 2
0 5 (29.2 kg?m/s 1 3.6 kg v92 )v92
Thus,

0 5 29.2 kg?m/s 1 3.6 kg v92 or v92 5 0

Since v92 5 0 corresponds to no collision, we must have:
0 5 29.2 kg?m/s 1 3.6 kg v92
v92 5 12.6 m/s

We can now substitute this value for v92 to solve for v91 :
v91 5 2.3 m/s 2 0.80v92
5 2.3 m/s 2 0.80(2.6 m/s)
v91 5 10.3 m/s

Thus, after the collision, both balls are moving in the 1x direction (the same direction as
the larger ball was originally moving). The speeds are 2.6 m/s and 0.3 m/s for the smaller
and larger balls, respectively.

The collisions analyzed so far in this chapter have been one-dimensional. Most collisions, however, involve two- or three-dimensional situations. By performing an investigation to study two-dimensional collisions, you will find the theory and mathematical
analysis of such collisions much easier to understand. To explore two-dimensional
collisions further, perform Investigation 5.3.1 in the Lab Activities section at the end
of this chapter.

INVESTIGATION 5.3.1
Analyzing Two-Dimensional
Collisions (p. 262)
There are various ways of creating
collisions in the laboratory in which
the objects collide with a crisp, clear
bang, or the objects stick together
and have a common final velocity.
What problems would you anticipate
having to overcome in analyzing
two-dimensional collisions between
pucks on a horizontal air table?

Practice
Understanding Concepts
8. A small truck and a large truck have the same kinetic energies. Which truck has the

greater momentum? Justify your answer.
9. (a) Can an object have kinetic energy, but no momentum? Can an object have

momentum, but no kinetic energy? Explain.
(b) Repeat (a) for an isolated system of two interacting objects.

Answers
10. 0 m/s
11. 0 m/s; 815 m/s in the direction of initial velocity

10. During a friendly snowball fight, two snowballs, each of mass 0.15 kg, collide in mid-

air in a completely inelastic collision. Just before the collision, both balls are travelling
horizontally, one ball with a velocity of 22 m/s [N] and the other 22 m/s [S]. What is
the velocity of each ball after the collision?
11. A proton travelling with an initial speed of 815 m/s collides head-on with a stationary

proton in an elastic collision. What is the velocity of each proton after the collision?
Show your work.
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12. A truck of mass 1.3 3 104 kg, travelling at 9.0 3 101 km/h [N], collides with a car of

Answers

mass 1.1 3 103 kg, travelling at 3.0 3 101 km/h [N]. If the collision is completely
inelastic, what are the magnitude and direction of the velocity of the vehicles immediately after the collision?

12. 85 km/h [N]
13. 4.1 3 106 J; 4.0 3 106 J;
1 3 105 J

13. Calculate the total kinetic energy before and after the collision described in question 12.

14. 5.15 3 102 m/s
16. (b) #p$ T9 5 #p$ R 1 #p$ R9;

Determine the decrease in kinetic energy during the collision.
14. A nitrogen molecule of mass 4.65 3 10226 kg in the air undergoes a head-on elastic

#$ L9
#p$ T9 5 #p$ L 2 p

collision with a stationary oxygen molecule of mass 5.31 3 10226 kg. After the collision, the nitrogen molecule has reversed its direction and has a speed of 34.1 m/s,
while the oxygen molecule is travelling at 4.81 3 102 m/s in the original direction of
the nitrogen molecule. What is the initial speed of the nitrogen molecule?
Applying Inquiry Skills

y

15. An experiment is performed in which two low-friction carts on an air track approach

each other and collide. The motions of the carts are monitored by sensors connected
to a computer that generates the graphs in Figure 10.
(a) One line on the graph represents the total momentum of the two-cart system,
and the other represents the total kinetic energy. Which line is which? How can
you tell?
(b) What type of collision occurred in the experiment? How can you tell?

A

B

Making Connections
Time

16. In some situations, riot police use rubber bullets to control demonstrators. In

designing these bullets, tests are carried out in labs to compare the collisions
involving rubber bullets and lead bullets striking a target.
(a) In these tests, one type of bullet has an elastic collision with the test target,
while the other type has an almost completely inelastic collision with the test
target. Which bullet has the elastic collision and which has the almost completely inelastic collision?
(b) Using the subscripts R for the rubber bullet, L for the lead bullet, and T for the
target, develop equations for the magnitude of the momentum transferred to the
target after being struck by the rubber bullet and the lead bullet. Assume both
bullets to have the same masses and initial speeds. Express your answers in
terms of the magnitudes of the initial momentum of the bullet and the final
momentum of the bullet. Which bullet transfers the larger magnitude of
momentum to the target?
(c) Explain why rubber bullets are preferred in riot control.

Figure 10
For question 15

SUMMARY
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Elastic and Inelastic Collisions

•

In all elastic, inelastic, and completely inelastic collisions involving an isolated
system, the momentum is conserved.

•

In an elastic collision, the total kinetic energy after the collision equals the total
kinetic energy before the collision.

•

In an inelastic collision, the total kinetic energy after the collision is different
from the total kinetic energy before the collision.

•

In a completely inelastic collision, the objects stick together and move with the
same velocity, and the decrease in total kinetic energy is at a maximum.

•

Elastic collisions can be analyzed by applying both the conservation of kinetic
energy and the conservation of momentum simultaneously.

NEL
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Section 5.3 Questions
Understanding Concepts

(b) If the bullet and wood have masses of m and M,
respectively, and the bullet has an initial speed of v,
derive an algebraic expression for the speed of the
bullet and wood immediately after the collision, before
they swing upward, in terms of m, M, and v.
(c) As the bullet and wood swing up, what law of nature
can be used to relate the maximum vertical height to
the speed just after the collision?
(d) Use your answers to (b) and (c) to derive an expression for the maximum vertical height h in terms of m,
M, v, and g.
(e) Rearrange your expression in (d) so that if h is a
known quantity, v can be calculated.
(f) If a bullet of mass 8.7 g hits a block of wood of mass
5.212 kg, and the bullet and wood swing up to a maximum height of 6.2 cm, what is the initial speed of the
bullet?
(g) Figure 11(b) shows a modern ballistics pendulum
used for student experimentation. Describe some of the
sources of random and systematic error that should be
minimized in determining the speed of the ball fired
from the spring-loaded triggering mechanism.

1. A moving object collides with a stationary object.

(a) Is it possible for both objects to be at rest after the collision? If “yes,” give an example. If “no,” explain why not.
(b) Is it possible for only one object to be at rest after
the collision? If “yes,” give an example. If “no,” explain
why not.
2. A wet snowball of mass m, travelling at a speed v, strikes a

tree. It sticks to the tree and stops. Does this example violate the law of conservation of momentum? Explain.
3. Two particles have the same kinetic energies. Are their

momentums necessarily equal? Explain.
4. A 22-g superball rolls with a speed of 3.5 m/s toward

another stationary 27-g superball. The balls have a head-on
elastic collision. What are the magnitude and direction of
the velocity of each ball after the collision?
5. An object of mass m has an elastic collision with another

object initially at rest, and continues to move in the original
direction but with one-third its original speed. What is the
mass of the other object in terms of m?
6. A 66-kg skier, initially at rest, slides down a hill 25 m high,

then has a completely inelastic collision with a stationary
72-kg skier. Friction is negligible. What is the speed of
each skier immediately after the collision?

Making Connections
8. Decades ago, cars were designed to be as rigid as pos-

sible. Modern cars, however, are designed with “crumple
zones” that collapse upon impact. Explain the advantage
of this design.

Applying Inquiry Skills
7. Figure 11(a) shows a ballistics pendulum used to deter-

mine speeds of bullets before the advent of modern electronic timing. A bullet is shot horizontally into a block of
wood suspended by two strings. The bullet remains
embedded in the wood, and the wood and bullet together
swing upward.
(a) Explain why the horizontal momentum of the bulletwood system is conserved during the collision, even
though the strings exert tension forces on the wood.
(a)

m

9. Chunks of material from space, both large and small, col-

lide with Earth. Research the sizes of these materials and
the frequencies of the collisions, as well as some of the
well-known collisions scientists have studied. Some famous
impact sites are Sudbury, Ontario; Chicxulub, Mexico; and
Tunguska, Russia. Write a brief report summarizing what
you discover.

GO

www.science.nelson.com

(b)

v
h

Figure 11
Ballistics pendulums (for question 7)
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5.4
small fragments
large rock
to
Earth

Mars

Figure 1
The two-dimensional nature of the
collision between a rock and the
surface of Mars

Conservation of Momentum
in Two Dimensions
How could a chunk of rock from Antarctica provide a basis for research into the possibility that life once existed on Mars? The answer lies in a two-dimensional collision that
occurred about 15 million years ago, when a large high-speed rock crashed into Mars at
a glancing angle (Figure 1). Some of the kinetic energy of the rock was converted into
thermal energy, melting some of the surface rock and trapping bubbles from the atmosphere in material that splashed off the surface, cooled, and flew off into space. Eventually
a chunk of that surface material from Mars became the rock that landed in Antarctica.
Researchers discovered that the rock’s dissolved gases were the same as those identified
by probes landing on Mars. Further research identified possible materials that may be associated with microscopic life forms.
In the previous section, we examined the conservation of momentum in one-dimensional collisions, such as the recoil of a raft when a person walks on it or the head-on collisions of automobiles. For momentum to be conserved, the net force on the system must
be zero. The forces exerted by the objects on each other are equal in magnitude but opposite in direction (from Newton’s third law) and add to zero. If other forces on the system also
add to zero or are so small as to be negligible, then the net force on the system will be zero.
The same reasoning applies to two-dimensional situations, such as the collision
between pucks on an air table with negligible friction (see Investigation 5.3.1). Since
both the net force and momentum are vector quantities, when we say that momentum
is conserved, we mean that both the magnitude and direction of the momentum vector
do not change. Alternatively, in two dimensions, we can state that both the x- and ycomponents of the momentum do not change.
The law of conservation of momentum applies to any situation in which a system is
subject to a net force of zero. It applies to collisions between all sorts of objects; it also
applies to interactions that are not collisions, such as the ejection of gases from a rocket
thruster to control the spacecraft’s motion.

SAMPLE problem 1
A 38-kg child is standing on a 43-kg raft that is drifting with a velocity of 1.1 m/s [N] relative
to the water. The child then walks on the raft with a net velocity of 0.71 m/s [E] relative to the
water. Fluid friction between the raft and water is negligible. Determine the resulting velocity
of the raft relative to the water.
(a)

(b)

N

N
E

E
vS 5 1.1 m/s [N]

2pC 5 27 kg • m/s [W]

pR9 5 ?

pS9 5 pS 5 89 kg • m/s [N]

u
Figure 2
(a) The basic situation
(b) Determining the final
momentum of the raft
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raft
mR 5 43 kg

child
mC 5 38 kg
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Solution
Figure 2(a) shows the situation. Since there is no net force acting on the system,
momentum is conserved. Thus,
#p$ S 5 #p$ S9

?

Bike Helmets
Studies have shown that wearing a
bike helmet reduces the risk of
death or injury in an accident by
more than 80%.

where the subscript S represents the system. Finding the initial momentum of the system:
m S 5 38 kg 1 43 kg 5 81 kg
#v$ S 5 1.1 m/s [N]
#p$ S 5 ?
#p$ S 5 m Sv#$ S
5 (81 kg)(1.1 m/s [N])
#$ S 5 89 kg?m/s [N]
p

The final momentum of the system is equal to the vector addition of the child (indicated by
subscript C) and the raft (indicated by subscript R):
#$ S9 5 p
#$ C91 p
#$ R9
p

Determine #p$ C9:
m C 5 38 kg
#v$ C9 5 0.71 m/s [E]
#p$ C9 5 ?
#$ C9 5 m C#v$ C9
p
5 (38 kg)(0.71 m/s [E])
#p$ C9 5 27 kg?m/s [E]

#$ S9, we can now solve for p
#$ R9:
Since #p$ S 5 p
#$ R95 #p$ S92 #p$ C9
p
#$ R95 #p$ S91 (2p
#$ C9)
p

Figure 2(b) shows the vector subtraction. Using the law of Pythagoras, we find:
#p$ R92 5 #p$ S92 1 #p$ C92
(89 kgw
?m/s)2w
1 (27w
kg?m/w
s)2
#p$ R9 5 Ïw
#p$ R9 5 93 kg?m/s

The angle v can now be found:
27 kg?m/s
v 5 tan21 }}
89 kg?m/s
v 5 17°

Thus, the direction of the raft’s final momentum and final velocity is 17° W of N.
Finally, we solve for the final velocity of the raft:
#$ R9 5 m Rv#$ R9
p
#$ 9
p
v#$ R9 5 }R}
mR
93 kg?m/s [17° W of N]
5 }}}
43 kg
v#$ R9 5 2.2 m/s [17° W of N]

The resulting velocity of the raft relative to the water is 2.2 m/s [17° W of N].
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SAMPLE problem 2
In a game of marbles, a collision occurs between two marbles of equal mass m. One marble
is initially at rest; after the collision, the marble acquires a velocity of 1.10 m/s at an angle of
v = 40.0° from the original direction of motion of the other marble, which has a speed of
1.36 m/s after the collision. What is the initial speed of the moving marble?
(a)

1y
1x
(at rest)
2
1
m

(b)

v1x 5 ?

m

1y

|v29|5 1.10 m/s
v29
1x
v29y 5 (1.10 m/s) sin 40.0°

2

v = 40.0°
v29x 5 (1.10 m/s) cos 40.0°

v19x 5 (1.36 m/s) cos f
1

f
v19y 5 2(1.36 m/s) sin f
v19
|v19| 5 1.36 m/s

Figure 3
(a) Initial situation
(b) Final situation

Solution
Figure 3(a) shows the initial situation. Since the momentum is conserved,
#$ 5 p
#$ 9
p
m 1v#$ 1 1 m 2#v$ 2 5 m 1#v$ 19 1 m 2v#$ 29

Since m1 5 m2 and v#$ 2 5 0, we can simplify:
v#$ 1 5 #v$ 19 1 #v$ 29

The components used to perform this vector addition are shown in Figure 3(b), with the
chosen directions of 1x rightward and 1y upward. Since we do not know the direction of
#v$ 19, we use components to analyze the situation and solve for the angle f. Applying conservation of momentum to the y-components:
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v1y 5 v1y9 1 v2y9
0 5 21.36 m/s sin f 1 1.10 m/s sin v
1.10 m/s sin v
sin f 5 }}
1.36 m/s
1.10 m/s sin 40.0°
sin f 5 }}
1.36 m/s
f 5 31.3°

Applying conservation of momentum to the x-components:
v1x 5 v1x9 1 v2x9
5 1.36 m/s cos f 1 1.10 m/s cos v
5 1.36 m/s cos 31.3° 1 1.10 m/s cos 40.0°
v1x 5 2.00 m/s

The initial speed of the moving marble is 2.00 m/s.

Figure 4
A 5-pin bowling setup is much
easier to analyze than a 10-pin
setup! (for question 1)

Practice
Understanding Concepts
1. Bowling involves numerous collisions that are essentially two-dimensional.

Copy the 5-pin setup in Figure 4 and complete the diagram to show where a
bowling ball could be aimed to cause a “strike” (i.e., a hit in which all the pins
are knocked down).
2. A 52-kg student is standing on a 26-kg cart that is free to move in any direction.

Initially, the cart is moving with a velocity of 1.2 m/s [S] relative to the floor. The
student then walks on the cart and has a net velocity of 1.0 m/s [W] relative to
the floor.
(a) Use a vector scale diagram to determine the approximate final velocity of
the cart.
(b) Use components to determine the approximate final velocity of the cart.

Answers
2. 4.1 m/s [61° S of E]
3. 3.0 3 101 km/h [51° S of E]
4. (b) 1.18 m/s at 48.9°;
1.72 m/s at 31.1°
(d) no
5. (a) 28° N of W
(b) 1.0 3 10220 kg?m/s
(c) 2.8 3 104 m/s [28° N of W]

3. Two automobiles collide at an intersection. One car of mass 1.4 3 103 kg is

travelling at 45 km/h [S]; the other car of mass 1.3 3 103 kg is travelling at
39 km/h [E]. If the cars have a completely inelastic collision, what is their
velocity just after the collision?
4. Two balls of equal mass m undergo a collision. One ball is initially stationary.

After the collision, the velocities of the balls make angles of 31.1° and 48.9°
relative to the original direction of motion of the moving ball.
(a) Draw a diagram showing the initial and final situations. If you are uncertain
about the final directions of motion, remember that momentum is conserved.
(b) If the initial speed of the moving ball is 2.25 m/s, what are the speeds of
the balls after the collision?
(c) Repeat (b) using a vector scale diagram.
(d) Is this collision elastic? Justify your answer.
5. A nucleus, initially at rest, decays radioactively, leaving a residual nucleus. In
the process, it emits two particles horizontally: an electron with momentum
9.0 3 10221 kg?m/s [E] and a neutrino with momentum 4.8 3 10221 kg?m/s [S].
(a) In what direction does the residual nucleus move?
(b) What is the magnitude of its momentum?
(c) If the mass of the residual nucleus is 3.6 3 10225 kg, what is its recoil
velocity?
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Applying Inquiry Skills
6. The police report of an accident between two identical cars at an icy intersection

contains the diagram shown in Figure 5.
(a) Which car was travelling faster at the moment of impact? How can you tell?
(b) What measurements could be made directly on the diagram to help an
investigator determine the details of the collision?
Making Connections
7. Choose a sport or recreational activity in which participants wear protective

Figure 5
For question 6

equipment.
(a) Describe the design and function of the protective equipment.
(b) Based on the scientific concepts and principles you have studied thus far,
explain how the equipment accomplishes its intended functions.
(c) Using the Internet or other appropriate publications, research your chosen
protective equipment. Use what you discover to enhance your answer in (b).

GO
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SUMMARY

•

Conservation of Momentum
in Two Dimensions

Collisions in two dimensions are analyzed using the same principles as collisions
in one dimension: conservation of momentum for all collisions for which the net
force on the system is zero, and both conservation of momentum and conservation of kinetic energy if the collision is elastic.

Section 5.4 Questions
Understanding Concepts
1. Figure 6 shows an arrangement of billiard balls, all of

equal mass. The balls travel in straight lines and do not
spin. Draw a similar, but larger, diagram in your notebook
and show the approximate direction that ball 1 must travel
to get ball 3 into the end pocket if
(a) ball 1 collides with ball 2 (in a combination shot)
(b) ball 1 undergoes a single reflection off the side of the
table and then collides with ball 3
2. A neutron of mass 1.7 3 10227 kg, travelling at 2.7 km/s,

3

2

10226

hits a stationary lithium nucleus of mass 1.2 3
kg.
After the collision, the velocity of the lithium nucleus is
0.40 km/s at 54° to the original direction of motion of the
neutron. If the speed of the neutron after the collision is
2.5 km/s, in what direction is the neutron now travelling?

1

3. Two ice skaters undergo a collision, after which their arms

are intertwined and they have a common velocity of 0.85 m/s
[27° S of E]. Before the collision, one skater of mass 71 kg
had a velocity of 2.3 m/s [12° N of E], while the other skater
had a velocity of 1.9 m/s [52° S of W]. What is the mass of
the second skater?

258 Chapter 5

Figure 6
For question 1

NEL

Section 5.4

4. A steel ball of mass 0.50 kg, moving with a velocity of

2.0 m/s [E], strikes a second ball of mass 0.30 kg, initially
at rest. The collision is a glancing one, causing the
moving ball to have a velocity of 1.5 m/s [30° N of E] after
the collision. Determine the velocity of the second ball
after the collision.

Making Connections
6. Today’s consumers are well aware that safety features are

important in automobiles. For an automobile of your choice,
analyze the design, the operation of the vehicle in a collision
or other emergency, and the economic and social costs and
benefits of its safety features. Use the following questions as
a guideline:
(a) What social and economic issues do you think are
important in automobile safety, from an individual
point of view, as well as society’s point of view?
(b) For the automobile you have chosen to analyze, what
safety features do you think are essential?
(c) What safety features are lacking that you think would
be beneficial to the driver and passengers?
(d) Considering your answers in (a), (b), and (c), perform
a cost-benefit analysis of developing safety devices in
automobiles. Write concluding remarks.

Applying Inquiry Skills
5. Figure 7 shows the results of a collision between two

pucks on a nearly frictionless air table. The mass of puck A
is 0.32 kg, and the dots were produced by a sparking
device every 0.50 s.
(a) Trace the diagram onto a separate piece of paper and
determine the mass of puck B. (Hint: Determine which
equation applies, and then draw the vectors on your
diagram.)
(b) Determine the amount of kinetic energy lost in the
collision.
(c) Name the type of collision that occurred.
(d) Identify the most likely sources of error in determining
the mass of puck B.

GO
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air puck

N
E
dots created
by air table
directions
of motion

A
mA = 0.32 kg

NEL
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mB = ?

Figure 7
For question 5
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SUMMARY

Key Expectations
• define and describe the concepts and units related to

momentum (momentum, impulse, elastic collisions,
inelastic collisions) (5.1, 5.2, 5.3)

•

•

analyze, with the aid of vector diagrams, the linear
momentum of a collection of objects, and apply quantitatively the law of conservation of linear momentum
(5.2, 5.3, 5.4)

Key Equations
• p#$ 5 mv#$
• oF#$Dt 5 Dp#$
• m1Dv#$ 1 5 2m2Dv#$ 2
• m1#v$ 1 1 m2v#$ 2 5 m1v#$ 191 m2v#$ 29
•

distinguish between elastic and inelastic collisions
(5.3, 5.5)

•

investigate the laws of conservation of momentum
and energy in one and two dimensions by carrying out
experiments or simulations and the necessary analytical procedures (e.g., use vector diagrams to determine
whether the collisions of pucks on an air table are
elastic or inelastic) (5.2, 5.3, 5.5)

•

analyze and describe, using the concept of the law of
conservation of momentum, practical applications of
momentum conservation (e.g., analyze and explain,
using scientific concepts and principles, the design of
protective equipment developed for recreational and
sports activities) (5.2, 5.3, 5.4)

•

identify and analyze social issues that relate to the
development of vehicles (e.g., analyze, using your own
criteria, the economic and social costs and benefits of
safety devices in automobiles) (5.4)

(5.1)
(5.2)
(5.2)
(5.3)

for elastic collisions only

analyze situations involving the concepts of mechanical energy, thermal energy and its transfer (heat), and
the laws of conservation of momentum and energy
(5.2, 5.3)

•

1
1
1
1
}}mv 12 1 }}mv 22 5 }}mv 1921 }}mv 29 2
2
2
2
2

(5.1)

MAKE a summary
Draw and label diagrams to show the following situations:

•
•
•
•

an elastic collision in one dimension
an inelastic collision in one dimension
a completely inelastic collision in one dimension
an elastic collision in two dimensions

Incorporate as many key expectations, key terms, and key
equations as possible.

Key Terms
linear momentum
impulse
law of conservation of linear momentum
elastic collision
inelastic collision
completely inelastic collision
How can the laws of conservation of momentum
and energy be applied to analyzing fireworks
displays?
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SELF QUIZ

Write numbers 1 to 10 in your notebook. Indicate beside
each number whether the corresponding statement is true
( T ) or false (F). If it is false, write a corrected version.

1. The impulse you give to a child on a swing to start the
child moving is equal in magnitude, but opposite in
direction, to the child’s change in momentum.
2. Newton’s second law of motion can be written both as
Dp#$
#$ 5 ma#$ and ∑F
#$ 5 }
}.
∑F
Dt
3. If you have developed your follow-through skills
when playing tennis, you have increased the force you
are able to apply as you swing the racket.
For questions 4 to 6, refer to Figure 1.
4. The total momentum before the collision is positive,
and the total momentum after the collision is negative.
5. For this collision, if the change in momentum of
glider 1 is 21.4 kg?m/s [W], then the change in
momentum of glider 2 is 1.4 kg?m/s [W].
6. At the exact midpoint of the collision, both the kinetic
energy and the momentum of the system are zero.
7. If a small car of mass mS and speed vS has a momentum
equal in magnitude to a large car of mass mB and
speed vB, then the two cars have equal kinetic energies.
8. When a snowball hits a tree and sticks entirely to the
tree, momentum of the snowball is not conserved
because the collision is completely inelastic.
9. Elastic collisions are more likely to occur between
atoms and molecules than between macroscopic
objects.
10. In an interaction involving an isolated system, it is
impossible for the final kinetic energy to be greater
than the initial kinetic energy.
W

Unit 2

Write numbers 11 to 22 in your notebook. Beside each
number, write the letter corresponding to the best choice.

11. Using L, M, and T for the dimensions of length, mass,
and time, respectively, the dimensions of impulse are
L
ML2
ML
ML
LT
(d) }}
(e) }}
(a) } (b) }} (c) }}
M
TM
T2
T2
T
12. If an arrow’s speed and mass are both doubled, then
its momentum and kinetic energy are respectively
increased by factors of
(a) 2 and 2
(d) 4 and 8
(b) 2 and 4
(e) 8 and 8
(c) 4 and 4
13. The area under the line on a force-time graph indicates
(a) the impulse
(b) the change in momentum
(c) the product of the average force and the time
interval during which that force is applied
(d) all of these
(e) none of these
14. When you catch a fast-moving baseball, your hand
hurts less if you move it in the same direction as the
ball because
(a) the change in momentum in the ball is less
(b) the change in kinetic energy of the ball is less
(c) the time interval of the interaction is less
(d) the time interval of the interaction is greater
(e) the impulse on the ball is greater
15. The force applied by an apple hitting the ground
depends on
(a) whether or not the apple bounces
(b) the time interval of the impact with the ground
(c) the apple’s maximum speed just before impact
(d) the air resistance acting on the apple as it falls
(e) all of these
E

v2

v1

2

1

m2

m1

Figure 1
In this isolated system, two gliders (m1 5 m2 ) on an air track
move toward each other at equal speed, collide, and then move
away from each other at equal speed. (for questions 4 to 6)
NEL
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16. In an inelastic collision involving two interacting
objects, the final kinetic energy of the system
(a) can be equal to the initial kinetic energy of the
system
(b) is always less than or equal to the initial kinetic
energy of the system
(c) is always greater than or equal to the initial
kinetic energy of the system
(d) is always less than the initial kinetic energy of the
system
(e) can be greater than the initial kinetic energy of
the system
17. When you are jogging and you increase your kinetic
energy by a factor of 2, then your momentum
1
(a) changes by a factor of }}
2
(b) increases by a factor of Ï2w
(c) increases by a factor of 2
(d) increases by a factor of 4
(e) increases by an amount that cannot be determined with the information given
18. A rubber bullet R and a metal bullet M of equal mass
strike a test target T with the same speed. The metal
bullet penetrates the target and comes to rest inside it,
while the rubber bullet bounces off the target. Which
statement is true?
(a) M and R exert the same impulse on T.
(b) M exerts a greater impulse on T than R does.
(c) R exerts a greater impulse on T than M does.
(d) The magnitudes of the change in momentum of
M and R are equal.
(e) none of these
19. Two protons approach one another in a straight line
with equal speeds. Eventually, they repel, and move
apart with equal speeds in the same straight line. At
the instant of minimum separation between the
particles
(a) the total momentum of the interacting particles
is zero, but the total energy of the system remains
constant
(b) both the total momentum and the total energy
are zero
(c) the total momentum of the system is at the maximum value, but the total energy is zero
(d) both the total momentum and the total energy of
the system are at their maximum values
(e) both the total momentum and the total energy of
the system are reduced, but not to zero
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20. A ball bounces off the edge of a pool table as in
Figure 2. The speeds before and after the bounce are
essentially equal. Which of the five vectors in Figure 2
represent the direction of the impulse by the table on
the ball?
N
30°

30°
E
v2

v1

(d)

(a)
30°

(e)

(b)

30°

(c)
Figure 2

21. A glider of mass m travels leftward on a frictionless
air track with a speed v. It collides head-on in a completely inelastic collision with a glider that has twice its
mass and half its speed moving to the right. After the
collision, the combined speed of the glider system is
(a) 0
v
(b) }}
3
v
(c) }}
2
(d) 2v
(e) v
22. A baseball of mass m leaves a pitching machine of
mass M (where M includes the mass of the ball m)
with a speed v. The recoil speed of the machine after
shooting the baseball is
2mv
(a) }}
(M 2 m)
mv
(b) }}
M
mv
(c) }}
(M 1 m)
mv
(d) }}
(M 2 m)
(e) 0
An interactive version of the quiz is available online.
GO
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REVIEW

Understanding Concepts
1. Is it possible for an object to receive a larger impulse
from a small force than from a large force? Explain.
2. When a meteoroid collides with the Moon, surface
material at the impact site melts. Explain why.
3. A falling rock gains momentum as its speed increases.
Does this observation contradict the law of conservation of momentum? Explain your answer.
4. A piece of putty is dropped vertically onto a floor,
where it sticks. A rubber ball of the same mass is
dropped from the same height onto the floor and
rebounds to almost its initial height. For which of
these objects is the magnitude of the change of
momentum greater during the collision with the
floor? Explain your answer.
5. A football kickoff receiver catches the ball and is
about to be tackled head-on by one of two possible
opponents. If the two opponents have different
masses (m1 . m2), but equal momentums (p#$1 5 #p$2),
which opponent would the receiver be wise to avoid:
p#$1 5 m1v#$1 or #p$2 5 m2v#$2? Explain why.
6. Give an example of a collision in which the momentum
of the system of the colliding objects is not conserved.
Explain why momentum is not conserved in this collision, but is conserved in other situations.
7. A boat of mass 1.3 3 102 kg has a velocity of 8.7 m/s
[44° E of N]. Determine the northward and eastward
components of its momentum.
8. A car of mass 1.1 3 103 kg is travelling in a direction
22° N of E. The eastward component of its momentum
is 2.6 3 104 kg?m/s. What is the speed of the car?
9. A car of mass 1.2 3 103 kg travelling at 53 km/h [W]
collides with a telephone pole and comes to rest. The
duration of the collision is 55 ms. What is the average
force exerted on the car by the pole?
10. A 59-g tennis ball is thrown upward, and is hit just
as it comes to rest at the top of its motion. It is in
contact with the racket for 5.1 ms. The average
force exerted on the ball by the racket is 324 N
horizontally.
(a) What is the impulse on the ball?
(b) What is the velocity of the ball just as it leaves the
racket?
11. A child places a spring of negligible mass between
two toy cars of masses 112 g and 154 g (Figure 1). She
compresses the spring and ties the cars together with
a piece of string. When she cuts the string, the spring

NEL
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is released and the cars move in opposite directions.
The 112-g car has speed of 1.38 m/s. What is the
speed of the other car?
compression spring

Figure 1

12. A proton of mass 1.67 3 10227 kg is travelling with an
initial speed of 1.57 km/s when it collides head-on with
a stationary alpha particle of mass 6.64 3 10227 kg.
The proton rebounds with a speed of 0.893 km/s. What
is the speed of the alpha particle?
13. Two rocks in space collide. One rock has a mass of
2.67 kg, and travels at an initial velocity of 1.70 3
102 m/s toward Jupiter; the other rock has a mass of
5.83 kg. After the collision, the rocks are both moving
toward Jupiter with speeds of 185 m/s for the less
massive rock and 183 m/s for the more massive rock.
What is the initial velocity of the more massive rock?
14. Sets of objects made of various materials undergo
head-on collisions. Each set consists of two masses
(m1 5 2.0 kg and m2 5 4.0 kg). Given the following
initial and final velocities, identify the collisions as
elastic, inelastic, or completely inelastic.
(a) v1i 5 6.0 m/s; v2i 5 0; v1f 5 v2f 5 2.0 m/s
(b) v1i 5 24 m/s; v2i 5 0; v1f 5 24.0 m/s; v2f 5 14 m/s
(c) v1i 5 12 m/s; v2i 5 0; v1f 5 24.0 m/s; v2f 5 8.0 m/s
15. Two carts equipped with spring bumpers on an air
track have an elastic collision. The 253-g cart has an
initial velocity of 1.80 m/s [N]. The 232-g cart is initially stationary. What is the velocity of each cart after
the collision?
16. Two hockey pucks of equal mass undergo a collision
on a hockey rink. One puck is initially at rest, while
the other is moving with a speed of 5.4 m/s. After the
collision, the velocities of the pucks make angles of
33° and 46° relative to the original velocity of the
moving puck.
(a) Draw a diagram showing the initial and final
situations. Make sure that the geometry of your
diagram is such that momentum is conserved.
(b) Determine the speed of each puck after the
collision.
17. Two subatomic particles collide. Initially, the more
massive particle (A) is at rest and the less massive particle (B) is moving. After the collision, the velocities
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of A and B make angles of 67.8° and 30.0°, respectively, to the original direction of B’s motion.
vB
The ratio of the final speeds of the particles }}
is 3.30.
vA
mB
What is the ratio of the masses of the particles }}?
mA
18. Two rolling golf balls of the same mass collide. The
velocity of one ball is initially 2.70 m/s [E]. After the
collision, the velocities of the balls are 2.49 m/s [62.8° N
of W] and 2.37 m/s [69.2° S of E]. What are the magnitude and direction of the unknown initial velocity?

21. Two spacecrafts from different nations have linked
in space and are coasting with their engines off,
heading directly toward Mars. The spacecrafts are
thrust apart by the use of large springs. Spacecraft 1,
of mass 1.9 3 104 kg, then has a velocity of
3.5 3 103 km/h at 5.1° to its original direction
(Figure 3), and spacecraft 2, of mass 1.7 3 104 kg,
has a velocity of 3.4 3 103 km/h at 5.9° to its original direction. Determine the original speed of the
spacecrafts when they were linked together.

19. A 0.25-kg ball is attached to a 26-cm piece of string
(Figure 2). The ball is first raised so that the string is
taut and horizontal, then the ball is released so that, at
the bottom of its swing, it undergoes an elastic headon collision with a 0.21-kg ball that is free to roll
along a horizontal table.
(a) What is the speed of the swinging ball just before
the collision?
(b) What is the speed of the 0.21-kg ball just after
the collision?

22. During the testing of a fireworks device, an engineer
records the data shown in Table 1 when the device,
initially at rest, explodes under controlled conditions
into three components that spread out horizontally.
Determine the unknown quantity.

0.25 kg

string

Table 1 Data for Question 22
1

2

3

2.0 kg

3.0 kg

4.0 kg

1.5 m/s [N]

2.5 m/s [E]

?

Component
Mass
Final Velocity

support

Applying Inquiry Skills
23. A number of objects with different masses have the
same speed. Sketch the shape of the graph of the magnitude of momentum versus mass for these objects.
24. A variety of objects of different masses are moving at
different speeds, but the momentum of each object
has the same magnitude. Sketch the shape of the
graph of speed vs. mass for these objects.

0.21 kg

table

Figure 2

20. A large ball of modelling clay of mass 4.5 3 102 g is
rolled on a tabletop so that it collides with a stationary
small wooden box of mass 7.9 3 102 g. The collision is
completely inelastic, and the ball and box then slide
on the table for a distance of 5.1 cm. If the speed of
the ball is 2.2 m/s just before the collision, determine
(a) the speed of the ball and box just after the collision
(b) the magnitude of the friction force acting on the
ball and box

25. Figure 4 shows a device used to test the “coefficient of
restitution” of spherical objects that are made from a
variety of materials, such as brass, plastic, steel, wood,
rubber, and aluminum.
(a) Determine what is meant by the term “coefficient
of restitution.” How would this device help you
determine the coefficient of restitution for
spheres made of various materials?
(b) With your teacher’s approval, use either this
device or some other method to determine the
coefficient of restitution of various spheres.

1
5.1°

Mars
5 3 106 km

5.9°
2

Figure 3
For question 21
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trast the use of high-speed photography with the
methods you used to analyze collisions in
Investigation 5.2.1 and Investigation 5.3.1.
29. On a navy aircraft carrier, an arrester hook is used to
help stop a high-speed aircraft on the relatively short
landing strip. Research the Internet or other appropriate publications to find out how this device successfully converts the kinetic energy of the aircraft into
other forms of energy. Describe what you discover.
GO
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30. A space shuttle, used to transport equipment and
astronauts to and from the International Space
Station, has an “ablation shield” on the front. This
shield is needed to protect the shuttle from collisions
with objects. Research the Internet or other appropriate publications to find out what the shuttle might
collide with, and how the ablation shield helps to
reduce the damage to the craft.
GO
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Extension
Figure 4
For question 25

26. (a) Two students hold a bed sheet almost vertically to
create a “landing pad” for a raw egg tossed at high
speed toward the middle of the sheet. Even at a
very high speed, the egg does not break. Explain
why. (Caution: If you try this, perform the experiment outside, and make sure the egg hits near the
centre and does not fall to the ground after the
collision.)
(b) How would you apply the concept presented in
(a) to rescue operations? What experiments
could you perform (without using any living
creatures) to determine the maximum height a
person could fall and be caught without injury?

Making Connections
27. From the point of view of transportation safety, is it
better to have a telephone pole that collapses (crumples), or one that remains sturdy when a vehicle
crashes into it? Explain why.
28. Safety research engineers use high-speed photography
to help them analyze test crashes. Compare and conNEL

31. An object of mass m1 and initial velocity v1i undergoes a head-on elastic collision with a stationary
object of mass m2.
(a) In terms of m1, m2, and v1i , determine the final
velocity of each mass. (Hint: You will need two
equations to solve for the two unknowns.)
(b) Determine the final velocity of each mass if
m1 5 m2 (for example, two billiard balls collide).
(c) Determine the final velocity of each mass if
m1.. m2 (for example, a bowling ball hits a
superball).
(d) Determine the final velocity of each mass if
m1,, m2 (for example, a superball hits a
bowling ball).
32. A 1.0 3 103-kg plane is trying to make a forced landing
on the deck of a 2.0 3 103-kg barge at rest on the surface of a calm sea. The only frictional force to consider
is between the plane’s wheels and the deck; this braking
force is constant and is equal to one-quarter of the
plane’s weight. What must the minimum length of the
barge be for the plane to stop safely on deck, if the plane
touches down just at the rear end of the deck with a
velocity of 5.0 3 101 m/s toward the front of the barge?
Sir Isaac Newton Contest Question
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chapter

6

In this chapter,
you will be able to

•

analyze the factors affecting
the motion of isolated
celestial objects and
calculate the gravitational
potential energy for each
system

•

analyze isolated planetary
and satellite motion, and
describe the motion in terms
of the forms of energy and
energy transformations that
occur

Gravitation and
Celestial Mechanics
When we view the planets and stars on clear nights away from bright city lights, or look
at images of the night sky obtained by telescopes, we realize that there are many questions we can ask about our universe. What causes the stars in a galaxy (Figure 1) to be
grouped together? What keeps the planets and their moons in our solar system moving
in our galaxy? The answers to these and other questions relate to gravitation. The force
of gravity is responsible for the existence of galaxies, stars, planets, and moons, as well
as for the patterns of their motion.
When we analyzed the motion of planets and satellites in previous chapters, we treated
their orbits as circular. In some cases, this is a close approximation, but to understand
celestial motion in detail, we must analyze the noncircular properties of many orbits. The
discovery of these types of orbits by astronomer Johannes Kepler is an amazing story of
determination and careful analysis.
In this chapter, you will also apply what you have learned to analyze energy transformations required to launch a spacecraft from Earth’s surface that will travel in an orbit
around Earth or to launch a spacecraft on an interplanetary mission.

REFLECT on your learning
1. Name all the forces involved in keeping

(a) the rings of Saturn in their orbit around Saturn
(b) the Hubble Space Telescope in a stable orbit around Earth
2. Two space probes of masses m and 2m are carried into space aboard two rockets.

(a) For the probes to escape from Earth’s pull of gravity, how do you think the minimum speed required by the probe of mass m compares to the minimum speed
required by the probe of mass 2m ? Give a reason.
(b) For the probes to escape from Earth’s gravity, how do you think the minimum
kinetic energy by the probe of mass m compares to the minimum kinetic energy
required by the probe of mass 2m ? Give a reason.
3. Speculate on the meaning of the following statement: “If r is the distance from the

centre of a main body (such as Earth) to an object (such as a space probe), we will
find as we analyze the gravitational potential energy of the probe, that as r → `,
Eg → 0.”
4. A space probe is launched from Earth’s surface.

(a) Sketch a graph of the magnitude of the force of gravity Fg of Earth on the space
probe as a function of the distance r between Earth’s centre and the probe,
assuming the mass of the probe is constant.
(b) On the same graph, use a broken line to sketch the force on the probe assuming
its mass decreases gradually as it burns fuel to propel itself away from Earth.
5. An intriguing result of the study of gravitation and celestial motion is the discovery of

black holes in the universe. Briefly describe what you know about black holes.
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Figure 1
This view of a tiny portion of the
night sky, obtained by the Hubble
Space Telescope, shows galaxy
ESO 510-G13 (the bright region in
the background). Between the
galaxy and Earth are streams of
interstellar gases and some stars in
our own Milky Way Galaxy. Galaxies
are held together by gravity.

Drawing and Comparing Ellipses

TRY THIS activity

An ellipse is defined as a closed curve such that the sum of the
distances from any point P to two other fixed points, the foci F1
and F2, is a constant: PF1 + PF2 equals a constant. Figure 2
shows an ellipse. A circle is a special case of an ellipse for which
the two foci are at the same position. Ellipses have different
elongations as indicated by a quantity called eccentricity (e),
c
shown in the diagram to be e 5 }}; for a circle, e = 0 and for a
a
long, thin ellipse e → 1.
For this activity, each group of three or four students needs a
pencil, a ruler, a piece of string tied to create a loop of length
40 cm, two tacks, and a piece of cardboard at least 40 cm by

rad

ius

P
string

ge
era
av

A
F1

(b) Planets travel in ellipses. What must be at one focus of the
ellipse of each planet? What is at one focus of the elliptical
orbit of the Moon?

Exercise care with the tacks, and remove them
after you have drawn the ellipses.

semimajor axis, a

c
O
major axis
minor
axis
D
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(a) Label the major and minor axes for each ellipse. Compare
the eccentricities of your two ellipses.

Store the cardboard with the ellipses in a safe place so that
you can use it for further study in this chapter.

C

tack

40 cm. With the foci located 10 cm apart, attach the ends of the
string to the tacks, hold the string taut with the pencil held
against it, and draw an ellipse around the tacks. Note that the
sum of the distances from any point on the curve to the two
foci (tacks) is a constant (the length of that part of the string).
On the reverse side of the cardboard, draw a second ellipse
with a distance of 15 cm between the foci.

e = ca_

B
F2

Figure 2
An ellipse. The line AB is the major axis of the ellipse;
CD is the minor axis. The distance AO or OB is the
length a of the semimajor axis. The eccentricity is
c
defined as }}, where c is the distance OF1 or OF2
a
from a focus to the centre of the ellipse.
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6.1
LEARNING TIP
Review of Important
Concepts
To help you remember and
understand the ideas presented
in this chapter, you may want to
briefly review some concepts
from earlier sections (as indicated in parentheses):

•
•
•
•
•
•

•
•
•

force, force of gravity (2.1)
weight, force field, gravitational field strength (2.2)
uniform circular motion,
centripetal acceleration (3.1)
centripetal force, rotating
frame of reference (3.2)
law of universal gravitation,
universal gravitation constant
(3.3)
satellite, space station,
apparent weight, artificial
gravity, speed of a satellite in
circular motion, black hole
(3.4)
kinetic energy (4.2)
gravitational potential energy
at Earth’s surface (4.3)
law of conservation of energy
(4.4)

Gravitational Fields
Humans have a natural curiosity about how Earth and the solar system formed billions
of years ago, and whether or not we are alone in the universe. The search for answers to
these questions begins with an understanding of gravity, the force of attraction between
all objects with mass in the universe.
Concepts and equations related to gravity have been introduced earlier in the text.
In this section, we will build on the concepts most directly related to planetary and
satellite motion.
A force field exists in the space surrounding an object in which a force is exerted on
objects. Thus, a gravitational field exists in the space surrounding an object in which the
force of gravity is exerted on objects. The strength of the gravitational field is directly proportional to the mass of the central body and inversely proportional to the square of the
distance from the centre of that body. To understand this relationship, we combine the law
of universal gravitation and Newton’s second law of motion, as illustrated in Figure 1.
From the law of universal gravitation,
GMm
FG 5 }}
r2

where FG is the magnitude of the force of gravity, G is the universal gravitation constant, m is the mass of a body influenced by the gravitational field of the central body of
mass M, and r is the distance between the centres of the two bodies. (Remember that this
law applies to spherical bodies, which is basically what we are considering in this topic
of celestial mechanics.)

satellite
gravitational field exists in the
space surrounding an object in
which the force of gravity exists
FG 5 Fg
(at this location)
Earth
Figure 1
The magnitudes of the force vectors
surrounding Earth show how the
strength of the gravitational field
diminishes inversely as the square
of the distance to Earth’s centre. To
derive the equation for the gravitational field strength in terms of the
mass of the central body (Earth in
this case), we equate the magnitudes of the forces FG and Fg .
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From Newton’s second law,

LEARNING TIP

Fg 5 mg

Units of g
Recall that the magnitude of g at
Earth’s surface is 9.8 N/kg, which
is equivalent to the magnitude of
the acceleration due to gravity
(9.8 m/s2). In all calculations
involving forces and energies in
this topic, it is important to
remember to use the SI base units
of metres (m), kilograms (kg), and
seconds (s).

where Fg is the magnitude of the force of gravity acting on a body of mass m and g is the
magnitude of the gravitational field strength. At any specific location, Fg and FG are
equal, so we have:
Fg 5 FG
GMm
mg 5 }}
r2
GM
g 5 }}
r2

SAMPLE problem 1
Determine the mass of Earth using the magnitude of the gravitational field strength at the
surface of the Earth, the distance r between Earth’s surface and its centre (6.38 3 106 m),
and the universal gravitation constant.

Solution
G 5 6.67 3 10211 N?m2/kg2

g 5 9.80 N/kg
r 5 6.38 3

106

m

M 5 ?

GM
g 5 }}
r2
gr 2
M 5 }}
G
(9.80 N/kg)(6.38 3 106 m)2
5 }}}
6.67 3 10211 N?m2/kg2
M 5 5.98 3 1024 kg

The mass of Earth is 5.98 3 1024 kg.

GM
Notice that the relation g 5 }}
is valid not only for objects on Earth’s surface, but
r2
also for objects above Earth’s surface. For objects above Earth’s surface, r represents the
distance from an object to Earth’s centre and, except for objects close to Earth’s surface,
g is not 9.80 N/kg. The magnitude of the gravitational field strength g decreases with
GM
increasing distance r from Earth’s centre according to g 5 }
. We can also use the
r2
same equation for other planets and stars by substituting the appropriate mass M.

SAMPLE problem 2
(a) Calculate the magnitude of the gravitational field strength on the surface of Mars.
(b) What is the ratio of the magnitude of the gravitational field strength on the surface of
Mars to that on the surface of Earth?

Solution
Appendix C contains the required data.
(a) G 5 6.67 3 10211 N?m2/kg2
M 5 6.37 3

NEL

1023

kg

r 5 3.40 3 106 m
g 5 ?
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GM
g 5 }}
r2

Table 1 Magnitude of the
Gravitational Field
Strength of Planets
Relative to Earth’s Value
( g 5 9.80 N/kg)
Planet

Surface Gravity
(Earth 5 1.00)

Mercury

0.375

Venus

0.898

Earth

1.00

Mars

0.375

Jupiter

2.53

Saturn

1.06

Uranus

0.914

Neptune

1.14

Pluto

0.067

(6.67 3 10211 N?m2/kg2)(6.37 3 1023 kg)
5 }}}}}
(3.40 3 106 m)2
g 5 3.68 N/kg

The magnitude of the gravitational field strength on the surface of Mars is 3.68 N/kg.
(b) The required ratio is:
gMars
3.68 N/kg
}
5 }} 5 0.375 :100
gEa}
9.80 N/kg
rth
The ratio of the magnitudes of the gravitational field strengths is 0.375:100. This means
that the gravitational field strength on the surface of Mars is 37.5% of the gravitational
field strength on the surface of Earth.

The magnitude of the gravitational field strength on the surface of Mars is only 0.375
of that on the surface of Earth. The corresponding values for all the planets in the solar
system are listed in Table 1.

Practice
Understanding Concepts
Refer to Appendix C for required data.
Answers
2. (a) 1.99 3 1020 N [toward
Earth’s centre]
(b) 1.99 3 1020 N [toward
the Moon’s centre]
g
3. (a) }}
4
g
(b) }
16
g
(c) }}
27
4. 4.0g
5. (a) 7.3 3 1022 kg
6. (a) 5.42 3 1029 N
(b) 4.83 3 1023 N

1. What keeps the International Space Station and other satellites in their orbits around

Earth?
2. Determine the magnitude and direction of the gravitational force exerted (a) on the

Moon by Earth and (b) on Earth by the Moon.
3. If we represent the magnitude of Earth’s surface gravitational field strength as 1g,

what are the magnitudes of the gravitational field strengths (in terms of g) at the
following distances above Earth’s surface: (a) 1.0 Earth radii, (b) 3.0 Earth radii, and
(c) 4.2 Earth radii?
4. If a planet has the same mass as Earth, but a radius only 0.50 times the radius of

Earth, what is the magnitude of the planet’s surface gravitational field strength as a
multiple of Earth’s surface g?
5. The Moon has a surface gravitational field strength of magnitude 1.6 N/kg.

(a) What is the mass of the Moon? (Hint: The Moon’s radius is in the appendix.)
(b) What would be the magnitude of your weight if you were on the Moon?
6. The magnitude of the total gravitational field strength at a point in interstellar space is

5.42 3 1029 N/kg. What is the magnitude of the gravitational force at this point on an
object (a) of mass 1.00 kg and (b) of mass 8.91 3 105 kg?
Applying Inquiry Skills
7. A space probe orbits Jupiter, gathering data and sending the data to Earth by electro-

magnetic waves. The probe then travels away from Jupiter toward Saturn.
(a) As the probe gets farther away from Jupiter (in an assumed straight-line motion),
sketch the shape of the graph of the magnitude of the force of Jupiter on the
probe as a function of the distance between the centres of the two bodies.
(b) Repeat (a) for the magnitude of the force of the probe on Jupiter.
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Making Connections
8. If the density of Earth were much greater than its actual value, but its radius was the

same, what would be the effect on
(a) Earth’s surface gravitational field strength?
(b) the evolution of human bone structure?
(c) some other aspects of nature or human activity? (Use your imagination.)

SUMMARY

Gravitational Fields

•

A gravitational field exists in the space surrounding an object in which the force
of gravity is exerted on objects.

•

The magnitude of the gravitational field strength surrounding a planet or other
body (assumed to be spherical) is directly proportional to the mass of the central
body, and inversely proportional to the square of the distance to the centre of
the body.

•

The law of universal gravitation applies to all bodies in the solar system, from the
Sun to planets, moons, and artificial satellites.

Section 6.1 Questions
Understanding Concepts
Refer to Appendix C for required data.
1. How does the weight of a space probe change as it travels

from Earth to the Moon? Is there any location at which the
weight is zero? Does its mass change? Explain.
2. A satellite of mass 225 kg is located 8.62 3 106 m above

Earth’s surface.
(a) Determine the magnitude and direction of the gravitational force on the satellite.
(b) Determine the magnitude and direction of the resulting
acceleration of the satellite.
3. Determine the magnitude and direction of the gravitational

field strength at a point in space 7.4 3 107 m from the
centre of Earth.
4. A 6.2 3 102-kg satellite above Earth’s surface experiences a

gravitational field strength of magnitude 4.5 N/kg.
(a) Knowing the gravitational field strength at Earth’s surface and Earth’s radius, how far above Earth’s surface
is the satellite? (Use ratio and proportion.)
(b) Determine the magnitude of the gravitational force on
the satellite.

6. A 456-kg satellite in circular orbit around Earth has a

speed of 3.9 km/s and is 2.5 3 107 m from Earth’s centre.
(a) Determine the magnitude and direction of the acceleration of the satellite.
(b) Determine the magnitude and direction of the gravitational force on the satellite.
7. (a) On the surface of Titan, a moon of Saturn, the gravita-

tional field strength has a magnitude of 1.3 N/kg.
Titan’s mass is 1.3 3 1023 kg. What is the radius of
Titan in kilometres?
(b) What is the magnitude of the force of gravity on a
0.181-kg rock on Titan?
8. Given that Earth’s surface gravitational field strength has a

magnitude of 9.80 N/kg, determine the distance (as a multiple of Earth’s radius rE) above Earth’s surface at which the
magnitude of the field strength is 3.20 N/kg.
Applying Inquiry Skills
9. Use free-body diagrams of a 1.0-kg mass at increasingly

large distances from Earth to illustrate that the strength of
the gravitational field is inversely proportional to the square
of the distance from Earth’s centre.

5. Calculate the magnitude of Neptune’s surface gravitational

field strength, and compare your answer to the value in
Table 1.

Making Connections
10. Based solely on the data in Table 1, speculate on at least

one reason why some astronomers argue that Pluto should
not be classified as a planet.
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6.2
satellite
in stable orbit

Earth

satellite
in unstable orbit

Orbits and Kepler’s Laws
Periodically we hear of “space junk” that falls through Earth’s atmosphere, leaving streaks
of light as friction causes it to vaporize. This “junk” falls toward Earth when its orbit
becomes unstable, yet when it was in proper working order, it remained in a stable orbit
around Earth (Figure 1). To maintain a stable orbit, a satellite or other space vehicle
must maintain a required speed for a particular radius of orbit. This requires a periodic
firing of the small booster rockets on the vehicle to counteract the friction of the thin
atmosphere. When the Russian space station Mir was no longer needed, its booster
rockets were not fired, which resulted in a gradual loss of speed because of friction.
Without the correct speed to continue in a curved path that follows Earth’s curvature,
Mir’s orbit became unstable and it was pulled down to Earth by gravity. After 15 years
in service, Mir re-entered Earth’s atmosphere on March 23, 2001.
We saw in Section 3.4 that for a satellite to maintain a stable circular orbit around
Earth, it must maintain a specific speed v that depends on the mass of Earth and the
radius of the satellite’s orbit. The mathematical relationship derived for circular motion
was summarized in the equation
v 5

Figure 1
Comparing stable and unstable
orbits of an artificial satellite. If a
satellite is far enough from Earth’s
surface that atmospheric friction is
negligible, then the firing of booster
rockets is unnecessary.

Gm
!§
}}
r
E

where G is the universal gravitation constant, mE is the mass of Earth, v is the speed of
the satellite, and r is the distance from the centre of Earth to the satellite.
This equation is not restricted to objects in orbit around Earth. We can rewrite the equation for any central body of mass M around which a body is in orbit. Thus, in general,
v 5

GM
}r}
!§

SAMPLE problem 1
Determine the speeds of the second and third planets from the Sun. Refer to Appendix C
for the required data.

Solution
We will use the subscript V to represent Venus (the second planet), the subscript E to
represent Earth (the third planet), and the subscript S to represent the Sun.
G 5 6.67 3 10211 N?m2/kg2
MS 5 1.99 3 1030 kg
r V 5 1.08 3 1011 m
rE 5 1.49 3 1011 m
vV 5 ?
vE 5 ?
vV 5

!§
GMS
}}
rV

N?m /kg )(1.99 3 10 kg)
(6.67 3 10
}}}}}
!§§§
1.08 3 10 m
211

5

v V 5 3.51 3
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vE 5

!§
GMS
}}
rE

(6.67 3 10
N?m /kg )(1.99 3 10 kg)
}}}}}
!§§§
1.49 3 10 m
211

5

2

2

30

11

v E 5 2.98 3 104 m/s

Venus travels at a speed of 3.51 3 104 m/s and Earth travels more slowly at a speed of
2.98 3 104 m/s around the Sun.

Practice
Understanding Concepts
Refer to Appendix C for required data.
1. Why does the Moon, which is attracted by gravity toward Earth, not fall into

Answers

Earth?

3. (a) 7.60 3 103 m/s

2. Why does the gravitational force on a space probe in a circular orbit around a

(b) 5.71 3 103 s (or 1.59 h)

planet not change the speed of the probe?

4. 1.68 3 103 m/s

3. A satellite is in circular orbit 525 km above the surface of Earth. Determine the

satellite’s (a) speed and (b) period of revolution.
4. A satellite can travel in a circular orbit very close to the Moon’s surface because

there is no air resistance. Determine the speed of such a satellite, assuming the
orbital radius is equal to the Moon‘s radius.
Applying Inquiry Skills
5. (a) Write a proportionality statement indicating the relationship between the

speed of a natural or artificial satellite around a central body and the radius
of the satellite’s orbit.
(b) Sketch a graph of that relationship.
Making Connections
6. Space junk is becoming a greater problem as more human-made objects are

abandoned in their orbits around Earth. Research this problem using the
Internet or other appropriate publications, and write a brief summary of what
you discover.

GO

www.science.nelson.com
planet or the Sun

Kepler’s Laws of Planetary Motion
Centuries before telescopes were invented, astronomers made detailed observations of
the night sky and discovered impressive and detailed mathematical relationships. Prior
to the seventeenth century, scientists continued to believe that Earth was at or very near
the centre of the universe, with the Sun and the other known planets (Mercury, Venus,
Mars, Jupiter, and Saturn) travelling in orbits around Earth. Using Earth as the frame of
reference, the “geocentric model” of the universe was explained by introducing complicated motions (Figure 2).
The detailed observations and analysis needed to invent these complex orbits were
amazingly accurate and allowed scientists to predict such celestial events as solar and lunar
eclipses. However, the causes of the motions were poorly understood. Then in 1543,
Polish astronomer Nicolas Copernicus (1473–1543) published a book in which he proposed the “heliocentric model” of the solar system in which the planets revolve around
the Sun. He deduced that the planets closer to the Sun have a higher speed than those
NEL

C

epicycle
orbit of epicycle
Figure 2
Using Earth as the frame of reference, the motion of the Sun and
the other planets is an orbit called
an epicycle, which itself is in an
orbit around point C, located away
from Earth.
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GM
}.
r
!§
Using the Sun’s frame of reference, the motions of the planets suddenly appeared very

farther away, which agrees with the orbital speed calculations given by v 5
Moon
Earth Venus
Jupiter

Sun
Mercury
Mars

Saturn

Figure 3
Using the Sun as the frame of reference, the motions of the planets
were modelled as simple circles
around the Sun, and the Moon was
modelled as a circle around Earth.

simple (Figure 3).
Although Copernicus was at the forefront of the scientific revolution, his explanation of the orbits of the planets did not account for slight irregularities observed over long
periods. The orbits were not exactly circles. More analysis was needed to find the true
shapes of the orbits.
The next influential astronomer was Danish astronomer Tycho Brahe (1546–1601),
usually called Tycho. He was hired in Denmark as a “court astronomer” to the king. For
20 years, he carried out countless naked-eye observations using unusually large instruments (Figure 4), accumulating the most complete and accurate observations yet made.
However, after annoying those around him, he lost the king’s support and in 1597, he
moved from Denmark to Prague. There he spent the last years of his life analyzing his
data. In 1600, shortly before his death, he hired a brilliant young mathematician to assist
in the analysis. That mathematician was Johannes Kepler (1571–1630).
Kepler, who was born and educated in Germany, moved to Prague and spent much of
the next 25 years painstakingly analyzing Tycho’s great volume of planetary motion
data. His objective was to find the orbital shape of the motions of the planets that best
fit the data. Working mainly with the orbit of Mars, for which Tycho’s records were most
complete, Kepler finally discovered that the only shape that fit all the data was the ellipse.
He then developed three related conclusions to explain the true orbits of planets.
(We now know that these conclusions also apply to the motion of any body orbiting
another body, such as the Moon or a satellite orbiting Earth.) These three relationships
are called Kepler’s laws of planetary motion.
Kepler’s First Law of Planetary Motion
Each planet moves around the Sun in an orbit that is an
ellipse, with the Sun at one focus of the ellipse.

Figure 4
This large instrument, called a quadrant, was so precise that Tycho could
measure the angular position of a star
1
to the closest } of a degree.
1000

Figure 5 illustrates Kepler’s first law. Although this law states correctly that the planetary
orbits are ellipses, for most of the planets the ellipses are not very elongated. In fact, if you
were to draw a scale diagram of the orbits of the planets (except for Mercury and Pluto),
they would look much like circles. For example, the distance from Earth to the Sun varies
by only about 3% during its annual motion about the Sun.

P

DID YOU KNOW

?

Tycho’s Problems
Tycho Brahe had personal problems,
many of which were of his own
doing. He was arrogant, conceited,
and often quarrelsome. When he
was only 19, he fought a foolish duel
in which part of his nose was cut off.
He had to wear a fake metal insert
for the rest of his life.
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ellipse
(greatly elongated for clarity)

Sun
F1

F2

Figure 5
The orbit of a planet is an ellipse with the Sun at one focus. Based on
the definition of an ellipse, for any point P, the distance PF1 1 PF2 is a
constant.
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Even before Kepler had established that the orbit of Mars is an ellipse, he had determined that Mars speeds up as it approaches the Sun and slows down as it moves away.
Kepler’s second law of planetary motion states the relationship precisely:
Kepler’s Second Law of Planetary Motion
The straight line joining a planet and the Sun sweeps out
equal areas in space in equal intervals of time.

Figure 6 illustrates Kepler’s second law. The statement that equal areas are swept out
in equal time intervals is equivalent to saying that each planet moves most rapidly when
closest to the Sun and least rapidly when farthest from the Sun. Earth is closest to the Sun
around January 4, and so is farthest from the Sun around July 5.
direction of planet’s motion

Figure 6
This ellipse is elongated to better
illustrate the idea of equal areas
swept out in equal time intervals.

d2
Sun

∆t 2

∆t 1
area 1

d1

area 1 = area 2
∆t 1 = ∆t 2
d1 < d2

area 2

Kepler’s third law of planetary motion gives the relationship between the period T of a
planet’s orbit (i.e., the time taken for each revolution about the Sun) and the average
distance r from the Sun:
Kepler’s Third Law of Planetary Motion
The cube of the average radius r of a planet’s orbit is directly
proportional to the square of the period T of the planet’s orbit.

Writing Kepler’s third law mathematically, we have:
r3 ∝ T2
r 3 5 C ST 2
3

r
or CS 5 }2
T

where CS is the constant of proportionality for the Sun for Kepler’s third law. In SI units,
CS is stated in metres cubed per seconds squared (m3/s2).

DID YOU KNOW

?

Earth’s Changing Seasons
Our seasons occur because Earth’s
axis of rotation is at an angle of
about 23.5° to the plane of Earth’s
orbit around the Sun. As a result,
the North Pole faces somewhat
away from the Sun during the
months close to December, giving
rise to winter in the Northern
Hemisphere. At the same time, the
South Pole faces somewhat toward
the Sun, producing summer in the
Southern Hemisphere. In months
close to June, the North Pole
points slightly toward the Sun and
the South Pole points away from it,
reversing the seasons.

SAMPLE problem 2
The average radius of orbit of Earth about the Sun is 1.495 3 108 km. The period of
revolution is 365.26 days.
(a) Determine the constant C S to four significant digits.
(b) An asteroid has a period of revolution around the Sun of 8.1 3 107 s. What is the
average radius of its orbit?

Solution
(a) rE 5 1.495 3 108 km 5 1.495 3 1011 m
TE 5 365.26 days 5 3.156 3 107 s
CS 5 ?
NEL
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r3
C S 5 }}2
TE
(1.495 3 1011 m)3
5 }}
(3.156 3 107 s)2
C S 5 3.355 3 1018 m3/s2

The Sun’s constant is 3.355 3 1018 m3/s2.
(b) We can apply the Sun’s constant found in (a) to this situation.
C S 5 3.355 3 1018 m3/s2
T 5 8.1 3 107 s
r 5 ?
r3
}2 5 C S
T
3

2
w
r 5 ÏC
ST
3

8 m3/sw
2)(8.1 3w
5 Ï(3.355
ww
3 101w
107 s)2w

r 5 2.8 3 1011 m

The average radius of the asteroid’s orbit is 2.8 3 1011 m.

Kepler’s findings were highly controversial because they contradicted the geocentric
model of the solar system supported by the Roman Catholic Church. Indeed, in 1616,
the Church issued a decree labelling the heliocentric hypothesis as “false and absurd.” (This
decree was made largely because Galileo supported the heliocentric hypothesis.)
Kepler’s third law equation is all the more amazing when we observe that many years
later, the same relationship could be obtained by applying Newton’s law of universal
gravitation to the circular motion of one celestial body travelling around another. We begin
by equating the magnitude of the gravitational force to the product of the mass and the
GM m

m

v2

S planet
planet
centripetal acceleration for a planet moving around the Sun: }}
5 }
.
2
r

From which v 5

!§

r

GMS
}r}

2 r
Since T 5 }
}
v

p

2pr
T 5 }
GMS
}r}

!§

4p2r 2
T2 5 }
GMS
}r}

1

2

1

r
5 4p2r 2 }}
GMS

2

4p2r 3

T 2 5 }}
GMS
GMS
r3
}
5 }}
T2
4p2
GMS
C S 5 }}
4p2

for the Sun, or in general
GM
r3
C5 }}
5 }}2
4p2
T
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We have proven that the constant for the Sun depends only on the mass of the Sun.
This relationship, however, applies to any central body about which other bodies orbit.
For example, the constant for Earth CE depends on the mass of Earth ME and applies to
the Moon or to any artificial satellite in orbit around Earth:
GME
rMoon3
CE 5 }}
5 }
}
2
4p
TMoon2

Today’s astronomers use sophisticated Earth-bound and orbiting telescopes to gather
accurate data of the motions of celestial bodies, as well as advanced computing and
simulation programs to analyze the data. But astronomers will always admire the
accuracy and unending hard work of the Renaissance astronomers, especially Tycho
and Kepler.

LEARNING TIP
More about Kepler’s Third-Law
Constant
The constant of proportionality C is
defined in this text as the ratio of
r 3 to T 2, which is equal to the ratio
GM
}}
and is measured in metres
4p2
cubed per second squared. The
constant could also be written as
4p2
the ratio of T 2 to r 3, or }} and is
GM
measured in seconds squared per
metre cubed. This latter case is
found in some references.

Practice
Understanding Concepts
7. If the solar system were considered to be an isolated system, which model (geocen-

tric or heliocentric) is the noninertial frame of reference? Explain your answer.
8. Why did Tycho not gather any data from the planets beyond Saturn?
9. Between March 21 and September 21, there are three days more than between

September 21 and March 21. These two dates are the spring and fall equinoxes when
the days and nights are of equal length. Between the equinoxes, Earth moves 180o
around its orbit with respect to the Sun. Using Kepler’s laws, explain how you can
determine the part of the year during which the Earth is closer to the Sun.
r3
10. Using the planetary data in Appendix C, calculate the ratio }}
2 for each planet, and
T
verify Kepler’s third law by confirming that r 3 ∝ T 2.

Answers
11. (a) 3.36 3 1018 m3/s2
(b) 1.99 3 1030 kg
12. (a) 1.02 3 1013 m3/s2
(b) 1.3 3 104 km; 5.6 3 103 m/s
4p2r 3
14. (a) M 5 }
GT 2

11. (a) What is the average value (in SI base units) of the constant of proportionality in

r 3 ∝ T 2 that you found in question 10?
(b) Use your answer in (a) to determine the mass of the Sun.

12. (a) Use the data of the Moon’s motion (refer to Appendix C) to determine Kepler’s

third-law constant CE to three significant digits for objects orbiting Earth.
(b) If a satellite is to have a circular orbit about Earth (mE 5 5.98 3 1024 kg) with a
period of 4.0 h, how far, in kilometres, above the centre of Earth must it be? What
must be its speed?
Applying Inquiry Skills
13. Go back to the ellipses you drew in the Try This Activity at the beginning of Chapter 6

and label one focus on each ellipse the “Sun.” As accurately as possible, draw diagrams
to illustrate Kepler’s second law of planetary motion. Verify that a planet travels faster
when it is closer to the Sun. (Your diagram for each ellipse will resemble Figure 6; you
can use approximate distances along the arcs to compare the speeds.)
Making Connections
14. Astronomers have announced newly discovered solar systems far beyond our solar

system. To determine the mass of a distant star, they analyze the motion of a planet
around that star.
(a) Derive an equation for the mass of a central body, around which another body
revolves in an orbit of known period and average radius.
(b) If a planet in a distant solar system cannot be observed directly, its effect on the
central star might be observed and used to determine the radius of the planet’s
orbit. Describe how this is possible for a “main-sequence star” whose mass can
be estimated by its luminosity. (Assume there is a single large-mass planet in
orbit around the star and that the star has an observable wobble.)
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SUMMARY

Orbits and Kepler’s Laws

•

The orbits of planets are most easily approximated as circles even though they
are ellipses.

•

Kepler’s first law of planetary motion states that each planet moves around the
Sun in an orbit that is an ellipse, with the Sun at one focus of the ellipse.

•

Kepler’s second law of planetary motion states that the straight line joining a
planet and the Sun sweeps out equal areas in space in equal intervals of time.

•

Kepler’s third law of planetary motion states that the cube of the average radius r
of a planet’s orbit is directly proportional to the square of the period T of the
planet’s orbit.

Section 6.2 Questions
Understanding Concepts
Refer to Appendix C for required data.
1. Apply one of Kepler’s laws to explain why we are able to

observe comets close to Earth for only small time intervals
compared to their orbital periods. (Hint: A comet’s elliptical
orbit is very elongated.)
2. Earth is closest to the Sun about January 4 and farthest

from the Sun about July 5. Use Kepler’s second law to
determine on which of these dates Earth is travelling most
rapidly and least rapidly.
3. A nonrotating frame of reference placed at the centre of

the Sun is very nearly an inertial frame of reference. Why is
it not exactly an inertial frame of reference?
4. An asteroid has a mean radius of orbit around the Sun of

4.8 3 1011 m. What is its orbital period?
5. If a small planet were discovered with an orbital period

twice that of Earth, how many times farther from the Sun is
this planet located?

Applying Inquiry Skills
8. Show that the SI base units of

second.

GM are metres per
!}§
r}

9. Sketch the shape of a graph of r 3 as a function of T 2 for

planets orbiting the Sun. What does the slope of the line on
the graph indicate?
Making Connections
10. Galileo was the first person to see any of Jupiter’s moons.

(a) Relate this important event to the works of Tycho and
Kepler by researching when Galileo first discovered that
Jupiter had moons and how this discovery came to pass.
(b) After discovering these moons, what would Galileo
need to know to calculate Jupiter’s mass?
(c) Would Galileo have been able to determine Jupiter’s
mass when he first saw the moons, or would that calculation have had to wait for awhile? (Hint: Kepler’s
first two laws were published in 1609.)

6. A spy satellite is located one Earth radius above Earth’s

surface. What is its period of revolution, in hours?
7. Mars has two moons, Phobos and Deimos (Greek for “Fear”

and “Panic,” companions of Mars, the god of war). Deimos
has a period of 30 h 18 min and an average distance from
the centre of Mars of 2.3 3 104 km. The period of Phobos is
7 h 39 min. What is the average distance of Phobos from
the centre of Mars?

284 Chapter 6

NEL

Gravitational Potential Energy
in General

6.3

To explore such concepts as how much energy a space probe needs to escape from Earth’s
gravity, we must expand on the topic of gravitational potential energy, which we examined in Section 4.3 for objects at Earth’s surface. To calculate the change in gravitational
potential energy for a mass that undergoes a vertical displacement near Earth’s surface,
we developed the following equation:
DEg 5 mgDy

where DEg is the change in gravitational potential energy, m is the mass, g is the magnitude of the gravitational field constant, and Dy is the vertical displacement. This
equation is accurate provided that the magnitude of the gravitational field strength g
remains reasonably constant during Dy. This means that we can be fairly accurate for
vertical displacements of a few hundred kilometres but inaccurate for vertical displacements beyond that.
The more general problem, however, is to develop an expression for the gravitational
potential energy of a system of any two masses a finite distance apart. Recall that the
law of universal gravitation is given by

M

FG

area 5 Ïw
F1F2 (r2 2 r1)
5

GMm GMm
}§
!§
1}
2 1}r }
§2 (r 2 r )
r
2
1

2
2

2

1

GMm
5 }} (r2 2 r1)
r1r2
GMm
GMm
area 5 }} 2 }}
r1
r2

This area represents the work done in changing the separation of the two masses from r1
to r2 and is an expression for the resulting change in gravitational potential energy.
NEL

m

m

r1
r2
Figure 1
The two masses, M and m, are
moved from a separation r1 to a
separation r2 by a force that just
overcomes the gravitational attraction between the masses at every
point along the path. The masses
are at rest at both positions.

F

GMm
FG 5 }
r2

where FG is the magnitude of the force of gravitational attraction between any two
objects, M is the mass of one object, m is the mass of the second object, and r is the distance between the centres of the two spherical objects (Figure 1). To increase the separation of the two masses from r1 to r2 requires work to be done to overcome their force
of attraction, just as in stretching a spring. As a result of this work being done, the gravitational potential energy of the system increases. Notice that the work done to change
the separation from r1 to r2 is equal to the change in gravitational potential energy from
r1 to r2. This applies to an isolated system in which the law of conservation of energy holds.
However, recall that the work done by a varying force is equal to the area under the
force-displacement graph for the interval. The force-separation graph, with the shaded
area representing the work done to increase the separation from r1 to r2, is shown in
Figure 2.
You may not recognize this area as a well-known geometric shape, and you have no
simple equation to determine its area. The mathematics for an inverse square relationship involves calculus and is beyond the scope of this book. However, instead of using
the arithmetic average of F1 and F2, we can use the geometric average ÏF
w,
1F2 to produce
an accurate result. Thus, to determine the area under the force-separation graph from
r1 to r2:

FG

work done to increase
the separation from
r1 to r2

F1

F2
r1

r

r2

Figure 2
In this force-separation graph, the
area under the curve for the interval
r1 to r2 is equal to the work done in
increasing the separation of the
two masses.

DID YOU KNOW

?

Newton’s New Mathematics
Newton saw the need to accurately calculate areas, such as the
area shown in Figure 2. To do so,
he developed a whole new branch
of mathematics called calculus.
At approximately the same time,
independently of Newton, Gottfried
Wilhelm Leibniz (1646–1716), a
German natural philosopher, also
developed calculus.
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Thus, DEg 5 E2 2 E1

LEARNING TIP

GMm
GMm
DEg 5 }} 2 }}
r1
r2

Energy of a System
The equation for the gravitational potential energy between
two masses gives the potential
energy of the system, such as
an Earth-satellite system.
Despite this fact, we often say
that the potential energy is
associated with only the smaller
object, in this case the satellite.

2 1

1

GMm
GMm
DEg 5 2}} 2 2}}
r2
r1

2

where DEg is the change in gravitational potential energy in joules. The term involving
r1 is changed to negative, which places the term involving r2 first. Thus, the first term in
the expression depends only on r2 and the second term only on r1. As r2 → `, Eg2 → 0.
Since m is now outside the gravitational field of M, the expression simplifies to
DEg 5 0 2 Eg1

1

GMm
5 2 2}}
r1

2

GMm
GMm
Thus, DEg 5 }
} or Eg 5 2}}
r1

Eg

objects in contact
r1
r2

r

−GMm
r2
Eg

0 as r

−GMm
r1

∞

r

Note that r is the distance between the centres of two objects and that the expression is
not valid at points inside either object. As with the law of universal gravitation, objects
must be spherical or far enough apart that they can be considered as small particles.
The equation for Eg always produces a negative value. As r increases—that is, as the
masses get farther apart—Eg increases by becoming less negative. Also, as r → `, Eg → 0.
The zero value of gravitational potential energy between two masses occurs when they
are infinitely far apart; this is a reasonable assumption since the point at which r 5 ` is
the only point when the masses will have no gravitational attraction force between them.
A graph of Eg as a function of r for two masses is shown in Figure 3.
We can show that the equation for the change in gravitational potential energy at
Earth’s surface is just a special case of the general situation. Near Earth’s surface
and r2 5 rE 1 Dy
so that r1r2 < rE2 (because Dy ,, rE close to the surface of Earth)
and Dy 5 r2 2 r1
r1 5 rE

Figure 3
A graph of gravitational potential
energy Eg as a function of r for
two masses M and m

1

2 1

GMm
GMm
Thus, DEg 5 2}
} 2 2}}
r2
GMm
5 }} (r2 2 r1)
r1r2

r1

2

GMmDy
DEg < }}
rE2

However, from the law of universal gravitation,
GMm
FG 5 }}
5 mg
rE2

Therefore, DEg < mgDy for a mass near the surface of Earth.

SAMPLE problem 1
What is the change in gravitational potential energy of a 64.5-kg astronaut, lifted from
Earth’s surface into a circular orbit of altitude 4.40 3 102 km?

Solution
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G 5 6.67 3 10211 N?m2/kg2

m 5 64.5 kg

ME 5 5.98 3 1024 kg

rE 5 6.38 3 106 m
NEL

Section 6.3

r2 5 rE 1 4.40 3 102 km
5 6.38 3 106 m 1 4.40 3 105 m
r2 5 6.82 3 106 m

On Earth’s surface,
GMEm
Eg1 5 2 }
r
E

(6.67 3 10211 N?m2/kg2 )(5.98 3 1024 kg)(64.5 kg)
5 2 }}}}}}
6.38 3 106 m
Eg1 5 24.03 3 109 J

In orbit,
GMEm
Eg2 5 2 }
r
2

(6.67 3 10211 N?m2/kg2 )(5.98 3 1024 kg)(64.5 kg)
5 2 }}}}}}
6.82 3 106 m
Eg2 5 23.77 3 109 J
DEg 5 Eg2 2 Eg1
5 (23.77 3 109 J) 2 (24.03 3 109 J)
DEg 5 2.6 3 108 J

The change in gravitational potential energy is 2.6 3 108 J.

Notice that even though the values for the astronaut’s gravitational potential energy
are negative at both positions, the change in Eg, when the astronaut’s distance from
Earth increases, is positive, indicating an increase in gravitational potential energy. Note
also that, even for an altitude of 4.40 3 102 km, the approximation assuming a constant
value of g is quite good.
DEg < mgDy
5 (64.5 kg)(9.80 N/kg)(4.40 3 105 m)
DEg < 2.8 3 108 J

Practice
Understanding Concepts
1. Determine the gravitational potential energy of the Earth–Moon system, given that

the average distance between their centres is 3.84 3 105 km, and the mass of the
Moon is 0.0123 times the mass of Earth.
2. (a) Calculate the change in gravitational potential energy for a 1.0-kg mass lifted

1.0 3 102 km above the surface of Earth.
(b) What percentage error would have been made in using the equation
DEg 5 mgDy and taking the value of g at Earth’s surface?
(c) What does this tell you about the need for the more exact treatment in most
normal Earth-bound problems?

Answers
1. 27.64 3 1028 J
2. (a) 1.0 3 106 J
(b) 2%
3. 7.91 3 103 m/s

3. With what initial speed must an object be projected vertically upward from the

surface of Earth to rise to a maximum height equal to Earth’s radius? (Neglect
air resistance.) Apply energy conservation.
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Answers
4. (a) 1.8 3 1032 J
(b) perihelion; 1.8 3 1032 J
5. (a) 21.56 3 1010 J;
21.04 3 1010 J

4. The distance from the Sun to Earth varies from 1.47 3 1011 m at perihelion (closest

approach) to 1.52 3 1011 m at aphelion (farthest distance away).
(a) What is the maximum change in the gravitational potential energy of Earth
during one orbit of the Sun?
(b) At what point in its orbit is Earth moving the fastest? What is its maximum
change in kinetic energy during one orbit? (Think about energy conservation.)

(b) 5.2 3 109 J
(c) 5.2 3 109 J

LEARNING TIP
“Apo” and “Peri”
The prefix “apo” means away
from and “geo” represents Earth,
so apogee refers to the point in
a satellite’s elliptical orbit farthest from Earth. Furthermore,
since “helios” represents the
Sun, aphelion refers to the point
in a planet’s elliptical orbit farthest from the Sun. The prefix
“peri” means around, so perihelion refers to the point in a
planet’s orbit closest to the Sun.
What does perigee mean?

Making Connections
5. A satellite of mass 5.00 3 102 kg is in a circular orbit of radius 2rE around Earth.

Then it is moved to a circular orbit of radius 3rE.
(a) Determine the satellite’s gravitational potential energy in each orbit.
(b) Determine the change in gravitational potential energy from the first orbit to the
second orbit.
(c) Determine the work done in moving the satellite from the first orbit to the second
orbit. Apply energy conservation.

Escape from a Gravitational Field

GMm
We have seen that any two masses have a gravitational potential energy of Eg 5 2 }}
r
at a separation distance r. The negative value of this potential energy is characteristic
of a potential well, a name derived from the shape of the graph of the gravitational potential energy as a function of separation distance (Figure 4).
For example, a rocket at rest on Earth’s surface has the value of Eg, given by point A
on the graph in Figure 4. Since the kinetic energy EK of the rocket is zero, its total energy
E T would also be represented by point A, and the rocket would not leave the ground.
However, suppose the rocket is launched at a speed such that its kinetic energy is represented by the distance AB on the graph. Now its total energy E T 5 Eg 1 EK is represented by point B, and the rocket begins to rise. As its altitude increases, Eg increases
Eg

surface of Earth
0

rE

altitude above Earth's surface
3rE
4rE
2rE
r

rE

GMEm
−
3rE

2rE

3rE

4rE

5rE

B
C

GMEm
−
2rE
EK at an altitude of 0.5rE

Figure 4
This graph of the gravitational
potential energy as a function of the
altitude above Earth’s surface illustrates Earth’s potential well.
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along the curve AC and E T remains constant along the line BC. The kinetic energy
decreases and, at any point, is given by the length of the vertical line from the curve to
the horizontal line BC. When the rocket reaches an altitude corresponding to point C,
EK has decreased to zero, and the rocket can go no higher. Instead, it falls back down, with
EK and Eg governed by the same constraints as on the upward trip.
It is an interesting exercise to determine what minimum speed this rocket would have
to be given at Earth’s surface to “escape” the potential well of Earth. To “escape,” the
rocket’s initial kinetic energy must just equal the depth of the potential well at Earth’s surface, thereby making its total energy zero. This also means the rocket must reach an infinite distance, where Eg 5 0, before coming to rest. At this infinite distance, the gravitational
force is zero and hence the rocket remains at rest there.
E T 5 EK 1 Eg 5 0
EK 5 2Eg

1

GMEm
1
}}mv 2 5 2 2}r }
2
E
v 5

2

2GM
§
!}
r}
E

E

2(6.67 3 10
N?m /kg )(5.98 3 10 kg)
}}}}}
!§§§
6.38 3 10 m
211

5

2

2

24

6

v 5 1.12 3 104 m/s, or 11.2 km/s

This speed is called the escape speed, which is the minimum speed needed to project
a mass m from the surface of mass M to just escape the gravitational force of M (with a
final speed of zero). The escape energy is the kinetic energy needed to give an object
its escape speed. A rocket launched from Earth with a speed greater than the escape
speed moves away from Earth, losing EK and gaining Eg as it does so. Since its EK is
greater than the depth of its gravitational potential well at any point, its total energy
will always be positive. This rocket will reach an infinite separation distance from Earth
with some EK left. For a launch speed less than the escape speed, the rocket will come to
rest at some finite distance and then fall back to Earth.
In practice, a space vehicle does not achieve its highest speed upon launch. Its speed
increases after launch as its rocket engines continue to be fired. If a satellite is launched
from the cargo hold of an orbiting space shuttle, it is already travelling at the speed of
the shuttle (about 8 3 103 m/s), so the small rocket engines on the satellite need to
supply a relatively small amount of energy to propel the satellite into its higher orbit.
A rocket whose total energy is negative will not be able to escape from Earth’s potential well and is “bound” to Earth. The binding energy of any mass is the amount of
additional kinetic energy it needs to just escape (with a final speed of zero) to an infinite distance away. For a rocket of mass m at rest on Earth’s surface (of mass ME), the total
energy is equal to the gravitational potential energy:

escape speed the minimum speed
needed to project a mass m from
the surface of mass M to just
escape the gravitational force of M
escape energy the minimum
kinetic energy needed to project a
mass m from the surface of mass M
to just escape the gravitational force
of M

binding energy the amount of
additional kinetic energy needed
by a mass m to just escape from a
mass M

E T 5 EK 1 Eg
GMEm
5 0 1 2}r }
E

1

2

GMEm
E T 5 2}r }
E

GMEm
Thus, the binding energy must be }} to give the rocket enough energy to escape.
rE
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An example of a bound object is a satellite moving in a circular orbit of radius r in the
potential well of Earth. The net force (of magnitude SF) necessary to sustain the circular
orbit is provided by the force of gravitational attraction between the satellite and Earth.
Using the magnitudes of the forces, for a satellite of mass m and orbital speed v:

oF

5 FG

GMEm
} 5 }}
r
r2
mv 2

GMEm
mv 2 5 }}
r

The total energy of the satellite is constant and is given by:
E T 5 EK 1 Eg
GMEm
1
E T 5 }}mv 2 2 }r}
2

GMEm
Substituting mv 2 5 }r} into the equation:
GMEm
1 GMEm
E T 5 }}}r} 2 }r}
2
1 GMEm
5 2}}}r}
2
1
E T 5 }}Eg
2

This is a very significant result. The total energy of a satellite in circular orbit is negative
and is equal to one-half the value of the gravitational potential energy at the separation
corresponding to the radius of its orbit. Figure 5 shows the potential well for Earth and
the position of this orbiting satellite in the well. This satellite is bound to Earth and its
1 GMEm
binding energy is }}}}.
r
2
Eg

r
r
rE

ET
Eg

2rE

3rE

4rE

position of orbiting satellite

EK
GMEm
−
r
Figure 5
The gravitational potential energy of
a satellite in Earth’s potential well

In summary, the total energy of any object in Earth’s gravitational field is composed
of kinetic energy and gravitational potential energy. The graphs shown in Figure 6 illustrate the three general cases possible for such an object.
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Case 1: ET = 0, object just escapes
GMEm
rE

0

EK

r
ET

rE

0

EK
ET

rE

0

Eg

Eg
−

r
Energy

Energy

EK

Energy

+

Case 3: ET < 0, object is bound
to Earth

Case 2: ET > 0, object escapes with
a speed > 0 as r → `

GMEm
rE

−

maximum
separation
r

rE

ET
Eg

GMEm
rE

−

SAMPLE problem 2
A 5.00 3 102-kg communications satellite is to be placed into a circular geosynchronous
orbit around Earth. (A geosynchronous satellite remains in the same relative position above
Earth because it has a period of 24.0 h, the same as that of Earth’s rotation on its axis.)

GMEm
rE
Figure 6
Comparing the energies of the same
object given different amounts of
kinetic energy at Earth’s surface

(a) What is the radius of the satellite’s orbit?
(b) What is the gravitational potential energy of the satellite when it is attached to its
launch rocket, at rest on Earth’s surface?
(c) What is the total energy of the satellite when it is in geosynchronous orbit?
(d) How much work must the launch rocket do on the satellite to place it into orbit?
(e) Once in orbit, how much additional energy would the satellite require to escape from
Earth’s potential well?

Solution
(a) G 5 6.67 3 10211 N?m2/kg2
T 5 24.0 h 5 8.64 3 104 s
ME 5 5.98 3 1024 kg

As for any satellite:

oF

5 FG

4p2mr
GMEm
}
5 }
2
T
r2
r 5

5

GM T
}
!§
4p
3

E
2

2

N?m /kg )(5.98 3 10 kg)(8.64 3 10 s)
(6.67 3 10
}}}}}}
!§§§§
4p
3
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2

2

24

4

2

2

r 5 4.22 3 107 m

The radius of the satellite’s orbit is 4.22 3 107 m. This radius represents an altitude of
3.58 3 104 km above Earth’s surface.
(b) rE 5 6.38 3 106 m
m 5 5.00 3 102 kg
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At the surface of Earth,
GMEm
Eg 5 2}r }
E
(6.67 3 10211 N?m2/kg2)(5.98 3 1024 kg)(5.00 3 102 kg)
5 2 }}}}}}
6.38 3 106 m
Eg 5 23.13 3 1010 J

The gravitational potential energy of the satellite when it is attached to its launch
rocket at rest on Earth’s surface is 23.13 3 1010 J.
(c) r 5 4.22 3 107 m
The total energy of a satellite in circular orbit, bound to Earth, is given by:
ET 5 EK 1 Eg
GMEm
1
5 }}mv 2 2 }r}
2
1 GMEm
5 2}}}r} (based on the theory related to Figure 5)
2

black hole a very dense body in
space with a gravitational field so
strong that nothing can escape
from it

1 (6.67 3 10211 N?m2/kg2)(5.98 3 1024 kg)(5.00 3 102 kg)
5 2}} }}}}}}
4.22 3 107 m
2
ET 5 22.36 3 109 J

event horizon the surface of a
black hole
singularity the dense centre of a
black hole

The total energy of the satellite when in geosynchronous orbit is 22.36 3 109 J.
(d)

W 5 DE 5 E T (in orbit) 2 E T (on Earth)
5 22.36 3 109 J 2 (23.13 3 1010 J)

Schwartzschild radius the
distance from the centre of the
singularity to the event horizon

LAB EXERCISE 6.3.1
Graphical Analysis of Energies
(p. 295)
A detailed analysis of the energies
involved in launching a space
vehicle and its payload from another
body must be carried out before the
mission is undertaken. How can
graphing be used to analyze the
energy data related to a spacecraft
launch?
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W 5 2.89 3 1010 J

The launch rocket must do 2.89 3 1010 J of work on the satellite to place it into orbit.
(e) To escape Earth’s potential well, the total energy of the satellite must be zero or greater.
In orbit, ET 5 22.36 3 109 J. Therefore, to escape Earth’s potential well, the satellite
must acquire at least 2.36 3 109 J of additional energy.

An important goal of future space missions will be to mine minerals on distant bodies,
such as moons and asteroids, in the solar system. Once the minerals are mined, some will
be used for manufacturing on the moon or asteroid, while others will be brought back
to Earth or to the International Space Station for research and manufacturing.
You can learn about the energies associated with this application by performing
Lab Exercise 6.3.1 in the Lab Activities section at the end of this chapter.
Among the most interesting objects in the universe are extremely dense bodies that form
at the end of a massive star’s life. A black hole is a small, very dense body with a gravitational field so strong that nothing can escape from it. Even light cannot be radiated away
from its surface, which explains the object’s name.
The surface of a black hole is called its event horizon because no “event” can be
observed from outside this surface. Inside the event horizon, at the very core of the black
hole, is an unbelievably dense centre called a singularity. The distance from the centre
of the singularity to the event horizon is the Schwartzschild radius, named after German
astronomer Karl Schwartzschild (1873–1916), who was the first person to solve Einstein’s
equations of general relativity.
Since the speed of light c is 3.00 3 108 m/s, we can use that value in the equation for
escape speed to determine the Schwartzschild radius of a black hole of known mass.
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As an example, assume that a certain black hole results from the collapse of a star that
has a mass 28 times the Sun’s mass. Since the minimum escape speed is ve 5 c, we have
mve2
GMm
}} 5 }r}
2
2GM
ve2 5 }r}
2GM
r 5 }}
ve2
2GM
5 }}
c2
2(6.67 3 10211 N?m2/kg2)(28 3 1.99 3 1030 kg)
5 }}}}}
(3.00 3 108 m/s)2
5 8.26 3 104 m
r 5 82.6 km

DID YOU KNOW

?

First Black Hole Discovery
In 1972, Professor Tom Bolton,
while working at the University of
Toronto’s David Dunlap
Observatory in Richmond Hill,
Ontario, was investigating a point
in space, Cygnus X-1, because it
was a source of X rays. It turned
out to be one of the most significant discoveries in astronomy: a
black hole. This was the first evidence to support the existence of
black holes, which were previously
hypothetical objecs.

Since light cannot escape from a black hole, the only way a black hole can be detected
is indirectly. Material that is close enough to the black hole gets sucked in, and as it does
so, the material emits X rays that can be detected and analyzed.
The celestial mechanics analyzed in this chapter is not a complete picture. You will
learn more about high-speed and high-energy particles when you study Einstein’s special theory of relativity in Chapter 11.

Practice
Understanding Concepts
6. Does the escape speed of a space probe depend on its mass? Why or why not?
7. Jupiter’s mass is 318 times that of Earth, and its radius is 10.9 times that of Earth.
Determine the ratio of the escape speed from Jupiter to the escape speed from Earth.
8. The Moon is a satellite of mass 7.35 3 1022 kg, with an average distance of
3.84 3 108 m from the centre of Earth.
(a) What is the gravitational potential energy of the Moon–Earth system?
(b) What is the Moon’s kinetic energy and speed in circular orbit?
(c) What is the Moon’s binding energy to Earth?
9. What is the total energy needed to place a 2.0 3 103-kg satellite into circular Earth
orbit at an altitude of 5.0 3 102 km?
10. How much additional energy would have to be supplied to the satellite in question 9
once it was in orbit, to allow it to escape from Earth’s gravitational field?
11. Consider a geosynchronous satellite with an orbital period of 24 h.
(a) What is the satellite’s speed in orbit?
(b) What speed must the satellite reach during launch to attain the geosynchronous
orbit? (Assume all fuel is burned in a short period. Neglect air resistance.)
12. Determine the Schwarztschild radius, in kilometres, of a black hole of mass 4.00 times
the Sun’s mass.

Answers
7. 5.40:1
8. (a) 27.63 3 1028 J
(b) 3.82 3 1028 J;
1.02 3 103 m/s
(c) 3.82 3 1028 J
9. 6.7 3 1010 J
10. 5.80 3 1010 J
11. (a) 3.1 3 103 m/s
(b) 1.1 3 104 m/s
12. 11.8 km
14. (a) 4.06 3 109 J
(b) 4.06 3 109 J
(c) 6.37 3 102 J

Applying Inquiry Skills
13. Sketch the general shape of the potential wells of both Earth and the Moon on a
single graph. Label the axes and use colour coding to distinguish the line for Earth
from the line for the Moon.
Making Connections
14. (a) Calculate the binding energy of a 65.0-kg person on Earth’s surface.
(b) How much kinetic energy would this person require to just escape from the
gravitational field of Earth?
(c) How much work is required to raise this person by 1.00 m at Earth’s surface?
(d) Explain why one of NASA’s objectives in designing launches into space is to minimize the mass of the payload (including the astronauts).
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SUMMARY

Gravitational Potential Energy
in General

•

The gravitational potential energy of a system of two (spherical) masses is
directly proportional to the product of their masses, and inversely proportional
to the distance between their centres.

•

A gravitational potential energy of zero is assigned to an isolated system of two
masses that are so far apart (i.e., their separation is approaching infinity) that the
force of gravity between them has dropped to zero.

•

The change in gravitational potential energy very close to Earth’s surface is a special case of gravitational potential energy in general.

•

Escape speed is the minimum speed needed to project a mass m from the surface
of mass M to just escape the gravitational force of M.

•

Escape energy is the minimum kinetic energy needed to project a mass m from
the surface of mass M to just escape the gravitational force of M.

•

Binding energy is the amount of additional kinetic energy needed by a mass m to
just escape from a mass M.

Section 6.3 Questions
Understanding Concepts
1. How does the escape energy of a 1500-kg rocket compare

to that of a 500-kg rocket, both initially at rest on Earth?
2. Do you agree or disagree with the statement, “No satellite

can orbit Earth in less than about 80 min”? Give reasons.
(Hint: The greater the altitude of an Earth satellite, the
longer it takes to complete one orbit.)
3. A space shuttle ejects a 1.2 3 103-kg booster tank so that

the tank is momentarily at rest, relative to Earth, at an altitude of 2.0 3 103 km. Neglect atmospheric effects.
(a) How much work is done on the booster tank by the
force of gravity in returning it to Earth’s surface?
(b) Determine the impact speed of the booster tank.
4. A space vehicle, launched as a lunar probe, arrives above

most of Earth’s atmosphere. At this point, its kinetic energy
is 5.0 3 109 J and its gravitational potential energy is
26.4 3 109 J. What is its binding energy?
5. An artificial Earth satellite, of mass 2.00 3 103 kg, has an

elliptical orbit with an average altitude of 4.00 3 102 km.
(a) What is its average gravitational potential energy while
in orbit?
(b) What is its average kinetic energy while in orbit?
(c) What is its total energy while in orbit?
(d) If its perigee (closest position) is 2.80 3 102 km, what
is its speed at perigee?
6. A 5.00 3 102-kg satellite is in circular orbit 2.00 3 102 km

above Earth’s surface. Calculate
(a) the gravitational potential energy of the satellite
(b) the kinetic energy of the satellite
(c) the binding energy of the satellite
(d) the percentage increase in launching energy required
for the satellite to escape from Earth
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7. (a) Calculate the escape speed from the surface of the

Sun: mass 5 1.99 3 1030 kg, radius 5 6.96 3 108 m.
(b) What speed would an object leaving Earth need to
escape from our solar system?
8. The mass of the Moon is 7.35 3 1022 kg, and its radius is

1.74 3 106 m. With what speed must an object be projected
from the its surface to reach an altitude equal to its radius?
9. A black hole has a Schwartzschild radius of 15.4 km. What

is the mass of the black hole in terms of the Sun’s mass?
Applying Inquiry Skills
10. Mars is a planet that could be visited by humans in the

future.
(a) Generate a graph of Mars’ potential well (using data
from Appendix C) for a spacecraft of mass 2.0 3 103 kg
that is launched from Mars. Draw the graph up to 5rM.
(b) On your graph, draw
(i) the line for the kinetic energy needed for the craft
to just escape from Mars
(ii) the line of the total energy from Mars’ surface
to 5rM
11. (a) What is the theoretical Schwartzschild radius of a

black hole whose mass is equal to the mass of Earth.
Express your answer in millimetres.
(b) What does your answer imply about the density of a
black hole?
Making Connections
12. How would the amount of fuel required to send a space-

craft from Earth to the Moon compare with the amount
needed to send the same spacecraft from the Moon back
to Earth? Explain. (Numerical values are not required.)

NEL

Chapter 6

SUMMARY

Key Expectations
• analyze the factors affecting the motion of isolated

celestial objects and calculate the gravitational potential energy for each system (6.1, 6.2, 6.3)

•

analyze isolated planetary and satellite motion, and
describe the motion in terms of the forms of energy and
energy transformations that occur (e.g., calculate the
energy required to propel a spacecraft from Earth’s surface out of Earth’s gravitational field, and describe the
energy transformations that take place; calculate the
kinetic energy and gravitational potential energy of a
satellite in a stable orbit around a planet) (6.1, 6.2, 6.3)

Key Terms
gravitational field
Kepler’s laws of planetary motion

Unit 2

Key Equations
• g 5 }GrM}2

(6.1)

GM
!}§
r}

•

v 5

•

r3
C S 5 }}2
T

•

GMS
C S 5 }}
4p2

•

GM
r3
C 5 }}
5 }}
4p2
T2

•

GMm
Eg 5 2}}
r

•

DEg 5

•

v 5

(6.2)
for the Sun

(6.2)

for the Sun
in general

2GM
!}
§
r}

(6.2)
(6.3)

12}GMr}m 2212}GMr}m 2
2

(6.2)

1

escape speed

(6.3)
(6.3)

escape speed
escape energy

MAKE a summary

binding energy
black hole
event horizon
singularity
Schwartzschild radius

Draw an Earth-Moon system diagram. Add a geosynchronous satellite (Figure 1) on the side of Earth opposite the
Moon. Beyond the geosynchronous satellite, add a space
probe, moving away from Earth, that has just enough energy
to escape Earth’s gravitational attraction. Show as many key
expectations, key terms, and key equations as possible on
your diagram.

Figure 1
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SELF QUIZ

Write numbers 1 to 10 in your notebook. Indicate beside
each number whether the corresponding statement is true
(T) or false (F). If it is false, write a corrected version.

1. At a particular location, the gravitational field around
a celestial body depends only on the mass of the body.
2. If both the radius and mass of a planet were to
double, the magnitude of the gravitational field
strength at its surface would become half as great.

Write numbers 11 to 26 in your notebook. Beside each
number, write the letter corresponding to the best choice.

For questions 11 to 19, refer to Figure 2.
(a)

(b)

(c)

y

y

y

3. The speed of a satellite in a stable circular orbit
around Earth is independent of the mass of the
satellite.

x

x

x

4. In the Sun’s frame of reference, the Moon’s orbit
around Earth appears as an epicycle.
5. In a typical high-school physics investigation, the
“Evidence” is to the “Analysis” as Kepler’s work was to
Tycho Brahe’s work.
6. In Figure 1, where the path distances d1 and d2 are
equal, the speeds along those path segments are equal.

(d)

(e)

y

y

x

x

d2

Figure 2
The first variable named in each of questions 11 to 19 corresponds
to the y-variable on one of these graphs; the second variable
named corresponds to the x-variable.

Sun

d1

direction of
motion of planet

Figure 1

7. When calculating Kepler’s third-law constant for
Earth, the value is larger for the Moon than for an
Earth-bound satellite because the Moon is much farther away.

11. The y-variable is the magnitude of the gravitational
field strength at a point above a planet’s surface; x is
the planet’s mass.
12. The y-variable is the magnitude of the gravitational
field strength at a point above a planet’s surface; x is
the distance to the centre of the planet.
13. The y-variable is the speed of a satellite in a stable circular orbit around a planet; x is the mass of the planet.

8. The gravitational potential energy of the Earth-Moon
system is inversely proportional to the square of the
distance between the centres of the two bodies.

14. The y-variable is the speed of a satellite in a stable
circular orbit around a planet; x is the distance to the
centre of the planet.

9. As a space probe travels away from Earth, its change
in gravitational potential energy is positive, even
though its gravitational potential energy is negative.

15. The y-variable is the area swept out by a line joining a
planet to the Sun; x is the time interval during which
that line is swept out.

10. As you are working on this problem, your escape
energy is greater than your binding energy.

298 Chapter 6

16. The y-variable is the average radius of a planet’s orbit;
x is the period of revolution of the planet’s motion
around the Sun.

An interactive version of the quiz is available online.
GO

www.science.nelson.com
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17. The y-variable is the cube of the average radius of a
planet’s orbit; x is the square of the period of revolution of the planet’s motion around the Sun.
18. The y-variable is the kinetic energy of a space probe
that was given enough energy to escape Earth’s gravitational field; x is the distance from Earth’s centre.
19. The y-variable is the gravitational potential energy of
a space probe that was given enough energy to escape
Earth’s gravitational field; x is the distance from
Earth’s centre.
20. The law that allows us to determine Earth’s mass is
(a) Kepler’s first law of planetary motion
(b) Kepler’s second law of planetary motion
(c) Kepler’s third law of planetary motion
(d) Newton’s law of universal gravitation
(e) Newton’s second law of motion
21. If the distance between a spacecraft and Saturn
increases by a factor of three, the magnitude of
Saturn’s gravitational field strength at the position of
the spacecraft
(a) decreases by a factor of Ïw3
(b) increases by a factor of Ïw3
(c) decreases by a factor of 9
(d) increases by a factor of 9
(e) decreases by a factor of 3
22. Satellite S1 is moving around Earth in a circular orbit
of radius four times as large as the radius of the orbit
of satellite S2. The speed of S1, v1, in terms of v2 equals
(a) 16v2
(b) v2
(c) 2v2
(d) 0.5v2
(e) none of these
23. If the mass of the Sun were to become half its current
value, with Earth maintaining its same orbit, the time
interval of one Earth year would
(a) remain the same
(b) decrease by a factor of Ïw2
(c) increase by a factor of Ïw2
(d) increase by a factor of 2
(e) decrease by a factor of 2
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24. A satellite in geosynchronous orbit has a period of
revolution of
(a) 1.5 h
(b) 1.0 h
(c) 24 h
(d) 365.26 d
(e) none of these
25. Figure 3 shows the path of a comet around the Sun.
The speeds at the four positions shown are vA, vB, vC,
and vD. Which statement is true?
(a) vA > vB 5 vD > vC
(b) vA < vB 5 vD < vC
(c) vA > vB > vC > vD
(d) vA < vB < vC < vD
(e) none of these

D

comet’s
direction

Sun
A

C

B
Figure 3

26. A certain planet has Earth’s mass, but only onequarter its diameter. The escape speed from this
planet in terms of Earth’s escape speed vE is
(a) vE
1
(b) }}vE
2
1
(c) }}vE
4
(d) 4vE
(e) 2vE
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Understanding Concepts
1. If a rocket is given a great enough speed to escape
from Earth, could it also escape from the Sun and,
hence, the solar system? What happens to the artificial
Earth satellites that are sent to explore the space
around distant planets, such as Neptune?
2. Assuming that a rocket is aimed above the horizon,
does it matter which way it is aimed for it to escape
from Earth? (Neglect air resistance.)
3. Determine the elevation in kilometres above the surface of Uranus where the gravitational field strength
has a magnitude of 1.0 N/kg.
4. Ganymede, one of Jupiter’s moons discovered by
Galileo in 1610, has a mass of 1.48 3 1023 kg. What is
the magnitude of Ganymede’s gravitational field
strength at a point in space 5.55 3 103 km from its
centre?
5. Determine the total gravitational field strength (magnitude and direction) of the Earth and Moon at the
location of the spacecraft in Figure 1.
Moon
2.30 × 105 km

Earth

90.0˚

spacecraft

3.07 × 105 km

Figure 1

6. Mercury has both a surface gravitational field
strength and a diameter 0.38 times the corresponding
Earth values. Determine Mercury’s mass.
7. A satellite in a circular orbit around Earth has a
speed of 7.15 3 103 m/s. Determine, in terms of
Earth’s radius,
(a) the distance the satellite is from Earth’s centre
(b) the altitude of the satellite
8. Tethys, one of Saturn’s moons, travels in a circular
orbit at a speed of 1.1 3 104 m/s. Calculate
(a) the orbital radius in kilometres
(b) the orbital period in Earth days
9. Using the mass of the Sun and the period of revolution
of Venus around the Sun, determine the average SunVenus distance.
10. A 4.60-kg rocket is launched directly upward from
Earth at 9.00 km/s.
(a) What altitude above Earth’s surface does the
rocket reach?
(b) What is the rocket’s binding energy at that
altitude?
300 Chapter 6

11. Titan, a moon of Saturn discovered by Christian
Huygens in 1655, has a mass of 1.35 3 1023 kg and a
radius of 2.58 3 103 km. For a 2.34 3 103-kg rocket,
determine
(a) the escape speed from Titan’s surface
(b) the escape energy of the rocket
12. A rocket ship of mass 1.00 3 104 kg is located
1.00 3 1010 m from Earth’s centre.
(a) Determine its gravitational potential energy at
this point, considering only Earth.
(b) How much kinetic energy must it have at this
location to be capable of escaping from Earth’s
gravitational field?
(c) What is its escape speed from Earth at this
position?
13. Calculate the gravitational potential energy of the
Sun-Earth system.
14. Determine the escape speeds from
(a) Mercury
(b) Earth’s Moon
15. A neutron star results from the death of a star about
10 times as massive as the Sun. Composed of tightly
packed neutrons, it is small and extremely dense.
(a) Determine the escape speed from a neutron star
of diameter 17 km and mass 3.4 3 1030 kg.
(b) Express your answer as a percentage of the speed
of light.
16. A solar-system planet has a diameter of 5.06 3 104 km
and an escape speed of 24 km/s.
(a) Determine the mass of the planet.
(b) Name the planet.
17. A proton of mass 1.67 3 10227 kg is travelling away
from the Sun. At a point in space 1.4 3 109 m from
the Sun’s centre, the proton’s speed is 3.5 3 105 m/s.
(a) Determine the proton’s speed when it is 2.8 3
109 m from the Sun’s centre.
(b) Will the proton escape from the Sun? Explain
why or why not.
18. Explain this statement: “A black hole is blacker than a
piece of black paper.”
19. Determine the Schwartzschild radius of a black hole
equal to the mass of the entire Milky Way galaxy
(1.1 3 1011 times the mass of the Sun).
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Applying Inquiry Skills

10

20. Table 1 provides data concerning some of the moons
of Uranus.
Table 1 Data of Several Moons of the Planet Uranus for
Question 20
Discovery

raverage
(km)

4

T (Earth
CU
days) (m3/s2)

2

0.375

?

Desdemona Voyager 2 (1986)

6.27 3

104

0.475

?

6.44 3

104

0.492

?

−8

104

0.512

?

−10

Voyager 2 (1986)

−4

Voyager 2 (1986)

6.61 3

Rosalind

Voyager 2 (1986)

6.99 3 104

?

?

−12

Belinda

Voyager 2 (1986)

?

0.621

?

Figure 2

Titania

Herschel (1787)

4.36 3 105

?

?

Oberon

Herschel (1787)

?

13.46

?

21. It is beneficial to develop skill in analyzing a situation to
determine if the given information or the answer to a
question makes sense. Consider the following problem:
Determine the radius of the orbit of a satellite travelling
around Earth with a period of revolution of 65 min.
(a) Do you think this problem makes sense? Why or
why not?
(b) Calculate a numerical answer to the problem.
(c) Does the numerical answer make sense? Why or
why not?
(d) Why would this skill be valuable to a research
physicist?
22. Figure 2 shows the energy relationships for a rocket
launched from Earth’s surface.
(a) Determine the rocket’s mass.
(b) What is the escape energy of the rocket (to three
significant digits)?
(c) Determine the launch speed given to the rocket.
(d) What will the rocket’s speed be at a very large
distance from Earth.
NEL

3rE

2rE

4rE

5rE

gravitational
potential energy

−6

Portia

(a) Copy the table into your notebook. Determine
Kepler’s third-law constant CU for Uranus using
the data for the first four moons.
(b) Find the average of the CU values of your
calculations in (a).
(c) Use another method to determine CU. Do the
values agree?
(d) Complete the missing information for the last
four moons listed.
(e) Explain why some of the moons were discovered
so much earlier than others.

rE

−2

5.38 3 104

Juliet

Separation Distance

0

Voyager 2 (1986)

Ophelia

kinetic energy

6
E (31010 J)

Moon

8

Making Connections
23. When the Apollo 13 spacecraft was about halfway to
the Moon, it developed problems in the oxygen system.
Rather than turning the craft around and returning
directly to Earth, mission control decided that the craft
should proceed to the Moon before returning to Earth.
(a) Explain the physics principles involved in this
decision.
(b) Describe at least one major risk of this decision.

Extension
24. Two remote planets consist of identical material, but
one has a radius twice as large as the other. If the shortest possible period for a low-altitude satellite orbiting
the smaller planet is 40 min, what is the shortest possible period for a similar low-altitude satellite orbiting
the larger one? Give your answer in minutes.
Sir Isaac Newton Contest Question

25. A certain double star consists of two identical stars, each
of mass 3.0 3 1030 kg, separated by a distance of 2.0 3
1011 m between their centres. How long does it take to
complete one cycle? Give your answer in seconds.
Sir Isaac Newton Contest Question

26. We owe our lives to the energy reaching us from the
Sun. At a particular planet, the solar energy flux E
(the amount of energy from the Sun arriving per
square metre per second) depends on the distance
from the Sun to the planet. If T is the period of that
planet in its journey around the Sun, that is, the
length of its year, calculate how E depends on T.
Sir Isaac Newton Contest Question
Gravitation and Celestial Mechanics
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SELF QUIZ

Write numbers 1 to 14 in your notebook. Indicate beside
each number whether the corresponding statement is true
(T) or false (F). If it is false, write a corrected version.

For questions 16 to 18, refer to Figure 1, in which a toboggan
is pulled up a hill of length L at a constant velocity.

1. One joule is one newton metre squared per second
squared.
L

2. The force constant of a spring can be said to measure
the “stiffness” of the spring.
3. Two boxes are being moved on level terrain, one on
Earth, the other on the Moon. If the displacement
and coefficient of kinetic friction are the same, then
the thermal energy produced by the kinetic friction
would also be the same.
4. Impulse and momentum are the same quantity
because their base SI units are equivalent.
5. Two figure skaters, initially stationary, push away
from each other. Just after this interaction, the total
momentum of this system is zero.
6. The only type of collision in which momentum is not
conserved is a completely inelastic collision.
7. The gravitational field strength at a location in the
Sun’s gravitational field is inversely proportional to the
distance between that location and the Sun’s centre.
8. The work done by the force of Earth’s gravity acting
on a satellite in circular motion around Earth is positive because the satellite is always accelerating toward
Earth.
9. In the heliocentric model, Earth is at the centre of
the universe and all other celestial bodies revolve
around it.
10. The Sun is located at the centre of a planet’s orbit.
11. The speed of a satellite in elliptical orbit around Earth
is independent of the satellite’s position in its orbit.
12. A black hole has an extremely strong magnetic field.
13. A black hole is a celestial body with an escape speed
equal to or greater than the speed of light.
14. X rays and gamma rays can escape from a black hole,
even though visible light cannot.
Write numbers 15 to 28 in your notebook. Beside each
number, write the letter corresponding to the best choice.

15. If you were to climb a ladder that was your height, the
work you would do against the force of gravity is
approximately
(d) 104 J
(a) 101 J
(b) 102 J
(e) 105 J
3
(c) 10 J
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m
FK

FA

f
h

Figure 1
For questions
16, 17, and 18

b

16. The magnitude of the normal force of the hillside
acting on the toboggan is
(a) mg cos b
(d) mg cos b 1 FA sin f
(e) 2(mg cos b 1 FA sin f)
(b) FA sin f
(c) mg cos b 2 FA sin f
#$ is
17. The magnitude of the applied force F
A

(FK 1 mg sin b)
(a) }}
cos f
(FK 2 mg sin b)
(b) }}
sin f
(FK 2 mg sin b)
(c) }}
cos f

(d) FK 1 FN
(e) FK 1 FN 2 mg

18. The work done by the applied force in moving the
toboggan the length of the hill, L, is
FA cos fh
(a) FAL
(d) }}
sin b
(b) FKL
(c) (FA 2 FK)L
(e) none of these
19. A satellite in a circular orbit of radius r around Mars
experiences a force of gravity of magnitude F exerted
by Mars. The work done by this force on the satellite
as it travels halfway around its orbit is
Fpr
(a) 2Fpr (b) }} (c) Fr (d) Fpr (e) zero
2
20. A motorcycle of mass of m, with a driver of mass
m
}}, is travelling at speed v. Later, it is travelling with
5
m
the same driver, as well as a passenger of mass }}, at a
5
speed 0.80v. The motorcycle’s new kinetic energy is
(a) equal to the initial kinetic energy
(b) greater than the initial kinetic energy by a factor
of 0.75
(c) less than the initial kinetic energy by a factor of 0.75
(d) greater than the initial kinetic energy by a factor
of 1.3
(e) less than the initial kinetic energy by a factor of 1.3
An interactive version of the quiz is available online.
GO

www.science.nelson.com
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21. Three stones are thrown with identical initial speeds
from the top of a cliff into the water below (Figure 2).
Air resistance is negligible. The speeds with which
stones 1, 2, and 3 strike the water are
(d) v3 . v2 . v1
(a) v1 5 v3 . v2
(b) v2 . v1 5 v3
(e) v1 5 v2 5 v3
(c) v1 . v2 . v3
1

26. If the escape energies of the rockets are EF, EG, and
EH, then
(a) EF 5 EG 5 EH
(b) EF . EG . EH
(c) EF , EG , EH
(d) EF 5 EG, but EH has no defined escape energy
(e) the energies cannot be compared with the information given

2
3

F
G

kinetic energy

Energy

H

Figure 2

22. The contact times in collisions between a baseball and
a baseball bat are typically a few
(a) seconds
(d) milliseconds
(b) nanoseconds
(e) kiloseconds
(c) microseconds
23. A billiard ball, moving with speed v, collides head-on
with a stationary ball of the same mass. After the collision, the billiard ball that was initially moving is at
rest. The speed of the other ball in terms of v is
3v
v
(b) 0
(c) v
(d) 2v
(e) }}
(a) }}
4
2
Questions 24 to 26 relate to Figure 3.
24. If the escape speeds of the rockets are vF, vG, and vH,
then
(a) vF 5 vG 5 vH
(b) vF . vG . vH
(c) vF , vG , vH
(d) vF 5 vG, but vH has no defined escape speed
(e) the speeds cannot be compared with the information given
25. In the situation of Figure 3, which of the following
statements is true?
(a) H will rise to an altitude of 2rE above Earth’s
surface and remain there.
(b) F and G will escape and have zero speed after
escaping.
(c) Only F will escape, but it will have zero speed
after escaping.
(d) Only F will escape and it will have a nonzero
speed after escaping.
(e) none of these
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Figure 3
This graph shows the kinetic energy given to three rockets (F, G,
and H) of equal mass as they are launched from Earth’s surface.
(for questions 24, 25, and 26)

27. If the distance between a spacecraft and Jupiter
increases by a factor of 4, the magnitude of Jupiter’s
gravitational field at the position of the spacecraft
(a) increases by a factor of 4
(b) decreases by a factor of 4
(c) increases by a factor of 16
(d) decreases by a factor of 16
(e) decreases by a factor of 2
28. If the Sun’s mass were 8 times its current value, and
Earth’s period of revolution around the Sun retained
its current value, then the average distance from
Earth to the Sun, in terms of its current value, r,
would be
r
(e) none of these
(a) 8r
(c) }}
2
r
(b) }}
(d) 2r
8
Write numbers 29 to 35 in your notebook. Beside each
number place the word, phrase, or equation that completes
the sentence.

? first used a telescope to observe the
29. (a) ______
moons of a distant planet.
?
(b) ______
first proposed that the orbits of planets
are ellipses.
? .
(c) The SI unit of energy is named after ______
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? provided the data used to derive the laws
(d) ______
of planetary motion.
? first analyzed the relationship between the
(e) ______
force applied to a spring and the spring’s stretch
or compression.
? .
(f) The radius of a black hole is named after ______

34. Figure 4(a) represents the motion of a truck with
positions separated by equal time intervals of 5.0 s.
Choose the graph in Figure 4(b) that best represents
(a) the truck’s momentum
(b) the truck’s kinetic energy
35. Write the following terms in a column: impulse; law
of conservation of momentum; kinetic energy;
thermal energy; elastic potential energy; escape speed;
gravitational potential energy; Kepler’s third-law constant; and frequency of a mass-spring system in SHM.
Beside each term, write the letter of the following
mathematical relationships that best defines the
quantity.
GM
(j) FKDd
(a) }}
(f) mv#$
4p2

30. (a) The area under a force-displacement graph
? .
represents ______
(b) The slope of a line on a force-stretch graph
? .
represents ______
(c) The area under the line on a force-time graph
? .
represents ______
(d) The slope of a line on a momentum-time graph
? .
represents ______
(e) The area under the line on a kinetic friction? .
displacement graph represents ______
(f) The slope of the line on a graph of r 3 versus T 2,
for a satellite in orbit around Earth, represents
? .
______

GMm
(b) 2}}
r

31. A collision in which the two objects stick together is
? collision. In an elastic collision, the
called a(n) ______
?
total kinetic energy after the collision ______
the total
kinetic energy before the collision. A collision in
which the decrease in kinetic energy is the maximum
? .
possible is called a(n) _______
? .
32. The eccentricity of a circle is ______

(g) m1Dv#$1 5 2m2Dv#$2

1
(k) }}kx 2
2
(l) ±kx

(c)

GM
!}§
r}

1
(h) }}mv 2
2

(d)

!}
§
r}

(i) (F cos v)Dd

(e)

o#$FDt

2GM

1
(m) }}
2p

!}§mk}

? .
33. At the centre of a black hole is a region called ______
The distance from the centre of this region to the
? .
event horizon is called the ______
(a)
vf = 0

vi = 0
(b)

B

A

t

t

E

F

t

D

C

H

G

t

t

t

t

t

Figure 4
For question 34
(a) The motion of a truck
(b) Possible graphs related to momentum and energy of the truck
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REVIEW

Unit 2

Understanding Concepts
1. Describe three situations in which a force is exerted
on an object, and yet no work is done.
2. It is often possible to do work in pushing an object
without transferring any energy to the object. What
happens to the energy associated with the work done
in this case?
3. A baseball and a shot used in shot put have the same
kinetic energy. Which has the greater momentum?
Why?
4. Two loaded toboggans of unequal mass reach the
bottom of a hill with the same initial kinetic energy
and are sliding across a flat, level ice surface in the same
direction. If each is subjected to the same retarding
force, how will their stopping distances compare?
5. Two dynamics carts are moving in a straight line
toward each other. The ensuing collision is cushioned
by a spring between them. During the collision, there
is a point where both carts are momentarily at rest.
Where has all the kinetic energy that the carts possessed before the collision gone?
6. List several common devices that can store elastic
potential energy when temporarily deformed.
7. Why would car bumpers mounted on springs that
obey Hooke’s law prove impractical?
8. Draw a sketch to show how two springs with different
lengths and spring constants cars might be combined
to have the force-stretch graph in Figure 1.
F

x

Figure 1

9. From what height must a 1.5 3 103-kg pile driver fall
to drive a pile 0.50 m into the ground against an
opposing force of average magnitude 3.5 3 105 N?
10. A 10.0-kg block is pushed from rest along a horizontal, frictionless surface with a horizontal force
given by the graph in Figure 2.
(a) How much work is done in moving the block the
first 2.00 m?
(b) What is the block’s kinetic energy after it has
moved 3.00 m?
(c) What is its velocity at the 3.00 m mark?
NEL

F (N [W])

10
8.0
6.0
4.0
2.0
0

d (m [W])
1.0 2.0 3.0

Figure 2

11. A force that increases gradually from 0 to 1.00 3
102 N [E] at a rate of 10.0 N/s [E] does 1.25 3 104 J
of work on an object, accelerating it from rest to a
velocity of 50.0 m/s [E] on a horizontal, frictionless
surface.
(a) What is the mass of the object?
(b) What constant force, acting over 5.00 m, would
give the object the same final velocity?
12. What is the magnitude of the momentum of a 5.0-kg
sled with a kinetic energy of 5.0 3 102 J?
13. A linear elastic spring can be compressed 0.10 m by
an applied force of magnitude 5.0 N. A 4.5-kg crate of
apples, moving at 2.0 m/s, collides with this spring, as
shown in Figure 3. What will be the maximum compression of the spring?

4.5 kg

2.0 m/s
Figure 3

14. A spring bumper, with a force-compression relationship given by F 5 (50.0 N/m)x, is compressed 2.00 cm.
(a) What elastic potential energy is stored in the
spring at this compression?
(b) The spring is compressed further to 6.00 cm.
What is the change in elastic potential energy?
(c) A 0.400-kg cart is placed against the compressed
spring on a horizontal, frictionless plane. The
system is released. With what speed does the cart
leave the spring?
15. A small moving object collides with a larger stationary
object. Does the magnitude of the force exerted by the
small object depend on whether the small object
bounces off the larger object or sticks to it? (Assume
that the collision takes the same amount of time in
either case.) Explain your answer. Relate this situation
to the use of rubber bullets by riot police.
16. For what types of forces does the concept of impulse
prove most helpful in analyzing the changes in
motion that occur as a result of the force?
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17. A hose discharges 78 kg of water each minute, with a
speed of 24 m/s. The water, travelling horizontally,
hits a vertical wall and is stopped. Neglecting any
splash back, what is the magnitude of the average
force exerted by the water on the wall?
18. A 9.5-kg dog is standing on a stationary wagon. It
then walks forward on the wagon at a speed of
1.2 m/s, and the wagon moves backward at a speed of
3.0 m/s (both speeds relative to the ground). Friction
is negligible. What is the mass of the wagon?
19. A 2.4-kg dynamics cart with a linear elastic spring
attached to its front end is moving at 1.5 m/s [W]
when it collides head-on with a stationary 3.6-kg cart.
(a) Calculate the total energy of the system before
the collision.
(b) What is the velocity of each cart at minimum
separation?
(c) Calculate the change in total kinetic energy of the
system at minimum separation.
(d) If the maximum compression of the spring
during the collision is 12 cm, what is its force
constant?

tumble together at 3.1 m/s [E]. Determine the mass
of the second bird.
24. Two nuclei undergo a head-on elastic collision. One
nucleus of mass m is initially stationary. The other
nucleus has an initial velocity v and a final velocity of
v
2}}. Determine the mass of the second nucleus in
5
terms of m.
25. A 2.0 3 103-kg car travelling at 2.4 3 101 m/s [E]
enters an icy intersection and collides with a 3.6 3
103-kg truck travelling at 1.0 3 101 m/s [S]. If they
become coupled together in the collision, what is
their velocity immediately after impact?
26. A truck of mass 2.3 3 104 kg travelling at 15 m/s
[51° S of W] collides with a second truck of mass
1.2 3 104 kg. The collision is completely inelastic.
The trucks have a common velocity of 11 m/s [35° S
of W] after the collision.
(a) Determine the initial velocity of the less massive
truck.
(b) What percentage of the initial kinetic energy is
lost in the collision between the trucks?

20. Two trolleys, of mass 1.2 kg and 4.8 kg, are at rest with
a compressed spring between them. A string holds the
carts together. When the string is cut, the trolleys
spring apart. If the force constant of the spring is 2.4 3
103 N/m, by how much must the spring have been
compressed so that the 4.8-kg cart moves at 2.0 m/s?

27. In a hockey game, an 82-kg player moving at
8.3 m/s [N] and a 95-kg player moving at 6.7 m/s
[25° W of N] simultaneously collide with a stationary opposition player of mass 85 kg. If the
players remain together after the collision, what is
their common velocity?

21. A 25-kg object moving to the right with a velocity of
3.0 m/s collides with a 15-kg object moving to the left
at 6.0 m/s. Find the velocity of the 25-kg object after
the collision if
(a) the 15-kg object continues to move to the left,
but at only 0.30 m/s
(b) the 15-kg object rebounds to the right at 0.45 m/s
(c) the 15-kg object sticks together with the 25-kg
object

28. Comets orbit the Sun in an elliptical path of high
eccentricity. Are you more likely to see a comet when
it is moving at its fastest or at its slowest? Explain
your answer with the help of a sketch based on
Kepler’s second law.

22. An experimental rocket sled on a level, frictionless
track has a mass of 1.4 3 104 kg. It propels itself by
expelling gases from its rocket engines at a rate of
10 kg/s, at an exhaust speed of 2.5 3 104 m/s relative
to the rocket. For how many seconds must the
engines burn if the sled is to acquire a speed of
5.0 3 101 m/s starting from rest? You may ignore the
small decrease in mass of the sled and the small speed
of the rocket compared to the exhaust gas.
23. A 2.3-kg bird, flying horizontally at 18 m/s [E], collides with a bird flying at 19 m/s [W]. The collision is
completely inelastic. After the collision, the two birds
308 Unit 2

29. What changes would have to be made in the speed of
a space vehicle to enable it to increase or decrease the
size of its circular orbit around Earth?
30. Does a spacecraft always need a speed of 11.2 km/s to
escape from Earth? If not, what is the true meaning of
“escape speed?”
31. A satellite is in a circular orbit 655 km above Earth’s
surface. Determine the magnitude of the gravitational
acceleration at this height.
32. What is the magnitude of the surface gravitational
acceleration (as a multiple of Earth’s surface g) of a
planet having a mass 0.25 times that of Earth and a
radius 0.60 times that of Earth?
33. Determine the gravitational field of the Sun at the
position of Earth.
NEL
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34. An asteroid is travelling in a circular orbit around the
Sun midway between the orbits of Mars and Jupiter.
Determine, to three significant digits,
(a) the period of the asteroid’s orbit in Earth years
(b) the asteroid’s speed
35. Scientists want to place a satellite in a circular orbit
around Neptune with an orbital period of 24.0 h.
(a) Determine Kepler’s third-law constant for
Neptune using Neptune’s mass.
(b) What distance from Neptune’s centre must the
satellite be to maintain its circular orbit?
(c) What is the altitude of this orbit in kilometres?
36. Io, a moon of Jupiter discovered by Galileo, has an
orbital period of 1.77 Earth days and an average distance from Jupiter’s centre of 4.22 3 108 m.
Determine Jupiter’s mass.
37. Because of Mercury’s close proximity to the Sun, its
primordial atmosphere was heated to a sufficiently
high temperature that it evaporated off the surface of
the planet, escaping the planet’s gravitational grasp.
Assume that the mass of a typical molecule was
5.32 3 10226 kg.
(a) With what minimum speed must the atmospheric molecules have been moving on Mercury’s
surface to have escaped?
(b) If a molecule took up orbit around Mercury at an
altitude above the surface equivalent to Mercury’s
radius, what would be its speed in orbit?
(c) What speed would the molecule need at launch
from the surface to achieve the orbit calculated
in (b)?
(d) What would the molecule’s binding energy be in
this orbit?

(b) A tin can collides with a brick wall and is slightly
dented before bouncing off at a slower speed.
(c) A ball of soft putty is thrown at a wall and sticks
to it in the collision.
41. The apparatus in Figure 4(a) is used to study the
action of two identical extension springs linked to an
air puck of mass 0.55 kg on a horizontal air table. The
spark timer is set at 0.020 s. After the puck is displaced
in the 1y direction and then released, the paper
beneath the puck records the data in Figure 4(b).
(a) Use the information in the diagram to determine
the spring constant of the springs. (Assume that
when the puck is at its maximum displacement
from the equilibrium position, the elastic potential energy is stored in one spring only.)
(b) Would you obtain more accurate results if you
pulled the paper quickly or slowly? Explain your
answer.
(c) If you were to perform a similar experiment in
class, what are the most probable sources of error
you would need to minimize?
(d) What safety precautions are required in performing this type of experiment?
(a)
+y
air puck
v

38. (a) Determine the Schwartzschild radius of a black
hole that is 85 times as massive as Jupiter.
(b) What is the escape speed from this celestial body?

air table
(top view)
(b)

Applying Inquiry Skills
39. A heavy lab cart with a spring mounted on its front
end collides elastically head-on with a stationary,
lighter cart on a level, frictionless surface. Sketch a
graph of the kinetic energy of each cart as a function
of distance between the two carts, showing the intervals before, during, and after the collision. Sketch a
graph of the total energy throughout.
40. Sketch the general shape of the graph of force versus
separation for each of the following collisions:
(a) A billiard ball bounces off a cushion, leaving at
the same speed as it approached.
NEL

equilibrium axis
direction
of pulling on
recording
paper
Figure 4
(a) Each tension spring is stretched 5.0 cm when the
puck is in its equilibrium position.
(b) Recorded data for the experiment
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42. The vertical accelerometer
shown in Figure 5 contains a small lead weight
attached to a spring that
obeys Hooke’s law. To calibrate the accelerometer
spring, you are given two
lead weights, each of mass
m, and other apparatus.
(a) List the measurements and apparatus
you would need to
calibrate the
accelerometer.
(b) Describe a situation
in the classroom in
which you would
observe the reading
shown on the
accelerometer.
(c) Describe various possible situations at an
amusement park in
which you would
observe the reading
shown on the
accelerometer.

0g

1g

(a) Determine the maximum elastic potential energy
in the spring and the maximum kinetic energy of
the cart after it starts moving. What happened to
the remaining elastic potential energy?
(b) Determine the average kinetic friction that acts
on the cart from the position where it leaves the
wall to its stopping position.
(c) Describe the most probable sources of random
and systematic error in taking measurements
during this type of experiment.

Making Connections
2g

44. (a) Describe ways in which you can reduce the jarring forces on your legs when you are jogging.
(b) What is the advantage of reducing the jarring?

3g

45. (a) Explain the physics principles behind the use of
front-seat airbags that inflate during an automobile collision (Figure 7).
(b) Describe similar instances in which physics
principles are applied to increase safety.

4g

Figure 5

43. An exploder piston is set to maximum compression on
the dynamics cart shown in Figure 6. The cart’s mass is
0.88 kg. The spring constant of the piston is 36 N/m.
Just after the piston is activated by the trigger on the
cart, a motion sensor determines that the speed of the
cart leaving the wall is 0.22 m/s. The cart rolls along
the horizontal surface, coming to rest in 2.5 m.
Figure 7
exploder piston
trigger
dynamics cart

compression
3.6-cm
spring
compression

310 Unit 2

Figure 6

46. By looking at distant galaxies, astronomers have concluded that our solar system is circling the centre of
our galaxy. The hub of this galaxy is located about
2.7 3 1020 m from the Sun. The Sun circles the centre
about every 200 million years. We assume that the
Sun is attracted by a large number of stars at the hub
of our galaxy, and that the Sun is kept in orbit by the
gravitational attraction of these stars.
(a) Calculate the total mass of the stars at the hub of
our galaxy.
(b) Calculate the approximate number of stars that
are the size of our Sun (2.0 3 1030 kg).

NEL
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Extension
47. A 2.5-kg ball travelling at 2.3 m/s to the right collides
head-on elastically with a stationary ball of mass
2.0 kg. Find the velocity of each ball after the collision.
(Hint: Determine the number of equations you need
by counting the unknowns.)
48. A bullet of mass 4.0 g, moving horizontally with a
velocity of 5.0 3 102 m/s [N], strikes a wooden block
of mass 2.0 kg that is initially at rest on a rough, horizontal surface. The bullet passes through the block in
a negligible interval, emerging with a velocity of
1.0 3 102 m/s [N], and causing the block to slide
0.40 m along the surface before coming to rest.
(a) With what velocity does the wooden block move
just after the bullet exits?
(b) What is the maximum kinetic energy of the
block?
(c) What is the average frictional force stopping the
block?
(d) What is the decrease in kinetic energy of the
bullet?
(e) Explain why the decrease in kinetic energy of the
bullet and the maximum kinetic energy of the
block are not equal. What happened to this
missing energy?
49. A 1.0-Mg plane is trying to make a forced landing on
the deck of a 2.0-Mg barge at rest on the surface of a
calm sea. The only significant frictional force is
between the wheels and the deck. This braking force
is constant, and equal in magnitude to one-quarter of
the plane’s weight. What must the minimum length
of the barge be so that the plane can stop safely on
deck if the plane touches down at the rear end of the
deck with a velocity of 5.0 3 101 m/s toward the front
of the barge?
50. Astronauts on board the International Space Station
measure their mass by determining the period of a
special chair that vibrates on springs. The chair is calibrated by attaching known masses, setting the chair
vibrating, and then measuring the period. Table 1
gives the possible calibration data.
(a) Determine the combined spring constant of the
chair springs and the mass of the empty chair.
(Hint: You can use graphing techniques to determine these values. A spreadsheet program is
helpful.)
(b) If you were to be set vibrating in the chair, what
frequency of vibration would you observe?

NEL

(c) Determine the mass loss of a crewmember who
measures a period of vibration of the chair of
2.01 s at the start of a 3-month mission and
1.98 s at the end.
Table 1 The Period of the Chair on Springs for Attached Masses
Mass (kg)

0.00

Period (s)

0.901

14.1
1.25

23.9
1.44

33.8
1.61

45.0
1.79

56.1
1.94

67.1
2.09

51. Table 2 lists the orbital eccentricities of the solar
system planets.
(a) Which planet has the most circular orbit, and
which has the most elongated orbit?
(b) Draw a scale diagram of the major axis of
Mercury’s orbit. Label the Sun at one focus and
label the distances c and a (two of the variables
described in the Try This Activity at the beginning of this chapter). Mark the perihelion and
aphelion locations of Mercury’s orbit.
(c) Repeat (b) for Earth’s orbit. (You may need a different scale.)
(d) Do the typical elliptical orbits shown for planets
in this text and other references correspond to
the true orbital shapes? Explain your answer.
Table 2 Orbital Eccentricities
Planet

Eccentricity

Mercury

0.206

Venus

0.007

Earth

0.017

Mars

0.093

Jupiter

0.048

Saturn

0.056

Uranus

0.046

Neptune

0.010

Pluto

0.248

1
52. An astronaut lands on a planet that has }} the mass
10
1
of Earth but }} the diameter. On Earth she weighed
2
6.1 3 102 N. How much does she weigh on the new
planet? Give your answer in newtons.
Sir Isaac Newton Contest Question
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Electric,
Gravitational,
and Magnetic Fields
Dr. Marie D’Iorio
Institute for Microstructural Sciences,
National Research Council of Canada

Marie D’Iorio has had many achievements in her physics
career. In addition to leading important research at the
National Research Council of Canada (NRC), she is an
Adjunct Professor at the University of Ottawa where she
interacts with graduate students performing research in her
lab. Dr. D’Iorio also serves as the president of the Canadian
Association of Physicists, an organization dedicated to the
development and use of pure and applied sciences in Canada.
After completing an honours bachelor’s degree in physics at the University
of Ottawa, Dr. D’Iorio’s interest directed her toward multidisciplinary research
in physics and biology. She chose a graduate program at the University of
Toronto that allowed her to explore this new direction.
Dr. D’Iorio’s current research focuses on the use of organic materials in
electronics and photonics. Organic light emitting diodes (OLEDs) are emerging
as an attractive alternative to more known display technologies such as cathode
ray tubes, liquid crystal displays, and plasma-based displays. OLED devices
offer cheap materials, low power consumption, increased brightness, and wide
viewing angles. Dr. D’Iorio is excited to be participating in the development
of tomorrow’s materials and applications in this rapidly growing field.

Overall Expectations
In this unit, you will be able to

•

demonstrate an understanding of the concepts, principles, and laws related to electric,
gravitational, and magnetic forces and fields, and explain them in qualitative and
quantitative terms

•

conduct investigations and analyze and solve problems related to electric, gravitational,
and magnetic fields

•

explain the roles of evidence and theories in the development of scientific knowledge
related to electric, gravitational, and magnetic fields

•

evaluate and describe the social and economic impact of technological developments
related to the concept of fields

chapter

7

In this chapter,
you will be able to

•

define and describe
concepts and units related to
electric and gravitational
fields

•

state Coulomb’s law and
Newton’s law of universal
gravitation, and analyze,
compare, and apply them in
specific contexts

•

compare the properties of
electric and gravitational
fields by describing and
illustrating the source and
direction of the field in each
case

•

apply quantitatively the
concept of electric potential
energy and compare it to
gravitational potential energy

•

analyze quantitatively, and
with diagrams, electric fields
and electric forces in a
variety of situations

•

describe and explain the
electric field inside and on
the surface of a charged
conductor and how the
properties of electric fields
can be used to control the
electric field around a
conductor

•

perform experiments or
simulations involving
charged objects

•

explain how the concept of a
field developed into a
general scientific model, and
describe how it affected
scientific thinking

Electric Charges
and Electric Fields
The study of electric charge and electric fields is fundamental to understanding the
world around you. You have felt transfers of electric charge in static shock on a cold
winter day and have seen such transfers in the spectacular form of lightning (Figure 1).
Perhaps you have read of animals that use electric fields to detect prey. You have seen electric principles at work in office equipment such as photocopiers, computer printers,
and coaxial cables, and perhaps
also in medicine, in heart monitors (Figure 2).
In this chapter you will study
the concepts of charge, electric
force, and electric fields more
thoroughly than in your previous
school years. You are also likely to
encounter some topics for the first
time: electric potential energy,
electric potential, or the motion
of charged particles in electric
fields. As we go through various
topics of this chapter, we will draw
comparisons with the previous
two units in this text and apply
Figure 2
our new knowledge to diverse
An electrocardiograph applies the principles of this
areas of nature and technology.
chapter in a way that might someday save your life.

REFLECT on your learning
1. Can you explain how the electrocardiograph in Figure 2 applies electric principles?
2. Why do you think computer towers are encased in metal?
3. Compare the force of gravity with the force between electric charges in terms of

direction, magnitude, and properties. How are these forces different, for example, in
the directions of the two forces and in the factors affecting their directions and
magnitudes?
4. One mass exerts a force of attraction on another through its gravitational field. How

does one charge exert an electric force on another across a distance?
5. As a rocket moves from the surface of Earth, its gravitational potential energy

increases. How will the potential energy between (a) two charges of opposite signs
and (b) two charges of the same sign change as the charges move farther apart?
6. Describe the motion of a charged particle

(a) between two oppositely charged parallel plates
(b) as it is moving directly away from another charge
Compare these cases to similar gravitational examples.
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Figure 1
Lightning is a spectacular display of the principles in this chapter.

TRY THIS activity

Charging By Induction

• Place a charge on an ebonite rod by rubbing it with fur. (You may also use
acetate or a Plexiglas strip by rubbing it with fur or wool.) Using just these
materials, put onto a neutral eletroscope a charge opposite to the one you
just placed onto your rubbed object.
(a) Describe your procedure (in terms that make it clear that you did not
have to use any additional materials in charging the electroscope).
(b) Describe some test you could make to confirm that your procedure
worked. Would you need additional materials?

NEL
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7.1

Electric Charge and the
Electrical Structure of Matter
Photocopiers, laser printers, and fax machines are all designed to imprint graphic elements, such as lines and letters, onto paper. These machines are so commonplace that
most of us probably take them for granted, not considering the technology that makes
them work. An understanding of the electrical structure of matter plays a major role in
these and future applications, such as electronic ink.
Before looking at the specific principles underlying these technologies, we will review
some important concepts.
The following are the fundamental laws of electric charges (Figure 1):
The Laws of Electric Charges
Opposite electric charges attract each other.
Similar electric charges repel each other.
Charged objects attract some neutral objects.

Figure 1
Opposite charges attract; similar
charges repel.

-------

DID YOU KNOW

?

Semiconductors
Semiconductors are another category of electrical material that are
intermediate between conductors
and insulators in that they have very
few conduction electrons for conduction in their pure, or intrinsic,
state. Semiconductors become very
useful in the conduction of electricity when a small amount of a
particular impurity is added to them,
in a process called “doping.” Since
semiconductors are solids at room
temperature, the field of semiconductor physics is referred to as
“solid state.” The most commonly
used semiconductors are silicon and
germanium. Transistors and integrated circuits made from semiconductors have revolutionized
electronics.
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The Bohr–Rutherford model of the atom can be used to explain electrification.
Consider, first, electrical effects in solids. Atomic nuclei do not move freely in a solid. Since
these fixed nuclei contain all the protons, the total amount of positive charge in a solid
is constant and fixed in position. However, it is possible for some of the negative charges
within some solids to move because electrons, especially those farthest from the nuclei,
have the ability to move from atom to atom.
Electric charges on solid objects result from an excess or deficit of electrons. Thus the
charging of an object simply requires a transfer of electrons to or away from the object.
If electrons are removed from the object, the object will be charged positively; if electrons
are added, the object will be charged negatively. We depict neutral, negatively charged,
and positively charged objects with sketches having representative numbers of positive
and negative signs, as in Figure 2.
In such sketches, the number of 1 and 2 signs is not intended to represent the actual
number of excess positive or negative charges; it conveys the general idea of balance,
excess, or deficit. Notice that in Figure 2, the number of 1 signs is the same in each
case, and they are fixed in position in a regular pattern.
An electric conductor is a solid in which electrons are able to move easily from one atom
to another. (Most metals, such as silver, gold, copper, and aluminum, are conductors.)
Some of the outer electrons in these conductors have been called “conduction electrons”
for the way they can move about within the atomic framework of the solid. An insulator is a solid in which the electrons are not free to move about easily from atom to
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Figure 2
Neutral and charged objects can be
represented by sketches with positive and negative signs.

+

positively
charged object

atom (Figure 3). Plastic, cork, glass, wood, and rubber are all excellent insulators.
Interestingly, the thermal properties of these materials are closely related to their electrical properties.
(a)

–
+
– –
+
–

–
+
– –
+
–

conductor

(b)
+
–
+
–

+
–
+
–

–
–
–
–
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– +
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+
–

Figure 3
(a) On a spherical conductor
charge spreads out evenly.
On an insulator the charge
remains in the spot where it
was introduced.
(b) On conductors that are not
spherical the charges tend to
repel one another toward the
more pointed surfaces.

–
–
+ – + ––
– – –
+ – –
–

insulator

Certain liquids are also conductors of electricity. The molecules of a liquid are free to
move about. In an insulating liquid, these molecules are neutral. Shuffling such molecules around cannot produce a net movement of electric charge through the liquid. If,
however, some of the particles in the liquid are charged, whether positively or negatively, the liquid is a conductor. Pure water contains essentially only neutral molecules
and is therefore an insulator. However, when a chemical such as table salt (or copper
sulphate, potassium nitrate, hydrochloric acid, chlorine, etc.) is added to the water, the
solution becomes a conductor. Many substances dissociate, or break apart, into positive and negative ions—charge carriers—when dissolved in water, making it a conducting solution.
A gas can also be a conductor or insulator, depending on the electrical nature of its molecules. A charged object exposed to dry air will remain charged for a long time, which
shows that air cannot discharge the object by conduction. On the other hand, if the air
were exposed to X rays or nuclear radiation, the object would begin to discharge immediately. Again, the molecules of a gas are normally neutral, but the presence of
X rays or other radiation can cause these neutral gas molecules to ionize, and this ionized gas becomes a good conductor. Humid air, containing a large number of water molecules in the form of vapour, is also a good conductor because water molecules are able
to partially separate into positive and negative charges. More importantly, humid air
usually contains dissolved materials that ionize.
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Plasma
A plasma is a fourth state of
matter that exists at very high temperatures. It has very different
properties than those of the other
three states. Essentially, a plasma
is a very hot collection of positive
and negative ions and electrons.
Examples of plasmas are gases
used in neon lights, flames, and
nuclear fusion reactions.
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Electronic Ink
Electronic ink technology (Figure 4) illustrates the basic laws of electric charge. Unlike
ordinary ink, electronic ink contains clear microcapsules the diameter of a human hair,
each filled with dozens of tiny white beads suspended in a dark liquid. The white beads
are negatively charged. Millions of these microcapsules are sandwiched between an
opaque insulating base and a clear insulating top layer.
(a)

(b)
dark liquid

Physics is
FUN!
base layer

microcapsules
beads
base layer

Figure 4
(a) Microcapsules in electronic ink
rest on an opaque base layer,
covered by a clear top layer.
(b) Dark pixels are formed when a
positive charge is placed on the
base layer. White pixels are
formed when a negative charge
is placed on the base layer.

dark pixel

white pixel

Computer chips are designed to place charges in specific places on the base layer.
Giving the base layer a positive charge in a certain area (a picture element, or “pixel”) causes
the small, negatively charged beads to sink to the bottom of the microcapsules, making
the pixel, as viewed through the transparent top layer, dark. Conversely, a negative charge
under the pixel drives the white beads upward in the microcapsule fluid, making the
pixel white.
Placing these dark and white pixels in the correct places allows us to form characters
and drawings, as on a computer screen. It is possible that in coming years, electronic
ink will revolutionize publishing.

Charging By Friction
We know that some substances acquire an electric charge when rubbed with other substances. For example, an ebonite rod becomes negatively charged when rubbed with fur.
This phenomenon can be explained with the help of a model of the electrical structure
of matter.
An atom holds on to its electrons by the force of electrical attraction to its oppositely
charged nucleus. When ebonite and fur are rubbed together, some of the electrons originally in the fur experience a stronger attraction from atomic nuclei in the ebonite than
they do from nuclei in the fur. Consquently, after the rubbing, the ebonite has an excess
of electrons, and the fur has a deficit (Figure 5).
ebonite rod
–
–
+
–
+

– +
+ –

–
+
–

+
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–

–
–

+

fur

+

+

+
–
+

Figure 5
When ebonite and fur are rubbed together,
some of the electrons from the fur are captured
by more strongly attracting atomic nuclei in the
ebonite. After the rubbing, the ebonite has an
excess of electrons, and the fur has a deficit.
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The same process occurs with many other pairs of substances, such as glass and silk.
Table 1 lists various substances that can be charged by friction. If two substances in the
table are rubbed together, the substance that is lower in the table acquires an excess of
electrons, the substance higher in the table a deficit.
Table 1 The Electrostatic Series
acetate

weak hold on electrons

glass
wool
cat fur, human hair
calcium, magnesium, lead

increasing tendency

silk

to gain electrons

aluminum, zinc
cotton
paraffin wax
ebonite
polyethylene (plastic)
carbon, copper, nickel
rubber
sulphur
platinum, gold

strong hold on electrons

Induced Charge Separation
The positive charges on a solid conductor are fixed, and vibrate around their fixed positions. Some of the negative electrons are quite free to move about from atom to atom. When
a negatively charged ebonite rod is brought near a neutral, metallic-coated pith ball or metalleaf electroscope, some of the many free electrons are repelled by the ebonite rod and
move to the far side of the pith ball or metal-leaf electroscope (conductor).
The separation of charge on each of these objects is caused by the presence of the
negative distribution of charge on the ebonite rod. This separation is called an induced
charge separation (Figure 6). A charge separation will also result from the presence of
a positively charged rod (Figure 7).

pith ball

–
– + –– –
– – + –
–

electrons
repelled by
ebonite rod

– + –
+ ––
– –– –
–

+
net

––
+
+ –+
+ –
net + net –

+

+
metal-leaf electroscope

+
net

–
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induced charge separation distribution of charge that results from a
change in the distribution of electrons in or on an object

–
+
–

–
+
–

–

electrons repelled
by ebonite rod

Figure 6
Induced charge separation caused
by the approach of a negatively
charged ebonite rod
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electrons
attracted by
glass rod

–

glass rod

net

–

+ +
+ +

–– +
+ +
–– +

–
+
+
+ +
–

–
– + –
–
–

electrons attracted
by glass rod

+
+

net

+

net – net +

+

+

Figure 7
Induced charge separation caused by the
approach of a positively charged glass rod

In both examples using the neutral pith ball, the charge induced on the near side of
the pith ball is the opposite of the charge on the approaching rod. As a result, the pith
ball is attracted to the rod, whether the rod is charged positively or negatively. This is how
a charged object can attract some neutral objects (Figure 8).

ebonite rod

–
+ – –– –
+ –
–
–

strong force
of attraction
to ebonite rod

+ ––
–
+ –+
+

net force on
pith ball
near net +
Figure 8
Attraction of a neutral pith ball to a negatively
charged ebonite rod

flow of electrons

ebonite rod

metal-leaf electroscope

Figure 9
Charging by contact with a negatively charged ebonite rod
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weaker force
of repulsion
from ebonite rod

far net –

It is true that there is repulsion between the rod and the similar charge on the far side
of the ball. However, the strength of the electric forces between similar and opposite
charges depends on the distance between the charges. As the distance increases, the magnitude of the force of attraction or repulsion decreases, as you will learn in more detail
in the next section. Hence, there is a net attraction of the neutral ball.

Charging By Contact
When a charged ebonite rod makes contact with a neutral pith ball, some of the excess
electrons on the ebonite rod, repelled by the proximity of their neighbouring excess electrons, move over to the pith ball. The pith ball and the ebonite rod share the excess of
electrons that the charged rod previously had. Both now have some of the excess; hence,
both are negatively charged. A similar sharing occurs when a charged ebonite rod makes
contact with the knob of a metal-leaf electroscope (Figure 9).
When we perform the same operation with a positively charged glass rod, some of
the free electrons on the pith ball or metal-leaf electroscope are attracted over to the
glass rod to reduce its deficit of electrons (Figure 10). The electroscope and the rod
share the deficit of electrons that the rod previously had, and both have a positive charge.
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Figure 10
Charging by contact with a positively charged glass rod

electrons repelled
to ground by
negative
– – rod
+
–
+

Charging By Induction

–

We learned that a charged rod can induce a charge separation on a neutral conductor. When
a charged ebonite rod is brought near the knob of a neutral metal-leaf electroscope, free
electrons on the electroscope move as far away as possible from the negative rod. If you
touch the electroscope with your finger, keeping the ebonite rod in place, electrons are
induced to vacate the electroscope and flow through your finger (Figure 11(a)). When your
finger is removed, the electroscope is left with a deficit of electrons and, therefore, a positive charge. The leaves will remain apart even when the ebonite rod is removed.
A positively charged rod held near the knob of an electroscope induces electrons to move
through your finger onto the electroscope. Now, when the finger is removed, the electroscope is left with an excess of electrons and, therefore, a negative charge (Figure 11(b)).
One might ask in all these methods of charging objects how the total charge at the beginning compares to the final total charge. In all the methods of charging, one object gains
electrons while the other loses the same amount. As a result, the total charge is always constant. In fact, the total charge in an isolated system is always conserved; this is called the
law of conservation of charge.

+
+

+

–

–

grounded electroscope
in the presence of
a negatively charged rod
(b)
+

–+ +–

+

electrons attracted
from ground by
–
positive
– – rod
+
–
–
–
+
–

Law of Conservation of Charge
The total charge (the difference between the amounts of
positive and negative charge) within an isolated system is
conserved.

As we will see in Unit 5, this is true in all cases, not just in charging objects.

TRY THIS activity

Charging Objects

Charge an object by friction and bring it near a stream of smoke rising from a wooden
splint. What do you see? Explain why it happens.
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grounded electroscope
in the presence of
a positively charged rod
Figure 11
Notice that the leaves of the electroscope fall, indicating a neutral condition of the leaves while the finger
is in position.
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Practice
Understanding Concepts

3. When a negatively charged object comes into contact with

1. Describe how electronic ink technology illustrates the

basic laws of electric charges.
2. As you walk across a rug on a dry winter day, electrons

transfer from the rug to your body.
(a) How does the charge on your body compare to the
charge on the rug?
(b) By what method are you achieving a transfer of
charge? Explain your reasoning.
(c) Why does this method of developing a charge on your
body work best when the air is dry?

the metal knob at the top of a neutral metal-leaf electroscope, the two leaves, which normally hang straight down,
move apart.
(a) Explain why the leaves move apart.
(b) Explain how the metal-leaf electroscope can be used
to indicate the amount of the charge on the object.
(c) Is it necessary for the charged object to touch the
electroscope to cause the leaves to move apart?
Explain your reasoning.
4. When physically upgrading the memory in your computer,

you are asked to touch the metal casing before handling
the chip. Explain why.

The Photocopier
The electrostatic photocopier illustrates the basic properties of electric charges discussed
in this section. The central device in the process is an aluminum drum covered with a
fine layer, less than 50 mm thick, of the photoconductive metal selenium (Figure 12(a)).
Photoconductors are materials that act as a conductor when exposed to light and as an insulator in the dark. When the copier is being set up to make a copy, an electrode, called a
(b)

(a)
original
document

lamps

selenium-coated drum

corotron
for drum

selenium-coated
drum
lens

copy
output

1. Charging the
drum

2. Imaging the document
on the drum
negatively
charged
toner
3. Fixing the toner
to the drum
coroton
for paper

heated
pressure rollers
heated pressure
rollers

corotron
for drum

corotron
for paper

4. Transferring the toner
to the paper

copy paper

finished
copy

Figure 12
(a) A typical electrostatic photocopier
(b) Steps in making a photocopy
5. Melting the toner
into the paper
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corotron, deposits a positive charge, in darkness, uniformly over the entire surface of the
selenium (Figure 12(b), step 1). The selenium will retain this charge unless exposed to
light, in which case electrons from the underlying aluminum—an excellent conductor—
roam through the selenium, neutralizing the positive charge.
When the copier lamp comes on and the actual copying begins, light is reflected from
the document through a series of lenses and mirrors onto the selenium (step 2). In
places where the document is white, light is strongly reflected onto the selenium drum
surface, causing it to act as a conductor and lose its charge. Where the document is black,
no light is reflected onto the drum, causing the charge to be retained. An electrical image
of the document is thus created on the drum—neutral where the original is white, positively charged where the original is black. This image will persist as long as the drum is
kept dark.
The electrical image on the drum is developed into a dry copy, using a dry black
powder called “toner.” Toner particles, made of plastic, are first given a negative charge,
and then spread over the rotating drum (step 3). The particles are attracted to the charged
areas of the drum but not to the neutral areas. Powder that does not adhere to the drum
falls into a collecting bin for reuse.
To create a copy of this image, the toner must be transferred to paper. To do this, a
second corotron gives a sheet of paper a positive charge greater than the charge on the
selenium (step 4). As the drum rolls across this paper, toner particles that a moment
ago adhered to the drum are attracted to the paper, forming an image on it.
If you were to rub your finger across the paper at this stage, the toner would smudge.
To “fix,” or immobilize, the image, heat from pressure rollers melts the plastic toner particles, fusing them to the paper (step 5).

DID YOU KNOW

?

Electrostatic Photocopying
Electrostatic photocopying is also
called xerography, from the Greek
xeros, “dry,” and graphein, “to
write.” Until the 1960s, photocopying required wet chemicals.

Practice
Understanding Concepts
5. Explain why copies emerging from an electrostatic photocopier are hot, and why they

tend to stick together.
6. Which material(s) in the photocopying process have to be replenished from time to

time?
7. List the properties of selenium, and explain how they are essential to the operation of

an electrostatic photocopier.
Making Connections
8. If you changed the toner on a photocopier and got some toner on your hands, should

you use warm water or cold water to remove it? Explain your answer.

SUMMARY

Electric Charge and the Electrical
Structure of Matter

•

The laws of electric charges state: opposite electric charges attract each other;
similar electric charges repel each other; charged objects attract some neutral
objects.

•

There are three ways of charging an object: by friction, by contact, and by
induction.
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Section 7.1 Questions
Understanding Concepts
1. In the following examples, explain how the charge develops

on each rod and where it can be found by discussing the
movement of electrons. Compare it to the charge on the
material or charging object.
(a) A glass rod is rubbed with a plastic bag.
(b) An ebonite rod is rubbed with fur.
(c) A small metal rod on an insulated stand is touched by
a positively charged identical metal rod.
(d) A small metal rod on an insulated stand is touched by
a negatively charged large metal sphere.
2. Explain, with an example, how to charge an object posi-

tively using only a negatively charged object.
3. Explain how an electrically neutral object can be attracted

to a charged object.
4. (a) The leaves of a charged metal-leaf electroscope will

eventually lose their charge and fall back down to vertical. Explain why this occurs.
(b) Explain why the leaves of the electroscope will lose
their charge faster if
(i) the humidity in the air is higher
(ii) the electroscope is at a higher altitude
5. (a) Identify each of the following as a conductor or insu-

lator and explain how the properties of this type of
substance are essential to photocopying:
(i) aluminum
(iii) selenium
(v) rubber rollers
(ii) paper
(iv) toner
(b) Explain what would go wrong in the photocopying
process if the substances above were the opposite of
what you identified.

Making Connections
9. Laser printers work on principles similar to electrostatic

photocopiers. Research laser printer technology and
answer the following questions:
(a) What is the role of the laser in making the printouts?
(b) Why are copies made from laser printers of such high
quality?

GO

www.science.nelson.com

10. Fabric softener sheets claim to reduce static cling between

the clothes in a dryer. Research fabric softeners and
answer the following questions:
(a) Why do clothes cling to each other when they are
removed from a dryer?
(b) How does a fabric softener sheet alleviate the
problem?

GO

www.science.nelson.com

11. Long, thin conducting strips are placed near the ends of

airplane wings to dissipate the charge that builds up on the
plane during flight. Research this technology and answer
the following questions:
(a) Why does an airplane develop a charge in flight?
(b) What feature of the atmosphere plays a role in
removing the charge from the plane?
(c) Why are the conducting strips long and thin and
placed near the end of the wings (Figure 13)?

GO

www.science.nelson.com

Applying Inquiry Skills
6. Outline, using diagrams and explanations, the design of an

electrostatic device suitable for filtering charged particles
out of air ducts in a home. Describe any maintenance your
device requires.
7. Two oppositely charged pith ball electroscopes are used to

determine whether an object has a charge and, if it does,
the type of charge. Discuss the observations expected and
explain why both electroscopes are needed.
8. Tear a piece of paper into several small pieces. Charge a

plastic pen and two other objects by rubbing them on your
hair or on some fabric. Bring each charged object near the
pieces of paper.
(a) Describe what you observe, listing the three materials
you charged.
(b) Why are the pieces of paper attracted to the charged
object?
(c) Why do some pieces of paper fall off your charged
objects after a short while?
(d) When using a conducting sphere with a large charge,
the paper “jumps” off instead of falling. Explain why
this happens.
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Figure 13
Long, thin conducting strips are placed at the end
of airplane wings to reduce charge.
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Electric Forces: Coulomb’s Law
All the matter around you contains charged particles, and it is the electric forces between
these charged particles that determine the strength of the materials and the properties
of the substances. But knowing whether the charges attract or repel is not enough; we
must also know the factors that determine the magnitude of the electric force between
charges. Investigation 7.2.1 in the Lab Activities section at the end of this chapter explores
these factors.
Often scientists use well-established theories, patterns, and laws when investigating new
phenomena. For example, when scientists began, in the eighteenth century, to study in
a systematic way the electric force between charges, they hypothesized that the force
would obey an inverse square law, drawing upon their experience with gravitation. In fact,
in 1785, when the French physicist Charles Augustin de Coulomb experimentally established the quantitative nature of the electric force between charged particles, it was
already widely expected to be an inverse square law.
Coulomb devised a torsion balance similar to that used by Cavendish in his study of
gravitational forces but with small charged spheres in place of Cavendish’s masses
(Figure 1).
Coulomb’s apparatus consisted of a silver wire attached to the middle of a light horizontal insulating rod. At one end of the rod was a pith ball covered in gold foil. At the
other end, to balance the rod, a paper disk was attached. Coulomb brought an identical
stationary ball into contact with the suspended ball. He charged both balls equally by
touching one of them with a charged object. The two balls then repelled each other,
twisting the wire holding the rod until coming to rest some distance away.
Since Coulomb knew how much force was required to twist his wire through any
angle, he was able to show that the magnitude of this electric force, FE, was inversely
proportional to the square of the distance, r, between the centres of his charged spheres
(Figure 2):
1
FE ~ }}2
r

7.2
INVESTIGATION 7.2.1
Factors Affecting Electric Force
between Charges (p. 372)
How would you show that the force
between charged particles obeys an
inverse square law? Can you devise
two or three different experiments?
(a)

(b)

+++
+++

Coulomb also investigated the relationship between the magnitude of the electric
force and the charge on the two spheres. By touching either charged sphere with an
identical neutral sphere, he was able to divide its charge in half. By repeatedly touching

++
+
++
++

++
+
++
++

Figure 1
(a) Part of Coulomb’s device
(b) The two similarly charged
spheres repel each other,
twisting the wire until the
restoring force from the wire,
which resists the twist, balances the electrostatic force.

Figure 2
The electrostatic force of repulsion between two identical
spheres at different distances

NEL

Electric Charges and Electric Fields 327

a charged sphere with an identical neutral sphere, he was able to reduce the charge to a
quarter, an eighth, a sixteenth, … of its original value. Such manipulations revealed that,
for example, halving the charge on one sphere decreased the force of electrostatic repulsion to half its original value, whereas halving both charges reduced the force to a quarter
of its initial value. Coulomb concluded that the magnitude of the electric force is directly
proportional to the product of the magnitudes of the charges on each sphere:
FE ~ q1q2

where q1 and q2 are the respective magnitudes of the charges on the two spheres.
Combining these two results, we have what has become known as Coulomb’s law of
electric forces:

and

q1q2
FE ~ }}
r2
kq1q2
FE 5 }}
r2

where k is a proportionality constant, known as Coulomb’s constant.
Coulomb’s law applies when the charges on the two spheres are very small, and the two
spheres are small compared to the distance between them. In this case, the charge distribution on the surface of the spheres will be fairly uniform. If the charge on a sphere
is uniformly distributed, then the force measured between the two spheres is the same
as if all the charge on each sphere is concentrated at the centre. (This is why we measure
r from the centre of each sphere.) It can be assumed that Coulomb’s law is extremely
accurate when using point charges and reasonably accurate when the spheres are small.
The difference in accuracy is due to the presence of the second charged sphere that
causes the charge on the surface of each sphere to redistribute so r can no longer be
measured from the centre of the spheres. When the spheres are small, the charge distribution stays nearly uniform due to the strong repulsive forces between the charges on
each sphere. This is only true if the distance between the spheres is large compared to the
size of the spheres.
Now Coulomb’s law may be defined in words:
Coulomb’s Law
A
q1

B
FE

FE

q2

r
Figure 3
By Newton’s third law, the electric
force exerted on body A by body B
is equal in magnitude and opposite
in direction to the force exerted on
B by A.

coulomb (C) the SI unit of electric
charge
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The force between two point charges is inversely
proportional to the square of the distance between
the charges and directly proportional to the product
of the charges.

The forces act along the line connecting the two point charges. The charges will repel
if the forces are alike and attract if unlike. In all cases, Coulomb’s law is consistent with
Newton’s third law, so when using the equation to find the magnitude of one of the
forces, the magnitude of the force on the other sphere is also known to be equal in magnitude but opposite in direction (Figure 3). However, to calculate the magnitude of an
electric force quantitatively, in newtons, using Coulomb’s law, it is necessary to measure
the magnitude of each electric charge, q1 and q2, as well as establish a numerical value
for the Coulomb proportionality constant, k.
Electric charge is measured in units called coulombs (SI unit, C). The exact definition
of a coulomb of charge depends on the force acting between conductors through which
charged particles are moving. This will be explained fully in Chapter 8, when we learn
about these forces. How large, in practical terms, is the coulomb? A coulomb is approx-
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imately the amount of electric charge that passes through a standard 60-W light bulb (if
connected to direct current) in 2 s. In comparison, an electrostatic shock that you might
receive from touching a metallic doorknob after walking across a woollen rug, involves
the transfer of much less than a microcoulomb. Charging by friction typically builds
up around 10 nC (10–8 C) for every square centimetre of surface area. The attempt to add
more charge typically results in a discharge into the air. Therefore, storing even 1 C of
charge is difficult. Because Earth is so large, it actually stores a huge charge, roughly
400 000 C, and releases approximately 1500 C of charge every second in storm-free areas
to the atmosphere. The balance of charge is maintained on Earth by other objects
dumping excess charge through grounding and when lightning strikes Earth. A bolt
may transfer up to 20 C (Figure 4).
The value of the proportionality constant k may be determined using a torsional
balance similar to that used by Cavendish. By placing charges of known magnitude a
given distance apart and measuring the resulting angle of twist in the suspending wire,
we can find a value for the electric force causing the twist. Then, using Coulomb’s law
in the form
FEr 2
k 5 }}
q1q2

a rough value for k can be determined. Over the years, a great deal of effort has gone
into the design of intricate equipment for measuring k accurately. To two significant
digits, the accepted value for this constant is

Figure 4
The charge transfer that occurs
between Earth and the clouds
maintains the balance of charge.

k 5 9.0 3 109 N?m2/C2

SAMPLE problem 1
The magnitude of the electrostatic force between two small, essentially pointlike, charged
objects is 5.0 3 1025 N. Calculate the force for each of the following situations:
(a) The distance between the charges is doubled, while the size of the charges stays the
same.
(b) The charge on one object is tripled, while the charge on the other is halved.
(c) Both of the changes in (a) and (b) occur simultaneously.

Solution
F1 5 5.0 3 1025 N
F2 5 ?

1
(a) Since FE ~ }},
r2
F2
r
}} 5 }r}1
F1
2

2

1 2

r
F2 5 F1 }r}1
2

2

1 2

2

12

1
5 (5.0 3 1025 N) }}
2
F2 5 1.2 3 1025 N

When the distance between the charges is doubled, the magnitude of the force
decreases to 1.2 3 1025 N.
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(b) Since FE ~ qAqB,
qA2qB2
F
}}2 5 }
F1
qA qB
F2 5 F1 }}2 }}2
q A1 qB1

1 21 2

DID YOU KNOW
Adhesive Tape

1 21 2

1 3
5 (5.0 3 1025 N) }} }}
2 1

?

F2 5 7.5 3 1025 N

When the charge on one object is tripled, and the charge on the other object is
halved, the magnitude of the force increases to 7.5 3 1025 N.
(c) Since

qAqB
FE ~ }},
r2
F
}}2 5
F1

q A 2q B 2

r1

1 } 21}r}2

2

2

qA qB r1
F2 5 F1 }}2 }}2 }r}
q A1 qB1 2

1 21 21 2

The electrostatic force contributes to
the stickiness of adhesive tape.
When adhesive tape is attached to
another material, the distance
between the charges in the two
materials is very small. The electrons
can pass over the small distance,
causing the two objects to have
opposite charges and contributing to
the adhesive bond. The small pits are
there because, when pulling adhesive tape off a surface, parts of the
adhesive stay stuck on the material.

2

1 21 21 2

1 3 1
5 (5.0 3 1025 N) }} }} }}
2 1 2

2

F2 5 1.9 3 1025 N

When the charges and the separation from (a) and (b) change simultaneously, the
magnitude of the force decreases to 1.9 3 1025 N.

SAMPLE problem 2
What is the magnitude of the force of repulsion between two small spheres 1.0 m apart, if
each has a charge of 1.0 3 10212 C?

Solution
q1 5 q2 5 1.0 3 10212 C
r 5 1.0 m
FE 5 ?
kq1q2
FE = }}
r2
(9.0 3 109 N?m2/C2)(1.0 3 10212 C)2
5 }}}}
(1.0 m)2
FE 5 9.0 3 10215 N

The magnitude of the force of repulsion is 9.0 3 10215 N, a very small force.

Practice
Understanding Concepts
Answer
1. (a) 1.2 3 1025 N
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1. Two charged spheres, 10.0 cm apart, attract each other with a force of magni-

tude 3.0 3 1026 N. What force results from each of the following changes, considered separately?
(a) Both charges are doubled, while the distance remains the same.
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(b) An uncharged, identical sphere is touched to one of the spheres and is then
taken far away.
(c) The separation is increased to 30.0 cm.

Answers
1. (b) 1.5 3 1026 N
(c) 3.3 3 1027 N

2. The magnitude of the force of electrostatic repulsion between two small posi-

2. (a) 9.0 3 1026 N

tively charged objects, A and B, is 3.6 3 1025 N when r 5 0.12 m. Find the force
of repulsion if r is increased to (a) 0.24 m, (b) 0.30 m, and (c) 0.36 m.

(b) 5.8 3 1026 N
(c) 4.0 3 1026 N

3. Calculate the force between charges of 5.0 3 1028 C and 1.0 3 1027 C if they

are 5.0 cm apart.

3. 1.8 3 1022 N

4. Calculate the magnitude of the force a 1.5 3 1026 C charge exerts on a

4. 1.9 N

3.2 3 1024 C charge located 1.5 m away.

5. 1.0 3 10211 C; 2.0 3 10211 C

5. Two oppositely charged spheres, with a centre-to-centre separation of 4.0 cm,

6. 0.51 m

attract each other with a force of magnitude 1.2 3 1029 N. The magnitude of the
charge on one sphere is twice the magnitude of the charge on the other.
Determine the magnitude of the charge on each.

7. 1.2 3 1027 C

6. Two equal uniform spherical charges, each of magnitude 1.1 3 1027 C, experi-

ence an electrostatic force of magnitude 4.2 3 1024 N. How far apart are the
centres of the two charges?
7. Two identical small spheres of mass 2.0 g are fastened to the ends of an insulating

thread of length 0.60 m. The spheres are suspended by a hook in the ceiling from
the centre of the thread. The spheres are given identical electric charges and hang
in static equilibrium, with an angle of 30.0° between the string halves, as shown in
Figure 5. Calculate the magnitude of the charge on each sphere.

30.0°

2.0 g

Coulomb’s Law versus the Law of
Universal Gravitation
kq q2
There are many similarities between Coulomb’s law FE 5 }1}
and Newton’s law
r2
Gm1m2
of universal gravitation Fg 5 }}
:
r2

1

2

1

2

•

Both are inverse square laws that are also proportional to the product of another
quantity; for gravity it is the product of two masses, and for the electric force it is
the product of the two charges.

•
•

The forces act along the line joining the centres of the masses or charges.

2.0 g

Figure 5
For question 7

The magnitude of the force is the same as the force that would be measured if all
the mass or charge is concentrated at a point at the centre of the sphere.
Therefore, distance in both cases is measured from the centres of the spheres. In
both cases we are assuming that r is longer than the radius of the object.

These parallels cannot be viewed as a concidence. Their existence implies that there
may be other parallels between electric and gravitational forces.
However, the two forces also differ in some important ways:

•

The electric force can attract or repel, depending on the charges involved,
whereas the gravitational force can only attract.

•

The universal gravitational constant, G 5 6.67 3 10–11 N?m2/kg2, is very
small, meaning that in many cases the gravitational force can be ignored
unless at least one of the masses is very large. In contrast, Coulomb’s constant,
k 5 9.0 3 109 N?m2/C2, is a very large number (over one hundred billion billion
times bigger than G), implying that even small charges can result in noticeable
forces.
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Just as a mass can be attracted gravitationally by more than one body at once, so a
charge can experience electric forces from more than one body at once. Experiments
have shown that the force between two charges can be determined using Coulomb’s law
independently of the other charges present, and that the net force on a single charge is
the vector sum of all these independently calculated electric forces acting on it. If all the
charges lie on a straight line, we can treat electric forces like scalars, using plus and minus
signs to keep track of directions. If the charges do not lie on a straight line, trigonometry and symmetries are used.

SAMPLE problem 3
Charged spheres A and B are fixed in position (Figure 6) and have charges
14.0 3 1026 C and 22.5 3 1027 C, respectively. Calculate the net force on sphere C,
whose charge is 16.4 3 1026 C.
A

B

C

+

−

+

20.0 cm

10.0 cm

+x

Figure 6

Solution
qA 5 14.0 3 1026 C

rAB 5 20.0 cm

qB 5 22.5 3 1027 C

rBC 5 10.0 cm
o#$Fnet 5 ?

qC 5 +6.4 3 1026 C

Since all three charges are in a straight line, we can take the vector nature of force into
account by assigning forces to the right as positive. Sphere C has forces acting on it from
spheres A and B. We first determine the magnitude of the force exerted on C by A:
kqA qC
}
FCA 5 }
rC A2

(9.0 3 109 N?m2/C2)(4.0 3 1026 C)(6.4 3 1026 C)
5 }}}}}}
(0.30 m)2
FCA 5 2.6 N

Therefore, F#$CA 5 2.6 N [right].
Next, we determine the magnitude of the force exerted on C by B:
kqBqC
}
FCB 5 }
rCB2

(9.0 3 109 N?m2/C2)(2.5 3 1027 C)(6.4 3 1026 C)
5 }}}}}}
(0.10 m)2
FCB 5 1.4 N

Our formulation of Coulomb’s law gives only the magnitude of the force. But since B and C
are dissimilar charges, we know that B attracts C leftward, so the direction of the force
exerted on C by B is
#$F 5 1.4 N [left]
BC
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The net force acting on sphere C is the sum of #$FCA and F#$CB:

oF#$

5 #$FCA 1 #$FCB

5 2.6 N [right] 1 1.4 N [left]
#$
F
5
1.2 N [right]
o

A
+

−

25 cm

The net force acting on sphere C is 1.2 N [right].

B

SAMPLE problem 4
Identical spheres A, B, C, and D, each with a charge of magnitude 5.0 3 1026 C, are situated at the corners of a square whose sides are 25 cm long. Two diagonally opposite
charges are positive, the other two negative, as shown in Figure 7. Calculate the net force
acting on each of the four spheres.

Solution

−

+
C

D
Figure 7
For Sample Problem 4

qA 5 qB 5 qC 5 qD 5 5.0 3 1026 C
s 5 25 cm 5 0.25 m
r 5 35 cm 5 0.35 m
o#$F 5 ?

1.8 N

(9.0 3 109 N?m2/C2)(5.0 3 1026 C)2
5 }}}}
(0.25 m)2

3.6 N

+

Each sphere experiences three electric forces, one from each of the two adjacent charges
(acting along the sides of the square) and one from the more distant charge (acting along
the diagonal). While some of the 12 forces acting will be attractions and some will be
repulsions, each of the 12 forces has one of just two possible magnitudes: one magnitude
in the case of equal charges 25 cm apart, the other in the case of equal charges separated
by the length of the diagonal, 35.4 cm. We begin by determining these two magnitudes:
kq1q2
Fside 5 }
s2

A

3.6 N

3.6 N

3.6 N

3.6 N

−

(9.0 3 109 N?m2/C2)(5.0 3 1026 C)2
5 }}}}
(0.35 m)2

1.8 N
−

+
3.6 N

D

3.6 N

1.8 N

C

1.8 N

+y

Fside 5 3.6 N
kq1q2
Fdiag 5 }
r2

B

3.6 N

+x
Figure 8
For the solution to Sample
Problem 4

Fdiag 5 1.8 N

Then draw a vector diagram showing each of these forces with its vector in the appropriate direction, whether an attraction or repulsion. The required diagram is shown in
Figure 8. We find that the forces acting on each sphere are similar, comprising in each
case an attraction of 3.6 N along two sides of the square and a repulsion of 1.8 N along
the diagonal. The net force on each sphere is the vector sum of these three forces. As an
example, we find the three-vector sum for sphere A. Using the rules for vector addition,
and drawing the vectors tip-to-tail, we obtain the diagram in Figure 9.
The desired sum (the dashed vector) has a magnitude equal to the length of the
hypotenuse in the vector triangle minus 1.8 N. The magnitude of the hypotenuse is

Ïw
(3.6 Nw
)2 1 (3w
.6 N)2 5 5.1 N
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charge A

FB = 3.6 N
v = 45°

oF

FD = 3.6 N

FC = 1.8 N
Figure 9
The net force on charge A
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Therefore,
oF#$ 5 5.1 N 2 1.8 N
o#$F 5 3.3 N

We can now find the direction of the vector sum from the diagram:

o#$F

5 3.3 N [45° down from right]

The same calculation at each of the other three corners produces the same result: a net
force of 3.3 N directed inward along the corresponding diagonal.
The same problem may be readily solved using components of the forces, in the x and y
directions, acting on each sphere.
For the force on sphere A:

oF#$

5 #$FB 1 #$FC 1 #$FD

Components in the x direction:
FAx 5 FBx 1 FCx 1 FDx 5 3.6 N 1 (21.8 N cos 45°) 1 0 5 2.3 N

Components in the y direction:
FAy 5 FBy 1 FCy 1 FDy 5 0 1 (11.8 N cos 45°) 1 (23.6 N) 5 22.3 N

Therefore,

oF

2 ww
2
5 Ï(F
w
Ax ) 1 (FAy )

5 Ïw
(2.3 Nw
) 1 (2w
2.3 N)2w

oF

5 3.3 N

FAy
v 5 tan21 }
FAx
5 tan211
v 5 45°

o#$F

5 3.3 N [45° down from right]

The net force acting on each charge is 3.3 N toward the centre of the square.

Practice
Understanding Concepts
Answers
8. 0.54 N [left]; 2.8 N [right];
2.3 N [left]
9. 6.2 N [outward, 150° away from
each side]
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8. Three objects, carrying charges of 24.0 3 10–6 C, 26.0 3 1026 C, and

19.0 3 1026 C, are placed in a line, equally spaced from left to right by a distance of 0.50 m. Calculate the magnitude and direction of the net force acting
on each.
9. Three spheres, each with a negative charge of 4.0 3 1026 C, are fixed at the ver-

tices of an equilateral triangle whose sides are 0.20 m long. Calculate the magnitude and direction of the net electric force on each sphere.
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Electric Forces: Coulomb’s Law

SUMMARY

•

Coulomb’s law states that the force between two point charges is inversely
proportional to the square of the distance between the charges and directly
kq1q2
proportional to the product of the charges: FE 5 }},
where
r2
k 5 9.0 3 109 N?m2/C2.

•

Coulomb’s law applies when the charges on the two spheres are very small, and
the two spheres are small compared to the distance between them.

•

There are similarities and differences between Coulomb’s law and Newton’s law
of universal gravitation: Both are inverse square laws that are also proportional to
the product of quantities that characterize the bodies involved; the forces act
along the line joining the two centres of the masses or charges; and the magnitude of the force is accurately given by the force that would be measured if all the
mass or charge is concentrated at a point at the centre of the sphere. However, the
gravitational force can only attract while the electric force can attract or repel.
The universal gravitational constant is very small, while Coulomb’s constant is
very large.

Section 7.2 Questions
2. Two identical metal spheres, each with positive charge q, are

Understanding Concepts
1. (a) Describe the electric force between two small charges

and compare this force to the gravitational force
between two small masses. How are the two forces
different?
(b) State Coulomb’s law and Newton’s law of universal
gravitation. In which respect are these two laws similar? How are they different? Organize your answer by
copying and completing Figure 10.
Venn Diagram
Newton’s
law

Coulomb’s
law

separated by a centre-to-centre distance r. What effect will
each of the following changes have on the magnitude of the
electric force F E exerted on each sphere by the other?
(a) The distance between the two spheres is tripled.
(b) The distance between the two spheres is halved.
(c) Both charges are doubled.
(d) One of the charges becomes negative.
(e) One sphere is touched by an identical neutral sphere,
which is then taken far away and the distance is
2
decreased to }} r.
3
3. Two small spheres of charge 15.0 mC and 24.0 mC are
separated by a distance of 2.0 m. Determine the magnitude
of the force that each sphere exerts on the other.
4. Two 10.0-kg masses, each with a charge of 11.0 C, are sep-

different

Figure 10
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common

different

arated by a distance of 0.500 km in interstellar space, far
from other masses and charges.
(a) Calculate the force of gravity between the two objects.
(b) Calculate the electric force between the two objects.
(c) Draw FBDs showing all the forces acting on the
objects.
(d) Calculate the net force on each object, and use it to
find the initial acceleration of each object.
(e) Repeat (c) ignoring the gravitational force. What have
you found?
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5. Two identically charged small spheres, of negligible mass,

are separated by a centre-to-centre distance of 2.0 m. The
force between them is 36 N. Calculate the charge on each
sphere.
6. Neutral metal sphere A, of mass 0.10 kg, hangs from an

insulating wire 2.0 m long. An identical metal sphere B,
with charge 2q, is brought into contact with sphere A. The
spheres repel and settle as shown in Figure 11. Calculate
the initial charge on B.

9. Two small spheres, with charges 1.6 3 1025 C and

6.4 3 1025 C, are 2.0 m apart. The charges have the same
sign. Where, relative to these two spheres, should a third
sphere, of opposite charge 3.0 3 1026 C, be placed if the
third sphere is to experience no net electrical force? Do we
really need to know the charge or sign of the third object?
10. Two spheres are attached to two identical springs and

separated by 8.0 cm, as in Figure 14. When a charge of
2.5 3 1026 C is placed on each sphere, the distance
between the spheres doubles. Calculate the force constant
k of the springs.
8.0 cm

12°

Figure 14
B

A

Applying Inquiry Skills

Figure 11

11. A charged sphere is attached to an insulating spring on a

7. Three objects with charges 15.0 mC, 26.0 mC, and

17.0 mC are placed in a line, as in Figure 12. Determine
the magnitude and direction of the net electric force on
each charge.
−6.0 mC +7.0 mC

+5.0 mC

horizontal surface. Assume no charge is lost to the surroundings. An identical sphere is attached to an insulating
rod. Using only this equipment, design an experiment to
verify Coulomb’s law. How will the compression of the
spring be related to the product of the charges and the distance between the charges?
Making Connections

0.80 m

0.40 m

Figure 12
8. Four objects, each with a positive charge of 1.0 3 1025 C,

are placed at the corners of a 45° rhombus with sides of
length 1.0 m, as in Figure 13. Calculate the magnitude of
the net force on each charge.

45°

12. Under normal circumstances, we are not aware of the elec-

tric or gravitational forces between two objects.
(a) Explain why this is so for each force.
(b) Describe an example for each in which we are aware
of the force. Explain why.
13. Assume the electric force, instead of gravity, holds the

Moon in its orbit around Earth. Assume the charge on
Earth is 2q and the charge on the Moon is 1q.
(a) Find q, the magnitude of the charge required on each
to hold the Moon in orbit. (See Appendix C for data.)
(b) How stable do you think this orbit would be over long
periods of time? (Will the charges stay constant?)
Explain what might happen to the Moon.

Figure 13
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7.3

Most audio equipment and computer towers are encased in metal boxes. Why do you think
the metal is necessary? Can you believe that there is some connection between this question and the recent interest in the DNA mapping of the human genome? The common
thread is electric force. To learn more about these applications, we must take a closer
look at electric force.
The electric force is an “action-at-a-distance” force, since electric charges attract or repel
each other even when not in contact. According to Coulomb’s law, the magnitude of
the force between two point charges is given by
kq1q2
FE 5 }
r2

As you learned in Section 7.2, this kind of action-at-a-distance force is similar to the
gravitational force between two masses. The force of gravity extends through space over
vast distances, attracting planets to stars to form solar systems, multitudes of solar systems and stars to each other to form galaxies, and galaxies to each other to form galaxy
clusters. How can one piece of matter affect the motion of another across a void, whether
gravitationally or electrically? This is a fundamental puzzle in physics. The dominant
theory today is the field theory.
Field theory was introduced to help scientists visualize the pattern of forces surrounding an object. Eventually, the field itself became the medium transmitting the
action-at-a-distance force. We define a field of force as follows:

field theory the theory that
explains interactions between
bodies or particles in terms of fields

Field of Force
A field of force exists in a region of space when an appropriate object placed at any point in the field experiences a
force.

N

According to this concept, any mass, such as Earth, produces a field of force because
any other mass placed within its gravitational field will experience a force of attraction.
Similarly, any charged object creates an electric field of force around it because another
charged object placed within this field will experience a force of repulsion or attraction.
To the founding physicists of electric field theory, the idea of an electric field of force
became so fundamental in their explanations of action-at-a-distance forces that the
electric field of force changed from representing the pattern of the forces to an actual physical quantity that charges interacted with to experience force. Faraday would explain
the electric force by saying that a charged object sends out an electric field into space;
another charge detects this field when immersed in it and reacts according to its charge.
This is not a new concept for us since both the gravitational and the magnetic forces
are commonly represented by fields (Figure 1).
Faraday was the first to represent electric fields by drawing lines of force around
charges instead of force vectors. Force vectors show the direction and magnitude of the
electric force on a small, positive test charge placed at each and every point in the field.
For the sake of simplicity, continuous field lines are drawn to show the direction of this
force at all points in the field (Figure 2).

S
magnetic
field
N

S

Figure 1
Earth’s gravitational field and a
magnetic field
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electric field ( #«$) the region in
which a force is exerted on an electric charge; the electric force per
unit positive charge

+
+

+
one electric field line

+

+
+

+
+

+
positive
test charge

force on
positive test
charge

positively
charged
sphere
+
Figure 2
A small positive test charge is used to determine the
direction of the electric field lines around a charge.

Figure 3
Positively charged sphere

Since the electric field is thought of as a quantity that exists independently of whether
or not a test charge q is present, then we may define it without referring to the other
#$ at any point is defined as the electric force per
charge. Therefore, the electric field «
unit positive charge and is a vector quantity:
F#$

«#$ 5 }E
q

Figure 4
The electric field of a positive
charge demonstrated by rayon
fibres in oil

where the units are newtons per coulomb (N/C) in SI.
Consider, for example, the electric field around a sphere whose surface is uniformly
covered in positive charge. We consider this the primary charge. The test charge, which
is always positive by convention, should be small to minimize its effect on the field we
are investigating. Since both charges are positive, the test charge will be repelled no
matter where we place it. If we place a test charge some distance to the right of the positively charged sphere, the force on the test charge will be to the right. If the positive test
charge is then placed at other similar points around the sphere, and in each case a field
line is drawn, the entire electric field will appear as shown in Figures 3 and 4.
In an electric field diagram for a single point charge, the relative distance between
adjacent field lines indicates the magnitude of the electric field at any point. In a region
where the electric field is strong, adjacent field lines are close together. More widely
spaced field lines indicate a weaker electric field.
If the positively charged sphere is small enough to be considered a point charge, then
the electric field, at any point a distance r from the point, is directed radially outward and
has a magnitude of
F

« 5 }}E
q

–

kq1q
5 }2}
r q
kq

1
« 5 }}
2

r

Figure 5
Negatively charged sphere

338 Chapter 7

where q1 is the charge on the sphere.
The electric field of a negatively charged sphere is identical, except that the field lines
point in the opposite direction, inward (Figure 5).
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Electric fields are used in a process called electrophoresis to separate molecules.
Electrophoresis takes advantage of the fact that many large molecules are charged and
will move if placed in an electric field. When placed in a medium under the influence of
an electric field, different types of molecules will move at different rates because they have
different charges and masses. Eventually, the different types of molecules will separate
as they move under the influence of the electric field. The four columns on the left in
Figure 6 result from DNA taken from different family members. Electrophoresis generates
the separated bands, which act as a fingerprint unique to each person. You can see in
Figure 6 that each child (C) shares some similar bands with the mother (M) or father
(F), as you would expect.
More complex electric fields result when more than one point charge is present or
when the object is too large to be considered a point charge. In such cases, the electric
field at any point is the vector sum of the electric fields of all the point charges contributing to the net electric force at that point. This idea is called the superposition principle in physics. The electric fields of some typical charge distributions are shown in
Figure 7.

(a)

(b)

Figure 6
Electrophoresis uses electric fields
to separate large charged molecules. The bands of DNA serve as a
unique fingerprint for an individual.
Related individuals show similarities
in their bands.

+
+

+

+

Drawing Electric Fields
By convention, in electrostatic representations electric field lines start on positive charges
and end on negative charges. This means that electric field lines diverge or spread apart
from positive point charges and converge onto negative point charges. In many of the diagrams in this text the ends of the field lines are not shown, but when they do end it is
always on a negative charge.
When drawing electric fields, keep in mind that field lines never cross. You are drawing
the net electric field in the region that indicates the direction of the net force on a test
charge. If two field lines were to cross, it would mean that the charge has two different
net forces with different directions. This is not possible. The test charge will experience
a single net force in the direction of the electric field.
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Figure 7
(a) The electric field lines of two
equal positive charges viewed
along a line of sight perpendicular to the system axis. Notice
the electric field is zero at the
midpoint of the two charges.
(b) The electric field is actually
three-dimensional in nature,
but it is often drawn in two
dimensions for simplicity. The
three-dimensional field can be
obtained by rotating diagrams
by 180° when symmetry permits (it is often not symmetric).

Electric Charges and Electric Fields 339

The dipole fields in Figure 8 with two equal and opposite charges are very special cases
of an electric field because they revolve around the line connecting the two charges gives
a picture of the three-dimensional field. This is not normally the case. When the charges
are unequal, the line density is not an accurate representation of the relative field strength.
(a)
(a)

(b)

+

(c)

–

Figure 8
(a) The electric field of two equal
but opposite charges (dipole)
(b) The field of a dipole revealed by
rayon fibres in oil
(c) Some organisms produce electric fields to detect nearby
objects that affect the field.

+

Consider the case of two charges of different magnitudes, one charge with 64q and
the other oppositely charged with 7q. The number of field lines leaving a positive charge
or approaching a negative charge is proportional to the magnitude of the charge, so
there are many more field lines around the 4q charge than the q charge. However, the density of the field lines (the number of lines in a given area) in the area around the charges
does not indicate the relative strength of the field in this case. The fact that the electric
field is actually strongest on the line between the two charges is not reflected in the field
line density. In such a situation, we can use colour as a means of indicating relative
strength of field (as in Figure 9, where red is chosen for the strongest field and blue for
the weakest). Far from both charges, the field resembles the field of a single charge of magnitude 3q (Figure 10).

Figure 9
The electric field around two
charges of different magnitudes. The
density of the field lines is arbitrary.
In this diagram, colour, not density
of field lines, is used to indicate field
strength.

q
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Figure 10
The same charges, showing a more
remote portion of the field. At a
great distance, the field resembles
the field of a single point charge at
a distance.

Next, consider the electric field of two large, equally charged, parallel, flat conducting plates
close together, the top plate positive and the bottom plate negative (Figure 11(a)). The
plates are too large, compared to their separation distance, to be considered point charges.
The attraction between the charges draws most of the charge to the inner surfaces of the
plates. Morever, the charge distributes itself approximately uniformly over the inner surfaces. When a positive test charge is placed anywhere between the two plates, a reasonable
distance away from the edges, the charge is repelled by the upper plate and attracted to
the lower plate. The net force on the test charge points straight down. This means that the
electric field is always straight down and uniform. To indicate this, we draw the electric field
lines straight down, parallel to each other, and evenly spaced (Figure 11(b)). As long as
the spacing between the plates is not too large, the electric field lines will still run straight
across from one plate to the other, parallel to each other, so the electric field between the
plates does not depend on the separation of the plates. The departures from uniformity are
mainly at the edges of the plates, where there are “edge effects” in the electric field. Those
effects can be neglected between the plates as long as the plate area is large in comparison
with the separation(Figure 11(c). The magnitude of the electric field between the two
plates is directly proportional to the charge per unit area on the plates. The parallel plate
condenser is used very often when a constant electric field is required.
(a)

(b)
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(c)

Figure 11
(a) Rayon fibres in oil demonstrate
the uniform field between
plates.
(b) The electric field between two
parallel plates
(c) An “edge effect,” negligible in
the fundamental theory of
parallel plates, produces a
weak field, shown here with
field lines very far apart at the
edge of the plates.
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Here is a summary of the properties of the electric field produced by parallel plates:

+

–

+

–

•

The electric field in the region outside the parallel plates is zero (except for a
slight bulging of the field near the edges of the plates—“edge effects”).

•

The electric field is constant everywhere in the space between the parallel plates.
The electric field lines are straight, equally spaced, and perpendicular to the parallel plates.

•

The magnitude of the electric field at any point between the plates (except near
the edges) depends only on the magnitude of the charge on each plate.

• « ~ q, where q is the charge per unit area on each plate (Figure 12).
Figure 12
To charge the plates, connect them
to opposite terminals of a battery or
power supply. Doubling the charge
on each plate requires connecting
two identical batteries in series or
doubling the electric potential difference of the power supply.

SAMPLE problem 1
What is the electric field 0.60 m away from a small sphere with a positive charge of
1.2 3 1028 C?

Solution
q 5 1.2 3 1028 C
r 5 0.60 m

« 5 ?
kq

« 5 }}2
r

(9.0 3 109 N?m2/C2)(1.2 3 1028 C)
5 }}}}
(0.60 m)2

« 5 3.0 3 102 N/C
#$ 5 3.0 3 102 N/C [radially outward]
«
The electric field is 3.0 3 102 N/C [radially outward].

SAMPLE problem 2
Two charges, one of 3.2 3 1029 C, the other of 26.4 3 1029 C, are 42 cm apart. Calculate
the net electric field at a point P, 15 cm from the positive charge, on the line connecting
the charges.

Solution
q1 5 3.2 3 1029 C

q1 = 3.2 3 10−9 C

q2 5 26.4 3 1029 C

o«

5 ?

P

q2 = −6.4 3 10−9 C

#$1 and «
#$2 from the two charges. We calThe net field at P is the vector sum of the fields «
culate the fields separately, then take their vector sum:
r1 5 15 cm 5 0.15 m
kq

1
«1 5 }}
2

r1

(9.0 3 109 N?m2/C2)(3.2 3 1029 C)
5 }}}}
(0.15 m)2

«1 5 1.3 3 103 N/C
#$1 5 1.3 3 103 N/C [right]
«
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r2 5 42 cm 2 15 cm = 27 cm
kq

2
«2 5 }}
2

r2

(9.0 3 109 N?m2/C2)(6.4 3 1029 C)
5 }}}}
(0.27 m)2

«2 5 7.9 3 102 N/C
#«$2 5 7.9 3 102 N/C [right]

o«$

5

#«$1 1 #«$2 5 2.1 3 103 N/C [right]

The net electric field is 2.1 3 103 N/C [right].

SAMPLE problem 3
The magnitude of the electric field between the plates of a parallel plate capacitor is
3.2 3 102 N/C. How would the field magnitude differ
(a) if the charge on each plate were to double?
(b) if the plate separation were to triple?

Solution
« 5 3.2 3 102 N/C
«
q
(a) Since « ~ q, then }2 5 }q}2
«1
1
q

1 2

«2 5 «1 }q}2
1

2
5 (3.2 3 102 N/C) }}
1

12

«2 5 6.4 3

102

N/C

If the charge on each plate were to double, the magnitude of the electric field would
double.
(b) Since « ~ q only, changing r has no effect.
Therefore, «2 5 «1 5 3.2 3 102 N/C.
If the plate separation were to triple, the magnitude of the electric field would not
change.

Practice
Understanding Concepts
1. A negative charge of 2.4 3 1026 C experiences an electric force of magnitude

3.2 N, acting to the left.
(a) Calculate the magnitude and direction of the electric field at that point.
(b) Calculate the value of the field at that point if a charge of 4.8 3 1026 C
replaces the charge of 2.4 3 1026 C.
2. At a certain point P in an electric field, the magnitude of the electric field is

Answers
1. (a) 1.3 3 106 N/C [right]
(b) 1.3 3 106 N/C [right]
2. 3.0 3 1026 N
3. 5.4 3 105 N/C [right]

12 N/C. Calculate the magnitude of the electric force that would be exerted on
a point charge of 2.5 3 1027 C, located at P.
3. Calculate the magnitude and direction of the electric field at a point 3.0 m to the

right of a positive point charge of 5.4 3 1024 C.

NEL
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4. Calculate the magnitude and direction of the electric field at point Z in

Answers

Figure 13, due to the charged spheres at points X and Y.

4. 2.0 3 105 N/C [left]
5. 1.2 3 105 N/C [up]

−10.0 mC

+50.0 mC

6. 3.0 3 103 N/C
7. 1.5 3 103 N/C

0.45 m
X
Z

Z

5. Determine the magnitude and direction of the electric field at point Z in

+2.0 3 10−8 C
Y

X
3.0 cm

Y

Figure 13

4.0 cm
+2.0 3 10−8 C

0.30 m

3.0 cm

Figure 14
For question 5

Figure 14, due to the charges at points X and Y.
6. The electric field strength midway between a pair of oppositely charged parallel

plates is 3.0 3 103 N/C. Find the magnitude of the electric field midway between
this point and the positively charged plate.
7. In the parallel plate apparatus in question 6, what would the electric field

strength become if half of the charge were removed from each plate and the
separation of the plates were changed from 12 mm to 8 mm?

Electrostatic Precipitators
Electrostatic precipitators are air pollution control devices that remove tiny particles
from the emissions (flue gas) of processing and power plants that burn fossil fuels
(Figure 15). By relying directly on the properties of electric fields, these devices are
capable of removing almost all (about 99%) of the tiny particles of soot, ash, and dust.

Figure 15
Electrostatic precipitators remove
particles from the gases in large
industrial facilities such as the one
shown here.

Dirty flue gas is passed through a series of positively charged plates and negatively
charged wires (Figure 16). When a very large negative charge is placed on the wires, the
electric field near the wire is so strong that the air near it becomes ionized. Electrons
freed in the region of ionization move toward the positive plates and attach themselves
to the tiny waste particles in the flue gas moving through the plates. These waste product
particles will now be negatively charged and are attracted to the plates where they collect on the surface of the plate. The plates are shaken periodically to remove the soot, ash,
and dust in a collection hopper. The waste must be disposed of and can be used as a
filler in concrete.
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(a)

(b)
wires (–)

plate (+)

soot, ash, dust

+
+
+
+
+
+
+
+
+
+
+
+
+

flue gas

Figure 16
Basic operations of an electrostatic
precipitator
(a) Flue gases flow between
positively charged plates and
around negatively charged
wires.
(b) Waste collects on the surface
of the plates.

•–

•

–

•–

+
+
+
+
+
+
+
+
+
+
+
+
+

flue gas
collection hopper

Electric Fields in Nature
Many animals can detect weak electric fields. Sharks, for example, have cells responsive
to the weak electric fields, of magnitudes as low as 10–6 N/C, created by the muscles of
potential prey. The hammerhead shark swims very close to sandy ocean bottoms, seeking
prey that has buried itself beneath the sand or has tunnelled out a shallow home
(Figure 17). A goby fish will hide from the shark in small holes. Even though the hammerhead cannot see the goby, it can detect electric fields caused by movement and
breathing. The electric field produced by the goby will extend about 25 cm above the sand,
giving away its presence. Once the hammerhead detects the goby, it will swim in a figureeight pattern to help centre in on its location.

Figure 17
The hammerhead shark (as well as
other sharks) has cells that respond
to weak electric fields produced by
moving muscles of its prey.

Case Study Shielding from Electric Fields
with Conductors
If we add some electrons to a conductor in an area of space with no net electric field, the
excess electrons quickly redistribute themselves over the surface of the conductor until
they reach equilibrium and experience no net force. However, since none of the charges
experience a net force, the electric field inside the conductor must be zero (otherwise the
charges would experience a force). This is referred to as electrostatic equilibrium. Faraday
demonstrated the effect for enclosed cavities rather dramatically in the early nineteenth
century by placing himself and an electroscope inside a tin foil-covered booth (a “Faraday
cage”). He had the booth, in effect a solid conductor enclosing a human-sized cavity,
charged by means of an electrostatic generator. Even though sparks were flying outside,
inside he could detect no electric field (Figure 18).
Electric fields do exist outside conductors and even on the surface of conductors.
However, the field is always perpendicular to the surface of the conductor; if it were not,
it would have a component parallel to the surface causing free electrons inside the conductor to move until the field becomes perpendicular. However, under electrostatic conditions, the charges are in equilibrium; therefore, there can be no component of the
electric field parallel to the surface, so the field must be perpendicular at the surface of
the conductor (Figures 19 and 20).

NEL

Figure 18
The Van de Graaff generator, an
electrostatic generator, produces a
large electric field, as the abundance of sparks suggests. Since the
field inside the Faraday cage is zero,
the person in the cage is completely
safe.
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electric field line

(a)

surface of conductor

electric field line

(b)

component of electric field
parallel to surface

surface of conductor

Figure 19
(a) If the electric field at the surface of a conductor had a component parallel to the surface,
electrons would move in response to the parallel component.
(b) If the charges are not moving (the charges are in static equilibrium), the parallel component must be zero and the electric field line must be perpendicular to the conductor.

(a)

(b)

+
+
+
+
+
+
+
+
+

–
–
–
–
–

cylindrical
conductor
(end view)

–

+

–

+

–
–
–
–
–
–
–
–
–

+
+
+
+
+

–

–
–
–
–
–

–

+

–

+

+
+
+
+
+

« = 0 N/C inside cavity

90°

Figure 20
(a) A neutral conductor in the electric field between parallel plates.
The field lines are perpendicular to the surface of the conductor.
(b) The electric field is zero inside the conductor.
Figure 21
A charged, irregularly shaped conductor near an oppositely charged
plate. Notice the concentration of
field lines near the pointed end. The
field lines are always perpendicular
to the surface of the conductor.

insulating
sleeve

I
cylindrical braid
solid wire
Figure 22
Parts of a coaxial cable
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This does not mean that the charges must distribute evenly over the surface of the
conductor. In fact, on irregularly shaped conductors, the charge tends to accumulate at
sharp, pointed areas as shown in Figure 21.
Stray electric fields are continually produced in the atmosphere, especially during
thunderstorms and by moving water. Many household appliances—such as clocks,
blenders, vacuum cleaners, and stereos—produce electric fields; monitors and televisions are the biggest producers. Sensitive electronic circuits, such as those found in computers and in superior tuner-amplifiers, are shielded from stray electric fields by being
placed in metal casings. External electric fields are perpendicular to the surface of the metal
case, zero inside the metal, and zero inside the case.
Coaxial cables shield electrical signals outside sensitive electric circuits. They are often
used for cable TV and between stereo components (speakers and amplifiers). A coaxial
cable is a single wire surrounded by an insulating sleeve, in turn covered by a metallic braid
and an outer insulating jacket (Figure 22). The metallic braid shields the electric current in the central wire from stray electric fields since the external electric fields stop at
the surface of the metallic braid. We will look at coaxial cables again in the next chapter,
when we investigate magnetic fields.
Keep in mind that we cannot shield against gravitational fields, another difference
between these two types of fields. We cannot use a neutral conductor to shield the outside world from a charge either. For example, if we suspend a positive charge inside a spherical neutral conductor, field lines from the positive charge extend out radially toward
the neutral conductor (Figure 23). These lines must end on an equal amount of negative charge so electrons will quickly redistribute on the interior surface; this causes an
NEL
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induced charge separation, leaving the outer surface with an equal amount of positive
charge. The positive charge on the surface of the conductor will cause an external electric field starting from the surface. Notice that the field is still zero inside the conductor.

+

Practice

–

+ –

+
–

–

+
– +

+q

Understanding Concepts
8. (a) A conductor with an excess of negative charge is in electrostatic equilibrium.

+

Describe the field inside the conductor. Explain your reasoning.
(b) Explain how a Faraday cage works.
(c) Why is the electric field perpendicular to a charged conductor in electrostatic
equilibrium?
9. (a) Can a neutral hollow spherical conductor be used to shield the outside world

10. Describe the different parts of a coaxial cable, and explain how the wire is shielded

from external electric fields.

+

Electric Fields

•

A field of force exists in a region of space when an appropriate object placed at
any point in the field experiences a force.

•

The electric #«$ field at any point is defined as the electric force per unit positive
#$
F
E
charge and is a vector quantity: $
« 5 }}
q
Electric field lines are used to describe the electric field around a charged object.
For a conductor in static equilibrium, the electric field is zero inside the conductor; the charge is found on the surface; the charge will accumulate where the
radius of curvature is smallest on irregularly-shaped objects; the electric field is
perpendicular to the surface of the conductor.

•

–
–
+

Figure 23
Positive charge inside a neutral conductor. Induced charge is caused on
the inner and outer surfaces of the
conductor. There is no field inside
the conductor but there is a field
outside.

from the electric field of a charge placed within the sphere? Explain your answer.
(b) Is there any way to use the sphere to shield against the electric field of the
charge? Explain your answer.

SUMMARY

–

Section 7.3 Questions
Understanding Concepts

B

1. A small positive test charge is used to detect electric fields.

Does the test charge have to be (a) small or (b) positive?
Explain your answers.

−q

+q
D

A

C

2. Draw the electric field lines around two negative charges

separated by a small distance.
3. Copy Figure 24 into your notebook to scale.

(a) Draw the electric field lines in the area surrounding
the two charges.
(b) At what point (A, B, C, or D) is the electric field
strongest? Explain your reasoning.
(c) Draw a circle of radius 3.0 cm around the positive
charge. At what point on the circle is the electric field
strongest? weakest?

NEL

15 cm

Figure 24

4. Redo question 3, but change the 2q in Figure 24 to 1q.
5. Explain why electric field lines can never cross.
6. Consider a small positive test charge placed in an electric

field. How are the electric field lines related to
(a) the force on the charge?
(b) the acceleration of the charge?
(c) the velocity of the charge?
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7. A metallic spherical conductor has a positive charge. A

small positive charge q, placed near the conductor, experiences a force of magnitude F. How does the quantity
F
}q} compare to the magnitude of the electric field at that
position?
8. A negative charge is suspended inside a neutral metallic

spherical shell. Draw a diagram of the charge distribution
on the metallic shell and all the electric fields in the area.
Explain your reasoning.
Applying Inquiry Skills
9. Explain how you would test the properties of the electric

11. When a small positive test charge is placed near a larger

fields around and between parallel plates.
10. A spherical metal shell is placed on top of an insulating

stand. The outer surface of the shell is connected to an
electrometer (a device for measuring charge). The reading
on the electrometer is zero. A positively charged hollow
sphere is slowly lowered into the shell as shown in
Figure 25 until it touches the bottom. When the sphere is
withdrawn, it is neutral.
(a)

(a) Why does the electrometer register a charge in
Figure 25(b)? Draw the charge distribution on the
hollow sphere. (Hint: The electrometer can only
measure charge on the outer surface.)
(b) What happens to the charge on the sphere in (c)?
Explain with the help of a diagram.
(c) Why does the electrometer still have the same reading
in (b) and (d)?
(d) Why is the sphere neutral when withdrawn?
(e) The reading on the electrometer did not change during
the operations depicted in (b), (c), and (d). What
conclusion can you draw regarding the distribution of
charge on the hollow conductor?
charge, it experiences a force. Explain why this is sufficient
evidence to satisfy the conditions for the existence of a field.
12. Explain how the concept of a field can be used to describe

the following:
(a) the force of gravity between a star and a planet
(b) the electric force between an electron and a proton in
a hydrogen atom
13. The concept of a field is used to describe the force of

(b)

0
0

gravity.
(a) Give three reasons why the same concept of a field is
used to describe the electric force.
(b) If a new kind of force were to be encountered, under
what conditions would the concept of a field be used
to describe it?
Making Connections
14. A friend notices that his computer does not work properly

(c)

when a nearby stereo is on. What could be the problem,
and how could it be solved if he wants to continue using
both devices simultaneously?

(d)

15. The hammerhead shark is just one of many fish that use

0

0

electric fields to detect and stun prey. Eels, catfish, and torpedo fish exhibit similar capabilities. Research one of these
fish, comparing its abilities with the hammerhead’s, and
write a short report on your findings.

GO

www.science.nelson.com

Figure 25
This is often called Faraday’s “ice-pail experiment” because of
what he used when first performing the experiment.
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Electric Potential
You might be surprised to learn that the way your own body functions and how it senses
and reacts to the environment around it have a lot to do with the principles studied in
this section. Medical researchers must have a fundamental understanding of the principles of electric potential. Some of these researchers describe the body as a complex
biological electric circuit.
Understanding lightning also requires an understanding of these principles. Once
considered a mystical force of nature, we now know that the principles behind lightning are firmly tied to the physics of this section (and the entire unit). Lightning can
cause property damage, personal injury, and even death; it can also start forest fires.
Researchers are currently studying lightning in the hope that the more we understand
it, the more we can protect ourselves and our property.
To understand these and other applications, we must first learn more about the interactions between charges. We have often compared interactions between charges to
interactions between masses. Keep in mind that any similarities between the two must
be carefully considered because the two forces are not identical, as you have learned.
The main difference between the two is that gravity is always attractive while the electric force can either attract or repel.
We know that the magnitude of the force of gravity between any two masses is
given by

7.4
DID YOU KNOW

?

Lightning
On average, at any time of the
day, there are approximately
2000 thunderstorms, producing
30 to 100 cloud-to-ground lightning strikes each second for a total
of about 5 million a day.

Gm1m2
Fg 5 }
r2

The corresponding gravitational potential energy between two masses is given by

q2
q1

Gm1m2
Eg 5 2}}
r

provided the zero value of gravitational potential energy is chosen as the value when
the two masses are an infinite distance apart. The negative sign associated with this
expression for gravitational potential energy reflects the fact that the force between the
two masses is attractive, in other words, that potential energy increases (becoming less
and less negative) as we force our two gravitating masses farther and farther apart.
Consider now a small test charge q2, a distance r from a point charge q1, as in Figure 1.
From Coulomb’s law, the magnitude of the force of attraction or repulsion between
these two charges is

+
r

Figure 1
Electric potential energy is stored by
two separated charges just as gravitational potential energy is stored by
two separated masses.

kq1q2
FE 5 }
r2

Therefore, it seems reasonable that an approach similar to that used in Section 6.3 for
the gravitational potential energy in a system of two masses would yield a corresponding
result for electric potential energy stored in the system of two charges q1 and q2:
kq1q2
EE 5 } }
r

Notice that the sign for electric potential energy, EE, could be positive or negative
depending on the sign of the charges. If q1 and q2 are opposite charges, they attract, and
our expression performs correctly, giving the electrical potential a negative value, as in
the gravitational case. If q1 and q2 are similar charges they repel. We now expect the
electric potential energy to be positive; that is, energy is stored by moving them closer

NEL

electric potential energy (EE) the
energy stored in a system of two
charges a distance r apart;
kq ,q2
EE 5 }1}
r
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EE

(positive, for repulsion
when q1 and q2 have
the same sign)
EE =

kq1q2
r
r

EE =

kq1q2
r

(negative, for attraction
when q1 and q2 have
the opposite sign)

together. In either case, substituting the sign of the charge (1 or 2) for q1 and q2 will yield
the appropriate results for the sign of EE. Also, in both cases, the zero level of electric potential energy is approached as the separation of the charges q1 and q2 approaches infinity
(Figure 2).
To look at the concept of electric potential energy in a systematic way, we consider
the electric potential energy not just of any charge q2 but of a unit positive test charge
when in the field of any other charge q1. We call this value of potential energy per unit
positive charge the electric potential, V. It is a property of the electric field of the charge
q1 and represents the amount of work necessary to move a unit positive test charge from
rest at infinity to rest at any specific point in the field of q1.
Thus, at a distance r from a spherical point charge q1, the electric potential is given by
EE
V 5 }q}
kq1q
}r}
5 }
q

Figure 2
A graph of EE versus r has two
curves: one for forces of attraction
between opposite charges (negative
curve) and one for forces of repulsion between similar charges
(positive curve). Also, as in the
gravitational analogy, the zero level
of electric potential energy in a
sytem of two charged spheres is
chosen when they are at an infinite
separation distance.

electric potential (V ) the value, in
volts, of potential energy per unit
positive charge; 1 V 5 1 J/C

kq1
V 5 }r}

The units of electric potential are joules per coulomb, or volts, and
1 V is the electric potential at a point in an electric field if 1 J
of work is required to move 1 C of charge from infinity to
that point; 1 V = 1 J/C.

There are two ways of considering what V represents: the absolute potential considering that V 5 0 at r 5 ∞, and as a potential difference measured from infinity to r. The
electric potential changes with the inverse of the first power of the distance from the
charge rather than with the inverse square of the distance, as the electric field does. For
a positive charge, the electric potential is large near the charge and decreases, approaching
zero, as r increases. For a negative charge, the electric potential is a large negative value
near the charge and increases, approaching zero, as r increases (Figure 3).
(b)

(a)

V

V
kq
V = r when q > 0
Figure 3
The electric potential V of a single
point charge q as a function of r
(a) V for a positive charge
(b) V for a negative charge

0

r

0

r

kq
V = r when q < 0

We must always be very careful to distinguish between EE, the electric potential energy
of a charge at a point, and V, the electric potential at the point. They are related by the
equation EE 5 qV.
This concept of electric potential can be extended to include the electric fields that result
from any distribution of electric charge, rather than just a single point charge. The definition of electric potential in these cases is the same: it is the work done per unit positive test charge to move the charge from infinity to any given point. It is more common,
however, not to think of the work necessary to move a unit test charge from infinity to
a particular point in a field, but rather from one point to another in the field. In this
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case, we are dealing with the difference in electric potential between these two points,
commonly called the electric potential difference.
Often Earth is treated as V = 0 for convenience, especially when dealing with just
electric potential differences rather than individual electric potentials. This method is
similar to that used in situations involving gravity where h = 0 is set at any convenient
height according to what is needed for the problem. Whereas the choice of zero level
for potential is arbitrary, differences in potential are physically real. In particular, it is a
fundamental physical fact that two conducting objects connected by a conducting wire
are at the same potential. If they were not at the same potential, then the electric potential difference would cause a current redistributing the charge until the electric
potential difference reached zero. Then the two conductors would be at the same
potential as we stated. This process is used in grounding, placing the object at the
same electric potential as Earth.
We now examine the change in the electric potential energy of a positive charge q
that is moved from point A to point B in an electric field (Figure 4).

A
rA
qo
rB B
+q•

Figure 4
The change in the electric potential
energy in moving a charge from A to B
in an electric field is independent of
the path taken.

A q

B

electric potential difference the
amount of work required per unit
charge to move a positive charge
from one point to another in the
presence of an electric field

rA . rB, qo . 0; DV . 0
rB . rA, qo . 0; DV , 0
rA . rB, qo , 0; DV , 0
rB . rA, qo , 0; DV . 0

Regardless of the actual path taken by the charge q, in moving from A to B,

5

65

the difference between
the electric potential
5
at B and the electric
potential at A

the work-per-unit-charge that
we would perform in moving our
hypothetical positive test charge
from A to B in the electric field

Figure 5
The sign of the electric potential difference depends on the change in
the distance and the sign of the
charge.

6

DEE 5 qVB 2 qVA

VAB

5 q(VB 2 VA)

+

DEE 5 qDV

DV, often written VBA, is the potential difference between points B and A in the field. The
potential decreases in the direction of the electric field (and therefore increases in the opposite direction).
For a point charge q, the electric potential difference between two points A and B can
be found by subtracting the electric potentials due to the charge at each position:
kq
kq
1
1
∆V 5 VB 2 VA 5 }r } 2 }r } 5 kq } 2 }r }
B
A
A

1

F#$
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B

2

q

Multiplying by the charge that is moved from A to B gives the change in electric potential energy, ∆E. The sign on the electric potential difference depends on both the magnitudes of the distances from the charge and the sign of the charge itself, as summarized
in Figure 5.
For a second example of a potential difference calculation, consider the electric field
between two large, oppositely charged parallel plates whose area is large in comparison
with their separation r (Figure 6).
Recall that the electric field is, in the case of parallel plates, constant in magnitude
and direction at essentially all points and is defined as the force per unit positive charge:
E
#«$ 5 }
q

–

F

FE

r
Figure 6
Since the electric field between the
two parallel plates is uniform, the
force on the charge is constant.
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The increase in electric potential energy of the charge q, in moving from plate B to plate
A, is equal to the work done in moving it from B to A. To do so, a force $
F, equal in magnitude but opposite in direction to $
FE, must be applied over a distance r. The magnitude
of the work done is given by
since F and r are in the same direction
since F = FE = q«

W 5 Fr
W 5 q«r

Therefore, since W = ∆EE = q ∆V
q∆V 5 q«r
V
or « 5 }D}
r

This is an expression for the magnitude of the electric field at any point in the space
between two large parallel plates, a distance r apart, with a potential difference
∆V 5 VBA. Remember: the electric field direction is from the 1 plate to the 2 plate, in
the direction of decreasing potential.
For a constant electric field, between parallel plates for example, the electric potential
difference is directly proportional to the distance r:
∆V 5 «r

Therefore, DV ~ r since « is constant.
This means that if the electric potential difference between two plates is DV and a
charge moves one-third of the distance between the plates, the charge will experience a
DV
potential difference of }}.
3

SAMPLE problem 1
Calculate the electric potential a distance of 0.40 m from a spherical point charge of
+6.4 3 1026 C. ( Take V 5 0 at infinity.)

Solution
r 5 0.40 m
q 5 16.4 3 1026 C
V 5 ?
kq
V 5 }r}
(9.0 3 109 N?m2/C2)(6.4 3 1026 C)
5 }}}}
0.40 m
V 5 1.5 3 105 V

The electric potential is 1.5 3 105 V.

Note that the value for the potential created by a positive charge has a positive value,
characteristic of a system where the force acting on the test charge is repulsion. If the spherical point charge in the above example had been a negative charge, then substituting a
negative value for q would have yielded a negative value for V, which is consistent with
a system in which the force acting is attractive.
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SAMPLE problem 2
How much work must be done to increase the potential of a charge of 3.0 3 1027 C by 120 V?

Solution
q 5 3.0 3 1027 C
∆V 5 120 V
W5?
W 5 ∆EE
5 q∆V
5 (3.0 3 1027 C)(120 V)
W 5 3.6 3 1025 J

The amount of work that must be done is 3.6 3 10–5 J.

SAMPLE problem 3
In a uniform electric field, the potential difference between two points 12.0 cm apart is
1.50 3 102 V. Calculate the magnitude of the electric field strength.

Solution
r 5 12.0 cm
∆V 5 1.50 3 102 V

« 5 ?
V
« = }D}
r

1.50 3 102 V
5 }}
1.20 x 1021 m

« 5 1.25 3 103 N/C
The magnitude of the electric field strength is 1.25 3 103 N/C.

SAMPLE problem 4
The magnitude of the electric field strength between two parallel plates is 450 N/C. The
plates are connected to a battery with an electric potential difference of 95 V. What is the
plate separation?

Solution
« 5 450 N/C
∆V 5 95 V
r = ?

DV
For parallel plates, « 5 }}. Thus,
r
DV
r 5 }}

«

95 V
5 }}
450 N/C
r 5 0.21 m

The separation of the plates is 0.21 m.
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Practice
Understanding Concepts
1. The electric potential at a distance of 25 cm from a point charge is 26.4 3 104 V.

Answers
1. –1.8 3 1026 C
2. 3.5 3

103 V

3. 6.0 3 104 N/C
4. 1.8 3 102 V

Determine the sign and magnitude of the point charge.
2. It takes 4.2 3 1023 J of work to move 1.2 3 1026 C of charge from point X to

point Y in an electric field. Calculate the potential difference between X and Y.
3. Calculate the magnitude of the electric field strength in a parallel plate appa-

ratus whose plates are 5.0 mm apart and have a potential difference of
3.0 3 102 V between them.
4. What potential difference would have to be maintained across the plates of a

parallel plate appratus if the plates were 1.2 cm apart, to create an electric field
strength of 1.5 3 104 N/C?

Lightning and Lightning Rods

Altitude (km)

We have all experienced small electric shocks when touching a metal doorknob after
walking across a woollen rug on a dry winter day. Lightning discharges are similar but
operate on a grand scale, with potential differences between the ground and the air of
approximately 108 V. A cloud will typically develop a large charge separation before a
lightning strike, with about –40 C centred at a
16
region such as N in Figure 7 and +40 C centred
at P. Each lightning flash has a maximum current of 30 000 A, or 30 000 C/s, lasts 30 ms, and
14
delivers about a coulomb of charge.
According to one current theory (research is
+
+
ongoing),
the separation of charge in a cloud
+ + +
12
+ ++
+
results
from
the presence of the mixed phases
+ P
+
+ +
+
of water typical of large clouds—liquid water,
+
+
+
+ + +
ice crystals, and soft hail. Air resistance and
10
+
– – + + +
turbulent air flows within the cloud jointly
+
+
–
–
–
+
cause the soft hail to fall faster than the smaller
+ +
–
– –
8
–
ice crystals. As the soft hail collides with the
– – –
ice crystals, both are charged by friction, the
– –
hail negatively and the ice crystals positively.
– –
6
– – –N
Charge separation occurs because the hail
–
–
–
moves down relative to the ice crystals.
– – – –
– – –
Now that the bottom of the cloud is nega– –– –
4
tively
charged, it induces a positive charge on
–
– – –
– – –
the surface of Earth. The two relatively flat surfaces—the positively charged ground and the
2
negatively charged bottom of the cloud—
resemble oppositely charged parallel plates separated by the insulating air. The air stops acting
0
as an insulator and serves as a conductor for the
Figure 7
lightning when the charge at the bottom of the cloud becomes large enough to increase
A side view of the separation of
the electric field strength to about 3.0 3 106 N/C. When the magnitude of the electric field
charge in a typical thundercloud.
reaches this critical value, the air ionizes and changes from insulator to conductor.
The black dots indicate the charge
The lightning strike itself is a sequence of three events. First, the step leader, a package
centres for both the positive and
negative charge distributions.
of charge moving erratically along the path of least resistance, moves from the bottom
of the cloud toward the ground. On its way down, it often halts temporarily and
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Figure 8
Notice the different branches of the
lightning caused by the step leader.
The ground and bottom of the cloud
are modelled after parallel plates.

breaks up into different branches. But whatever its path, it leaves a path of weakly ionized air in its wake. Second, the step leader, now near the ground, induces a strong positive charge, and when it makes contact, a continuous ionized path is opened. Finally, this
causes a return stroke from the ground to the cloud producing visible light and increasing
the ionization. If the charge on the cloud is large enough, the process continues with a
dart leader descending from the cloud, causing another return stroke. Typically, there are
three or four return strokes, each lasting 40 to 80 ms (Figure 8).
We know what lightning rods are used for, but the physics behind how they protect
buildings and people is less well known. Lightning rods are long, thin, pointed metal
stakes, usually placed at the highest point on a building and connected to the ground with
a conductor (Figure 9). The key to influencing the course of a lightning bolt is the ionized path. The step leader, we have seen, follows the path of least resistance through air,
which is normally an insulator. How does the lightning rod help?
To answer, we first consider two conducting spheres of different radii connected by a
long conducting wire (Figure 10). Since a conductor connects the two spheres, they
must be at the same electric potential.
Therefore,
Vsmall 5 Vlarge

Figure 9
A long, thin conductor, pointed at
the top, makes an effective lightning
rod.

kq
kQ
}r} 5 }}
R
q
Q
}r} 5 }}
R

Q
R

q
r
}} 5 }}
Q
R

The magnitude of the electric field near each sphere is given by the equations
kq

«small 5 }}2
r

and

kQ

«large 5 }}2

We use these equations to find the ratio of the magnitudes of the electric fields:
kq
}}
«small
q R2
r R2
r2
} 5 } 5 }} }}
5 }} }}
kQ
Q r2
R r2
}}
R2

1 2
1 2

«small

R
} 5 }}
r
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long conductive
wire

R

1 2

1 2

q
r

Figure 10
A long, thin conducting wire connecting two conducting spheres of
different radii
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tip of lightning rod

electric
field
lines

Since R is the radius of the larger sphere, the ratio is greater than 1, so «small > «large .
We can increase the electric field near the smaller sphere by decreasing its size relative
to the larger. The tip of a lightning rod has a very small radius of curvature in comparison with the adjoining rooftop surfaces (Figure 11). The electric field near the tip is
correspondingly large, indeed large enough to ionize the surrounding air, changing the
air from insulator to conductor and influencing the path of any nearby lightning.
Lightning is thus induced to hit the rod and to pass safely along the grounding wire,
without striking the adjoining rooftop.

Medical Applications of Electric Potential

Figure 11
The tip of a lightning rod is small,
creating a large electric field near its
surface; this ionizes the surrounding
air.

dendrites

cell body

axon

nerve endings

synapse
another neuron
or a muscle
Figure 12
Typical structure of a neuron

The concept of electric potential is necessary for an understanding of the human nervous
system and how it can transmit information in the form of electric signals throughout
the body.
A nerve cell, or neuron, consists of a cell body with short extensions, or dendrites,
and also a long stem, or axon, branching out into numerous nerve endings (Figure 12).
The dendrites convert external stimuli into electrical signals that travel through the
neuron most of the way through the long axon toward the nerve endings. These electrical
signals must then cross a synapse (or gap) between the nerve endings and the next cell,
whether neuron or muscle cell, in the transmission chain. A nerve consists of a bundle
of axons.
The fluid within the nerve cell (the intracellular fluid) contains high concentrations
of negatively charged proteins. The extracellular fluid, on the other hand, contains high
concentrations of positive sodium ions (Na+). The difference in concentrations is due
to the selectively permeable membrane that surrounds the cell, causing a buildup of
equal amounts of negative charge inside and positive charge outside the cell membrane
(Figure 13). This charge separation gives rise to an electric potential difference across the
membrane. A normal “resting” membrane electric potential difference (present when
the cell is not sending a signal), between inside and outside, is typically –70 mV, negative because the inside of the cell is negative with respect to the outside.
+

–
extracellular
fluid
(outside)

–

+

–
–

+

+

+

+

+

+

–

–

–

–

positive
charge layer

cell
membrane
intracellular
fluid
(inside)

+
–

+
–
+

–
–

negative
charge layer

+

Figure 13
The buildup of equal but opposite charges on either side of the cell membrane
causes an electric potential difference.

When exposed to a sufficiently strong stimulus at the right point on the neuron,
“gates” open in the cell membrane, allowing the positively charged sodium ions to rush
into the cell (Figure 14). The sodium ions enter the cell by diffusion, driven by the electrical attraction between positive and negative charges. Upon entry of the sodium ions,
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Na+

action potential
+30
Membrane Potential (mV)

+
+
+
intracellular
fluid
(inside)

–

–

+

+

–

–

Figure 14
A strong enough stimulus can open “gates,” allowing positively charged sodium
ions to rush into the cell. The inrush causes the interior surface of the membrane
to attain, momentarily, a higher potential than the exterior.

A
C

EKG (normal)
B

potential
difference

R
T

P

D

1

2

3

4

Time (ms)
Figure 15
As the sodium ions rush in, the
action potential starts. The electric
potential difference across the
membrane changes from 270 mV to
+30 mV, then back to 270 mV.

EKG (abnormal)
potential
difference

Q S

E

membrane
resting
potential

–70

0

the interior of the cell is momentarily positive, with the electric potential difference
changing very rapidly from –70 mV to +30 mV. The gates then close and the electric
potential difference quickly returns to normal. This cycle of potential changes, called
the action potential, lasts only a few milliseconds. The cycle creates an electrical signal
that travels down through the axon at about 50 m/s to the next neuron or muscle cell
(Figure 15).
These changes in electric potential in neurons produce electric fields that have an
effect on the electric potential differences measured at different points on the surface
of the body ranging from 30 to 500 mV. The activity of the heart muscle causes such
electric potential differences; measuring these changes is called electrocardiography. If
the heart is healthy, its regular beating pattern will produce a predictable change in the
electric potential difference between different points on the skin that doctors can use
as a diagnostic tool. A graph of electric potential difference versus time between two
points on the skin of a patient is called an electrocardiogram (EKG); the shape of the graph
depends on how healthy the heart is and the placement of the two measuring points on
a patient (Figure 16).
electrodes

Na+ influx
0

time

P

R
T
Q S

time

strip-chart
recorder
Figure 16
Electrocardiography measures the electric potential difference between any
of the two points shown on the patient. The graphs represent normal and
abnormal EKGs, with specific parts of a single beating cycle labelled.

The main features of a normal electrocardiogram are labelled P, Q, R, S, and T in
Figure 16. The first peak (P) indicates the activity of the atria in the upper portion of the
heart. QRS shows the activity of the larger, lower ventricles. T indicates that the ventricles are preparing for the next cycle. Figure 17 is a map of the potentials on the skin.
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Figure 17
A map of potential differences over
the skin caused by heart-muscle
activity.
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Practice
Understanding Concepts
Answers

5. Thunderclouds develop a charge separation as they move through the atmosphere.

(a) What causes the attraction between the electrons in the cloud and the ground?
(b) What kind of charge will be on a lightning rod as a negatively charged cloud
passes overhead? Explain your answer.
(c) Explain why lightning is more likely to strike a lightning rod than other places
nearby.

6. (b) 1.4 3 107 N/C
(c) +1.1 3

10220 J

6. The electric potential difference between the inside and outside of a neuron cell

membrane of thickness 5.0 nm is typically 0.070 V.
(a) Explain why the inner and outer surfaces of the membrane can be thought of as
oppositely charged parallel plates.
(b) Calculate the magnitude of the electric field in the membrane.
(c) Calculate the work you would have to do on a single sodium ion, of charge
+1.6 3 10219 C, to move it through the membrane from the region of lower
potential into the region of higher potential.

SUMMARY

•
•
•

•

Electric Potential

The electric potential energy stored in the system of two charges q1 and q2 is
kq q2
EE 5 }1}.
r
kq
The electric potential a distance r from a charge q is given by V 5 }}.
r
The potential difference between two points in an electric field is given by the
change in the electric potential energy of a positive charge as it moves from one
DEE
point to another: ∆V 5 }}
q
The magnitude of the electric field is the change in potential difference per unit
DV
radius: « 5 }}
r

Section 7.4 Questions
Understanding Concepts
1. The electric potential 0.35 m from a point charge is +110 V.

Find the magnitude and sign of the electric charge.
2. Charge q1 is 0.16 m from point A. Charge q2 is 0.40 m from

point A. The electric potential at A is zero. Calculate the
q1
ratio }q} of the two charges.
2
3. Draw two equal positive point charges and connect them

with a line.
(a) Is there a point on the line at which the electric field is
zero?
(b) Is there a point on the line at which the electric potential is zero?
(c) Explain the difference between the two answers.

358 Chapter 7

4. Explain the difference between each of the following:

(a) electric potential and electric field
(b) electric potential and electric potential energy
5. The electric potential at a point is zero. Is it possible for the

electric field at that point to be nonzero? If “yes,” give an
example. If “no,” explain why not.
6. A particle moves from a region of low electric potential to a

region of high electric potential. Is it possible for its electric
potential energy to decrease? Explain your answer.
7. Two parallel plates are connected to a 120-V DC power

supply and separated by an air gap. The largest electric
field in air is 3.0 3 106 N/C. (When this “breakdown value”
is exceeded, charge is transferred between the plates,
reducing the separated charge and the field through
sparks or arcing.) Calculate the smallest possible gap
between the plates.
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8. Three charges are placed at the corners of an equilateral

triangle with sides of length 2.0 m, as shown in Figure 18.
(a) Calculate the total electric potential energy of the
group of charges.
(b) Determine the electric potential at the midpoint of
each side of the triangle.
+4.0 mC

(a) Calculate the charge on the sphere.
(b) Calculate the magnitude of the electric field near the
surface of the sphere.
(c) Is there likely to be a discharge (a spark or arc) from
the surface due to ionization of the air? Explain your
answer.
Applying Inquiry Skills
10. Design an experiment to show that two conducting spheres

connected by a long wire are at the same electric potential.
11. Researchers place two oppositely charged plates, a nega-

tively charged sphere, and a positively charged sphere near
three different lightning rods. They wait for a thunderstorm
to pass overhead and monitor the situations by computer in
a lab. Discuss what the scientists might observe about the
charges and explain why it would happen.
−4.0 mC

+2.0 mC

Making Connections
12. Explain how a spark plug operates by examining Figure 20

Figure 18
9. Figure 19 shows a typical Van de Graaff generator with an

aluminum sphere of radius 12 cm, producing an electric
potential of 85 kV near its surface. The sphere is uniformly
charged so we can assume that all the charge is concentrated at the centre. Notice that the voltmeter is connected
to the ground, meaning Earth’s electric potential is being
set as zero.

aluminum
sphere

q

and discussing the following factors:
(a) the small gap (0.75 mm) between the two metal conductors
(b) the breakdown value (1.6 3 104 N/C) between the
conductors
(c) the changes in the electric potential across the two
conductors while the spark plug is operating

r

conductor
covered
pulley
flat belt

volts

covered
pulley
motor
Figure 20
Typical spark plugs
13. Some researchers believe that lightning rods can actually

Figure 19
Measuring the electric potential difference near a Van
de Graaff generator
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prevent lightning from forming at all. Discuss how the ions
formed near the tip of lightning rods might play a role in
lightning prevention.
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7.5

The Millikan Experiment: Determining
the Elementary Charge
One of the main characteristics of fundamental particles is their electric charge. In this
section, you will learn about a brilliant experiment investigating nature’s elementary
charge, namely, the charge of the electron.
At the turn of the twentieth century, when our understanding of electric forces was
beginning to increase, two fundamental questions arose regarding the nature of electric charge:

LAB EXERCISE 7.5.1
The Elementary Charge (p. 374)
Can you think of a method that
could be used to suggest that an
elementary charge exists?

Figure 1
Robert Millikan (1868–1953)

− − − − − − −

2. If so, what is this elementary charge, and what is its magnitude, in coulombs?
Lab Exercise 7.5.1, in the Lab Activities section at the end of this chapter, allows you
to calculate the elementary charge.
To answer these questions, the American Nobel laureate Robert Andrews Millikan
(Figure 1) devised and performed a series of creative experiments. He reasoned that the
elementary charge would be the charge on an individual electron. He assumed, further,
that when tiny oil drops are sprayed in a fine mist from an atomizer, they become electrically charged by friction, some acquiring an excess of a few electrons, others acquiring
a deficit. Although there was no way of knowing how many extra electrons there were
on any given oil drop or how many were missing, Millikan hypothesized that if he were
able to measure the total charge on any oil drop, it would have to be some small integral
multiple of the elementary charge.
To measure this charge, Millikan made use of the uniform electric field in the region
between two oppositely charged parallel plates. He charged the plates by connecting
each to opposite terminals of a large bank of storage batteries whose potential difference
could be varied. Millikan was able to use this apparatus, called an electrical microbalance, to isolate and suspend charged oil drops, and ultimately to measure the total charge
on each.
Once a mist of oil drops is sprayed through a small hole in the upper plate in a Millikan
apparatus, it is possible, by carefully adjusting the potential difference between the plates,
to “balance” a particular droplet that has the same sign as the charge on the lower plate.
When the droplet is balanced, the gravitational force pulling it down equals the electric
force pulling it up (Figure 2).
For a positively charged drop of mass m and charge q, the electric force acts upward
if the lower plate is positively charged:
#$F 5 q#«$
E

FE
m + q

1. Does there exist, in nature, a smallest unit of electric charge of which other units
are simple multiples?

«

r

Vb
Fg
+ + + + + + +
Figure 2
When the total force on the oil
droplet is zero, the electric force up
is equal in magnitude to the gravitational force down.

#$ is the electric field between the plates.
where «
When the droplet is in balance,
FE 5 Fg
q« 5 mg

But in Section 7.4, we learned that the electric field in the region between two parallel
plates is constant and has a magnitude given by
DV
r

« 5 }}
where ∆V is the electric potential difference between the plates, and r is the separation
between the plates.

360 Chapter 7

NEL

Section 7.5

Consequently, for an oil drop of mass m and charge q, balanced by a potential difference ∆V = ∆Vb ,
mg
q 5 }}

«

mgr
q 5 }}
DVb

where ∆Vb is the balancing value of electric potential difference between the plates.
Thus, it is possible to determine the total charge on an oil drop if its mass is known.
The mass of any individual drop may be determined by measuring the terminal speed
with which it falls when the electric balancing force is removed (when the batteries are
disconnected) and only gravity and friction are acting on it.
By measuring the terminal speed of an oil droplet as it falls under the force of gravity,
Millikan was able to calculate its mass. Then, by measuring the value of potential difference
between the plates necessary to balance the droplet, he was able to calculate the total
electric charge on the droplet.
Millikan repeated the experiment over and over, meticulously balancing a charged
oil droplet, measuring its balancing voltage, and then allowing the droplet to fall under
gravity and measuring its terminal speed. The list of values he determined for the total
electric charge on each of the drops studied contained a significant pattern: all the values
were simple multiples of some smallest value. Many of the droplets had this smallest
value of charge on them, but none had less. Millikan concluded that this smallest value
represented the smallest quantity of electric charge possible, the charge on an electron,
or the elementary charge. Accurate measurements of the elementary charge have yielded
values close to Millikan’s. The currently accepted value for the elementary charge, commonly called e, is, to four significant digits,
e 5 1.602 3 10219 C

Knowing the value of the elementary charge enables us to understand the nature of
electric charge on a fundamental level. In Section 7.1, we noted that all electric charges
in solids are due to an excess or deficit of electrons. If we now know a value for the
charge on an individual electron, we can calculate the number of excess or deficit electrons that constitute any observed electric charge.
An object with an excess (or deficit) of N electrons has a charge q that is given by
q 5 Ne

SAMPLE problem 1
Calculate the charge on a small sphere with an excess of 5.0 3 1014 electrons.

Solution
N 5 5.0 3 1014
q 5 ?
q 5 Ne
5 (5.0 3 1014)(1.6 3 10219 C)
q 5 8.0 3 1025 C

The charge on the sphere is –8.0 3 1025 C (negative because of the excess of electrons).
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SAMPLE problem 2
In a Millikan-type experiment, two horizontal plates are 2.5 cm apart. A latex sphere, of
mass 1.5 3 10215 kg, remains stationary when the potential difference between the plates
is 460 V with the upper plate positive.
(a) Is the sphere charged negatively or positively?
(b) Calculate the magnitude of the charge on the latex sphere.
(c) How many excess or deficit electrons does the sphere have?

Solution
r 5 2.5 cm

q 5 ?

m 5 1.5 3 10215 kg

N 5 ?

∆V 5 460 V

(a) The electric force must be up, to balance the downward force of gravity. Since the
upper plate is positive, the latex sphere must be charged negatively to be attracted to
the upper plate and repelled by the lower plate. The electric field is downward, giving
an upward force on a negative charge.
(b) When the sphere is balanced,
FE 5 Fg
q« 5 mg
DV

But « 5 }r}. Therefore,
qDV
}r} 5 mg
mgr
q 5 }}
DV
(1.5 3 10215 kg)(9.8 m/s2)(2.5 3 1022 m)
5 }}}}}
460 V
q 5 8.0 3 10219 C

The magnitude of the charge is 8.0 3 10219 C.
(c)

q
N 5 }e}
8.0 3 10219 C
5 }}
1.6 3 10219 C
N 5 5

The sphere has 5 excess electrons (since the charge is negative).

Practice
Understanding Concepts
Answers
1. 5.0 3

1. Calculate the number of electrons that must be removed from a neutral, isolated

1011

electrons

2. 2.3 3 10212 N
3. 29 N/C; 214.0 V

conducting sphere to give it a positive charge of 8.0 3 1028 C.
2. Calculate the force of electric repulsion between two small spheres placed 1.0 m

apart if each has a deficit of 1.0 3 108 electrons.
3. A small object has an excess of 5.00 3 109 electrons. Calculate the magnitude of

the electric field intensity and the electric potential at a distance of 0.500 m from
the object.
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Answers

4. Two large, horizontal metal plates are separated by 0.050 m. A small plastic

sphere is suspended halfway between them. The sphere experiences an upward
electric force of 4.5 3 10215 N, just sufficient to balance its weight.
(a) If the charge on the sphere is 6.4 3 10219 C, what is the potential difference
between the plates?
(b) Calculate the mass of the sphere.
5. An oil drop of mass 4.95 3

4. (a) 3.5 3 102 V
(b) 4.6 3 10216 kg
5. 9.6 3 10219 C; 6e; excess
6. 22.0 3 10216 C; 21.2 3 103e

10215 kg

is balanced between two large, horizontal
parallel plates 1.0 cm apart, maintained at a potential difference of 510 V. The
upper plate is positive. Calculate the charge on the drop, both in coulombs and
as a multiple of the elementary charge, and state whether there is an excess or
deficit of electrons.

6. Delicate measurements reveal Earth to be surrounded by an electric field similar

to the field around a negatively charged sphere. At Earth’s surface, this field has
a magnitude of approximately 1.0 3 102 N/C. What charge would an oil drop of
mass 2.0 3 10215 kg need in order to remain suspended by Earth’s electric field?
Give your answer both in coulombs and as a multiple of the elementary charge.

Charge of the Proton
The proton and the electron are believed to have charges equal in magnitude but opposite in sign. Modern experiments have revealed that the ratio of the magnitudes of the
two charges is essentially 1, since the difference in coulombs does not differ by more
than 10–20, an extremely small number to say the least. But this is not obvious for particle physicists. One reason for the curiosity is that, other than the similarity in the charge
of the two particles they are quite different. Unlike the electron, the proton does have a
complex structure. And like most other heavy subatomic particles, it is comprised of
1
other fundamental entities called quarks. Quarks themselves have charges of ±}}e and
3
2
±}}e. However, this does not change our view of what the fundamental charge should be
3
since quarks have not been found to exist in a free state under ordinary conditions. All
known fundamental particles do have charges that are integral multiples of e. (Quarks
will be studied further in Chapter 13.)
At first, one might think that Millikan just discovered the magnitude of the charge
on the electron that happens to be the same as the charge on the proton. However, his
discovery has greater implications. In fact, every subatomic particle that has been observed
to date (only a small number exist) has a charge that is a whole number multiple of this
truly “fundamental” charge. It appears that charge is quantized, meaning it appears in
specific amounts, whether positive or negative. This might not seem so surprising when
we remember that matter also comes in specific packages (particles), so why not the
charge associated with those particles? However, unlike mass, which can be changed
into energy (which is really another form of mass) or vice versa in chemical and nuclear
reactions, charge is always conserved and cannot be changed into another quantity.

SUMMARY

•
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The Millikan Experiment: Determining
the Elementary Charge

There exists a smallest unit of electric charge, called the elementary charge, e, of
which other units are simple multiples; e 5 1.602 3 10219 C.
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Section 7.5 Questions
Understanding Concepts
1. Sphere A with charge 23q is 1.5 m from another identical

sphere B with charge +5q. The two spheres are brought into
contact and then separated by a distance of 1.5 m; the magnitude of the force between the spheres is 8.1 3 1022 N.
(a) Find the number of electrons transferred from one
sphere to the other. Explain which way they moved.
(b) Find the magnitude of the electric field and the electric
potential midway between the two spheres.
(c) Determine the magnitude of the initial electric force
between the spheres.
2. A small drop of water, of mass 4.3 3

1029

kg, is suspended
motionless by a uniform electric field of 9.2 3 102 N/C [up].
(a) Is the charge on the drop positive or negative? Explain.
(b) Find the number of extra electrons or protons on the
drop.

3. An oil drop, of mass 4.7 3 10215 kg, is suspended between

two parallel plates, as in Figure 3.
(a) Calculate the charge on the oil drop.
(b) Calculate the number of elementary charges required
to make up this charge.
(c) Does the oil drop have a deficit or excess of electrons?
Explain your answer.
− − − − − − − − − −
120 V

0.50 cm

+ + + + + + + + + +

Figure 3

4. Two small, equally charged objects have the same mass of

2.0 3 1025 kg. Find the possible charges on each object if
the electric force cancels the gravitational force between
each object.
5. Sphere A of mass 5.0 3 1022 kg has an excess of 1.0 3 1012

electrons. Sphere B has a deficit of 4.5 3 1012 electrons.
The two spheres are separated by 0.12 m, as in Figure 4.
(a) Find the angle between the thread and the vertical.
(b) Find the tension in the thread.
thread

A

B
0.12 m

Figure 4

Applying Inquiry Skills
6. When Millikan began his investigation, he used water

droplets rather than oil. He later switched to oil droplets
because he experienced problems when examining the
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water. (He found it difficult to suspend the water droplets
for any length of time.)
(a) Why might it be more difficult to keep water droplets
suspended than oil droplets? (Hint: Consider changes
of state.)
(b) Describe what would be observed when doing an
experiment of this nature with water.
(c) Another scientist might have assumed that other problems were causing the observed results using water.
Explain one of these false assumptions.
7. An investigator determines the charges on several different

oil droplets with apparatus similar to Millikan’s and claims
that the data in Table 1 are accurate to the number of
digits shown.
Table 1
Oil Drop

Charge (C)

1

6.40 3 10219

2

1.80 3 10218

3

1.08 3 10218

4

1.44 3 10218

5

2.16 3 10218

(a) Without using any prior knowledge about the fundamental charge, describe a procedure that could be
used to find the value of a fundamental charge,
assuming that all charges in nature are integral multiples of this charge.
(b) Use the procedure to determine the fundamental charge.
(c) Can the scientist be certain that this value is the fundamental charge? Explain your answer.
(d) We know the value of the fundamental charge. Discuss
the experimental results and explain any problems.
Making Connections
8. Earth actually has an electric field of 1.0 3 102 N/C at its

surface pointing toward the centre.
(a) A uniformly charged sphere produces an electric field
outside the object exactly the same as the field that
would be produced if the charge is concentrated at the
centre of the field. Assume Earth is uniformly charged.
What is the type and magnitude of the charge on Earth?
(b) Compare Earth’s electric field and gravitational field in
terms of (i) direction and shape, (ii) effect on objects,
and (iii) how it changes as height increases.
(c) What is the largest mass that can be suspended by the
electric field of Earth if the particle has the elementary
charge on it?
(d) Could the electric field of Earth be used to suspend (i)
a proton and (ii) an electron? Explain your reasoning.
9. In still air under direct sunlight, tiny dust particles can often

be observed to float. Explain how this happens. How could
you test your answer?
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The Motion of Charged Particles
in Electric Fields
In the Millikan experiment, when charged oil drops were sprayed between two charged
parallel plates, the electric field they experienced caused some of them to move slowly
in one direction and others to move more slowly or more quickly in the other direction. By adjusting the magnitude of the electric field between the plates, it was possible
to get some drops to remain stationary, balanced by the downward force of gravity and
the upward force of the electric field.
The Millikan apparatus does not, however, give a true picture of the motion of charged
particles in an electric field because of the presence of air and its resistant effect on the
motion of such tiny particles, resulting in a constant terminal velocity. Consider a small positive charge q1, with a very small mass m, in a vacuum a distance r from a fixed positive charge
q2. We will assume that the mass m is so small that gravitational effects are negligible.
In Figure 1, the charge q1 experiences a Coulomb force, to the right in this case, whose
magnitude is given by

7.6
q2

q1

+

m +

FE

r
Figure 1
Charge will accelerate in the direction of the electric force according
to Newton’s second law.

kq1q2
FE 5 }}
r2

If the charged mass is free to move from its original position, it will accelerate in the
direction of this electric force (Newton’s second law) with an instantaneous acceleration whose magnitude is given by
ACTIVITY 7.6.1

FE
a 5 }m}

Describing the subsequent motion of the charged mass becomes difficult because as
it begins to move, r increases, causing FE to decrease, so that a decreases as well. (You can
see that a decrease is inevitable, since the acceleration, like the magnitude of the electrical
force, is inversely proportional to the square of the distance from the repelling charge.)
Motion with a decreasing acceleration poses a difficult analytical problem if we apply
Newton’s laws directly.
If we use considerations of energy to analyze its motion, it becomes much simpler. As
the separation distance between q1 and q2 increases, the electric potential energy decreases,
and the charged mass q1 begins to acquire kinetic energy. The law of conservation of
energy requires that the total energy remain constant as q1 moves away from q2.
Activity 7.6.1 in the Lab Activities section at the end of this chapter provides the opportunity for you to simulate the motion of charged particles in electric fields.
This aspect of the system is illustrated in Figure 2. When q1 is at r1, q1 is at rest, and so
the total energy of the charged mass equals its potential energy:
E 5 E9

The Motion of Charged Particles
in Electric Fields (p. 375)
How many ways can you think of to
show that the law of conservation of
energy governs the motion of
charged particles? How do the
force, acceleration, and velocity of
the charged particles change?

q2

q1

q1

v1 = 0

v2

m +

+

+

r1
r2

EE 1 EK 5 EE91 EK9
kq1q2
kq1q2
1
1
}r} 1 }} mv 2 5 }} 1 }} m (v 9) 2
2
r9
2
kq1q2
kq1q2
1
1
}} 2 }} 5 }} m (v 9) 2 2 }} mv 2
r9
2
2
r

Figure 2
The total energy of the charges
remains constant even though the
distance between them changes.

kq1q2
kq1q2
1
21}} 2 }}2 5 }} mm (v 9) 2 2 0
r9
2
r
2DEK 5 DEK
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The charged particle q1 thus moves in the electric field of q2 in such a way that the electric potential energy it loses (2DEE) is equal to the kinetic energy it gains (DEK).
A sample problem will illustrate this.

SAMPLE problem 1
Figure 3 shows two small conducting spheres placed on top of insulating pucks. One
puck is anchored to the surface, while the other is allowed to move freely on an air table.
The mass of the sphere and puck together is 0.15 kg, and the charge on each sphere is
+3.0 3 1026 C and +5.0 3 1029 C. The two spheres are initially 0.25 m apart. How fast will
the sphere be moving when they are 0.65 m apart?
+3.0 3 10−6 C
free to move

+5.0 3 10−9 C
will not move

Figure 3

Solution
m 5 0.15 kg

r 5 0.25 m
1026

q1 5 13.0 3

r 9 5 0.65 m

C

q2 5 15.0 3 1029 C

v95 ?

To find the speed, the kinetic energy at r 9 = 0.65 m is required. Since the initial kinetic
energy is 0, the final kinetic energy is equal to the change in kinetic energy. To determine
the change in kinetic energy, we first find the change in electric potential energy:
EK9 5 DEK
5 2DEE
kq1q2
kq q2
5 2 }r1}
2 }r}
9

_

9

2

+
26

2

29

9

2

26

2

29

(9.0 3 10 N?m /C )(3.0 3 10 C)(5.0 3 10 C)
(9.0 3 10 N?m /C )(3.0 3 10 C)(5.0 3 10 C)
5 2 }}}}}} 1 }}}}}}
0.65 m

0.25 m

EK9 5 3.3 3 1024 J

We can now find the speed:
v9 5
5

2E 9
}
!}§
m
K

2(0.33 J)
}
!§
0.15 kg

v 9 5 0.07 m/s

The sphere will be moving with a speed of 0.07 m/s.
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When the electric field in which the charged particle is moving is uniform, its motion
is much simpler. In a uniform electric field
#$ 5 constant
F#$E 5 q«
Therefore,
F#$E
a#$ 5 }}
5 constant
m

Thus, the charged particle moves with uniform acceleration. This will be the case for
small charged particles (such as ions, electrons, and protons) where gravitational effects
are negligible and they are moving between two parallel plates in a vacuum.
The work done by a constant force in the same direction as the displacement is the scalar
product of the force and the displacement. In a parallel-plate apparatus with plate separation
r, the work done by the electric force in moving a charge q from one plate to the other is
W 5 #$FE ? #r$

(since «#$ and r$ are in the same direction)

5 «qr
∆V
5 }} qr
d
W 5 ∆Vq

This amount of work is equal in magnitude to the change in electric potential energy
and the change in kinetic energy of the particle as it moves from one plate to the other.
A sample problem will illustrate many of these relationships.

right–left deflection plate
electron gun

SAMPLE problem 2
The cathode in a typical cathode-ray tube (Figure 4), found in a computer terminal or an
oscilloscope, is heated, which makes electrons leave the cathode. They are then attracted
toward the positively charged anode. The first anode has only a small potential rise while
the second is at a large potential with respect to the cathode. If the potential difference
between the cathode and the second anode is 2.0 3 104 V, find the final speed of the
electron.

Solution
The mass and charge of an electron can be found in Appendix C.
∆V 5 2.0 3

104 V

q 5 1.6 3

m 5 9.1 3 10231 kg

10219

up–down deflection plate

C

v 5 ?

electron gun
control grid

For the free electron,

electron
beam

2DEE 5 DEK
1
qDV 5 }} mv 2
2
v 5

heater

!§
2qDV
}
m

2(1.6 3 10
C)(2.0 3 10 V)
}}}}
!§§§
9.1 3 10
kg
219

5

4

231

v 5 8.4 3 107 m/s

The final speed of the electron is 8.4 3 107 m/s.
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cathode
first anode
second anode
Figure 4
A typical cathode ray tube
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Note that this speed is not negligible compared to the speed of light (about
28%). The high velocity is due to the high electric potential difference and very
low mass of the electron. This analysis becomes unsatisfactory for electrons
accelerated by potentials of more than a few thousand volts because they begin
to show relativistic effects (see Chapter 11).

Practice
Understanding Concepts
1. The potential difference between two parallel plates is 1.5 3 102 V. You would

Answers
1. 1.6 3

1023

C

2. (a) 4.4 3 105 m/s
(b) 3.1 3 105 m/s
3. (a) 3.2 3 1024 J
(b) 6.4 3 1024 N
(c) 3.2 3 1024 J
(d) 8.0 m/s
4. 2.3 3 10216 J; 1.6 3 107 m/s
5. 2.6 3 105 V

have to do 0.24 J of work if you were to move a small charge, in opposition to the
electric force, from one plate to the other. Calculate the magnitude of the
charge.
2. An a particle has a positive charge of 2e and a mass of 6.6 3 10227 kg. With

what velocity would an a particle reach the negative plate of a parallel-plate
apparatus with a potential difference of 2.0 3 103 V
(a) if it started from rest at the positive plate
(b) if it started from rest at a point halfway between the plates
3. A pith ball of mass 1.0 3 1025 kg with a positive charge of 4.0 3 1027 C is

slowly pulled at a constant speed by a string a distance of 50.0 cm through a
potential difference of 8.0 3 102 V. It is then released from rest and “falls” back
to its original position.
(a) Calculate the work done by the string in moving the pith ball.
(b) Calculate the magnitude of the average force required to do this work.
(c) Calculate the kinetic energy of the pith ball when it arrives back at its
original position.
(d) Calculate the speed of the pith ball just as it reaches its final position.
4. Two electrons are held, at rest, 1.0 3 10212 m apart, then released. With what

kinetic energy and speed is each moving when they are a “large” distance
apart?
5. What is the potential difference required to accelerate a deuteron of mass

3.3 3 10227 kg and charge 1.6 3 10219 C from rest to a speed of
5.0 3 106 m/s?

Inkjet Printers
An inkjet printer uses charged parallel plates to deflect droplets of ink headed toward the
paper. One type of inkjet print head ejects a thin stream of small ink droplets while it is
moving back and forth across the paper (Figure 5). Typically, a small nozzle breaks up
the stream of ink into droplets 1 3 1024 m in diameter at a rate of 150 000 droplets per
second and moving at 18 m/s. When the print head passes over an area of the paper
that should have no ink on it, the charging electrode is turned on, creating an electric field
between the print head and the electrode. The ink droplets acquire an electric charge
by induction (the print head itself is grounded), and the deflection plates prevent the
charged droplets from reaching the paper by diverting them into a gutter. When the
print head passes over an area where ink is to be placed, the electrode is turned off and
the uncharged ink droplets pass through the deflection plates in a straight line, landing
on the paper. The movement of the print head across the paper determines the form of
what appears on the paper.
Another type of inkjet printer places a charge on all the ink droplets. Two parallel
plates are charged proportionately to a control signal from a computer, steering the
droplets vertically as the paper moves horizontally (Figure 6). In the areas where no ink
is to be placed, the droplets are deflected into a gutter as in the previous design.
368 Chapter 7
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deflection plates

paper

electrode

nozzle of
print head

gutter

pump

charging control
instructions from computer

ink supply
Figure 5
The print head emits a steady flow of ink droplets. Uncharged ink droplets
pass straight through the deflection plates to form letters. Charged droplets
are deflected into the gutter when the paper is to be blank. Notice that the
evidence of the ink drops can be seen when the letters are enlarged.
deflection
plates

SAMPLE problem 3
An electron is fired horizontally at 2.5 3 106 m/s between two horizontal parallel plates
7.5 cm long, as shown in Figure 7. The magnitude of the electric field is 130 N/C. The
plate separation is great enough to allow the electron to escape. Edge effects and gravitation are negligible. Find the velocity of the electron as it escapes from between the plates.
+y

1
+x

1

1

1

1

1

1

1

1

1

charging
electrode

1

gutter
paper

«

electron
vW1
2

2

ink drop generator
2

2

2

2

2

2

2

2

2

Figure 7

Figure 6
Charged droplets are deflected vertically to form the letters.

Solution
« = 130 N/C

q 5 1.6 3 10219 C
#v$1 5 2.5 3

106 m/s

[horizontally]

#v$2 5 ?

l 5 7.5 cm
Note that v#$2 has two components, v2x and v2y .
The magnitude of the electric field is constant, and the field is always straight down;
therefore, the electric force on the electron is constant, meaning its acceleration is constant and vertical. We can break the problem up into a horizontal part, which involves just
uniform motion, and a vertical part, which involves constant acceleration. There is no need
to use energy here (although you could). We will use forces and kinematics instead.

NEL
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The magnitude of the net force on the electron is
Fnet 5 FE
5 q«
Fnet 5 e«
Therefore, the magnitude of the acceleration of the electron is given by
e«
ay 5 }
me
(21.6 3 10219 C)(2130 N/C)
5 }}}}
9.1 3 10231 kg
ay 5 2.3 3 1013 m/s2
#a$ 5 2.3 3 1013 m/s2 [up]

This acceleration is upward because the electron is repelled by the lower plate and
attracted to the upper plate, as indicated by the direction of the electric field.
The initial velocity in the vertical direction is zero. To find the final vertical velocity, it suffices to find the time spent on the vertical movement, which equals the time spent
passing through the plates. That time, in turn, is given to us by the horizontal velocity and
the width of the plates. (Remember that the electron moves with uniform motion in the
horizontal direction.)
Dl
Dt 5 }}
vx
7.5 3 1022 m
5 }}
2.5 3 106 m/s
Dt 5 3.0 3 1028 s

The final vertical component of the velocity is
v2y 5 v1y 1 ay Dt
5 0 1 (2.3 3 1013 m/s2 )(3.0 3 1028 s)
v2y 5 6.9 3 105 m/s [up]

v2

v2y

Adding these two components head-to-tail and using the Pythagorean theorem, as in
Figure 8, gives

v

v2 5 Ïw
w
(6.9 3w
105 mw
/s) 1 (w
2.5 3 w
106 m/s)

v2x = v1x = |v1|
Figure 8

v2 5 2.6 3 106 m/s

We determine the angle upward from the horizontal:
6.9 3 105 m/s
v 5 tan21 }}
2.5 3 106 m/s

1

2

v 5 15°

The final velocity is 2.6 3 106 m/s [right 15° up from the horizontal].

SUMMARY

•
•
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The Motion of Charged Particles
in Electric Fields

A charged particle in a uniform electric field moves with uniform acceleration.
From conservation principles, any changes to a particle’s kinetic energy result
from corresponding changes to its electric potential energy (when moving in any
electric field and ignoring any gravitational effects).
NEL
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Section 7.6 Questions
4. Ernest Rutherford in his lab at McGill University, Montreal,

Understanding Concepts
1. Figure 9 shows a common technique used to accelerate

electrons, usually released from a hot filament from rest.
The small hole in the positive plate allows some electrons
to escape providing a source of fast-moving electrons for
experimentation. The magnitude of the potential difference
between the two plates is 1.2 3 103 V. The distance
between the plates is 0.12 m.
(a) At what speed will an electron pass through the hole
in the positive plate?
(b) Is the electron pulled back to the positive plate once it
passes through the hole? Explain your answer.
(c) How could the apparatus be modified to accelerate
protons?
(d) Find the speed of the emerging protons in an appropriate apparatus.

fired a particles of mass 6.64 3 10227 kg at gold foil to
investigate the nature of the atom. What initial energy must
an a particle (charge +2e) have to come within
4.7 3 10215 m of a gold nucleus (charge +79e) before
coming to rest? This distance is approximately the radius
of the gold nucleus.
5. An electron with a velocity of 3.00 3 106 m/s [horizontally]

passes through two horizontal parallel plates, as in
Figure 11. The magnitude of the electric field between the
plates is 120 N/C. The plates are 4.0 cm across. Edge
effects in the field are negligible.
(a) Calculate the vertical deflection of the electron.
(b) Calculate the vertical component of the final velocity.
(c) Calculate the angle at which the electron emerges.

e2

y

v1
–
e-

–

–

–

–

–

v2

θ

+

+

+

+

+

+

+

+

+

+

+ + + + + +

–

–

–

–

–

x

Figure 11

–

–

–

–

–
Making Connections

Figure 9

6. An oscilloscope is a device that deflects a beam of elec-

2. An electron is accelerated through a uniform electric field

of magnitude 2.5 3 102 N/C with an initial speed of 1.2 3
106 m/s parallel to the electric field, as shown in Figure 10.
(a) Calculate the work done on the electron by the field
when the electron has travelled 2.5 cm in the field.
(b) Calculate the speed of the electron after it has travelled 2.5 cm in the field.
(c) If the direction of the electric field is reversed, how far
will the electron move into the field before coming to
rest?

Figure 10
3. Two electrons are fired at 3.5 3 106 m/s directly at each

other.
(a) Calculate the smallest possible distance between the
two electrons.
(b) Is it likely that two electrons in this situation will actually get this close to each other if the experiment is
performed? Explain your answer.

NEL

trons vertically and horizontally across a screen. Its many
applications (e.g., electrocardiography) rely on its high sensitivity to electric potential differences.
(a) How can we deflect the beam of electrons in the oscilloscope vertically, whether upward or downward, by
various amounts?
(b) How can we deflect the beam horizontally from left to
right, and then horizontally again, more quickly, from
right to left?
(c) If an oscilloscope is to be used to monitor the heartbeat of a patient, what will determine the amount of
vertical and horizontal deflection of the electrons?
(d) Design an oscilloscope that can deflect the electrons 5°
vertically up and down and 10° horizontally left and right.
Discuss the changes in potential that will be required in
its operation if heartbeats are to be measured.
7. Two oppositely charged objects, of some nonneglible mass

m1, are placed in deep interstellar space, in a region essentially free of gravitational forces from other objects.
(a) Discuss the resulting motion of the two objects and
the energy transformations.
(b) Compare the motion of these two charged objects with
the motion of two neutral objects, of some nonnegligible mass m2, under similar circumstances.
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SUMMARY

Key Expectations
• state Coulomb’s law and Newton’s law of universal

gravitation, and analyze and compare them in qualitative terms (7.2)

•

apply Coulomb’s law and Newton’s law of universal
gravitation quantitatively in specific contexts (7.2)

•

define and describe the concepts and units related to
electric and gravitational fields (e.g., electric and gravitational potential energy, electric field, gravitational
field strength) (7.2, 7.3, 7.4, 7.5, 7.6)

•

describe and explain, in qualitative terms, the electric
field that exists inside and on the surface of a charged
conductor (e.g., inside and around a coaxial cable)
(7.3)

•

explain how the concept of a field developed into a
general scientific model, and describe how it affected
scientific thinking (e.g., explain how field theory
helped scientists understand, on a macro scale, the
motion of celestial bodies and, on a micro scale, the
motion of particles in electric fields) (7.3)

•

compare the properties of electric and gravitational
fields by describing and illustrating the source and
direction of the field in each case (7.3, 7.6)

•

apply quantitatively the concept of electric potential
energy in a variety of contexts, and compare the characteristics of electric potential energy with those of
gravitational potential energy (7.4, 7.6)

Key Terms
induced charge separation

determine the net force on, and the resulting motion
of, objects and charged particles by collecting, analyzing, and interpreting quantitative data from experiments or computer simulations involving electric and
gravitational fields (e.g., calculate the charge on an
electron, using experimentally collected data; conduct
an experiment to verify Coulomb’s law and analyze
discrepancies between theoretical and empirical
values) (7.2, 7.5, 7.6)

•

•

•

analyze and explain the properties of electric fields and
demonstrate how an understanding of these properties
can be applied to control or alter the electric field
around a conductor (e.g., demonstrate how shielding
on electronic equipment or on connecting conductors
[coaxial cables] affects electric fields) (7.3)
analyze in quantitative terms, and illustrate using field
and vector diagrams, the electric field and the electric
forces produced by a single point charge, two point
charges, and two oppositely charged parallel plates
(e.g., analyze, using vector diagrams, the electric force
required to balance the gravitational force on an oil
drop or on latex spheres between parallel plates)
(7.3, 7.5)
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law of conservation of charge
Coulomb’s law
coulomb
field theory
field of force
electric field
electric potential
electric potential difference
electric potential energy

Key Equations
•
•
•
•
•
•
•
•

kq q2
FE 5 }1}
r2

(7.2)

k 5 9.0 3 109 N?m2/C2
kq1
« 5 }}
r2
kq1q2
EE 5 }}
r
kq1
V 5 }}
r
∆E 5 q∆V

Coulomb’s law

(7.2)
(7.3)
(7.4)
(7.4)

V
for charged plates « 5 }∆r}

e 5 1.602 3 10219 C

elementary charge

q 5 Ne

(7.4)
(7.5)
(7.5)

MAKE a summary
There are many different concepts and equations in this
chapter that are closely related to each other. List all the
equations in this chapter and show how they are related.
Identify which quantities in your equations are vectors,
which of your equations apply to point charges, and which
equations apply to parallel plates. Give an application for
each equation, and discuss any principles or laws from other
chapters that are related to them.
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SELF QUIZ

Write numbers 1 to 6 in your notebook. Indicate beside
each number whether the corresponding statement is true
( T) or false (F). If it is false, write a corrected version.

1. If a charge q exerts a force of attraction of magnitude
F on a charge –2q, then the charge –2q exerts a force
of attraction of magnitude 2F on the charge q.
2. The only difference between electric and gravitational
forces is that the electric force is larger.
3. The electric field at the surface of a conductor in
static equilibrium is perpendicular to the surface of
the conductor.
4. Electric field lines indicate the path that charged particles will follow near another charged object.
5. It is safe to stay in your car during a lightning storm
because the tires act as insulators.
6. The acceleration experienced by two small charges as
they start from rest and move apart is inversely proportional to the square of the distance between them.
Write numbers 7 to 13 in your notebook. Beside each
number, write the letter corresponding to the best choice.

7. When comparing the force of attraction between an
electron and a proton due to the electric force and
gravity, it can be concluded that
(a) the gravitational force is a lot stronger
(b) the electric force is a lot stronger
(c) the two types of forces are the same
(d) they cannot be compared
(e) the electric force is slightly stronger
8. The electric force on each of two small charged
spheres due to the other sphere has a magnitude of F.
The charge on one sphere is doubled, and the distance
between the centres of the spheres is tripled. The magnitude of the force on each small charged sphere is
2F
2F
(e) }}
(a) 2F
(c) }}
3
9
F
F
(b) }}
(d) }}
3
9
9. The magnitude of the electric field due to a small
charged object is 12 N/C at a distance of 3.0 m from
the charge. The field 6.0 m away from the charge is
(a) 36 N/C (c) 6.0 N/C
(e) 3.0 N/C
(b) 12 N/C (d) 4.0 N/C
10. Which diagram in Figure 1 represents the net electric
field between two charged parallel plates if a neutral
conducting sphere is placed between the plates?
(a)
(b)
(c)
(d)
(e) none of these
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An interactive version of the quiz is available online.
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Figure 1

11. A neutral charged conductor is placed near a positively charged object. The electric field inside the
neutral conductor is
(a) perpendicular to the surface
(b) zero
(c) directed toward the negative charge
(d) stronger than the electric field at the surface of
the conductor
(e) none of these
12. A mass has a charge on it. Another small mass with a
positive charge is moved away from the first mass,
which remains at rest. As the distance increases, what
happens to the gravitational potential energy Eg and
the electric potential energy EE?
(a) Eg decreases and EE decreases
(b) EE either decreases or increases, depending on the
unknown sign of charge, and Eg decreases
(c) Eg decreases and EE increases
(d) EE decreases or increases, depending on the
unknown sign of charge, and Eg increases
(e) Eg increases and EE decreases
13. Two isolated electrons starting from rest move apart.
Which of the following statements is true as the distance between the electrons increases?
(a) The velocity increases and the acceleration is
constant.
(b) The velocity increases and the acceleration
decreases.
(c) The velocity decreases and the acceleration is
constant.
(d) The velocity increases and the acceleration
increases.
(e) The velocity is constant and the acceleration is
constant.
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REVIEW

Understanding Concepts
1. One of the children in Figure 1 is touching an electrostatic generator.
(a) Why does the hair of the child touching the electrostatic generator stand on end?
(b) Why does the hair of the other child likewise
stand on end?
(c) Are the children grounded? Explain your answer.

(a) Calculate the electrostatic force between the electron and the proton.
(b) Calculate the gravitational force between them.
(c) Which force is mainly responsible for the electron’s circular motion?
(d) Calculate the speed and period of the electron in
its orbit around the proton.
7. Two point charges, +4.0 3 1025 C and –1.8 3 1025 C,
are placed 24 cm apart. What is the force on a third
small charge, of magnitude –2.5 3 1026 C, if it is
placed on the line joining the other two,
(a) 12 cm outside the originally given pair of
charges, on the side of the negative charge?
(b) 12 cm outside the originally given pair of
charges, on the side of the positive charge?
(c) midway between the originally given pair of
charges?
8. Explain why we use a “small” test charge to detect and
measure an electric field.
9. If a stationary charged test particle is free to move in
an electric field, in what direction will it begin to
travel?

Figure 1
Two children holding hands; one is touching an electrostatic generator.

2. In a chart, compare similarities and differences
between Newton’s law of universal gravitation and
Coulomb’s law.
3. Coulomb’s law may be used to calculate the force
between charges only under certain conditions. State
the conditions, and explain why they are imposed.
4. Two small, oppositely charged conducting spheres
experience a mutual electric force of attraction of
magnitude 1.6 3 1022 N. What does this magnitude
become if each sphere is touched with its identical,
neutral mate, the initially neutral spheres are taken
far away, and the separation of the two initially
charged spheres is doubled?
5. What is the distance between two protons experiencing a mutually repelling force of magnitude
4.0 3 10–11 N?
6. One model of the structure of the hydrogen atom
consists of a stationary proton with an electron
moving in a circular path around it. The orbital path
has a radius of 5.3 3 10211 m. The masses of a
proton and an electron are 1.67 3 10227 kg and
9.1 3 10231 kg, respectively.
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10. Why is it safer to stay inside an automobile during a
lightning storm? (Hint: It is not due to the insulating
rubber tires.)
11. Three small, negatively charged spheres are located at
the vertices of an equilateral triangle. The magnitudes
of the charges are equal. Sketch the electric field in
the region around this charge distribution, including
the space inside the triangle.
12. A small test charge of +1.0 mC experiences an electric
force of 6.0 3 1026 N to the right.
(a) What is the electric field strength at that point?
(b) What force would be exerted on a charge of
–7.2 3 1024 C located at the same point, in place
of the test charge?
13. What are the magnitude and direction of the electric
field strength 1.5 m to the right of a positive point
charge of magnitude 8.0 3 1023 C?
14. What are the magnitude and direction of the electric
field strength at point Z in Figure 2?
q1 = 22.0 3 10–5 C q2 = 8.0 3 10–6 C
−

+
60.0 cm

X

Y

30.0 cm

Z

Figure 2
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15. A ping-pong ball of mass 3.0 3 1024 kg hangs from a
light thread 1.0 m long, between two vertical parallel
plates 10.0 cm apart (Figure 3). When the potential
difference across the plates is 420 V, the ball comes
to equilibrium 1.0 cm to one side of its original
position.

22. How much work must be done to bring two protons,
an infinite distance apart, to within 1.0 3 10215 m of
each other, a distance comparable to the width of an
atomic nucleus? (The work required, while small, is
enormous in relation to the typical kinetic energies of
particles in a school lab. This shows why particle
accelerators are needed.)
23. What is the magnitude of the electric field between
two large parallel plates 2.0 cm apart if a potential
difference of 450 V is maintained between them?

1.0 m

24. What potential difference between two parallel plates,
at a separation of 8.0 cm, will produce an electric
field strength of magnitude 2.5 3 103 N/C?
25. Most experiments in atomic physics are performed in
a vacuum. Discuss the appropriateness of performing
the Millikan oil drop experiment in a vacuum.

1.0 cm
10.0 cm

Figure 3

(a) Calculate the electric field strength between the
plates.
(b) Calculate the tension in the thread.
(c) Calculate the magnitude of the electric force
deflecting the ball.
(d) Calculate the charge on the ball.
16. If two points have the same electric potential, is it
true that no work is required to move a test charge
from one point to the other? Does that mean that no
force is required, as well?
17. How much work is required to move a charged particle through an electric field if it moves along a path
that is always perpendicular to an electric field line?
How would the potential change along such a path?

26. Assume that a single, isolated electron is fixed at
ground level. How far above it, vertically, would
another electron have to be so that its mass would be
supported against gravitation by the force of electrostatic repulsion between them?
27. An oil droplet of mass 2.6 3 10215 kg, suspended
between two parallel plates 0.50 cm apart, remains
stationary when the potential difference between the
plates is 270 V. What is the charge on the oil droplet?
How many excess or deficit electrons does it have?
28. A metallic table tennis ball of mass 0.10 g has a charge
of 5.0 3 1026 C. What potential difference, across a
large parallel plate apparatus of separation 25 cm,
would be required to keep the ball stationary?
29. Calculate the electric potential and the magnitude of
the electric field at a point 0.40 m from a small sphere
with an excess of 1.0 31012 electrons.

18. A charge of 1.2 3 1023 C is fixed at each corner of a
rectangle 30.0 cm wide and 40.0 cm long. What are
the magnitude and direction of the electric force on
each charge? What are the electric field and the electric potential at the centre?

30. An electron is released from rest at the negative plate
in a parallel plate apparatus kept under vacuum and
maintained at a potential difference of 5.0 3 102 V.
With what speed does the electron collide with the
positive plate?

19. Calculate the electric potential 0.50 m from a
4.5 3 1024 C point charge.

31. What potential difference would accelerate a helium
nucleus from rest to a kinetic energy of 1.9 3 10215 J?
(For a helium nucleus, q = +2e.)

20. A 1.0 3 1026 C test charge is 40.0 cm from a
3.2 3 1023 C charged sphere. How much work was
required to move it there from a point 1.0 3 102 cm
away from the sphere?
21. How much kinetic energy is gained by an electron
that is allowed to move freely through a potential difference of 2.5 3 104 V?

NEL

32. An electron with a speed of 5.0 3 106 m/s is injected
into a parallel plate apparatus, in a vacuum, through
a hole in the positive plate. The electron collides with
the negative plate at 1.0 3 106 m/s. What is the
potential difference between the plates?
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33. Four parallel plates are connected in a vacuum as in
Figure 4. An electron, essentially at rest, drifts into
the hole in plate X and is accelerated to the right. The
vertical motion of the electron continues to be negligible. The electron passes through holes W and Y,
then continues moving toward plate Z. Using the
information given in the diagram, calculate
(a) the speed of the electron at hole W
(b) the distance from plate Z to the point at which
the electron changes direction
(c) the speed of the electron when it arrives back at
plate X
4.0 cm
−

4.0 cm
W

X

3.0 3 102 V

4.0 cm
Y

5.0 3 102 V

Z

Figure 4

34. Two a particles, separated by an enormous distance,
approach each other. Each has an initial speed of
3.0 3 106 m/s. Calculate their minimum separation,
assuming no deflection from their original path.
35. An electron enters a parallel plate apparatus 10.0 cm
long and 2.0 cm wide, moving horizontally at
8.0 3 107 m/s, as in Figure 5. The potential difference
between the plates is 6.0 3 102 V. Calculate
(a) the vertical deflection of the electron from its
original path
(b) the velocity with which the electron leaves the
parallel plate apparatus

Build your own versorium. Charge several objects and
try your device. Also try it on an operating television
screen. Examine the effect of turning the television off
and on while keeping your versorium near the screen.
Write a short report on your findings.
37. Design an experiment that can be used to test the
properties of conductors in electric fields. You may
use either or both of the following as is convenient: a
probe that can detect electric fields; a charged neutral
object attached to an insulating rod.
38. The electric field of Earth always points toward Earth.
The magnitude of the field strength varies locally
from as low as 100 N/C in fair weather to 20 000 N/C
in a thunderstorm. A field mill measures the local
electric field strength. In this device, the lower plate,
parallel to the ground, is connected to Earth through
an ammeter. The upper plate can be moved horizontally, and it, too, is connected to Earth.
(a) When the mill is arranged as in Figure 6(a), what
kind of charge is on the surface of Earth and on
each plate? (Hint: Examine the field lines.)
(b) What will the ammeter show when you move the
upper plate rapidly over the lower plate, as in
Figure 6(b)? Explain your answer.
(c) What will the ammeter show when the upper
plate is quickly pushed away from the lower
plate? Explain your answer.
(d) What will the ammeter show if the upper plate is
attached to a motor and is rotated in a circle,
passing periodically over the lower plate?
(e) How is the ammeter reading related to the magnitude of the electric field of Earth?
(a)

(b)

10.0 cm
+
−

8.0 3 107 m/s

2.0 cm

−

6.0 3 102 V
Figure 5

Applying Inquiry Skills
36. A versorium is a device that detects the presence of an
electric charge on an object. The device consists of any
convenient material (e.g., a straw or a long strip of
folded paper) balanced on a needle or tack with some
sort of base, such as modelling clay. The straw will
rotate if a charged object is brought close to one end.
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A

A

Figure 6
A field mill is used to detect the magnitude of Earth’s electric field.

39. You place a circular conductor near a charged plate in
oil with suspended rayon fibres, as in Figure 7. The
configuration assumed by the fibres indicates the
geometry of the electric field. Explain what conclusions this demonstration suggests regarding the
nature of electric fields (a) near the surfaces of conductors and (b) inside conductors.
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Unit 3

Figure 7

43. Figure 9 shows the climbing arc, or “Jacob’s ladder.” It
operates by applying a potential difference to the
plates. If the potential difference is large enough, an
arc will jump between the gap between the two plates,
where they are closest. The arc will then slowly climb
up the ever-widening gap between the two plates.
Discuss how the device operates by explaining the
conditions necessary to start the arc, why it starts
where the plates are closest, and why it then “climbs”
up the space between the plates.

40. Using different materials—wool, fur, plastic, and
paper—charge a small fluorescent tube in a dark
room. A 45-cm tube, rated at 15 W, works well. The
brightness of the tube depends on the potential difference achieved. Charge a plastic rod or a length of
PVC pipe and move it close to the fluorescent tube.
(Figure 8 depicts this phenomenon using large fluorescent bulbs.) Write a short report on your
observations.

Figure 9
Climbing arc (or Jacob’s ladder)

Extension
Figure 8
Power lines in rural areas are operated at a potential difference of several hundred thousand volts relative to Earth.
This voltage drop is high enough to create a significant
potential difference across these fluorescent bulbs, causing
them to glow.

Making Connections
41. When laboratories process photographs, the film
often becomes positively charged, attracting dust and
even causing sparks. One variety of static eliminator
uses a radioactive source, polonium-210, that emits
positively charged particles (a particles). Explain how
this can help to reduce dust on the film.

44. Gauss’s law is considered even more general than
Coulomb’s law and is useful in relating the electric
field to the total charge. Research Gauss’s law and its
applications and make a display showing what you
have found.
45. An electron with an initial velocity of 2.4 3 106 m/s
[45° up from the horizontal] passes into two parallel
plates separated by 2.5 mm, as in Figure 10. The
potential difference between the plates is 1.0 3 102 V.
(a) How close does the electron come to the top
plate?
(b) Determine where it strikes the bottom plate.

v1

45°

1.0 3 102 V

42. Research the principles of piezoelectric crystals and
the use of these crystals in wrist watches. Write a
one-page report.
Figure 10

GO
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chapter

8

In this chapter,
you will be able to

•

define and describe
concepts related to magnetic
fields

•

compare and contrast the
properties of electric,
gravitational, and magnetic
fields

•

predict the forces on moving
charges and on a currentcarrying conductor in a
uniform magnetic field

•

perform and analyze
experiments and activities on
objects or charged particles
moving in magnetic fields

•

analyze and explain the
magnetic fields around
coaxial cables

•

describe how advances in
technology have changed
scientific theories

•

evaluate the impact of new
technologies on society

Magnetic Fields and
Electromagnetism
Force acting-at-a-distance is the prevailing theme in this unit, and magnetism is another
familiar force that behaves in this manner. A magnet can easily cause a compass needle
to turn without making any contact with the needle or cause iron filings to “leap” off a
desk without touching them. In this chapter we will draw on what we know about gravity
and the electric force to expand our understanding of magnetism.
As in the last chapter the goal is to provide a more complete picture of magnetism
through a rigorous, quantitative study. We will also look at many different applications of
magnetism in areas such as nature (
), transportation, communication, and safety.
Figure 1

REFLECT on your learning
1. When a charge passes through a conductor, it produces a magnetic field.

(a)
(b)
(c)
(d)

How is the magnetic field oriented around a straight conductor?
How does the magnetic field strength vary with distance from the conductor?
What factors other than distance affect the magnitude of the magnetic field?
What factors affect the magnitude of the magnetic field produced by a coiled
conductor?

2. (a) If a wire with a current in it can experience a force in a magnetic field, can a

single charge moving in a magnetic field experience a force? If so, under what
circumstances can this occur?
(b) What factors affect the magnitude and direction of the force on the charge in the
magnetic field?
(c) What happens to the velocity of a particle fired into a uniform magnetic field,
perpendicular to the field?
(d) Will the resulting motion of a charged particle fired into a magnetic field
resemble projectile motion for a mass in a gravitational field in the same way as a
charged particle in a uniform electric field?
3. We have seen that the central conductor in a coaxial cable is shielded from electric

fields. Does the conductor also shield magnetic fields? Why or why not?
4. List four devices that use the principles of magnetism. Explain how they work.
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activity

Magnetic Fields

For this activity you will need an old cathode-ray tube and a bar magnet.
Have your teacher check all power arrangements.
Cathode-ray tube potentials can be hazardous.

•
•

Set up the cathode-ray tube so that a beam of electrons is clearly visible.
Bring the north-seeking pole of a bar magnet close to the tube from
several different directions. Repeat with the south-seeking pole of the
magnet.

(a) What happens to the beam when you bring the north-seeking pole near?
(b) How does this compare to what happens when the south-seeking pole is
brought near?
(c) What causes the change in trajectory of the beam? Do rays of light and
streams of water behave in the same way in the presence of magnetic
poles? Test your hypothesis and try to explain the results.

Figure 1
The aurora borealis is a result of ionized particles
interacting with Earth’s magnetic field.
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8.1
DID YOU KNOW

?

Magnets
Early investigators of magnets used
the mineral lodestone (magnetite),
an oxide of iron that is naturally
magnetized. Now artificial magnets,
containing iron, nickel, cobalt, and
gadolinium in alloys or ceramics, are
used instead.
poles the regions at the end of a
magnetized body at which magnetic
attraction is strongest

Natural Magnetism and
Electromagnetism
A systematic study of magnetism has been going on for the past two hundred years, yet
physicists are still not able to fully explain the magnetic characteristics of the neutron and
proton, and they are still puzzled about the origin of Earth’s magnetic field. And while
there are currently many applications of the principles of magnetism and electromagnetism in nature and society, scientists are continuously discovering new ways to use
them.

Magnets
When a bar magnet is dipped into iron filings, the filings are attracted to it, accumulating most noticeably around regions at each end of the magnet—the poles. When the
bar magnet is allowed to rotate freely the pole that tends to seek the northerly direction
is called the north-seeking pole, or simply, the N-pole. The other is called the southseeking pole, or S-pole.
By placing two bar magnets first with similar poles together, then with opposite poles
):
together, you can demonstrate the law of magnetic poles (
Figure 1

Law of Magnetic Poles
Opposite magnetic poles attract. Similar magnetic poles
repel.

Figure 1
The law of magnetic poles

magnetic force field the area
around a magnet in which magnetic
forces are exerted

Magnetic Fields
Since an iron filing experiences a force when placed near a magnet, then, by definition,
a magnet is surrounded by a magnetic force field. This field is often detected by its
effect on a small test compass (magnetized needle). It is visually depicted by drawing
magnetic field lines that show the direction in which the N-pole of the test compass
points at all locations in the field. Experimentally, the lines in a magnetic field can easily
be traced by sprinkling iron filings on a sheet of paper placed in the field. The filings
behave like many tiny compasses and line up in the direction of the field at all points. They
produce a “picture” of the magnetic field, as shown in
.
Figure 2

Figure 2
(a) The magnetic field of a single
bar magnet is revealed by a
number of compasses.
(b) Iron filings show the field
clearly but do not reveal the
pole orientation.
(c) The field in one plane is represented by a series of directed
lines that by convention emerge
from the N-pole and curve
toward the S-pole.
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(a)

(b)

(c)

N

N

S
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Since iron filings have no marked north or S-poles, they reveal only the pattern of
the magnetic field lines, not their direction (
). The relative strength of the magnetic field is indicated by the spacing of adjacent field lines: where lines are close together,
the magnetic field is strong.
Figure 3

(a)

Figure 3
(a) Similar poles face each other.
(b) Opposite poles face each other.

(b)

The magnetic field at any point is a vector quantity, represented by the symbol $B. The
magnitude B is given by the magnitude of the torque (or turning action) on a small test
compass not aligned with the direction of the field. We will make a more precise definition of B later in this chapter, when we examine electromagnetism.

Earth’s Magnetic Field
A pivoted magnet will rotate and point north–south because of its interaction with the
magnetic field of Earth. As early as the 16th century, Sir William Gilbert, the distinguished English physicist, had devised a model to describe Earth’s magnetism. He determined that Earth’s magnetic field resembled the field of a large bar magnet, inclined at
a slight angle to Earth’s axis, with its S-pole in the northern hemisphere.
shows this field and the bar magnet that was thought, in Gilbert’s time, to be responsible
for it.

Figure 4(a)

(a)

(b)
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Figure 4
(a) The magnetic field of Earth
closely resembles the field of a
large bar magnet.
(b) Lines of magnetic declination
in Canada
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A compass points toward Earth’s magnetic N-pole, rather than toward its geographic
north pole (the north end of Earth’s axis of rotation). The angle, or magnetic declination,
between magnetic north and geographic north varies from position to position on the
surface of Earth (
). In navigating by compass, the angle of declination for a
particular location must be known so that true north can be determined.
In addition, Earth’s magnetic field is three-dimensional, with both a horizontal and
a vertical component. A magnetic compass on a horizontal surface reveals only the horizontal component. The angle between Earth’s magnetic field, at any point, and the horizontal is called the magnetic inclination, or “dip,” and is measured with a magnetic
dipping needle (
).
Inclination and declination charts must be revised from time to time because Earth’s
magnetic field is slowly changing. It is believed that these changes result from the
rotation of the magnetic field about Earth’s axis; one complete rotation takes about
1000 years (
).
Figure 4(b)

Figure 5

Declination (degrees)

Figure 5
A dipping needle is a compass pivoted at its centre of gravity and free
to rotate in a vertical plane. When
aligned with a horizontal compass
pointing north, it points in the direction of Earth’s magnetic field. The
angle of inclination is then read
directly from the attached protractor.

7
Thunder Bay
5 Sault Ste.
3 Marie
1
-1
-3
Toronto
-5
-7
Ottawa
-9
-11
-13
-15
1750 1800 1850 1900 1950 2000
Year

Figure 6
This chart shows how the magnetic
declination in Ontario has changed
since 1750 at Thunder Bay, Sault Ste
Marie, Ottawa, and Toronto. The
negative signs indicate a westerly
declination.
Source: Natural Resources Canada

Figure 6

TRY THIS activity

Make Your Own
Dipping Needle

Bend a piece of wire into a stirrup, and tie a
piece of string to the middle of it as shown.
Push a needle through a small cube of
Styrofoam. Then push a round toothpick
through the Styrofoam, perpendicular to the
needle, balancing the toothpick on the wire
stirrup. Magnetize the needle, balancing the
setup as a combined compass and dipping
needle. Explain how your device works.

string

wire

needle

toothpick

The Domain Theory of Magnetism
Although not normally magnetized, some ferromagnetic materials, such as iron, nickel,
cobalt, and gadolinium, may become magnetized under certain circumstances. How
they are able to acquire magnetic properties may be explained by the domain theory of
magnetism.
Ferromagnetic substances are composed of a large number of tiny regions called magnetic domains. Each domain behaves like a tiny bar magnet, with its own N- and S-poles.
When a specimen of the material is unmagnetized, these millions of domains are oriented
at random, with their magnetic effects cancelling each other out, as in
.
However, if a piece of ferromagnetic material is placed in a sufficiently strong magnetic
field, some domains rotate to align with the external field, while others, already aligned,
tend to increase in size at the expense of neighbouring nonaligned domains (
).
The net result is a preferred orientation of the domains (in the same direction as the
external field), causing the material to behave like a magnet. When the external field is
removed, this orientation will either remain for a long time or disappear almost immediately, depending on the material. When magnets are made in this way, they are known
as induced magnets.
Figure 7

Figure 8

domain theory of magnetism
theory that describes, in terms of
tiny magnetically homogeneous
regions (“domains”), how a material
can become magnetized: each
domain acts like a bar magnet
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The domain model provides a simple explanation for many properties of induced
magnets:
1. A needle is magnetized by rubbing it in one direction with a strong permanent
magnet. This aligns the domains with the field of the permanent magnet.
2. When a bar magnet is broken in two, two smaller magnets result, each with its
own N- and S-poles. It is impossible to produce an isolated N- or S-pole by
breaking a bar magnet.
3. Induced magnets made of “soft” iron demagnetize as soon as the external field is
removed. Examples include temporary magnets such as lifting electromagnets.
In contrast, hard steel or alloys remain magnetized indefinitely. These include
permanent magnets such as magnetic door catches. Impurities in the alloys
seem to “lock” the aligned domains in place and prevent them from relaxing to
their random orientation.
4. Heating or dropping a magnet can cause it to lose its magnetization, jostling the
domains sufficiently to allow them to move and resume their random orientation. Each ferromagnetic material has a critical temperature above which it
becomes demagnetized and remains demagnetized even upon cooling.
5. A strong external magnetic field can reverse the magnetism in a bar magnet,
causing the former south-seeking pole to become north-seeking. This occurs
when the domains reverse their direction of orientation by 180° due to the influence of the strong external field in the opposite direction.
6. Ships’ hulls, columns and beams in buildings, and many other steel structures
are often found to be magnetized by the combined effects of Earth’s magnetic
field and the vibrations imposed during construction. The effect is similar to
stroking a needle with a strong magnet, in that the domains within the metals
are caused to line up with Earth’s magnetic field. Vibrations during construction
aid in the realignment of the domains.
Prior to the nineteenth century, electricity and magnetism, although similar in many
respects, were generally considered separate phenomena. It was left to an accidental discovery by the Danish physicist Hans Christian Oersted (1777–1851), while teaching at
the University of Copenhagen, to reveal a relationship between the two. Observing that
a magnetic compass needle was deflected by an electric current flowing through a nearby
wire, Oersted formulated the basic principle of electromagnetism:

Figure 7
The atomic dipoles are lined up in
each domain. The domains point in
random directions. The magnetic
material is unmagnetized.

Figure 8
The atomic dipoles (not the
domains) turn so that all domains
point in the direction of the
magnetizing field. The magnetic
material is fully magnetized.

Principle of Electromagnetism
Moving electric charges produce a magnetic field.

Magnetic Field of a Straight Conductor
When an electric current flows through a long, straight conductor, the resulting magnetic field consists of field lines that are concentric circles, centred on the conductor
(
).
You can remember the direction of these field lines (as indicated by the N-pole of a
small test compass) if you use the right-hand rule for a straight conductor:
Figure 9

LEARNING TIP
Current Direction
Conventional current direction is
being used, not electron flow
direction.

Right-Hand Rule for a Straight Conductor
If a conductor is grasped in the right hand, with the thumb
pointing in the direction of the current, the curled fingers
point in the direction of the magnetic field lines.
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Figure 9
(a) Iron filings reveal the circular
pattern of the magnetic field
around a conductor with a
current.
(b) If the right thumb points in the
direction of the current, then
the fingers curl around the wire
in the direction of the magnetic
field lines.

(a)

(b)

B

I

I

Magnetic Field of a Current Loop
When a straight wire is formed into a circular loop, its magnetic field will appear as
shown in
. Note that the field lines inside the loop are closer together, indicating a stronger magnetic field than on the outside of the loop.
Figure 10

Figure 10
(a) Each individual segment produces its own magnetic field,
in the manner of a straight
conductor.
(b) The individual fields combine to
form a net field similar to the
three-dimensional field of a bar
magnet.
(c) The right-hand rule for straight
conductors gives the direction
of the magnetic field of a single
loop.
(d) Iron filings reveal the magnetic
field pattern.

(a)

(b)

I

(c)
S

B
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Magnetic Field of a Coil or Solenoid
A solenoid is a long conductor wound into a coil of many loops. The magnetic field of
a solenoid (
) is the sum of the magnetic fields of all of its loops. The field
inside the coil can consequently be very strong. If the coil is tightly wound, the field
lines are nearly straight and very close together (
).
Figure 11

Figure 12

(a)

solenoid a coiled conductor used
to produce a magnetic field; when a
current is passed through the wire,
a magnetic field is produced inside
the coil

(b)

Figure 11
(a) A solenoid
(b) Iron filings reveal the field lines
in and around a solenoid.

(a)

(b)

I
B

B

I

I
B

magnetic field
Figure 12
(a) When the solenoid is loosely wound, field lines within the coil are curved.
(b) The field becomes stronger and straighter inside the coil when the coil is wound
tighter. The right-hand rule for solenoids (a corollary of the right-hand rule for a
straight conductor) gives the direction of the field inside the coil.

A solenoid has a magnetic field very similar to the field of a bar magnet, with the convenient additional feature that the field can be switched off and on. To remember the direction of the magnetic field of a solenoid, we apply a special right-hand rule for a solenoid:
Right-Hand Rule for a Solenoid
If a solenoid is grasped in the right hand, with the fingers
curled in the direction of the electric current, the thumb
points in the direction of the magnetic field lines in its core.

DID YOU KNOW

?

Strength Outside the Coil
The field lines outside the coil
have an enormous volume of
space to fill; therefore, they spread
out so much that the field strength
is negligible.

Note that the right-hand rule for a solenoid is consistent with the right-hand rule for a
straight conductor if we point our thumb along, or tangent to, the curved wire of the coil.
NEL
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Using Electromagnets and Solenoids
If a piece of a ferromagnetic material, such as iron, is placed in the core of a solenoid, the
magnetic field can become stronger, even by a factor of several thousand. The domains
in the iron are aligned by the magnetic field of the coil, with the total magnetic field
now the sum of the field due to the coil and the field due to the magnetized core material. The ratio of magnetic field strength for a particular core material to magnetic field
strength in the absence of the material is called the relative permeability of the material.
In other words, permeability is a measure of the extent to which a material is affected by
a magnetic field. A high permeability of a material means that the magnitude of the
magnetic field will be high when using that material; a low permeability (close to 1)
means that the magnitude of the magnetic field will be close to that of a vacuum. Table 1
lists relative magnetic permeabilities of some common materials. It shows that the magnetic field with a nickel core will be 1000 times stronger than a vacuum core.
Typical engineering applications demand that the iron in a solenoid core be “magnetically soft,” or free of impurities that tend to lock domains into place after the external
field disappears. Iron-core solenoids that lose their magnetism the instant the current is
disconnected are useful not only in lifting electromagnets, but in many other devices, such
as bells, relays, and magnetic speakers.
Table 1 Relative Magnetic Permeabilities of Common Materials
Material

DID YOU KNOW

?

Magnetism and Fingerprinting

copper

0.999 99

water

0.999 999

vacuum

1.000 000

oxygen

1.000 002

aluminum

1.000 02

cobalt

170

nickel

1 000

steel

2 000

iron

6 100

permalloy
The fingerprints on this banana are
revealed by magnetic fingerprint
powder, a new invention used to
detect fingerprints on surfaces
impossible to check by conventional
means. The powder consists of tiny
iron flakes with an organic coating
that makes them stick to the greasy
residue in a fingerprint. Excess
powder is removed by a magnet,
eliminating the need for brushing
and therefore leaving the delicate
fingerprints intact. The technique
gives sharper results than traditional
methods and works on difficult surfaces including plastic bags, magazine covers, wallpaper, and wood.
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Relative Magnetic Permeability

SUMMARY

100 000

Natural Magnetism
and Electromagnetism

• The law of magnetic poles states that opposite magnetic poles attract and similar
magnetic poles repel.
• A magnet is surrounded by a magnetic force field.
• The domain theory states that ferromagnetic substances are composed of a large
•

number of tiny regions called magnetic domains, with each domain acting like a
tiny bar magnet. These domains can be aligned by an external magnetic field.
The principle of electromagnetism states that moving electric charges produce a
magnetic field.
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Section 8.1 Questions
Understanding Concepts

7. Examine the diagram of the electric doorbell in Figure 14

1. Explain why a piece of iron can be magnetized but a piece

and explain how it works.

of copper cannot.
switch

2. (a) What will happen to the iron filings in a long glass

tube if they are gently shaken in the presence of a
strong magnetic field and then the tube is carefully
removed from the magnetic field?
(b) What will happen if the glass tube is shaken again?
(c) How is this process related to a solid bar of iron as
described by the domain theory?

makebreak
contact

3. In the section discussing “The Domain Theory of

Magnetism,” a list of explanations for many properties of
magnets is provided. Draw diagrams to illustrate “before”
and “after” scenarios for each of the cases listed.
4. Compare the magnetic, electric, and gravitational fields of

spring

Earth in a table of similarities and differences.
5. Consider the magnetic field around a long, straight con-

ductor with a steady current.
(a) How is this field related to the field around a loop of
wire?
(b) How is the field around a loop of wire related to the
field around a long coil of wire?

hammer

Applying Inquiry Skills
6. The equipment shown in Figure 13 was used by James

Clerk Maxwell to confirm the nature of the magnetic field
around a long, straight conductor. He found that no matter
how large the current through the wire, the disk did not
rotate at all.
(a) Explain how this device can be used to determine the
nature of the magnetic field around a conductor with a
steady current.
(b) Outline the steps you would use in an experiment of
this nature.

Figure 14

Making Connections
8. Figure 15 is a micrograph of a magnetotactic bacterium.

Prominent in this image is a row of dark, circular dots, in
reality a chain of magnetite crystals. What purpose do you
think the crystals serve? How could you test your hypothesis? Research the bacterium to check your answer.

I

Figure 15
A magnetotactic bacterium

I
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Figure 13
Equipment used by
Maxwell
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8.2

Magnetic Force
on Moving Charges
If you place a compass needle next to a conductor, then connect the conductor to a DC
power supply, the compass needle turns, demonstrating that the current in the conductor produces a magnetic field (Figure 1), which interacts with the magnetic field of
the compass needle. Therefore, a current can exert a force on a magnet. Hence two conductors with currents can experience a force between each other: place two conductors
(wires) side by side, both with a current passing through them, and they will attract or
repel each other. This means that a magnetic field can exert a force on a current, or
moving charges. One can argue that this follows from Newton’s third law: if a current produces a force on a magnet, then the magnet must produce an equal but opposite force
on the current.

Figure 1
(a) The compass needle points
north when there is no current
in the wire.
(b) The magnetic compass needle
turns when there is a current in
the wire. If Earth’s magnetic
field were not present, the
compass needle would be
exactly perpendicular to the
wire.

INVESTIGATION 8.2.1
Magnetic Force on a
Moving Charge (p. 421)
How is the motion of a charged particle influenced by a magnetic field?
How could you test your predictions
with an experiment or simulation?
Investigation 8.2.1 at the end of the
chapter will allow you to check your
answers.

Figure 2
(a) A traditional cathode-ray tube
showing a beam of electrons
(b) The beam curves in a magnetic
field.
(c) A beam of electrons is bent
into a circular path by the uniform magnetic field from a pair
of Helmholtz coils. The pale
purple glow is caused by ionized gas, created when electrons collide with atoms in the
imperfect vacuum of the tube.
392 Chapter 8

(a)

(b)

This principle explains some natural phenomena such as the spectacular light displays of the aurora borealis and aurora australis and the methods bees use for navigation. This principle also has many technological applications, including television tubes
and the technology used by particle physicists in particle accelerators and chemists in laboratory mass spectrographs.
To better understand the magnetic force on a moving charge, we need to find the factors that affect the force and eventually find an equation for the force. When a charged
particle enters a magnetic field at an angle to the field lines, it experiences a force and the
path of the particle curves. If the particle does not escape the field, it will follow a circular path (Figure 2). Investigation 8.2.1 explores the path followed by charged particles
in magnetic fields and the factors that affect the path.
(a)

(b)

(c)
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Measuring Magnetic Fields
$ on a charged particle
The magnitude of the magnetic force F
M

•
•

#$, the velocity $v,
is directly proportional to the magnitude of the magnetic field B
and the charge q of the particle.
depends on the angle v between the magnetic field #$
B and the velocity #v$. When
v 5 90° (particle is moving perpendicular to the field lines), the force is at a
maximum, and when v 5 0° or 180° (particle is moving parallel to the field lines),
the force vanishes. This is consistent with the fact that the magnitude of the magnetic force experienced by the charged particle is also proportional to sin v.
F M (up)

Combining these factors gives

I (to the right)
FM 5 qvB sin v

B (into page)

where FM is the magnitude of the force on the moving charged particle, in newtons; q
is the amount of charge on the moving particle, in coulombs; v is the magnitude of the
velocity of the moving particle, in metres per second; B is the magnitude of the magnetic
#$.
field strength, in teslas (SI unit, T; 1 T 5 1 kg/C?s); and v is the angle between #v$ and B
This equation specifies the magnitude of the force but not its direction. Consider a plane
parallel to both the magnetic field #$
B and the velocity #v$ of a charged particle; the force is
perpendicular to this plane. A simple right-hand rule can be used to determine the direction of the force as follows: if the right thumb points in the direction of motion of a
positive charge, and the extended fingers point in the direction of the magnetic field,
the force is in the direction in which the right palm would push (Figure 3).
If the charge is negative, reverse the direction of your thumb when using the rule. (In
other words, point your thumb in the opposite direction of the velocity of the charge.)
This works because a negative charge flowing in one direction is equivalent to a positive
charge flowing in the opposite direction.
The Yamato 1 (Figure 4) is the first ship to apply this principle in propulsion. Instead
of using propellers, it uses magnetohydrodynamic (MHD) propulsion; that is, it exerts
(a)

Figure 3
The right-hand rule specifies the
direction of the magnetic force.

(c)
electric
current

B

moving
seawater

F
–
+
electrode

(b)
MHD propulsion unit

to DC electrical
generator
B

seawater
enters

NEL

seawater
expels

F

I

Figure 4
(a) The Yamato 1
(b) The MHD propulsion unit
pushes seawater backward,
moving the ship forward.
(c) Use the right-hand rule to
determine the direction of the
force on the seawater.
Magnetic Fields and Electromagnetism
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a magnetic force on a current. A typical MHD propulsion
unit uses a large superconducting magnet to create a strong
TRY THIS activity
magnetic field. Large metal parallel plates connected to
either side of the unit have a large potential difference
The Vector or Cross Product
across them caused by a DC electric generator. This creates
The equation for the force on a moving charge in a magnetic
an electric current in the seawater (due to the presence of
field stems from the vector or cross product of two vectors
ions) perpendicular to the magnetic field. Using the right#$ 5 #$
defined by the equation C
A 3 #$
B. The magnitude and direchand rule with your thumb in the direction of the positive
#$ represent
tion of this vector can be found in Appendix A. Let A
charge and fingers in the direction of the magnetic field,
the charge multiplied by the velocity and #$
B represent the magyour palm will push in the direction of the force on the
netic field.
charges (ions) causing the seawater to be pushed out the
(a) Show that the cross product can be used to derive the
back of the unit. According to Newton’s third law, if the unit
magnitude of the magnetic force on a charged particle
pushes the water out the back of the ship, the water will
moving in an external magnetic field.
exert an equal and opposite force on the unit (ship), causing
(b) Verify that the direction of the force found by applying the
right-hand rule for the cross product is the same as the
it to move forward.
direction obtained using the right-hand rule described
MHD propulsion is promising because it offers the
earlier.
prospect of an inexpensive alternative to bulky, expensive,
fuel-burning marine engines. Since there are no propellers,
drive shafts, gears, or engine pistons, noise levels are minimized, and maintenance costs
could also prove low.
LEARNING TIP
Let us now take a closer look at the trajectory of a charged particle in a magnetic field.
In the Page or Out?
Since #$
FM is always perpendicular to #v$, it is a purely deflecting force, meaning it changes
One way to remember which
the direction of #v$ but has no effect on the magnitude of the velocity or speed. This is true
way is which is to imagine a
because no component of the force acts in the direction of motion of the charged pardart that has an X for a tail when
ticle. As a result, the magnetic field does not change the energy of the particle and does
it is moving away from you and
a point as it moves toward a
no work on the particle.
dart board.
Figure 5 shows a positively charged particle in a magnetic field perpendicular to its
velocity. (If the particle were negative, its trajectory would curve the other way, in a
clockwise circle.) If the magnetic force is the sole force acting on the particle, it is equal
to the net force on the particle and is always perpendicular to its velocity. This is the
condition for uniform circular motion; in fact, if the field is strong enough and the particle doesn’t lose any energy, it will move in a complete circle as shown.
Figure 5
(a) A positive charge moving at
constant speed through a uniform magnetic field follows a
curved path.
(b) Ideally, a charged particle will
move in a circle because the
magnetic force is perpendicular
to the velocity at all times.

(a)

(b)

S

N
v
v

N

FM

B

FM
v

v
B

S

We represent these magnetic fields in two-dimensional diagrams by drawing Xs for
field lines directed into and perpendicular to the page and dots for field lines pointing out
of and perpendicular to the page. If the velocity is perpendicular to the magnetic field lines,
then both the velocity and the magnetic force are parallel to the page, as in Figure 6.
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SAMPLE problem 1

Bin
–e

An electron accelerates from rest in a horizontally directed electric field through a potential difference of 46 V. The electron then leaves the electric field, entering a magnetic field
of magnitude 0.20 T directed into the page (Figure 7).
(b) Calculate the magnitude and direction of the magnetic force on the electron.

F
v

F

v
v5?

Bin

FM 5 ?

Bout

Figure 6
In this case, the particle is negatively charged, with the magnetic
field directed into the page, perpendicular to the velocity. To determine
the direction of the magnetic force,
point your thumb in the opposite
direction of the velocity because the
charge is negative.

r5?

(a) The electric potential energy lost by the electron in moving through the electric
potential difference equals its gain in kinetic energy:
2DEE 5 DEK
1
qDV 5 }}mv 2
2

5

F

v

(c) Calculate the radius of the electron’s circular path.

v 5

F

F

(a) Calculate the initial speed of the electron upon entering the magnetic field.

Solution
DV 5 46 V
B 5 0.20 T 5 0.20 kg/C?s
me 5 9.11 3 10231 kg (from Appendix C)
q 5 1.6 3 10219 C

v

v

}
!}
§
m
2qDV

}}}
!§§
9.11 3 10
kg
2(1.6 3 10 219 C)(46 V)

v 5 4.0 3

231

106

3

m/s

The initial speed of the electron upon entering the magnetic field is 4.0 3 106 m/s.

3

3

3

3

3
3
v
2
3
3

3

3

3

3

3

3

3 B 3

3

3

1y

FM 5 qvB sin v

(b)

5 (1.6 3 10219 C)(4.0 3 106 m/s)(0.20 kg/C?s) sin 90°

3

FM 5 1.3 3 10213 N

Figure 7
For Sample Problem 1

The magnitude of the force is 1.3 3 10213 N.
To apply the right-hand rule, point your right thumb in the direction opposite to the
velocity, as required for a negative charge. Point your fingers into the page and perpendicular to it. Your palm now pushes toward the bottom of the page. Therefore,
#$F M = 1.3 3 10213 N [down].
(c) Since the magnetic force is the only force acting on the electron and it is always perpendicular to the velocity, the electron undergoes uniform circular motion. The magnetic force is the net (centripetal) force:
FM 5 Fc
mv 2
qvB 5 }
r
or

(since sin 90° 5 1)

mv
r 5 }}
Bq
(9.11 3 10231 kg)(4.0 3 106 m/s)
5 }}}}
(0.20 T)(1.6 3 10219 C)

LEARNING TIP
In problems involving charged
particles moving in an external
magnetic field, the absolute value
of the elementary charge

1q 5 1.16 3 10 C2 will be used.
219

r 5 1.1 3 1024 m

The radius of the circular path is 1.1 3 1024 m.
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Practice
Understanding Concepts
1. Explain how the MHD propulsion system of the Yamato 1 works.

Answers

2. Determine the magnitude and direction of the magnetic force on a proton

2. 1.7 3 10214 N [E]
3. 0.16 T [horizontal, toward
observer]
4. 0.13 m
5. 1.1 3 107 m/s; 6.9 3 105 V
6. 1.0 N

moving horizontally northward at 8.6 3 104 m/s, as it enters a magnetic field of
1.2 T directed vertically upward. (The mass of a proton is 1.67 3 10227 kg.)
3. An electron moving through a uniform magnetic field with a velocity of

2.0 3 106 m/s [up] experiences a maximum magnetic force of 5.1 3 10214 N
[left]. Calculate the magnitude and direction of the magnetic field.
4. Calculate the radius of the path taken by an a particle (He21 ion, of charge

3.2 3 10219 C and mass 6.7 3 10227 kg) injected at a speed of 1.5 3 107 m/s
into a uniform magnetic field of 2.4 T, at right angles to the field.
5. Calculate the speed of a proton, moving in a circular path of radius 8.0 cm, in a

plane perpendicular to a uniform 1.5-T magnetic field. What voltage would be
required to accelerate the proton from rest, in a vacuum, to this speed?
(mproton 5 1.67 3 10227 kg)
6. An airplane flying through Earth’s magnetic field at a speed of 2.0 3 102 m/s

acquires a charge of 1.0 3 102 C. Calculate the maximum magnitude of the
magnetic force on it in a region where the magnitude of Earth’s magnetic field is
5.0 3 1025 T.

Charge-to-Mass Ratios
DID YOU KNOW

?

Cathode Rays
The beam of electrons was called a
cathode ray because the electron
had not yet been discovered. The
old terminology survives in electronic engineering, where a
cathode-ray tube is any tube constructed along Thomson’s lines—
whether in a computer monitor, a
television, or an oscilloscope.

The British scientist J.J. Thomson (1856–1940) used the apparatus in Figure 8 to accelerate
a thin beam of electrons between the parallel plates and the coils. Applying either an electric field or a magnetic field across the tube caused the beam to be deflected up, down,
left, or right relative to its original path, depending on the direction of the applied field.
In all cases, the direction of deflection was consistent with a stream of negatively charged
particles. Thomson concluded that cathode rays consist of negatively charged particles
moving at high speed from the cathode to the anode. He called these particles electrons.

electric field plates

I

cathode

Y

I

Z
Figure 8
Thomson’s cathode-ray tube. The
path of the electron is curved only in
the magnetic field of the coils (along
a circular arc) or the electric field of
the plates (along a parabola). After
leaving these fields, the electrons
move, in a straight line, to points X
or Y.
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When there is a current in the coils, it creates a magnetic field of magnitude B, which
deflects the electrons along a circular arc of radius r so that they hit the end of the tube
at point X. From our previous work on magnetic deflection, we know that
FM 5 Fc
mv 2
evB 5 }
r

(since sin 90° 5 1)

e
v
}} 5 }}
m
Br

or

We can calculate B if we know the physical dimensions of the coils and the amount of
current flowing through them. We can measure r directly.
To determine the electron’s speed v, Thomson used a set of parallel plates. When
a potential difference is applied to the plates (with the lower plate negative) and there
is no current in the coils, an electron is deflected upward, reaching the end of the
tube at point Y. (For an electron moving at a typical laboratory speed, the effect of gravitation is negligible.) With current in the coils and a magnetic field again acting on
the electrons, the potential difference across the plates can be adjusted until the two
deflections (electric and magnetic) cancel, causing the electron beam to reach the
end of the tube at point Z. When this has been done,
FM 5 FE
evB 5 e«

«

or

v 5 }}
B

1

2

where « is the magnitude of the electric field between the parallel plates « 5 }V} .
d

Conversely, this setup can be used as a “velocity selector,” allowing only those particles
with velocity equal to the ratio of the electric field over the magnetic field to pass through
undeflected.
Thomson could now express the ratio of charge to mass for electrons (Figure 9) in terms
of the measurable quantities of electric field strength, magnetic field strength, and radius
of curvature:
v
e
}m} 5 }}
Br
e
«
}m} 5 }
B 2r

The accepted value of the ratio of charge to mass for an electron is, to three significant
figures,
e
}} 5 1.76 3 1011 C/kg
m

(a)

NEL

(b)

(c)

Figure 9
(a) The apparatus used to determine the e/m ratio
(b) The electrons in the beam
move in a straight line
vertically.
(c) The electrons move in a circular path in the magnetic field
of the coils.
(d) Increasing the magnetic field
strength decreases the radius
of the path.
(d)
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A few years later, Millikan (as we saw in Section 7.5) determined the charge on an
electron to be 1.60 3 10219 C. Combining these two results, we find the electron mass
to be 9.11 3 10231 kg.
Thomson’s technique may be used to determine the charge-to-mass ratio for any
charged particle moving through known electric and magnetic fields under negligible gravitation. Upon measuring the radius of curvature of the particle trajectory in the magnetic
field only, and then adjusting the electric field to produce no net deflection, the chargeto-mass ratio is found to be
«
q
}} 5 }}
m
B 2r

Thomson’s research led to the development of the mass spectrometer, an instrument
used for separating particles, notably ions, by mass. The particles are first accelerated
by high voltages, then directed into a magnetic field perpendicular to their velocity. The
particles follow different curved paths depending on their mass and charge.

SAMPLE problem 2
Calculate the mass of chlorine-35 ions, of charge 1.60 3 10219 C, accelerated into a mass
spectrometer through a potential difference of 2.50 3 102 V into a uniform 1.00-T magnetic
field. The radius of the curved path is 1.35 cm.

Solution
q 5 1.60 3 10219 C

r 5 1.35 cm 5 1.35 3 1022 m

DV 5 2.50 3 102 V

m 5 ?

B 5 1.00 T 5 1.00 kg/C?s

From DEc 5 DEK and FM 5 Fc , we have the following two equations:
mv 2
qvB 5 }
r

and

1
}}mv 2 5 qDV
2

Isolating v in both
qBr
v 5 }}
m

and

v 5

2qV
}
!}§
m

Equating the two expressions for the speed:
qBr
}} 5
m

2qDV
}}
!§
m

Squaring both sides:
q 2B 2r 2
2qDV
}}
5 }}
m2
m
qB 2r 2
m 5 }}
2DV
(1.60 3 10219 C)(1.00 kg/C?s)2 (1.35 3 1022 m)2
5 }}}}}}
2(2.50 3 102 V)
m 5 5.83 3 10226 kg

The mass of the chlorine-35 ions is 5.83 3 10226 kg.
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Effects of Magnetic Fields
When electrons are not moving perpendicular to the magnetic field lines, the component of the velocity parallel to the lines is unaffected, and the component perpendicular
to the field lines rotates as we saw before. Together, these two components combine to
produce the spiralling motion of the particle. If the magnetic field is not uniform but
increases in magnitude in the direction of motion, the force on the electron due to the
magnetic field will slow the charges by reducing the component of the velocity parallel
to the field and may even cause the spiralling electron to reverse direction, forming a magnetic mirror (Figure 10).

v

no longer
parallel to B
v

Figure 10
A magnetic mirror. The field becomes stronger
in the direction of motion of the charged particle. The component of the velocity, initially
parallel to the field lines, is reduced by the
changing field, slowing the motion.

B

(a)

?

Van Allen Belts
In the late 1950s, scientists
believed that particles could be
trapped by Earth’s magnetic field
but lacked proof. In 1958, James
Van Allen, of the University of Iowa,
built the small satellite Explorer 1,
which carried one instrument: a
Geiger counter. The experiment
worked well at low altitudes. At the
top of the orbit, however, no particles were counted. Two months
later, a counter on Explorer 3
revealed a very high level of radiation where Explorer 1 had found
none. It turns out that the first
counter had detected so much
radiation it was overwhelmed and
gave a zero reading.

(b)

Figure 11
(a) Cosmic rays from the Sun and
deep space consist of energetic
electrons and protons. These
particles often spiral around
Earth’s magnetic field lines
toward the poles.
(b) The first spacecraft image to
show auroras occurring simultaneously at both magnetic
poles

B
B

Charged particles from the Sun (cosmic rays) enter Earth’s atmosphere by spiralling
around the magnetic field lines connecting Earth’s two magnetic poles. As a result, the
concentration of incoming particles is higher in polar regions than at the equator, where
the charged particles must cross the magnetic field lines. These charged particles headed
for the poles get trapped in spiral orbits about the lines instead of crossing them. Since
the field strength increases near the poles the aurora borealis can occur in the Northern
Hemisphere and the aurora australis in the Southern Hemisphere. Collisions between the
charged particles and atmospheric atoms and molecules cause the spectacular glow of
an aurora (Figure 11).
Earth has two major radiation belts, areas composed of charged particles trapped by
the magnetic field of Earth (Figure 12). The radiation in these belts is so intense that it
can damage sensitive electronic equipment in satellites; all types of spacecraft avoid
them. The ring current, or outer belt, is approximately 25 500 km above the surface of
Earth, and the inner belt—often called the Van Allen belt after its discoverer—is approximately 12 500 km above the surface of Earth. (The inner belt is now thought to consist
of two belts.) The charged particles in these belts spiral around magnetic field lines and
are often reflected away from the stronger fields near the poles.

NEL
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Earth’s magnetic field
B

outer Van Allen belt
inner Van Allen belt
Figure 12
The radiation belts are formed by
charged particles in cosmic rays
trapped in Earth’s magnetic field.
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(a)

(b)

toroidal vacuum chamber

Btoroidal

Btotal
Bpoloidal
external
current

plasma

Figure 13
(a) Schematic of the toroidal
plasma-containment chamber
of a tokamak fusion reactor
(b) The inside of a tokamak

Magnetic field principles are applied in toroidal (i.e., doughnut-shaped) tokamak
prototypes for nuclear-fusion reactors (Figure 13). This reactor design uses magnetic fields
to contain the hot, highly ionized gases (plasmas) needed for a controlled thermonuclear
reaction. It is hoped that controlled thermonuclear fusion will, some decades from now,
provide abundant energy without the radioactive wastes characteristic of fission reactors.

Field Theory
It is easy to be satisfied with the concept of a force being transmitted from one object to
another through direct contact: when your hand pushes on a book, the book moves,
because both your hand and the book touch. But we have learned that all objects are
composed of spatially separated atoms that interact but do not actually touch one
another, so the concept of contact becomes meaningless. When your hand pushes on
the book, it really involves electromagnetic forces between the electrons in each object.
To understand gravitational, electric, and magnetic forces we need the concept of a field.
At first, fields were just a convenient way of describing the force in a region of space,
but with the undeniable success of fields in describing different types of forces, field
theory has developed into a general scientific model and is now viewed as a physical
reality that links together different kinds of forces that might otherwise be seen as completely separate phenomena. Now we can say that if an object experiences a particular
kind of force over a continuous range of positions, then a force field exists in that region.
The concept of a field is of vast importance with wide-ranging applications, from
describing the motion of the planets, to the interactions of charged particles in the atom.
Even though these three types of forces can be explained using fields, there are some
obvious differences between the forces and the fields themselves as well as some striking
similarities. The gravitational force—although considered the weakest of the three—
controls the motion of celestial bodies reaching across the vast distances of space
(Figure 14). The electric and magnetic forces are much stronger and have greater
influence on the motion of charged particles such as electrons and protons.
The direction of the gravitational and electric forces is determined by the centre of mass
of the objects in question or the centre of the charge distribution on the charges in question. However, the magnetic force is determined by the direction of motion of the charge
with respect to the magnetic field, and the force is zero if the relative motion between the
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Figure 14
The gravitational forces from the
larger galaxy are causing the two
galaxies to merge, a process that
will take billions of years.

field and charge is zero. For the other two, the motion of the particle does not influence
the direction of the force.
The two fields that are most closely related are the electric and magnetic fields. For
both fields the appropriate particle is charged. The fields have also been linked through
Maxwell’s equations, which will be studied in more advanced courses, and they are used
together to describe the properties of light and to discover the nature of matter and new
particles in particle accelerators. In particle accelerators, electric fields are used to accelerate particles such as electrons and protons, and magnetic fields are used to steer them
in huge circular paths (Figure 15). Particle accelerators will be revisited in Chapter 13.
(a)

(b)

(c)
2

1

«
2

«

«
1

p+

EXPLORE an issue

Government Spending on
Developing New Technologies
A portion of the federal budget goes toward scientific research
involving expensive new technologies (e.g., through the
National Science and Engineering Research Council, NSERC).
This support includes funding technologies that use gravitational, electric, and magnetic fields, for example, satellites. Many
people think this money is well spent; others think it is not justified since it comes from public funds.
Take a Stand
Should public funds be spent on scientific research involving
gravitational, electric, and magnetic fields to develop new
technologies?
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Figure 15
(a) A synchrotron consists of a ring
of magnets and accelerating
cylinders arranged in a circular
tunnel.
(b) A particle passes through the
gap between two charged
cylinders.
(c) The charges on the cylinders
are adjusted to keep the particle accelerating.

Decision-Making Skills
Define the Issue
Defend the Position

Analyze the Issue
Identify Alternatives

Research
Evaluate

Forming an Opinion
In a group, choose a new technology that uses gravitational,
electric, or magnetic fields, and discuss the social and economic
impact on our society. Discuss the benefits and drawbacks both
of this new technology and the spending of public funds on
research. Research the Internet and/or other sources.

GO

www.science.nelson.com

Develop a set of criteria that you will use to evaluate the
social and economic impact of your chosen technology. Write a
position paper in which you state your opinion, the criteria you
used to evaluate social and economic impacts in forming your
opinion, and any evidence or arguments that support your
opinion. Your “paper” can be a Web page, a video, a scientific
report, or some other creative way of communicating.
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SUMMARY

Magnetic Force on Moving Charges

•

A current can exert a force on a magnet, and a magnet can exert a force on a
current.

•
•
•

FM 5 qvB sin v
The direction of the magnetic force is given by the right-hand rule.
The speed of an electron in a cathode-ray tube can be determined with the help
of magnetic deflecting coils and electric deflecting plates. The same apparatus
then gives the charge-to-mass ratio of the electron. Combining this determination with the charge of an electron from the Millikan oil-drop experiment yields
the mass of the electron.

Section 8.2 Questions
Understanding Concepts

(a)

1. Determine the direction of the missing quantity for each of

the diagrams in Figure 16.
(a)

v

(b)
positive charge
in a magnetic field

B
B

(b)

S
N

3

3

3

3

3

3

3

F
3

e-

positive charge
in a magnetic field
Figure 16

2. A student charges an ebonite rod with a charge of magni-

tude 25 nC. The magnetic field in the lab due to Earth is
5.0 3 1025 T [N]. The student throws the ebonite at
12 m/s [W]. Determine the resulting magnetic force.
3. If a magnet is brought close to the screen of a colour televi-

sion, the tube can be permanently damaged (so don’t do
this). The magnetic field will deflect electrons, deforming
the picture and also permanently magnetizing the TV
(Figure 17). Calculate the radius of the circular path followed by an electron which, having been accelerated
through an electric potential difference of 10.0 kV in the
neck of the tube, enters a magnetic field of magnitude
0.40 T due to a strong magnet placed near the screen.
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Figure 17
(a) A magnet can permanently damage a computer
monitor or colour-television tube.
(b) Electrons spiral toward the screen in the field of
the bar magnet.
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4. An electron is at rest. Can this electron be set into motion

by applying
(a) a magnetic field?
(b) an electric field?
Explain your answers.

Applying Inquiry Skills
13. Explain the procedure you would use to show that charged

5. A charged particle is moving in a circle in a uniform mag-

netic field. A uniform electric field is suddenly created, running in the same direction as the magnetic field. Describe
the motion of the particle.
6. Describe the left-hand rule for negatively charged particles

in a magnetic field, and explain why it is equivalent to the
right-hand rule for positively charged particles.
7. A charged particle moves with a constant velocity in a cer-

tain region of space. Could a magnetic field be present?
Explain your answer.
8. A negatively charged particle enters a region with a uni-

form magnetic field perpendicular to the velocity of the particle. Explain what will happen to the kinetic energy of the
particle.
9. Explain why magnetic field lines never cross.
10. How can you tell if moving electrons are being deflected by

a magnetic field, an electric field, or both?
11. From space, a proton approaches Earth, toward the centre

in the plane of the equator.
(a) Which way will the proton be deflected? Explain your
answer.
(b) Which way would an electron be deflected under similar circumstances? Explain your answer.
(c) Which way would a neutron be deflected under similar
circumstances? Explain your answer.
12. (a) Define a field of force.

(b) Compare the properties of gravitational, electric, and
magnetic fields by completing Table 1.
(c) Explain why field theory is considered a general scientific model.

particles spiral around magnetic field lines and even form a
magnetic mirror when they are not moving perpendicular to
the field. You may assume a strong magnet and a TV tube
are available. (The tube will be permanently damaged in
the experiment.)
Making Connections
14. Compare and contrast the energy source of the MHD

marine propulsion unit with a typical jet engine.
15. A strong magnet is placed on the screen of a television set

(permanently damaging the tube). Explain the following
observations:
(a) The picture becomes distorted.
(b) The screen is completely dark where the field is
strongest.
16. Naturally occurring charged particles in background radia-

tion can damage human cells. How can magnetic fields be
used to shield against them?
17. Thomson and Millikan deepened our understanding of the

electrical nature of matter.
(a) What principles of gravity, electricity, and magnetism
did they apply in designing their experiments?
(b) What technology was involved in these discoveries?
(c) How did the use of this technology change our view of
charge and the nature of matter?
18. Launching a satellite into orbit requires an understanding

of gravitational, electric, and magnetic fields. Research how
these three fields are important in designing a launch.
Report on three different ways in which the development of
launch technology has changed scientific theories (e.g., in
weather patterns) or has affected society and the environment (e.g., with telecommunications or wildlife
preservation).

Table 1
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8.3
INVESTIGATION 8.3.1
Force on a Conductor in a
Magnetic Field (p. 422)
What factors affect the magnitude of
the force on a conductor in a magnetic field? Performing this investigation will allow you to check your
answer.

I
B

N

S
force is down

1

2

Magnetic Force on a Conductor
A beam of charged particles moving through a magnetic field in a vacuum experiences
a magnetic force. This also occurs if the charged particles are inside a conductor. Under
normal circumstances, the charged particles cannot leave the conductor, so the force
they experience is transferred to the conductor as the deflected electrons collide with
the ions comprising the conducting material.
This principle is applied in electric motors and audio speakers. Some countries are even
experimenting with maglev, or magnetic levitation, trains that use this force to suspend
an entire train, moving without wheel-on-rail friction, at speeds over 500 km/h.
The factors that affect the magnitude of the magnetic force on a conductor are similar
to those affecting the force on a single charged particle (Figure 1). Investigation 8.3.1 in
the Lab Activities section at the end of this chapter investigates two of these factors.
Consider a conductor with a current I, placed in a magnetic field of magnitude B.
Careful measurements reveal that the force on the conductor is directly proportional to
the magnitude of the magnetic field, to the current in the conductor, and to the length
of the conductor. In addition, if the angle between the conductor (or current) and the magnetic field lines is v, then the magnetic force is at a maximum when v 5 90° and zero
when v 5 0° or 180°. Hence the magnitude of the magnetic force is directly proportional
to sin v. Combining these relationships produces an expression for the force acting on the
conductor that is very similar to the magnetic force on a single point charge:
or

F ~ IlB sin v

F 5 k IlB sin v

In SI, units have already been chosen for length, current, and force, but if we use this
equation as the defining equation for the units of magnetic field strength B, then

I
I

force is up
N

B

F
B 5 }}
k Il sin v

The SI unit of magnetic field strength is the tesla (T), defined so that

S

1

2

1 T is the magnetic field strength present when a conductor
with a current of 1 A and a length of 1 m at an angle of 90° to
the magnetic field experiences a force of 1 N; 1 T 5 1 N/A?m.

Then in the defining equation for B we have
I
Figure 1
Changing the direction of the
current in the conductor changes
the direction of the force.

1N
B 5 }}
k(1 A)(1 m)(1)
1 N/(A?m)
1 T 5 }}
k

As a result, the value of k will always be 1 (when appropriate units are used for B, I,
F, and l), so the expression for the magnitude of the force on a conductor with a current
in it in a magnetic field becomes
F 5 IlB sin v

where F is the force on the conductor, in newtons; B is the magnitude of the magnetic
field strength, in teslas; I is the current in the conductor, in amperes; l is the length of the
conductor in the magnetic field, in metres; and v is the angle between I and B.
There are other important observations to be made from the use of a conductor in a
magnetic field:
404 Chapter 8

NEL

Section 8.3

•

The force on the conductor #$
F is in a direction perpendicular to both the mag#$
netic field B and the direction of the current I.

•

Reversing either the current direction or the magnetic field reverses the direction
of the force.

ex
ma tern
gn al
eti
cf
ie

ld

Another simple right-hand rule, equivalent to the one for charges moving in a mag#$, I, and #$
B (Figure 2):
netic field, can be used to determine the relative directions of F
force

Right-Hand Rule for the Motor Principle

direction of current

If the right thumb points in the direction of the current (flow
of positive charge), and the extended fingers point in the
direction of the magnetic field, the force is in the direction
in which the right palm pushes.

Figure 2
The right-hand rule for determining
the direction of the magnetic force

SAMPLE problem
A straight conductor 10.0 cm long with a current of 15 A moves through a uniform 0.60-T
magnetic field. Calculate the magnitude of the force on the conductor when the angle
between the current and the magnetic field is (a) 90°, (b) 45°, and (c) 0°.

Solution
I 5 15 A

B 5 0.60 T

l 5 10.0 cm

F 5 ?

In the general case, the magnitude of the force is given by
F 5 IlB sin v
5 (15 A)(0.60 T)(0.10 m) sin v
F 5 (0.90 N) sin v

(a) when v 5 90°, sin v 5 1

and

F 5 0.90 N

(b) when v 5 45°, sin v 5 0.707

and

F 5 (0.90 N)(0.707) 5 0.64 N

(c) when v 5 0°, sin v 5 0

and

F50N

The magnitude of the force is 0.90 N at v 5 90°, 0.64 N at v 5 45°, and 0 N at v 5 0°. In
each case, the direction of the force is given by the right-hand rule for the motor principle.

Practice
Understanding Concepts
1. A wire in the armature of an electric motor is 25 cm long and remains in, and

perpendicular to, a uniform magnetic field of 0.20 T. Calculate the force exerted
on the wire when it has a current of 15 A.
2. What length of conductor, running at right angles to a 0.033-T magnetic field

and with a current of 20.0 A, experiences a force of 0.10 N?
3. A straight 1.0-m wire connects the terminals of a motorcycle battery to a taillight.

Answers
1. 0.75 N
2. 0.15 m
3. 4.0 3 1025 T
4. 0.35 N

The motorcycle is parked so that the wire is perpendicular to Earth’s magnetic
field. The wire experiences a force of magnitude 6.0 3 1025 N when there is a current of 1.5 A. Calculate the magnitude of Earth’s magnetic field at that location.
4. Two electrical line poles are situated 50.0 m apart, one directly north of the

other. A horizontal wire running between them carries a DC current of 2.0 3
102 A. If Earth’s magnetic field in the vicinity has a magnitude of 5.0 3 1025 T
and the magnetic inclination is 45°, calculate the magnitude of the magnetic
force on the wire.
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Deriving the Equation for the Magnetic Force
The connection between the two equations for the magnetic force on a moving point
charge and a conductor with a current can be made algebraically as follows. The force
on a single point charge is
FM 5 qvB sin v

If there are n such charges in a conductor with length l in the magnetic field and current
I, then the net magnetic force on the conductor due to all the charges is
FM 5 n(qvB sin v)

Equation (1)

We could use this equation to specify the magnetic force on a conductor with a current, but it would not be very useful, since some of the quantities in the equation are difficult to measure directly. However, we can measure the current easily. If n charged
particles pass a point in a conductor in time ∆t, then the electric current is given by
nq
Dt

I 5 }}
IDt
q 5 }}
n

Equation (2)

The speed of the charges in the conductor can be found by dividing the distance they
travel through the magnetic field, or l, the length of the conductor, by the time ∆t:
l

v 5 }}
Dt

Equation (3)

Substituting Equations (2) and (3) into Equation (1), and simplifying:
FM 5 n(qvB sin v)

IDt l
5 n }} }} B sin v
n
Dt

1 21 2

FM 5 Il B sin v

This yields the same equation as that determined experimentally.

Maglev Trains
Figure 3
(a) A maglev train
(b) Electromagnets support the
maglev train.
(c) Another set of magnets is used
to drive the train forward and
to slow it down.

Maglev trains eliminate wheels-on-rails friction by using electromagnetic force to levitate the cars. Other electromagnets, mounted on the train itself and on a track guideway
(Figure 3), then move the train forward through attraction between dissimilar poles
and repulsion between similar poles. In reality, the train is flying, encountering only
fluid friction from the air. Consequently, these trains can reach top speeds that are much
higher than is possible with conventional rail. When the time comes to slow the train down,
the currents are reversed, so that the magnetic attraction and repulsion are opposite to
the direction of motion.

(a)

(b)

(c)
rail

guideway

arm

N
S
levitation
electromagnet
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Magnetic Force on a Conductor

SUMMARY

•

The magnitude of the force on the conductor F is in a direction perpendicular to
both the magnitude of the magnetic field B and the direction of the current I: in
SI units, F 5 I l B sin v.

•

Reversing either the current direction or the magnetic field reverses the direction
of the force.

Section 8.3 Questions
Understanding Concepts

Applying Inquiry Skills

1. A 1.8-m long, straight wire experiences a maximum force of

magnitude 1.8 N as it rotates in a uniform magnetic field of
magnitude 1.5 T.
(a) Calculate the angle between the magnetic field and
the current in the wire when the force is a maximum.
(b) Calculate the current in the wire.
(c) What is the magnitude of the minimum force on the
conductor in this magnetic field with the current found
in (b)? Explain your answer.
2. A straight horizontal wire 2.0 m long has a current of

2.5 A toward the east. The local magnetic field of Earth is
5.0 3 1025 T [N, horizontal]. Calculate the magnitude and
direction of the force on the conductor.
3. What is the magnitude of the force on a straight 1.2-m wire

with a current of 3.0 A and inclined at an angle of 45° to a
0.40-T uniform magnetic field?
4. Examine the experimental setup shown in Figure 4.

(a) Describe what will happen when the circuit is
complete.
(b) How will the following changes, considered one at a
time, affect what is observed? (i) The current is
increased. (ii) The magnet is inverted. (iii) A stronger
magnet is used.
(c) A student claims that the force on the conductor will
decrease if the bar is not horizontal. Discuss the
validity of this statement.
2

6. Some students design an experiment to investigate the

properties of Earth’s magnetic field in their area using a long,
straight wire suspended from string. The teacher tells the
class that the accepted value of the magnetic field of Earth is
5.0 x 1025 T [N, horizontal] in their area. Using a string, the
students hang a wire in a north–south direction, connect the
wire to a power supply, and begin investigating by varying
the amount of current. They intend to measure the angle
between the string and the horizontal to determine the force.
(a) What is wrong with the design of this experiment?
(b) Can the experimental method be adjusted so that it
will work? Explain your answer.
(c) Try to think of a better design using similar principles.
Making Connections
7. Faraday devised a primitive motor (a “rotator”) by
immersing wires and bar magnets in mercury (Figure 5).
There were two versions of this motor, one in which the
wire was fixed and a bar magnet rotated around it (left)
and another where the magnet was fixed and the wire
rotated around it (right). Explain how this motor works.
(a) Trace the path of the current.
(b) Explain how this motor works.

1
N

N
S

S

S

N

I

I

Figure 4
5. Explain how a maglev train uses electromagnets (a) to

Figure 5

move forward and (b) to slow down.
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8.4

ACTIVITY 8.4.1
Magnetic Fields Near
Conductors and Coils (p. 424)
What are the characteristics of the
magnetic fields around a long
straight conductor and a coil? How
can the characteristics of these
fields be determined?

Ampère’s Law
The magnetic fields that we have been considering, when discussing the force on a conductor with a current or on a moving charged particle, have been uniform magnetic
fields, that is, magnetic fields constant in both direction and magnitude. The magnetic
field between the poles of a horseshoe magnet and the magnetic field in the core of a solenoid are very nearly uniform. However, magnetic fields vary in magnitude and direction
as you move from position to position in the field, as is the case for the magnetic field
of Earth, the field surrounding a bar magnet, the field outside the core of a solenoid,
and the field outside a long, straight, isolated conductor. How can we determine the
strength of such a field at any given point?
Let us start with the long, straight conductor, originally investigated by Oersted and
studied in Section 8.3. Activity 8.4.1 in the Lab Activities section at the end of this chapter
investigates the nature of the magnetic fields around a long wire and a solenoid.
Recall from Section 8.1 that the magnetic field around a straight conductor consists
of field lines that are concentric circles, centred on the conductor. The circles become more
widely spaced as the distance from the conductor increases. Measurements of the mag1
nitude of the magnetic field strength B show that B ~ I and B ~ }r}, where I is the current
in the conductor and r is the distance from the point of observation to the conductor.
Therefore, the magnitude of the magnetic field strength can be written as
I

B = k }r

where k is a proportionality constant. The direction of B is given by the right-hand rule
discussed earlier.
This mathematical relationship became apparent to Oersted soon after he discovered
electromagnetism. It inspired the noted French scientist André Marie Ampère (1775–1836)
to begin working on a general relationship between the current in any conductor (not just
a straight one) and the strength of the magnetic field it produces. Ampère soon found that
there was such a relationship and proposed the following statement to express it:
Ampère’s Law
Along any closed path through a magnetic field, the sum of
#$, parallel to the
the products of the scalar component of B
path segment with the length of the segment, is directly
proportional to the net electric current passing through the
area enclosed by the path.

This relationship, called Ampère’s law, can be written in mathematical terms: Along any
closed path in a magnetic field,

oB i Dl

5 m0 I

where Bi is the component of B that is parallel to the path along any small segment of
the path Dl ; Dl is one of the small segments into which the path can be subdivided;
∑ is the sum of the products BiDl for every segment along the path; I is the net current
flowing through the area enclosed by the path; and m0 is a proportionality constant,
called the permeability of free space, whose value is 4π 3 1027 T?m/A.
408 Chapter 8
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To fully appreciate this law, let us apply it to the simple magnetic field whose characteristics Ampère already knew—that of a long, straight conductor carrying a current I.
To calculate the magnitude of the magnetic field strength at a point X, a distance r
from the wire, we apply Ampère’s law as follows. Since the law applies for any closed
path, let us choose a circle for a path, passing through X in a plane perpendicular to the
wire, with the wire as its centre and with radius r (Figure 1). This is a good choice of path
because, from previous work, we observed that the magnetic field at all points along
this path is constant in magnitude and points in a direction tangent to the circular path.
Since a circular path centred around the current is used, we can make the simplification that Bi 5 B 5 constant, since the magnitude of the magnetic field around a currentcarrying wire is constant in magnitude at a constant distance from the wire because it
#$ is parallel to Dl, since Dl is tangent to the circle (i.e., #$
B has only one
is circular. Also B
component, Bi). Therefore,

oB i Dl

5

oB Dl

I
B
X
r
circular path

Figure 1
Since Ampère’s law works for any
closed path, we select a circular
path, simplifying the calculation.

5 BoDl 5 B(2pr)

because oDl represents the length of the path around a circle of radius r. Therefore,
B(2pr) 5 m0 I

I

1 2

or

B 5 m0 }}
2pr

where B is the magnitude, in teslas, of the magnetic field a distance r, in metres, from a
long, straight conductor with a current I, in amperes.
Note that this is the same relationship that Oersted found experimentally but with
the proportionality constant expressed differently.

SAMPLE problem 1
What is the magnitude of the magnetic field 2.0 cm from a long, straight conductor with a
current of 2.5 A?

Solution
r 5 2.0 cm 5 0.020 m

I 5 2.5 A
B 5 ?

I

1 2

B 5 m0 }}
2pr

(4p 3 1027 T?m/A)(2.5 A)
5 }}}
2p(0.020 m)
B 5 2.5 3 1025 T

The magnitude of the magnetic field is 2.5 3 1025 T.

Practice

Understanding Concepts
1. Calculate the magnetic field strength 3.5 cm from a long, straight conductor with

a current of 1.8 A.
2. The magnetic field strength 10.0 cm from a long, straight wire is 2.4 3

Answers
1. 1.0 3 1025 T

1025 T.

Calculate the current.
3. At what distance from a straight conductor, with a current of 2.4 A, is the magni-

2. 12 A
3. 6.0 3 1023 m

tude of the magnetic field 8.0 3 1025 T?
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Answers
4. (a) 1.2 3 1025 T,
(b) 4.0 3 1026 T
5. (a) 0 T
(b) 1.0 3 1025 T
(c) 2.0 3 1025 T
(d) 1.3 3 1025 T

4. Calculate the magnitude of the magnetic field at a point midway between two

long, parallel wires that are 1.0 m apart and have currents of 10.0 A and 20.0 A,
respectively, if the currents are (a) in opposite directions and (b) in the same
direction.
5. A long, solid, copper rod has a circular cross-section of diameter 10.0 cm. The

rod has a current of 5.0 A, uniformly distributed across its cross-section.
Calculate the magnetic field strength
(a) at the centre of the rod
(b) 2.5 cm from the centre
(c) 5.0 cm from the centre
(d) 7.5 cm from the centre
(Hint: As always, the net current in Ampère’s law is the current through the area
enclosed by the chosen path. Current outside the chosen path does not contribute to the net current.)

Coaxial Cables and Magnetic Fields
We can apply Ampère’s law to a coaxial cable to determine the nature of the nearby
magnetic field. If we imagine a circular path around the inner solid wire in the space
between the conductors shown in Figure 2, then the magnitude of the magnetic field is
given by
I

1 2

B 5 m0 }}
2pr

Remember Ampère’s law uses only current enclosed by the path, so the current in the
outer cylindrical braid has no effect on the result.
If we imagine, instead, a circular path outside the cable, then two equal currents in opposite directions are enclosed within the path, making the net current zero. According to
Ampère’s law, the magnetic field outside the cable must also be zero. Not only do coaxial
cables shield against external electric fields, they also succeed in shielding their own
magnetic fields.

insulating
sleeve

I

I
cylindrical braid
solid wire

Figure 2
Coaxial cable

Ampère’s law also allows us to calculate the magnetic field strength in the core of a solenoid, using the same elegant technique. We have seen that the magnetic field of a solenoid consists of straight, equally spaced field lines in the core, bulging out slightly at
the ends. There is virtually no magnetic field in the region outside the coil. Figure 3
shows a cross-section of a long solenoid, of length L, with N loops, and a current I.
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This time, as a closed path around which to apply Ampère’s law, we choose the rectangle
WXYZ shown in Figure 3. We can consider this path as four distinct line segments: WX,
XY, YZ, and ZW. However, the magnitude of the magnetic field is perpendicular to the
paths WX and YZ and zero along ZW. Along XY the magnetic field is straight, parallel
to XY, and constant with magnitude B. The length of XY is equal to the length of the solenoid L; therefore,

oB i Dl

I

B

I

Y

flowing
into page
Z

flowing
out of page

3
3

5 BL

3

Note that the total current flowing through the area bounded by the path WXYZ is NI,
since the current I flows down through each of the N conductors within the area:

oB i Dl

3
5 BL 5

3

Solving for the magnitude of the magnetic field, we can write:
B 5

L

m0 N I

NI
m0 }
}

1L2

3

where B is the magnitude of the magnetic field strength in the core of the solenoid, in
teslas; I is the current flowing through the coil, in amperes; L is the length of the solenoid, in metres; and N is the number of turns on the coil.
Again, the direction of the magnetic field is given by the right-hand rule.

SAMPLE problem 2

3
X

W

Figure 3
Cross-section of a solenoid

What is the magnitude of the magnetic field in the core of a solenoid 5.0 cm long, with
300 turns and a current of 8.0 A?

Solution
L 5 5.0 cm 5 5.0 3 1022 m
N 5 300

I 5 8.0 A
B 5 ?
B 5

NI
m0 }
}

1L2

(4p 3 1027 T?m/A)(300)(8.0 A)
5 }}}}
5.0 3 1022 m
B 5 6.0 3 1022 T

The magnitude of the magnetic field is 6.0 3 1022 T.

Practice
Understanding Concepts
6. A 14-gauge copper wire has a current of 12 A. How many turns would have to

be wound on a coil 15 cm long to produce a magnetic field of strength
5.0 31022 T?
7. Calculate the magnitude of the magnetic field strength in the core of a coil

10.0 cm long, with 420 turns and a current of 6.0 A.

Answers
6. 5.0 3 102
7. 3.2 3 1022 T
8. 2.2 A

8. A coil 8.0 cm long, with 400 turns, produces a magnetic field of magnitude

1.4 3 1022 T in its core. Calculate the current in the coil.
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The Ampere As a Unit of Electric Current
B1

I1

I2

F2
d

Figure 4
Two long, straight conductors, each
with a current

In previous studies, you learned that an ampere was defined as the electric current that
transports 1 C of charge past a given point in a conductor in 1 s. This statement, while
true, is just a temporary and nonoperational description of the ampere, since it is difficult to actually measure how many coulombs of charge pass by a given point. The
accepted SI definition of the ampere is a magnetic one and depends on an understanding
of the force between two parallel conductors with a current in each.
Consider two long, straight, parallel conductors, a distance d apart in a vacuum, with
currents I1 and I2, respectively, as in Figure 4.
Each wire creates a magnetic field, and the other wire has a current through, and perpendicular to, that field. The magnitude of the magnetic field created by wire 1 and
experienced by wire 2, a distance d away, is given by
I

B1 5

1
}
m0 }
2pd

1 2

Then the magnitude of the force acting on wire 2, perpendicular to this field, is given by
F2 5 I2 l B1 sin v
F2 5 I2 l B1

(since sin v 5 1)

If we express this as the force per unit length and substitute the value for B1 obtained
previously, we can write
m0 I1 l2
F2
}} 5 }
d
2p}
l

ampere (A) SI unit of electric
F
current; }} 5 2 3 1027 N/m
l

as the expression for the force acting on wire 2 due to the current in wire 1. However,
according to Newton’s third law, an oppositely directed force of the same magnitude
acts on wire 1 because of the current in wire 2. By applying the right-hand rule, we can
see that these mutual forces will cause an attraction if I1 and I2 are in the same direction,
or a repulsion if I1 and I2 are in opposite directions.
Then, using this equation to define the ampere, we simply choose d 5 1 m and define
I1 5 I2 5 1 A, so that
F

(4p 3 1027 T?m/A)(1 A)(1 A)

}} 5 }}}
2p(1 m)
l
F

}} 5 2 3 1027 N/m
l

That is,
1 A is the current in each of two long, straight, parallel conductors 1 m apart in a vacuum, when the magnetic force
between them is 2 3 1027 N per metre of length.
coulomb (C) SI unit of electric
charge; 1 C 5 1 A?s

Then the coulomb is defined, using this relationship for the ampere, as
1 C is the charge transported by a current of 1 A in a time
of 1 s; 1 C 5 1 A?s.
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SAMPLE problem 2
What is the magnitude of the force between two parallel conductors 2.0 m long, with
currents of 4.0 A and 10.0 A, 25 cm apart in a vacuum?

Solution
l 5 2.0 m
I1 5 4.0 A
I2 5 10.0 A
d 5 25 cm 5 0.25 m
F5?

or

m0I 1I2
F2
}} 5 }}
2pd
l
m0 I1I2 l
F2 5

}}
2pd

(4p 3 1027 T?m/A)(4.0 A)(10.0 A)(2.0 m)
5 }}}}}
2p(0.25 m)
F2 5 6.4 3 1025 N

The magnitude of the force between the two parallel conductors is 6.4 3 1025 N.

Practice
Understanding Concepts
9. Calculate the magnitude of the force per unit length between two parallel,

Answers

straight conductors 1.0 cm apart, each with a current of 8.0 A.

9. 1.3 3 1023 N/m

10. Two parallel straight conductors 5.0 m long and 12 cm apart are to have equal

10. 49 A

currents. The force each conductor experiences from the other is not to exceed
2.0 3 1022 N. What is the maximum possible current in each conductor?

11. 2.8 3 1022 m
12. 1.0 3 1024 N/m

11. How far from a straight wire with a current of 5.0 A is a second, parallel

wire with a current of 10.0 A, if the magnitude of the force per metre between
them is 3.6 3 1024 N/m?
12. Calculate the magnitude of the force per metre pushing two straight wires in an

extension cord apart when 1.0 A of DC current lights a 100-W study lamp. The
separation of the wires is 2.0 mm, and the insulation behaves like a vacuum.

SUMMARY

Ampère’s Law

•
•

Ampère’s law states: ∑Bi Dl 5 m0 I.

•

SI defines the coulomb as the charge transported by a current of 1 A in a time of 1 s.

NEL

SI defines an ampere as the current in each of two long, straight, parallel
conductors 1 m apart in a vacuum, when the magnetic force between them is
2 3 1027 N per metre of length.
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Section 8.4 Questions
Understanding Concepts
1. Calculate the magnitude of the magnetic field 0.50 m from

a long, straight wire with a current of 8.0 A.
2. A typical return stroke from a lightning bolt has a current of

2.0 3 104 A upward from the ground. Calculate the magnitude of the magnetic field 2.5 m from a straight bolt.
3. A solenoid, 25 cm long, consists of 250 turns. What is the

magnitude of the magnetic field at its centre when the current in the coil is 1.2 A?

9. Light threads 0.80 m long suspend two long, straight, par-

allel wires of length 1.0 m and mass 6.0 3 1022 kg
(Figure 6). The currents in the two wires are in opposite
directions and the angle between the strings is 12°.
(a) Calculate the current in each wire.
(b) Outline a procedure, with similar equipment, that could
be used to determine the factors affecting the magnitude of the magnetic force per unit length between
parallel conductors.

4. Two parallel, straight conductors, each 3.0 m long, are

5.0 mm apart with currents in opposite directions. The current in each conductor is 2.2 A. Calculate the magnitude of
the magnetic force acting on each conductor.

12°

5. A flexible, electrically conducting coil is suspended above a

mercury bath as shown in Figure 5. What will happen if a
large current is sent through the coil? What effect will suspending an iron rod in the middle of the coil have?

0.80 m

I

12°

I

Figure 6

Making Connections
mercury

Figure 5

10. Figure 7 shows the equipment used to record sound on a
magnetic tape in a tape recorder. Explain how it works.

amplifier
output

6. In a typical application of coaxial cables, the inner wire and

the outer cylindrical braid have currents equal in magnitude
but opposite in direction. An insulator separates the two
conductors. Describe the magnetic field (a) between the
two conductors and (b) outside the cable. Explain your
reasoning.

input

recording head

7. Explain how SI defines the ampere and coulomb.

tape
Applying Inquiry Skills
8. A single loop of wire does not have a uniform magnetic

field in its core but a long solenoid made from many loops
will. Design an experiment to determine how long a coil of
radius r has to be before the field in the core is uniform.
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The principle of electromagnetic induction has a wide variety of applications: it is used
in the continent-wide infrastructure that distributes our electric power, in automobiles,
at some traffic lights, in security systems, in computer hard drives, and even in amusement-park rides.
As we have seen, a steady electric current (a steady stream of electric charges) produces a steady magnetic field. If a stream of electric charges can cause a magnetic field,
then can a magnetic field cause such a stream? It was first thought that a steady magnetic
field would produce a steady electric current, but experiments quickly established this
to be false. Faraday investigated this very problem and discovered that the way in which
a magnetic field can produce a current is more subtle.
Faraday first used a solenoid around a wooden core, connected in series with a switch
and a powerful battery to form a so-called “primary” circuit. He added a “secondary” circuit, consisting of a second solenoid around the same wooden core, wired in series with a
galvanometer configured as an ammeter, or current meter (Figure 1). Closing the switch
wooden core

battery

8.5

Current in Secondary circuit
Primary circuit
is turned on.

I (mA)

Electromagnetic Induction

t (s)

galvanometer

Primary circuit
is turned off.

secondary coil

Figure 2
Only when the primary circuit is
turned on and off is a current
induced in the secondary circuit.
There is no current in the secondary
circuit when the current in the primary circuit is constant. The plot
shows the two currents to be in
opposite directions.

primary coil
switch

Figure 1
Faraday’s first induction apparatus. There are two separate circuits.
Charges do not pass from the primary circuit into the secondary circuit.

iron
core
I

induced a weak, short-lived current in the secondary circuit, as the galvanometer needle
showed, but only for a very short time. Once the current dropped back to zero in the secondary circuit, no other current was produced, in spite of the constant current in the primary circuit. When the primary current was switched off, a small current was induced in
the opposite direction in the secondary circuit, again only for a short time (Figure 2).
To improve his results, Faraday built a new device (now called “Faraday’s ring”), which
utilized an iron ring to increase the magnetic field inside the solenoids (Figure 3). The
currents were large enough to be easily apparent but still found to occur only when the
current was being switched on or off. How were the currents to be explained?
When the current is steady in the primary circuit, the magnetic field in the solenoid
is constant over time. In particular, the magnetic field at each point around and in the
secondary coil is constant. No current is induced in the secondary circuit. When the
primary circuit is turned on, the magnetic field in the secondary solenoid changes very
quickly from zero to some maximum value, causing a current. When the primary circuit
is turned off, the magnetic field in the secondary solenoid changes from the maximum
NEL

primary

secondary

Figure 3
Faraday’s iron ring. Even though the
magnetic fields are stronger than in
Faraday’s first apparatus, an
induced current is produced in the
secondary circuit only when the primary circuit is turned on or off,
changing the magnetic field.
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value to zero, causing a current in the opposite direction. The key is this: in each case the
magnetic field is changing when the current is induced in the secondary circuit. A constant magnetic field, even a large one, induces no current at all.
Faraday combined all his observations into the law of electromagnetic induction.
Figure 4
(a) When the S-pole is pushed into
the coil, a current (registered
here indirectly, by a potential
difference across oscilloscope
terminals) is produced in the
coil.
(b) When the magnet stops, the
current drops to zero.
(c) Removing the magnet causes
a current in the opposite
direction.
(d) When the magnet stops
moving, the current again
drops to zero.
(a)

Law of Electromagnetic Induction
An electric current is induced in a conductor whenever the
magnetic field in the region of the conductor changes with time.

You can demonstrate Faraday’s law of electromagnetic induction by plunging a bar
magnet into a solenoid connected to a galvanometer (configured as an ammeter) or to
an oscilloscope, as shown in Figure 4. (The oscilloscope does not directly indicate a current. It does, however, indicate a potential difference in the secondary coil, caused by
the changing magnetic field and driving the flow of charges.) As the S-pole enters the solenoid, the magnetic field in the region of the conductor changes and a current is induced
in the circuit. When the magnet comes to rest, no current is present. When the magnet
is withdrawn, a current is induced in the opposite direction, falling to zero as the magnet
comes to rest.

(b)

(c)

v
S
2

N

S

v=0

v

v=0

S

N

1

0

(d)

S
1

N

N
2

0

0

0

The maximum current measured in such a demonstration is larger if the magnet is
moved faster, if a stronger magnet is used, or if the coil has more turns. A current is
produced even if the magnet is held stationary and the coil moved around it. We conclude, as Faraday did, that the current is produced by a changing magnetic field and the
greater the change, the larger the induced current.
Faraday’s law is applied in some automobile cruise-control devices, which maintain
the speed of a vehicle (Figure 5). Two magnets are attached to opposite sides of the drive
Figure 5
Rotating magnets induce brief
pulses of current in a loop connected to a microprocessor in a
cruise-control device. Similar measurement devices are used for ABS
(the automatic/anti-lock braking
system) and traction control on individual halves of the axle, or on
wheels.

microprocessor
throttle/fuel injector

servo control
mechanism

sensing
coil
drive shaft
magnet
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Figure 6
A current is produced in a coil
rotating in a uniform magnetic field.

B

shaft. A small coil near the drive shaft is connected to a microprocessor, which detects
small variations in electric current. As both magnets rotate past the coil, they induce a
small, brief pulse of electric current, registered by the microprocessor. The frequency
of the pulses indicates the speed of rotation of the shaft and, therefore, the speed of the
vehicle. If the driver sets the cruise control at a certain speed, the microprocessor can maintain that speed by sending a signal to a control mechanism which injects more fuel into
the engine if the frequency decreases, less if the frequency increases.
Currents can be produced in a loop of wire rotated in a uniform magnetic field and connected to a galvanometer in its ammeter configuration (Figure 6). The magnetic field
through the loop is changing most when the loop is perpendicular to the field (raising the
current to its maximum) and is not changing when it is parallel (the current drops to
zero for an instant). This principle is fundamental to the construction of generators.
What determines the direction of the induced current? In 1834, Heinrich Lenz, using
the law of conservation of energy, discovered the answer. Lenz reasoned that when the
field from a moving bar magnet induces a current in a solenoid, this current gives rise
to another magnetic field (the “induced” field). There are only two possible directions
for the flow of charge through the coil. Let us assume that the current spirals toward
the magnet when a N-pole is pushed into the coil, as in Figure 7. The right-hand rule for
coils then tells us that the right end of the coil becomes a S-pole, attracting the magnet.
Lenz reasoned that this situation is not possible because the attractive force will speed
up the magnet, increasing its kinetic energy, inducing a larger current (more energy)
and increasing the induced magnetic field (with the magnet speeded up still further,
making its kinetic energy even higher). Since the total energy of the system cannot
increase, our assumption must be false, and the current in the solenoid must spiral away
from the incoming N-pole, as in Figure 8.
Therefore, the near end of the coil is a N-pole. The moving bar magnet induces a current in the coil which produces a magnetic field in opposition to the inward motion of
the bar magnet. The work done in pushing the magnet into the coil against the opposing
induced field is transformed into electrical energy in the coil. Lenz summarized this
reasoning in Lenz’s law.

magnet
plunged
into coil
N

S

N

S

Induced current
makes near end
of coil an S-pole.
Figure 7
Violating the law of conservation of
energy

magnet
plunged
into coil
S

N

N

S

Induced current
makes near end
of coil an N-pole.
Figure 8
Obeying the law of conservation of
energy

Lenz’s Law
When a current is induced in a coil by a changing magnetic
field, the electric current is in such a direction that its own
magnetic field opposes the change that produced it.
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cryogenic
compressor
superconducting
magnet
landing
wheel

propulsion
coil
guideway
levitation
coil
Figure 9
Superconducting electromagnets
induce currents in coils beneath the
maglev train. By Lenz’s law, these
currents set up magnetic fields
opposing the downward motion of
the train, thus lifting it above the
rails.

Keep in mind that Lenz’s law is consistent with the conservation of energy because the
energy lost by the magnet due to the induced field is equal to the energy gained by the
current due to the inducing field. The total energy remains constant.

Applying Lenz’s Law
We have already introduced the idea of a maglev train. But having studied the ideas of
Lenz, we can examine another form of maglev train that uses Lenz’s law to levitate the
train above the rails. Powerful superconducting electromagnets at the bottom of the
train pass above two rows of coils on the guideway. A current is induced in these coils.
By Lenz’s law, the current acts to oppose the downward motion of the electromagnets,
keeping the train hovering safely above the guideway (Figure 9).
Coils are not necessary for demonstrating Lenz’s law. If a magnetic field changes near
a conducting plate, currents are induced within the plate, forming closed circular paths.
These so-called eddy currents produce magnetic fields in opposition to the inducing
action. This principle is used in induction stoves. The surface of an induction stove is
always cool to the touch. If two pots—one glass, the other metal—are filled with water
and placed on such a stove, the water in the metal pot will boil, while the water in the glass
pot will not heat up at all (Figure 10).
Below the surface of the stove are electromagnets operating on an AC current. Because
the current is alternating, the magnetic field produced is not constant, inducing eddy currents in the metal pot because metal acts as a conductor. No eddy currents are produced
in the glass pot because glass acts as an insulator. The metal pot has some internal resistance, causing it to heat up. This heat is transferred to the water, causing it to boil.

metal pot
glass pot

Figure 10
The surface of an induction stove is
always cool to the touch. Water in a
metal pot will boil; water in a glass
pot will not heat up at all. Why
would it be unsafe to touch the top
of an induction stove if you are
wearing a metal ring?

Practice
Understanding Concepts
S

S

N

N

1. Explain how Faraday’s law of electromagnetic induction is applied in the operation of

a cruise-control device.
2. Explain how Lenz used the law of conservation of energy to determine the direction

of the induced current produced by a moving magnet near a coil.
3. Two magnets are dropped through thin metal rings (Figure 11). One of the rings has

Figure 11
For question 3
418 Chapter 8

a small gap.
(a) Will both magnets experience a retarding force? Explain your reasoning,
sketching the magnetic fields of the falling magnets and any induced currents or
current-created magnetic fields.
(b) Will your answers change if the rings are replaced with long cylinders, one with a
long thin gap down one side?
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SUMMARY

Electromagnetic Induction

•

The law of electromagnetic induction states that an electric current is induced in
a conductor whenever the magnetic field in the region of the conductor changes.

•

The greater the change in the magnetic field per unit time, the larger the induced
current.

•

Lenz’s law states that when a changing magnetic field induces a current in a conductor, the electric current is in such a direction that its own magnetic field
opposes the change that produced it.

Section 8.5 Questions
Understanding Concepts
1. Examine the circuit shown in Figure 12. When the switch

is closed, assume the magnetic field produced by the solenoid is very strong.
(a) Explain what will happen to the copper ring (which is
free to move) when the switch is closed.
(b) Explain what will happen to the copper ring when
there is a steady current in the circuit.
(c) Explain what will happen to the copper ring when the
switch is opened.
(d) How would your answers change if the terminals on
the power supply are reversed? Explain your answer.
copper ring
(free to move)
iron core
switch
coil
1

Figure 13
For question 4

2

battery

Figure 12

2. Figure 13 shows a light bulb connected to a coil around a

metal core. What causes the light bulb to glow?
3. A bolt of lightning can cause a current in an electric appli-

ance even when the lightning does not strike the device.
Explain how this could occur.
4. You place a copper ring onto an insulating stand inside a

solenoid connected to an AC current. Explain what will
happen to the ring.
Applying Inquiry Skills
5. A coil of wire connected to a galvanometer is placed with

its axis perpendicular to a uniform magnetic field. When the
coil is compressed, the galvanometer registers a current.
Design an experiment to determine the factors that affect
the magnitude of the induced current in the coil.
6. Explain how you would construct a device for investigating

the magnitude of the induced current produced by a moving
bar magnet. Assume you have access to a bar magnet, a
compass, a coil, and wire. You may not use a galvanometer.
Draw a diagram of your device and explain how it works.
NEL

Making Connections
7. Explain how Lenz’s law is applied in levitating one type of

maglev train.
8. Explain how an induction stove works.
9. Figure 14 shows a ground-fault interrupter, inserted for

safety between the power outlet and an appliance such as
a clothes dryer. The ground-fault interrupter consists of an
iron ring, a sensing coil, and a circuit breaker. The circuit
breaker interrupts the circuit only if a current appears in the
sensing coil.
(a) The circuit breaker will not interrupt the circuit if the
dryer is operating normally. Explain why.
(b) If a wire inside the dryer touches the metal case,
charge will pass through a person touching the dryer
instead of going back through the ground-fault interrupter. How does the interrupter protect the person?
(c) Should all electrical devices be plugged into groundfault interrupters? If so, why? If not, why not?

Magnetic Fields and Electromagnetism
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circuit breaker
AC generator

sensing
coil

magnetic
field
lines

iron ring

groundfault
interrupter

heater
element
Figure 14
Schematic of a ground-fault interrupter (for question 9)
10. You are a civil engineer, seeking to reduce the number of

traffic jams along a very busy road during rush hour. You
notice that the side streets off the busy road often have
green lights, causing the lights on the main road to be red,
even in the absence of side-street traffic. You decide to
solve this problem by installing large coils of wire just
beneath the surface of the road, near the intersections on
the side streets. You connect the coils to small microprocessors in the traffic lights. Explain how your device
works and how it will help prevent traffic jams.

Figure 15
For question 11
side view

11. An amusement-park ride like the one in Figure 15 ele-

vates riders on a lift, then drops them. The lift and the
riders accelerate downward under the force of gravity.
Research the method used to slow them down safely, and
write a short report explaining the physics involved.
Design another ride that uses the same principles.

GO

N

guitar string
(magnetizable)
iron core

N
S

to amplifier

coil
S

www.science.nelson.com

12. Figure 16 is a schematic of an electric-guitar pickup, a

device that changes the vibrational energy of a guitar
string into sound.
(a) Describe how the pickup works, explaining the need
for the string to vibrate and the purpose of the coil
and permanent magnet.
(b) The string of the guitar vibrates in a standing-wave
pattern, with a series of nodes and antinodes. Where
should a pickup be placed to send the largest possible
current to the amplifier?
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Figure 16
The schematic of a pickup on an electric guitar
(for question 12)
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SUMMARY

Key Expectations
• define and describe the concepts and units related to
magnetic fields (e.g., magnetic field, electromagnetic
induction) (8.1, 8.2, 8.3, 8.4, 8.5)
• compare the properties of electric, gravitational, and
magnetic fields by describing and illustrating the
source and direction of the field in each case (8.1)
• predict the forces acting on a moving charge and on a
current-carrying conductor (8.2, 8.3, 8.4)
• determine the net force on, and resulting motion of,
objects and charged particles by collecting, analyzing,
and interpreting quantitative data from experiments
or computer simulations (8.2, 8.3)
• analyze and explain the properties of electric fields,
and demonstrate how an understanding of these properties can be applied to control or alter the electric
field around a conductor (e.g., demonstrate how
shielding on electronic equipment or on connecting
conductors [coaxial cables] affects magnetic
fields)(8.4, 8.5)
• describe instances where developments in technology
resulted in the advancement or revision of scientific
theories, and analyze the principles involved in these
discoveries and theories (8.2, 8.4)
• evaluate, using your own criteria, the social and economic impact of new technologies based on a scientific
understanding of electric and magnetic fields (8.2)
Key Terms
poles
law of magnetic poles
magnetic force field
domain theory of magnetism
principle of electromagnetism
solenoid
Ampère’s law
ampere
coulomb
law of electromagnetic induction
Lenz’s law

Key Equations

• F 5 qvB sin v
• }me} 5 1.76 3 10 C/kg
• }mq} 5 }B«}r
F
}
• B5}
k Il sin v

(8.2)

•

F 5 IlB sin v

(8.3)

• oBi Dl 5 m0 I

(8.4)

M

(8.2)

11

(8.2)

2

(8.3)

•

B 5 m0 }}
2pr

1I2

(8.4)

•

NI
B 5 m0 }}
L

1 2

(8.4)

MAKE

a summary

In a table, summarize the similarities and differences
between the two major topics in this chapter: the motion of
charged particles in magnetic fields and how that motion
describes the force on a conductor in a magnetic field
(Figure 1). Your table should compare and contrast the
right-hand rules, the resulting motions of the wire and/or
charges, the effect of changing current direction or sign of
charge, the effect of varying the angle between the charge
velocity and the magnetic field, and any other way of
changing the magnitude or direction of the magnetic force.
(a)

+q

v

(b)

I

Figure 1
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SELF QUIZ

Write numbers 1 to 7 in your notebook. Indicate beside each
number whether the corresponding statement is true (T ) or
false (F). If it is false, write a corrected version.

1. A charge moving in a direction perpendicular to a
uniform magnetic field experiences a force, but its
velocity does not change.
2. When a charged particle is fired into and perpendicular to a uniform magnetic field, it moves along a
circular path until it escapes the field.
3. The force on a conductor in a uniform magnetic field
is perpendicular to both the current in the conductor
and the magnetic field.
4. Reversing the direction of the current in a conductor
in a uniform magnetic field reverses the direction of
the force on the conductor.
5. The magnetic field on the outside of a coaxial cable is
proportional to the current in the cable.
6. The magnetic field inside a long, straight coil with
many closely packed turns is essentially uniform.
7. It is possible to shield against gravitational, electric,
and magnetic fields.
Write numbers 8 to 13 in your notebook. Beside each
number, write the letter corresponding to the best choice.

8. A charged particle is placed into a uniform magnetic
field with an initial velocity of zero. If no electric or
gravitational forces act on the particle, then it
(a) accelerates straight forward
(b) does not move
(c) moves in a circle
(d) moves at constant speed
(e) none of these
9. If particles with the same initial velocity and charge
pass into and perpendicular to a uniform magnetic
field, then
(a) the radius of curvature is the same for each
particle
(b) the radius of curvature is greater for the more
massive particles
(c) the radius of curvature is greater for the less
massive particles
(d) all the particles spiral with decreasing radius
under all circumstances
(e) none of the these

NEL

An interactive version of the quiz is available online.
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Unit 3

10. If two wires, with currents as in
, cross each
other at right angles, one slightly above the other,
forming four regions, which region has the strongest
magnetic field pointing out of the page?
(a) I
(c) III
(e) The fields are the same
(b) II (d) IV
in each region.
Figure 1

II

I

III

IV

Figure 1

11. Particles A, B, C, and D with the same charge and
speed are placed into a uniform magnetic field
(
). Which one experiences the smallest force?
(a) A (c) C
(e) They all experience
(b) B
(d) D
the same force.
12. Four particles with the same charge and speed are
placed into a uniform magnetic field (
).
Which particle experiences a force directed into the
page?
(a) A (c) C
(e) They all experience a
(b) B
(d) D
force out of the page.
Figure 2

Figure 2

+q

C

v

+q

B
A v

v

v

D
+q

+q

Figure 2
For questions 11 and 12

13. The magnitude of the magnetic field a distance r
from a long, straight conductor with current I is B.
The same magnetic field will have magnitude 2B if
the current is tripled at a distance of
(a) }23}r (b) 2r (c) 3r (d) }32}r (e) none of these
Magnetic Fields and Electromagnetism
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REVIEW

Understanding Concepts
1. Describe the effect of Earth’s magnetic field on the
motion of a charged particle approaching from space.
Are there any directions along which the particle can
reach Earth without deflection?
2. Explain why the magnetic field created by the electric
currents in the wires in your home is unlikely to have
any effect on a nearby compass.
3. A horizontal east–west wire carries a westward current. A beam of positively charged particles is shot
directly down at the wire from above. In what direction will the particles be deflected?
4. A charged particle is moving in a circular path under
the influence of a uniform magnetic field. Describe
how the path would change in response to each of the
following factors, considered separately:
(a) The strength of the magnetic field is increased.
(b) An electric field is added, in the same direction as
the magnetic field.
(c) The magnetic field is removed.
5. Two atoms of the same substance, one singly ionized
and the other doubly ionized, are each accelerated
from rest by the same potential difference. The ions
enter the same uniform magnetic field at 90°. Compare
(a) their velocities upon entering the field
(b) their radii of curvature in the field
6. A straight wire 15 cm long, with a current of 12 A,
lying at right angles to a uniform magnetic field,
experiences a magnetic force of magnitude 0.40 N.
What is the magnitude of the magnetic field?
7. A conductor 45 cm long, with a mass of 15 g, lies in a
horizontal position at a 90° angle to a uniform horizontal magnetic field of magnitude 0.20 T. What must
the current in the conductor be if the magnetic force
is to support the weight of the conductor?
8. Calculate the magnitude and direction of the force
on an electron moving horizontally westward at
3.2 3 106 m/s through a uniform magnetic field of
1.2 T directed horizontally southward.
9. An a particle of charge +3.2 3 10219 C and mass
6.7 3 10227 kg first accelerates through a potential
difference of 1.2 3 103 V, then enters a uniform magnetic field of magnitude 0.25 T at 90°. Calculate the
magnetic force.
10. Calculate the magnitude and direction of the magnetic field 25 cm to the east of a straight vertical wire
with a current of 12 A downward through air.
428 Chapter 8

11. A straight wire has a current of 15 A vertically upward,
in a vacuum. An electron, presently 0.10 m from the
wire, moves at a speed of 5.0 3 106 m/s. Its instantaneous velocity is parallel to the wire but downward.
Calculate the magnitude and direction of the force on
the electron. Will this force remain constant?
12. What is the magnetic field strength in the air core of a
solenoid, 0.10 m long, consisting of 1200 loops of
wire and with a current of 1.0 A?
13. A coil 15 cm long, with 100 turns and a current of
20.0 A, lies in a horizontal plane. A light frame supports rectangular conducting wire WXYZ, balanced
horizontally at its midpoint in the core of the coil, as
in Figure 1. Sides WX and YZ are 5.0 cm long and
parallel to the axis of the coil. Side XY is 1.5 cm long
and perpendicular to the axis of the coil. A mass of
1.8 3 1022 g hangs from the outside end of the light
frame. What current must flow through the rectangular conductor to keep it in horizontal balance?
I = 20.0 A

A

Y

B

Z

X
W

I=?
m = 1.8 3 1022 g

Figure 1

14. Calculate the magnetic force between two parallel
wires, 45 m long and 0.10 m apart, carrying currents
of 1.0 3 102 A in the same direction.
15. A straight wire of linear mass density 150 g/m has a
current of 40.0 A (supplied by a flexible connection of
negligible mass). This wire lies parallel to, and on top
of, another straight horizontal wire on a table. What
current must the bottom wire have in order to repel
and support the top wire at a separation of 4.0 cm?
(Frictionless guide plates keep the top wire parallel to
the bottom wire as it rises.)
16. What is the charge-to-mass ratio of a particle accelerated to 6.0 3 106 m/s, moving in a circular path of
radius 1.8 cm perpendicular to a uniform magnetic
field of magnitude 3.2 3 1022 T?
NEL
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17. A proton, of mass 1.67 3 10227 kg, moves in a circle
in the plane perpendicular to a uniform magnetic
field of magnitude 1.8 T. The radius of curvature is
3.0 cm. What is the speed of the proton?
18. A singly ionized atom (q 5 +e) moves at 1.9 3
104 m/s perpendicular to a uniform magnetic field of
magnitude 1.0 3 1023 T. The radius of curvature is
0.40 m. What is the mass of the ion?
225 kg is
19. A singly ionized 235
92 U atom of mass 3.9 3 10
accelerated through a potential difference of 1.0 3 105 V.
(a) Calculate its maximum speed.
(b) What is the radius of the path it would take if
injected at this speed and at 90° into a uniform
magnetic field of magnitude 0.10 T?

20. A loop of wire tied to a string is allowed to fall from
the horizontal into a uniform magnetic field, as in
Figure 2. The loop remains perpendicular to the
plane of the page at all times, with the segment XYZ
behind the plane of the page.
(a) Indicate the direction of the current, using these
letters, as the loop swings from left to right
through positions I and II, with the loop still
rising at II.
(b) Indicate the direction of the current, using
these letters, as the loop swings from right to left
through positions I and II, with the loop already
descending at II.
(c) Describe the motion of the loop. Explain your
reasoning.
P

Y
Z

(b) What results do you expect from this experiment?
(c) How would your observations differ if the currents were in the same direction?

Making Connections
23. A typical speaker has a coil fixed to the back of a
cone. The cone has a flexible edge, allowing it to move
back and forth (Figure 3). The coil is wrapped
around a core that is a magnetic N-pole and is surrounded by a circular S-pole. Explain how such a
speaker works.
voice coil
fixed to cone
soft iron core
and plates
paper diaphram
(cone)

cylindrical
tubular magnet
input
Figure 3

flexible edge

24. Figure 4 is a schematic of a variable-reluctance
microphone. A light flexible rod is attached to a permanent magnet at one end, to a diaphragm at the
other. The C-shaped structure around the magnet is
also made of magnetic material. Explain how such a
microphone works, paying special attention to the
purpose of the windings in each coil.
sound wave

X

I

X
Y

II

Z
magnetic field lines

Figure 2

Applying Inquiry Skills
21. Design an experiment to determine the factors
affecting the force on a long, straight conductor suspended from two conducting springs in a uniform
magnetic field.
22. (a) Design an experiment to investigate the magnetic
field around two long parallel conductors with
equal currents in opposite directions. Assume the
wires are very close together and the measurements are taken from at least 5.0 cm away.

NEL
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Figure 4

Extension
25. A source emits a variety of charged particles, with different masses and charges, at different speeds. Some
of the particles have the same charge-to-mass ratio.
Design a device, or set of devices, that could be used
to find all the different particles emitted from the
source, and describe how the masses, charges, and
speeds of these particles could be determined.
Magnetic Fields and Electromagnetism
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SELF QUIZ

Write numbers 1 through 14 in your notebook. Indicate
beside each number whether the corresponding statement
is true (T) or false (F). If it is false, write a corrected version.

1. The electric force between two point charges is
directly proportional to the product of the charges
and inversely proportional to the square of the distance between them.
2. If the sum of all the electric forces on a charge is zero,
the charge must be at rest.
3. Electric charges always move along a path given by
electric field lines.
4. If the electric field in a region of space is zero, the
electric force on any single charge placed in that
region is also zero.
5. When a small positive test charge is moved toward
another positive charge, the test charge experiences
an increasing electric force, an increasing electric
field, and an increase in electric potential energy.
Further, the charge finds itself moving into a region
of higher electric potential.
6. Negative charges move from regions of high electric
potential to regions of lower electric potential.
7. An oil droplet in a Millikan apparatus with
uncharged plates falls at a constant speed because it
has a charge.
8. The laws of conservation of momentum and conservation of mechanical energy determine the motion of
interacting charged particles.
9. A negatively charged object that is fired directly away
from a positively charged object will cause the kinetic
energy to increase and the potential energy to
decrease.
10. Magnetic field lines never cross.
11. Uniform electric, gravitational, and magnetic fields
can change the speeds of particles that are initially
moving perpendicular to the fields.
12. A charged particle moving parallel to an electric,
gravitational, or magnetic field experiences a force.
13. Charges moving perpendicular to a uniform magnetic field experience circular motion because the
magnetic force is always perpendicular to the velocity
of the charge.
14. Two long, parallel, straight wires repel each other if
their currents are in the same direction.
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Write numbers 15 to 26 in your notebook. Beside each
number, write the letter corresponding to the best choice.

15. The force on a small, uniform conducting sphere of
charge q1 a distance d from another sphere of charge
q2 is 1F. If the sphere of charge q1 is touched with an
identical neutral conducting sphere, which is moved
far away and then placed a distance }d2} from q2, the
force on the sphere is
(a) 1F
(c) 1}F2}
(e) none of these
(b) 12F
(d) 2F
16. Three identical charges are placed on a line from left
to right, with adjacent charges separated by a distance
d. The magnitude of the force on a charge from its
nearest neighbour is F. The net force on each charge,
from left to right, is
(a) 12F, 12F, 12F
(d) F, 0, F
5
F
5
F
(e) none of these
(b) 2}4}, 0, 1}4}
(c) 12F, 0, 12F
17. An electron experiences a force of 1.6 3 10216 N
[left] from an electric field. The electric field is
(a) 1.6 3 103 N/C
(d) 1.0 N [right]
3
(b) 1.0 3 10 N/C [left] (e) none of these
(c) 1.0 3 103 N/C [right]
18. As the distance between two charges increases, the
electric potential energy of the two-charge system
(a) always increases
(b) always decreases
(c) increases if the charges have the same sign,
decreases if they have opposite signs
(d) increases if the charges have opposite signs,
decreases if they have the same sign
(e) is always negative
19. Two oppositely charged parallel plates are separated
by 12 mm. The uniform electric field between the
plates has a magnitude of 3.0 3 103 N/C. An electron
is ejected from the negative plate, with an initial
velocity of zero. The kinetic energy of the electron
when it has moved halfway to the positive plate is
(a) 2.9 3 10218 J
(d) 0 J
2
18
(b) 5.8 3 10 J
(e) none of these
(c) 1.4 3 10218 J

An interactive version of the quiz is available online.

GO

www.science.nelson.com
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20. A positive charge of mass 2m is initially at rest,
directly to the left of a negative charge of mass m,
moving rightward with speed v. When the
negative charge has velocity }v} [right], the velocity of
2
the positive charge is
(a) 0
(c) }v} [left]
(e) }v} [left]
4
2
v
v
(b) }} [right] (d) }} [right]
4
2
21. Which of the following statements is true about any
type of field line:
(a) They never cross.
(b) They are always perpendicular to the surface of
the object producing the field.
(c) They point in the direction of motion.
(d) They signify a force, experienced by a test particle
of positive charge q, whose magnitude equals the
product of q and the field magnitude.
(e) They never form closed loops.
22. Through a narrow hole you view an apparatus in
which a small charged sphere, attached to a thin
thread, hangs at rest at an angle of 10° to the right of
the vertical when there is no wind. From your observation, you can infer that
(a) the electric field points right
(b) the electric field points left
(c) the electric field is zero
(d) the net force on the sphere is zero
(e) the tension in the thread is smaller than the gravitational force on the sphere
23. An electron moves within a uniform magnetic field of
0.20 T, at a speed of 5.0 3 105 m/s. The magnetic
force on the electron
(a) is 1.6 3 10–14 N
(b) is 1.6 3 10–14 N [perpendicular to velocity]
(c) is 1.6 3 10–14 N [perpendicular to magnetic field]
(d) is zero
(e) cannot be determined from the information
24. If a straight length of wire with a current is immersed
in a uniform magnetic field, then the wire
(a) experiences no force if it is perpendicular to the
field
(b) experiences some magnetic force, no matter what
its orientation in the field
(c) experiences no force if it is parallel to the field
(d) experiences no force if the current is alternating
(e) does not satisfy any of the above descriptions

NEL
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25. An electron passes into a magnetic field at 90°. Its
consequent circular path has radius r. If the speed of
the electron were twice as great and the magnetic
field were twice as strong, the radius would be
(a) r (b) 2r (c) 4r (d) }2r} (e) }4r}
26. Particles in a mass spectrograph emerge from a
velocity selector into a uniform magnetic field at 90°.
If the radius of the circular path of particle 1 is larger
than the radius for particle 2, then
(a) particle 1 is of greater mass than particle 2
(b) particle 1 has a smaller charge than particle 2
(c) the charge-to-mass ratio of particle 1 is smaller
than the charge-to-mass ratio of particle 2
(d) the charge-to-mass ratio of particle 1 is larger
than the charge-to-mass ratio of particle 2
(e) particle 1 is moving faster than particle 2
Write numbers 27 to 30 in your notebook. Beside each
number place the word, phrase, or equation that completes
the sentence.

? exists in a region of space when an
27. (a) A(n) _______
appropriate object experiences a force in that
region.
(b) The gravitational and electric forces are governed
? law with respect to the distance
by a(n) _______
between the objects.
? field
(c) If a charged particle passes into a(n) _______
perpendicular to the field lines, the speed does
not change.
? to a con28. (a) Electric field lines are always _______
ductor in static equilibrium.
? cable is shielded from both electric
(b) A(n) _______
and magnetic fields.
(c) The area under the curve on an electric forcedisplacement graph represents the change in
?
_______.
(d) To analyze the motion of an elastic collision
between two charged particles we use conserva? and _______.
?
tion of _______
29. When a charged particle of mass m passes into either
a uniform gravitational field or an electric field per?
pendicular to the field lines, it follows a(n) _______
path; however if it passes into a magnetic field it
? path.
follows a(n) _______
30. When separating two charges of mass m the gravita? the gravitational
tional and electric force _______,
? and the electric potential
potential energy _______,
?
energy _______.
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Understanding Concepts
1. When using oxygen in the operating room, should
the doctors and nurses wear conducting shoes or
insulating rubber shoes? Explain your answer.
2. Two small charges, 16.0 3 1025 C and –2.0 3 1025 C,
are placed 36 cm apart. Calculate the following:
(a) the force on a third small charge, 15.0 3 1025 C,
placed midway between the two charges
(b) the force on a third small charge, 15.0 3 1025 C,
placed 18 cm outside them on the line joining the
two charges, closer to the negative charge
(c) the magnitude and direction of the electric field
18 cm outside the charges on the line joining
them, closer to the positive charge
(d) the magnitude of the electric field at a point
18 cm above the midpoint of the line joining the
two charges, on the perpendicular to that line
(and thus equidistant from the charges)
(e) the point at which the magnitude of the electric
field is zero
3. Three charges are arranged as in
. Calculate
the magnitude and direction of the net electric
force on each charge.

5.

shows the electric field near an object.
(a) Could the object be a conductor in electrostatic
equilibrium? Explain.
(b) Could the object be an insulator? Explain.
Figure 3

Figure 3

6. The conductors in
are introduced, one at a
time, into a uniform electric field directed to the right,
changing the field. Sketch the field near the conductors.
Figure 4

Figure 4

Figure 1

7. A charged insulating ball of mass 7.0 g with a uniform charge of 1.5 mC, hangs from a light thread
inclined at an angle of 8.0° to the vertical (
).
Calculate the magnitude of the electric field.
Figure 5

11.0 mC
60°
1.0 m
30°
21.0 mC

12.0 mC

8.0°

Figure 1

4.

represents a neutral helium atom with two
electrons on either side of the nucleus, in a welldefined circular orbit of radius 2.64 3 10211 m.
Calculate the magnitude and direction of the electric
force on either electron.

Figure 5

Figure 2

8.

shows two oppositely charged uniform
spheres and the electric field between them.
(a) What are the signs of q1 and q2?
q
(b) What is the value of the ratio }}1 ? Explain.
Figure 6

q2

2e

12e
q1

q2

2e
Figure 2

434 Unit 3

Figure 6
NEL

Unit 3

9. Two electrons separated by a large distance are fired
directly at each other. The closest approach in this
head-on collision is 4.0 3 10214 m. One electron
starts with twice the speed of the other. Assuming
there is no deflection from the original path, determine the initial speed of each electron.
10. A charged particle moves at a constant velocity in a
straight line through a region of space.
(a) Is the electric field zero in the region? Explain
your answer.
(b) Is the magnetic field zero in the region? Explain
your answer.
11. An electron, having been accelerated from rest
through 2.4 3 103 V, encounters a uniform magnetic
field of magnitude 0.60 T at 90°.
(a) Calculate the magnitude of the magnetic force on
the electron.
(b) Describe the resulting motion of the electron.
(c) Will the electron be trapped in the magnetic
field? Explain your answer.
12. A wire 25 cm long, placed at right angles to a 0.18-T
uniform magnetic field, experiences a magnetic force
of magnitude 0.14 N. Calculate the current in the wire.
13. Each of two parallel horizontal wires, running
east–west and separated by 3.0 m, has a current of
1.2 A (
). Calculate the magnitude and
direction of the magnetic field midway between
the two wires if
(a) the current is directed east in wire 1, west in wire 2
(b) the currents in both wires are directed east

16.

P

r
B in

«

velocity selector
Figure 8

Figure 7

wire 1
N

is a schematic of a velocity selector and a
mass spectrometer. The electric field is perpendicular
to the magnetic field in the velocity selector. The electric field between the plates is 1.2 3 104 V/m, and the
magnitude of the magnetic field is 0.20 T. A singly
charged ion, of mass 2.2 3 10226 kg, is fired into the
velocity selector at right angles to both the electric
and the magnetic fields. The particle passes through
the selector undeflected.
(a) Calculate the speed of the particle.
(b) Calculate the radius of the path of the particle as
it emerges from the velocity selector.
Figure 8

17.

is a cross-sectional view of a coaxial cable.
The current in the inner conductor is 1.0 A, directed
into the page, while the current in the outer conductor is 1.5 A, directed out of the page. Determine
the magnitude and the direction of the magnetic field
at A and B.
Figure 9

3.0 m
E
1.5 A
wire 2
1.0 A

Figure 7

14. A coil 12 cm long, with 500 turns, produces a magnetic field strength of magnitude 1.6 3 1022 T in its
core. Calculate the current in the coil.
15. The magnitude of the magnetic force between two
conductors 4.00 m long, separated by 8.00 cm, is
2.80 3 10–5 N. The current in one conductor is twice
the current in the other. Calculate both currents.
NEL

B

A

2.0 mm
Figure 9

1.0 mm
1.0 mm

Electric, Gravitational, and Magnetic Fields 435

Applying Inquiry Skills
18. A typical problem when investigating the forces
between charges or the properties of a single charge is
that the charge on the object being investigated often
decreases over time. Design an experiment that could
be used to investigate the factors that cause objects to
lose their charge.
19. Two parallel, straight wires 35 cm long, each with a
mass of 12 g, are supported by threads 7.0 cm long
(
). When the current in each wire is I, the
angle between the threads is 14°.
(a) Determine the magnitude and the direction of
the current in each wire.
(b) Design an experiment to investigate the relationship between the force on each conductor and
the current in each wire.
Figure 10

Making Connections
22.
shows a large open loop constructed below
a high-voltage (AC) power line.
(a) Can this loop be used to draw power from the
lines? Where would the energy come from and
how would it work?
(b) If no one actually saw the loop, would the power
company be able to detect the crime?
(c) Could a similar approach be used to bug a telephone line? Explain your answer.
Figure 11

7.0 cm

Figure 11

35 cm
v = 14°

23. Explain why the surface of a television screen, even if
recently cleaned, is often covered in a light layer of
dust.
24.
is a simplified diagram of a neutral water
molecule The molecule has a permanent charge separation because the electrons spend more time near
the oxygen than the hydrogen. For this reason, water
is said to have polar molecules.
Figure 12

.

Figure 10

20. A charge moving through a magnetic field can experience a force. Design an experiment in which you use
a small conducting ball to determine the factors
affecting this force.
21. Under the right conditions, a current can experience
a magnetic force due to an external magnetic field.
This principle is used in electromagnetic pumps in
nuclear reactors as a way to transfer heat. In these
pumps liquid mercury or sodium is placed in a pipe,
and a current is created in the conducting liquid in
the presence of an external magnetic field. Design an
electromagnetic pump, explaining how it works and
how it can be used to transfer heat. (Note: mercury
and sodium are very dangerous substances that
require special care to prevent leaks and should not
be handled by students.)
436 Unit 3

H 1q

22q
O

104°

H

1q

Figure 12
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(a) Why is water attracted to both positive and negative charges?
(b) What effect does humidity have on removing
excess charges from objects? Explain your answer.
(c) Ions in the air can often form nucleation centres
(the starting points for the collecting of watervapour molecules into liquid water). Explain why
this happens.
25. Another name for parallel plates is a capacitor.
Capacitors have different applications in many
devices, such as in camera flash attachments, defibrillators used to return a person’s heart to a normal
beating pattern, and underneath the keys of some
computer keyboards. Using the Internet and other
sources, research capacitors. Pick one application and
write a short report on your findings.
GO www.science.nelson.com
26.

shows a piece of magnetic tape passing
near a playback head in a tape recorder. The playback
head consists of a coil wrapped around a C-shaped
ferromagnetic core. Describe how this playback head
works.
Figure 13

28. Birds use the magnetic field of Earth to navigate over
long distances. Using the Internet and other sources,
investigate this application or any other way that animals use magnetism, and write a short report on the
current research.
GO www.science.nelson.com

Extension
29. A small particle of charge q1 and initial velocity v$1
approaches a stationary charge q2 (
). Create
graphs of the kinetic energy of the moving charge, the
electric potential energy of each charge, and the total
energy of each charge, for different values of y
(ranging from zero, through large compared to the
radius of the charge, to very large). How does the
value of y affect each quantity? You may use simulations or any other method to investigate.
Figure 14

v1
q1

y

ferromagnetic core
Figure 14
to
amplifier

S

N N

S S

N N

S

tape

30. Research how principles of gravitational, electric, and
magnetic fields are used to investigate astronomical
objects such as stars, quasars, and black holes. Make a
poster showing how these concepts are involved in
researching these objects and what scientists have
learned about them.
31. A point charge of 1q is placed 3 cm to the left of a point
charge of 24q, as in
. Determine the location
where a third point charge will experience no force.
Figure 15

Figure 13

27. A degausser is a device that is used to demagnetize
permanently magnetized materials. Using the
Internet and other sources, investigate how these
devices work. Prepare a short oral presentation on
your findings.
GO www.science.nelson.com
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(a)

(b)

(c)

+q

(d)

24q

Figure 15
Sir Isaac Newton Contest Question
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unit

The Wave
Nature of Light

4

Wireless communication is an integral part of our lives.
Billions of people use radio, television, satellites, cell phones,
and mobile communications devices each day. A leader in
this world of wireless communication is Research In Motion
(RIM), based in Waterloo, Ontario. The current president
and co-chief executive officer of RIM, electrical engineer
Mike Lazaridis, was also one of its founders. Thanks to the
efforts of Lazaridis and his colleagues, RIM holds many of
the key patents for radio technologies and is a world leader
in the mobile communications market.
Lazaridis knows the connection between theory and appliMike Lazaridis
cation. “Just about everything that we value in our great
Co-founder of RIM
industrial growth today has come about because of theoretical physical studies,” he says. The discoveries of scientists in
the last 200 years, including Young, Maxwell, Hertz, and Marconi, form the basis
of our knowledge today.“That’s the basis of radio,” he says.“Without their work
we wouldn’t have a wireless society.” Lazaridis believes we must invest more in
fundamental research, a conviction he has backed with a donation of $100 million to found the Perimeter Institute for Theoretical Physics, not far from the
University of Waterloo. At any one time, this institute, with a mandate of fundamental research, houses up to 40 internationally renowned scientists.

Overall Expectations
In this unit, you will be able to

•

demonstrate an understanding of the wave model of electromagnetic radiation and
describe how it explains diffraction patterns, interference, and polarization

•

perform experiments relating the wave model of light and technical applications of
electromagnetic radiation to the phenomena of refraction, diffraction, interference, and
polarization

•

analyze phenomena involving light and colour, explain them in terms of the wave model
of light, and explain how this model provides a basis for developing technological devices

chapter

9

In this chapter,
you will be able to

•

analyze and interpret the
properties of twodimensional mechanical
waves in a ripple tank and
relate them to light

•

derive and apply equations
involving the speed,
wavelength, frequency, and
refractive index of waves
and apply them to the
behaviour light

•

analyze two-point-source
interference patterns in a
ripple tank and in the
interference of light (Young’s
experiment) using diagrams

•

derive and apply equations
relating the properties of
wave interference and
wavelength

•

outline the historical
development of the particle
and wave theories of light,
including the development
of new technologies and
discoveries, and summarize
the successes and failures of
each theory

•

apply the wave theory to the
property of dispersion and
determine the wavelengths
of the colours of the visible
spectrum

Waves and Light
Light is not only energy but it is also a messenger: it carries information from distant
stars and other celestial objects (Figure 1). This information arrives, not just as visible
light, but as a host of other electromagnetic radiations, such as radio waves, X rays, and
cosmic rays.
Everyday we hear about fibre optics, lasers, and light-emitting diodes used in communication; all these technologies use light for their operation. But how? How is the
light energy transmitted from its source?
This was a difficult question for scientists to answer. There were two opposing camps:
some believed that light travels as a wave; others believed it travels as a particle. The evidence seemed to favour one side and then the other until 1830, when most physicists
accepted the wave theory. By the end of the nineteenth century, visible light was
considered to be only one type of electromagnetic wave. But at the beginning of the
twentieth century it was shown that light had a particle and a wave nature.
In this chapter, we will investigate the evidence for both theories. We will also use the
wave theory to reveal some properties of light not commonly observed. Our investigations will help prepare the way for Chapter 10, in which we examine modern technological
applications of the wave aspect of light, such as CDs, DVDs, and holography.

REFLECT on your learning
1. What conditions do you think produce the phenomenon shown in Figure 2?
2. What do you think determines the particular colours we see?
3. Recall that sound waves from speakers vibrating in phase interfere and that areas of

lower intensity, which lie along a nodal line, and areas of higher intensity were heard
in front of the speakers. What would the nodal lines look like if the speakers were
replaced with light sources oscillating in phase?
4. What do you think the dark

vertical lines on the photograph in Figure 2 represent?

Figure 2
The wave theory of light
explains this dramatic effect
in a simple way.
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TRY THIS activity

Diffraction and
Interference of Light

For this activity you will need a prepared slit plate, a showcase lamp, and red
and green filters.
1. Examine the slit plate and select a pair of double slits.
2. Holding the double slits vertically in front of one eye, look at a showcase
lamp covered with a red filter. Describe what you see.
3. Repeat step 2, using the green filter. Describe what you see.
4. Repeat step 3 with a different slit pair. Describe what you see.
(a) Which slit-pair width produced the wider pattern for a single choice of
colour?
(b) Which colour produced the wider pattern for a single choice of slit-pair
width?
Figure 1
This Hubble Space Telescope image shows spiral
galaxy NGC 4603. The HST gathers light of various
wavelengths, enabling scientists to measure precise distances to far-flung galaxies.

NEL

(c) How do you know that diffraction and interference of light have
occurred?
You have just recreated a key experiment in the development of the wave
theory of light. You will understand the experiment thoroughly by the end of
this chapter.

Waves and Light
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9.1
INVESTIGATION 9.1.1
Transmission, Reflection, and
Refraction of Water Waves in a
Ripple Tank
How can we view waves to study
them? How are waves transmitted,
reflected, and refracted in a ripple
tank?

Waves in Two Dimensions
It is difficult to study the properties of waves for sound, light, and radio because we
cannot view the waves directly. However, if we use a ripple tank, not only can we view
the waves directly, but we can create most conditions needed to demonstrate the properties of transverse waves in this two-dimension space. Investigation 9.1.1, in the Lab
Activities section at the end of this chapter, provides you with an opportunity to study
the properties of waves in a ripple tank in order to better understand and predict similar behaviours and relationships for other waves.

Transmission
A wave originating from a point source is circular, whereas a wave originating from a linear
source is straight. We confine ourselves for the moment to waves from sources with a constant frequency. As a wave moves away from its constant-frequency source, the spacing
between successive crests or successive troughs—the wavelength—remains the same provided the speed of the wave does not change. A continuous crest or trough is referred to
as a wave front. To show the direction of travel, or transmission, of a wave front, an arrow
is drawn at right angles to the wave front (Figure 1). This line is called a wave ray. Sometimes
we refer to wave rays instead of wave fronts when describing the behaviour of a wave.
(a)

wave front

(b)

ray

ray
ray
direction
of travel
ray
Figure 1
In both cases the wave ray is at 90°
to the wave front.

transverse wave periodic disturbance where particles in the medium
oscillate at right angles to the direction in which the wave travels
wave front the leading edge of a
continuous crest or trough
wave ray a straight line, drawn
perpendicular to a wave front, indicating the direction of transmission

circular wave

straight wave

When the speed decreases, as it does in shallow water, the wavelength decreases
(Figure 2), since wavelength is directly proportional to speed (λ ~ v). When the frequency of a source is increased, the distance between successive crests becomes smaller,
1
since wavelength is inversely proportional to frequency λ ~ }} . Both proportionalities
f
are consequences of the universal wave equation, v 5 f λ. This equation holds for all types
of waves—one-dimensional, two-dimensional, and three-dimensional.
The wave travelling in deep water has a speed v1 5 f1λ1. Similarly, v2 5 f2λ2 for the wave
travelling in shallow water. In a ripple tank, the frequency of a water wave is determined
by the wave generator and does not change when the speed changes. Thus f1 5 f2.
If we divide the first equation by the second equation, we get

1

2

f1λ1
v
}}1 5 }}
v2
f2 λ 2

However, f1 5 f2 . Therefore,
λ1
v
}}1 5 }}
v2
λ2
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(b)

(a)

deep

λ2

λ1

shallow

ray

v1

v2

l1

l2

Figure 2
Periodic straight waves travelling from deep water to shallow water (left to right)

SAMPLE problem 1
A water wave has a wavelength of 2.0 cm in the deep section of a tank and 1.5 cm in the
shallow section. If the speed of the wave in the shallow water is 12 cm/s, what is its speed
in the deep water?

Solution
λ1 5 2.0 cm
λ 2 5 1.5 cm
v2 5 12 cm/s
v1 5 ?
λ1
v
}}1 5 }}
λ2
v2
λ1
v1 5 }} v2
λ2

1 2

2. 0 cm
5 }} 12 cm/s
1.5 cm

1

2

v1 5 16 cm/s

The speed of the wave in deep water is 16 cm/s.

Practice
Understanding Concepts
1. The speed and the wavelength of a water wave in deep water are 18.0 cm/s and

2.0 cm, respectively. The speed in shallow water is 10.0 cm/s. Find the corresponding wavelength.
2. A wave travels 0.75 times as fast in shallow water as it does in deep water.

Find the wavelength of the wave in deep water if its wavelength is 2.7 cm in
shallow water.

Answers
1. 1.1 cm
2. 3.6 cm
3. 9.0 Hz; 9.0 Hz

3. In question 1, what are the respective frequencies in deep and shallow water?
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Reflection from a Straight Barrier
angle of incidence (vi ) the angle
between the incident wave front
and the barrier, or the angle
between the incident ray and the
normal
angle of reflection (vr ) the angle
between the reflected wave front
and the barrier, or the angle
between the reflected ray and the
normal

A straight wave front travels in the “wave ray” direction perpendicular to the wave front,
but how will it behave when encountering obstacles? When a straight wave front runs into
a straight reflective barrier, head on, it is reflected back along its original path (Figure 3).
If a wave encounters a straight barrier obliquely (i.e., at an angle other than 90°), the
wave front is likewise reflected obliquely. The angle formed by the incident wave front and
the normal is equal to the angle formed by the reflected wave front and the normal.
These angles are called the angle of incidence (vi) and the angle of reflection (vr),
respectively (Figure 4). Reflection leaves wavelength, speed, and frequency unchanged.

barrier

barrier

refraction the bending effect on a
wave’s direction that occurs when
the wave enters a different medium
at an angle

incident waves

(a)
higher speed
(deep water)
normal

boundary

ui

Figure 3
A straight wave front meeting a straight barrier head on is reflected
back along its original path.

refracted
wave ray

ui
incident
wave
ray

reflected waves

normal

uR

incident
wave ray

uR
lower speed
(shallow water)

reflected
wave ray

ui

ur

(b)
lower speed
(shallow water)

boundary

normal

u9i

u9i
incident
wave
ray

uR9

refracted
wave ray

Figure 5
(a) When water waves travel
obliquely into a slower medium,
the wave ray bends toward the
normal.
(b) If the new medium is a faster
one, the wave ray bends away
from the normal.
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ur

uR9

higher speed
(deep water)

re
wa flecte
ve
d
f ro
nt

nt
t
ide
inc e fron
v
wa

ui

Figure 4
When a wave encounters a straight barrier obliquely, rather than
head on, the angle of incidence equals the angle of reflection.

Refraction
When a wave travels from deep water to shallow water in such a way that it meets the
boundary between the two depths straight on, no change in direction occurs. On the
other hand, if a wave meets the boundary at an angle, the direction of travel does change.
This phenomenon is called refraction (Figure 5).
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We usually use wave rays to describe refraction. The normal is a line drawn at right
angles to a boundary at the point where an incident wave ray strikes the boundary.
The angle formed by an incident wave ray and the normal is called the angle of incidence, vi. The angle formed by the normal and the refracted wave ray is called the angle
of refraction, vR.
When a wave travels at an angle into a medium in which its speed decreases, the
refracted wave ray is bent (refracted) toward the normal, as in Figure 5(a). If the wave
travels at an angle into a medium in which its speed increases, the refracted wave ray is
bent away from the normal, as in Figure 5(b).
Figure 6 shows geometrically that vi is equal to the angle between the incident wave
front and the normal and that vR is equal to the angle between the refracted
wave front and the normal. In the ripple tank, it is easier to measure the angles between
the wave rays and the boundary, that is, v9i and vR9 .
To analyze wave fronts refracted at a boundary, the angles of incidence and refracλ
λ
tion can be determined using the equations sin vi 5 }}1 and sin vR 5 }}2 , respectively
xy
xy
(Figure 7).
bo

un

da

ry

2

u i9

b

normal
refracted
wave front

a
incident
wave front

uR9

ui

u i 1 a 5 90°
u 9i 1 a 5 90°
u i 5 u i9

u R 1 b 5 90°
u 9R 1 b 5 90°
u R 5 uR9

Figure 6

normal a straight line drawn perpendicular to a barrier struck by a
wave

1
x

uR

incident l
1
wave front

uR

boundary

ui
y

l 2 refracted
wave fr
ont

angle of refraction (vR ) the angle
between the normal and the
refracted ray, or between the
refracted wave front and the
boundary

Figure 7

The ratio of the sines gives

1}λxy}2
1

sin v
}i = }
λ
sin vR
}xy}2

1 2

which reduces to
sin v
λ
}i = }}1
sin vR
λ2

λ
For a specific change in medium, the ratio }}1 has a constant value. Recall Snell’s law from
λ2
optics, sin vi ~ sin vR. This equation can be converted to sin vi 5 n sin vR. The constant
of proportionality (n) and the index of refraction (n) are one and the same thing.
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Consequently, we can write
sin v
}i = n
sin vR

absolute index of refraction the
index of refraction for light passing
from air or a vacuum into a
substance

This relationship holds for waves of all types, including light, which we will see shortly.
When light passes from a vacuum into a substance, n is called the absolute index of
refraction. (See Table 1 for a list of absolute indexes of refraction.) The value for the
absolute index of refraction is so close to the value from air to a substance that we rarely
distinguish between them. In this text, when we refer to the index of refraction, we will
be referring to the absolute index of refraction.
Table 1 Approximate Absolute Indexes of Refraction for Various Substances*
Substance

Absolute Refractive Index

vacuum

1.000 000

air

1.000 29

ice

1.31

water

1.333

ethyl alcohol

1.36

turpentine

1.472

glass

1.50

Plexiglas

1.51

crown glass

1.52

polystyrene

1.59

carbon disulphide

1.628

flint glass

1.66

zircon

1.923

diamond

2.417

gallium phosphide

3.50

*Measured with a wavelength of 589 nm. Values may vary with physical conditions.

You will also recall that we derived a general equation for Snell’s law that applies to any
two substances:
n1 sin v1 5 n2 sin v2

where n1 is the index of refraction in the first medium, n2 is the index of refraction in the
second medium, and v1 and v2 are angles in each respective medium.
sin vi
λ1
sin v1
λ1
For waves we found that }} 5 }}, which we can generalize to }} 5 }}. But
λ2
sin v2
λ2
sin vR
v1
λ1
from the universal wave equation, v 5 f λ , we can show that }} 5 }} since f is conv2
λ2
stant. Therefore, we can write
λ
sin v
v
n
}}1 5 }}1 5 }}1 5 }}2
v2
n1
sin v2
λ2

The following sample problems will illustrate the application of these relationships in
both in the ripple tank and for light.
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SAMPLE problem 2
A 5.0 Hz water wave, travelling at 31 cm/s in deep water, enters shallow water. The angle
between the incident wave front in the deep water and the boundary between the deep
and shallow regions is 50°. The speed of the wave in the shallow water is 27 cm/s. Find
(a) the angle of refraction in the shallow water
(b) the wavelength in shallow water

Solution
(a) f 5 5.0 Hz

v1 5 50.0°

v1 5 31 cm/s

v2 5 ?

v2 5 27 cm/s
sin v1
v1
}} 5 }}
v2
sin v2

1 2

v
sin v2 5 }}2 sin v1
v1
sin v2 5

27 cm/s
sin 50.0°
1}
31 cm/s 2

v2 5 41.9, or 42°
The angle of refraction is 42°.
(b)

v2
λ2 5 }}
f2

but f2 5 f1 5 5.0 Hz

27 cm/s
5 }}
5.0 Hz
λ2 5 5.4 cm

The wavelength in shallow water is 5.4 cm.

SAMPLE problem 3
For a light ray travelling from glass into water, find
(a) the angle of refraction in water, if the angle of incidence in glass is 30.0°
(b) the speed of light in water

Solution
From Table 1,
ng 5 n1 5 1.50

vg 5 v1 5 30.0°

nw 5 n2 5 1.333

vw 5 v2 5 ?

(a)

sin v1
n2
}} 5 }}
sin v2
n1
sin vg
nw
}} 5 }}
sin vw
ng
sin 30.0°
1.3 33
}} 5 }}
sin vw
1.50
1.50 sin 30.0°
sin vw 5 }}
1.333
vw 5 34.3°

The angle of refraction in water is 34.3°.
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(b) na 5 n1 5 1.00
nw 5 n2 5 1.333
v1 5 c 5 3.00 3 108 m/s

Answers

v2 5 ?

4. (a) 1.2

(b) 1.2
(c) 1.0
5. 31 cm/s

v1
n2
}} 5 }}
v2
n1
n1v1
v2 5 }}
n2
(1.00)(3.00 3 108 m/s)
5 }}}
1.333

6. (a) 1.36

(b) 3.8 cm, 2.8 cm

v2 5 2.26 3 108 m/s

(c) 21.6°

The speed of light in water is 2.26 3 108 m/s.

7. (a) 1.46

(b) 12 cm/s; 8.2 cm/s

Practice

8. 34.7°

Understanding Concepts

9. 28.0°

4. A wave in a ripple tank passes from a deep to a shallow region with v1 5 60°

and v2 5 45°. Calculate the ratios in the two media of (a) the wavelengths,
(b) the speeds, and (c) the frequencies.
5. Water waves travelling at a speed of 28 cm/s enter deeper water at v1 5 40°.

region A

30°
20°

region B

Determine the speed in the deeper water if v2 = 46°.
6. A 10.0-Hz water wave travels from deep water, where its speed is 38.0 cm/s, to

shallow water, where its speed is 28.0 cm/s and v1 = 30°. Find (a) the index of
refraction, (b) the wavelengths in the two media, and (c) the angle of refraction
in the shallow water.
7. A plane wave generator with a frequency of 6.0 Hz creates a water wave of

Figure 8
For question 7

wavelength 2.0 cm in region A of a ripple tank (Figure 8). The angle between
the wave crests and the straight boundary between regions A and B is 30°. In
region B the angle is 20°.
(a) Use Snell’s law to determine the refractive index of the two regions.
(b) Find the speed in each region.
8. Light travels from crown glass into air. (Refer to Table 1 for the indexes of

refraction.) The angle of refraction in air is 60.0°. Calculate the angle of incidence in the crown glass.
9. If the index of refraction for diamond is 2.42, what will the angle of refraction be

in diamond for an angle of incidence of 60.0° in water?

Partial Reflection–Partial Refraction
Figure 9
At higher angles of incidence, there
is reflection as well as refraction.
You can see such partial reflection–
partial refraction on the right.
total internal reflection the
reflection of light in an optically
denser medium; it occurs when the
angle of incidence in the denser
medium is greater than a certain
critical angle
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When refraction occurs, some of the energy usually reflects as well as refracts. This phenomenon was referred to in optics as partial reflection–partial refraction, a description
that can also be used when referring to this behaviour in waves. We can demonstrate
the same behaviour in a ripple tank, with waves travelling from deep to shallow water,
provided we make the angle of incidence large, as in Figure 9.
The amount of reflection is more noticeable when a wave travels from shallow to deep
water, where the speed increases and again becomes more pronounced as the angle of incidence increases. Figure 10 shows that an incident angle is reached where the wave is
refracted at an angle approaching 90°. For still larger incident angles there is no refraction
at all, with all the wave energy being reflected; this behaviour of light is referred to as total
internal reflection. This phenomenon is analogous to the total internal reflection of light.
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(a)

(b)

(c)

θi

θc

normal
θ i < θc

θ i = θc

normal

We have remarked that the frequency of a wave does not in general change when its
λ1
v
speed changes. Since }v}1 5 }},
you might expect that the index of refraction and the
λ
2
2
amount of bending would not change for waves of different frequencies, provided the
medium remains the same (e.g., water of the same depth in both cases).
Figure 11, however, shows that indexes of refraction do, in general, depend on wavelength. In Figure 11(a), the low-frequency (long-wavelength) waves are refracted, as indicated by a rod placed on the screen below the transparent ripple tank. The rod is exactly
parallel to the refracted wave fronts. In Figure 11(b), the frequency has been increased (the
wavelength decreased), with the rod left in the same position. The rod is no longer parallel to the refracted wave fronts. It appears that the amount of bending, and hence the
index of refraction, is affected slightly by the frequency of a wave. We can conclude that,
since the index of refraction represents a ratio of speeds in two media, the speed of the
waves in at least one of those media must depend on their frequency. Such a medium, in
which the speed of the waves depends on the frequency, is called a dispersive medium.

(a)

NEL

θi

normal
θ i > θc
Figure 10
(a) Partial refraction–partial
reflection
(b) At the critical angle
(c) Total internal reflection

Figure 11
(a) The refraction of straight
waves, with a rod marker
placed parallel to the refracted
wave fronts.
(b) The refracted wave fronts of
the higher frequency waves are
no longer parallel to the marker.

(b)
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We stated previously that the speed of waves depends only on the medium. This statement now proves to be an idealization. Nevertheless, the idealization is a good approximation of the actual behaviour of waves, since the dispersion of a wave is the result of
minute changes in its speed. For many applications, it is acceptable to make the assumption that frequency does not affect the speed of waves.

SUMMARY

•
•
•
•
•
•

Waves in Two Dimensions

The wavelength of a periodic wave is directly proportional to its speed.
The frequency of a periodic wave is determined by the source and does not change
as the wave moves through different media or encounters reflective barriers.
All periodic waves obey the universal wave equation, v 5 f λ .
The index of refraction for a pair of media is the ratio of the speeds or
v1
λ1
the ratio of the wavelengths in the two media }
.
v2 5 }
λ2

1

1

2

2

sin vi
holds for waves and for light.
Snell’s law n 5 }}
sin vR
When a wave passes from one medium to another, the wavelength changes and
partial reflection–partial refraction can occur.

Section 9.1 Questions
Understanding Concepts
1. Straight wave fronts in the deep region of a ripple tank

have a speed of 24 cm/s and a frequency of 4.0 Hz. The
angle between the wave fronts and the straight boundary
of the deep region is 40°. The wave speed in the shallow
region beyond the boundary is 15 cm/s. Calculate
(a) the angle the refracted wave front makes with the
boundary
(b) the wavelength in the shallow water
2. The following observations are made when a straight peri-

odic wave crosses a boundary between deep and shallow
water: 10 wave fronts cross the boundary every 5.0 s, and
the distance across 3 wave fronts is 24.0 cm in deep water
and 18.0 cm in shallow water.
(a) Calculate the speed of the wave in deep water and in
shallow water.
(b) Calculate the refractive index.
3. Straight wave fronts with a frequency of 5.0 Hz, travelling at
30 cm/s in deep water, move into shallow water. The angle
between the incident wave front in the deep water and the
straight boundary between deep and shallow water is 50°.
The speed of the wave in the shallow water is 27 cm/s.
(a) Calculate the angle of refraction in the shallow water.
(b) Calculate the index of refraction.
(c) Calculate the wavelength in the shallow water.
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4. Straight wave fronts in the deep end of a ripple tank have a

wavelength of 2.0 cm and a frequency of 11 Hz. The wave
fronts strike the boundary of the shallow section of the tank
at an angle of 60° and are refracted at an angle of 30° to
the boundary. Calculate the speed of the wave in the deep
water and in the shallow water.
5. The speed of a sound wave in cold air (220°C) is 320 m/s;

in warm air (37°C), the speed is 354 m/s. If the wave
front in cold air is nearly linear, find vR in the warm air if
vi is 30°.
6. A straight boundary separates two bodies of rock.

Longitudinal earthquake waves, travelling through the first
body at 7.75 km/s, meet the boundary at an angle of incidence of 20.0°. The wave speed in the second body is
7.72 km/s. Calculate the angle of refraction.
7. Under what conditions do wave rays in water and light rays

exhibit total internal reflection?
8. Light travels from air into a certain transparent material of

refractive index 1.30. The angle of refraction is 45°. What is
the angle of incidence?
9. A ray of light passes from water, with index of refraction

1.33, into carbon disulphide, with index of refraction 1.63.
The angle of incidence is 30.0°. Calculate the angle of
refraction.
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Diffraction of Water Waves
Periodic straight wave fronts in a ripple tank travel in a straight line as long as the depth
of the water is constant and the water is free of obstacles. If the waves pass by a sharp
edge of an obstacle or through a small opening or aperture in an obstacle, the waves
spread out, as illustrated in Figure 1(a). This bending is called diffraction. One of the
easiest ways to observe the properties of the diffraction of waves is with a ripple tank.
Investigation 9.2.1, in the Lab Activities section at the end of this chapter, provides an
opportunity for you to observe and interpret the phenomenon of diffraction.
How much the waves are diffracted at an opening in a barrier depends on both their
wavelength and the size of the opening. Figures 1(b) and (c) show that shorter wavelengths
are diffracted slightly, while longer wavelengths are diffracted to a greater extent by the
same edge or opening.
(a)

(b)

9.2
diffraction the bending effect on a
wave’s direction as it passes
through an opening or by an
obstacle

INVESTIGATION 9.2.1
Diffraction of Water Waves
(p. 482)
What factors determine how much a
wave will diffract? How do these
factors relate to one another?

(c)
long wavelengths

short wavelengths

You can predict how diffraction will vary if you keep the width of the aperture constant and try waves of different wavelengths. In each of the situations in Figure 2, the width
w of the aperture is the same. In Figure 2(a), the wavelength λ is approximately a third
of w. Only part of the straight wave fronts pass through, to be converted to small sectors
of a series of circular wave fronts. In (b), λ is approximately half of w and there is considerably more diffraction. There are still shadow areas to the left and right, where none
of the waves are diffracted. In (c), λ is approximately three-quarters of w. Here, the small
sections of the straight wave that get through the opening are almost entirely converted
(a)

(b)

Figure 1
When waves travel by an edge,
longer wavelengths are diffracted
more than shorter wavelengths.

(c)

Figure 2
As the wavelength increases, the amount of diffraction increases.
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into circular wave fronts. The wave has bent around the side of the opening, filling
almost the entire region beyond the barrier.
When we keep λ fixed and change w, we find that the amount of diffraction increases
as the size of the aperture decreases. In both instances, if waves are to be strongly diffracted
they must pass through an opening of width comparable to their wavelength or smaller
1w # λ; equivalently }wλ} $12. This means that if the wavelength is very small, a
very narrow aperture is required to produce significant diffraction (Figure 3).
(a)
incident waves

nearly
straight-line
propagation

large opening
Figure 3
In (a) and (b), similar wavelengths
are diffracted more through a
smaller opening; in (b) and (c), the
openings are the same size but the
wavelengths are shorter in (c), and
there is less diffraction.

(b)

(c)

incident waves

incident waves

small opening

shorter wavelength,
no change in opening

Perhaps the most obvious example of the diffraction of waves occurs with sound. The
sounds of a classroom can be heard through an open door, even though the students
are out of sight and behind a wall. Sound waves are diffracted around the corner of the
doorway primarily because they have long wavelengths, relative to the width of the
opening. If a sound system is operating in the room, its low frequencies (the long wavelengths) are diffracted around the corner more than are its higher frequencies (the
shorter wavelengths).

SUMMARY

Diffraction of Water Waves

•
•

Waves diffract when they pass by an obstacle or through a small opening.

•

For a given opening or aperature, the amount of diffraction depends on the ratio
λ
λ
}w} . For observable diffraction, }w} $ 1.

Waves of longer wavelength experience more diffraction than waves with a
smaller wavelength.

Section 9.2 Questions
Understanding Concepts
1. State the condition required to maximize the diffraction of

waves through an aperature.
2. If waves with a wavelength of 2.0 m pass through an

opening of 4.0 m in a breakwater barrier, will diffraction be
noticeable?
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3. Electromagnetic radiation with a wavelength of

6.3 3 10–4 m passes through a slit. Find the maximum slit
width that will produce noticeable diffraction.
4. Will the electromagnetic radiation of question 3 be dif-

fracted by slits wider than the width you calculated?
Explain your answer.
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Interference of Waves
in Two Dimensions
Constructive and destructive interference may occur in two dimensions, sometimes pro-

ducing fixed patterns of interference. To produce a fixed pattern, the interfering waves
must have the same frequency (and thus the same wavelength) and also similar amplitudes. Standing waves in a string or rope, fixed at one end, illustrate interference in one
dimension. Patterns of interference also occur between two identical waves when they
interfere in a two-dimensional medium such as the water in a ripple tank.
Figure 1 shows two point sources vibrating with identical frequencies and amplitudes
and in phase. As successive crests and troughs travel out from the two sources, they interfere with each other, sometimes crest on crest, sometimes trough on trough, and sometimes crest on trough, producing areas of constructive and destructive interference.

9.3
constructive interference occurs
when waves build each other up,
producing a resultant wave of
greater amplitude than the given
waves
destructive interference occurs
when waves diminish one another,
producing a resultant wave of lower
amplitude than the given waves
nodal line a line of destructive
interference

Figure 1
Interference between two point
sources in phase in a ripple tank

You can see from Figure 1 that these areas spread out from the source in symmetrical patterns, producing nodal lines and areas of constructive interference. When illuminated from above, the nodal lines appear on the surface below the water in the ripple
tank as stationary grey areas. Between the nodal lines are areas of constructive interference that appear as alternating bright (double-crest) and dark (double-trough) lines of
constructive interference. You can see these alternating areas of constructive and destructive interference in Figure 2. Although the nodal lines appear to be straight, their paths
from the sources are actually hyperbolas.

lines of destructive
interference
(nodal lines)

areas of
constructive
interference
supercrest
supertrough

crests

node

troughs

S1
NEL

Figure 2
The interference pattern between two
identical sources (S1 and S2),
vibrating in phase, is a symmetric
pattern of hyperbolic lines of destructive interference (nodal lines) and
areas of constructive interference.

S2
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LEARNING TIP
In Phase versus Out of Phase
Recall from previous studies
that objects vibrating in phase
have the same periods and pass
through the rest point at the
same time. Objects vibrating out
of phase may not have the same
period, but if they do, they do
not pass through the rest point
at the same time.

This symmetrical pattern remains stationary, provided three factors do not change: the
frequency of the two sources, the distance between the sources, and the relative phase of
the sources. When the frequency of the sources is increased, the wavelength decreases,
bringing the nodal lines closer together and increasing their number. If the distance
between the two sources is increased, the number of nodal lines also increases. As you
would expect, neither of these factors changes the symmetry of the pattern: provided the
two sources continue to be in phase, an area of constructive interference runs along the
right bisector, and equal numbers of nodal lines appear on the two sides of the right
bisector. If other factors are kept constant, but the relative phase of the two sources
changes, the pattern shifts (as in Figure 3), with the number of nodal lines remaining the
same. For example, if S1 is delayed, the pattern shifts to the left of the right bisector.

Mathematical Analysis of the Two-Point-Source
Interference Pattern

(a)

S1

S2

(b)

The two-point-source interference pattern is useful because it allows direct measurement of the wavelength (since it is easy to keep the interference pattern relatively stationary). By taking a closer look at the two-point-source interference pattern, we can
develop some mathematical relationships that will be useful in Section 9.5 and the next
chapter for analyzing the interference of other kinds of waves.
Consider the ripple-tank interference pattern produced by a pair of identical point
sources S1 and S2, vibrating in phase and separated by three wavelengths. In this pattern, there are an equal number of nodal lines on either side of the right bisector. These
lines are numbered 1 and 2 on both sides of the right bisector (Figure 4). (So, for example,
there are two nodal lines labelled n 5 1: the first line on either side of the right bisector.)
If we take a point P1 on one of the first nodal lines and connect it to each of the two
sources by the lines P1S1 and P1S2 as in Figure 4, we might find that P1S1 5 4λ
7
and P1S2 5 }}λ. The difference between these two distances, called the difference in
2
path length, is
1
P1S1 2 P1S2 = }}λ
2

S1

S2

Figure 3
The effect of a phase delay on the
interference pattern for two point
sources. In (a) the sources are in
phase; in (b) the phase delay is
180°.

This relationship holds for any point on the first nodal line on either side of the right
bisector. (We take absolute values when expressing the difference in path length because
our only interest is in the size of the discrepancy in lengths. We do not care which length
is the greater of the two.) When we measure in the same way the difference in path
length for any point P2 on a nodal line second from the centre, we find that
3
P2S1 2 P2S2 = }}λ
2

Continuing this procedure, we can arrive at a general relationship for any point P on
the nth nodal line:

1

2

1
Pn S1 2 Pn S2 = n 2 }} λ
2
difference in path length in an
interference pattern, the absolute
value of the difference between the
distance of any point P from one
source and the distance of the same
point P from the other source:
P1S1 2 P1S2
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Equation (1)

You can use this relationship to find the wavelength of interfering waves in the ripple
tank by locating a point on a specific nodal line, measuring the path lengths, and substituting in Equation (1).
If the wavelengths are too small or the point P is too far away from the two sources,
the difference in path length is too small to be measured accurately. To handle these two
cases (which could occur either individually or together), we need another technique.
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For any point Pn , the difference in path length is the distance AS1 in Figure 5(a):
Pn S1 2 Pn S2 = AS1

Figure 5(b) shows that when Pn is very far away compared to the separation d of the
two sources, the lines PnS1 and PnS2 are very nearly parallel; that is, as Pn → `, PnS1 and
PnS2 become nearly parallel. In this case, the line AS2 forms a right angle with both of
these lines, as illustrated, making the triangle S1S2A a right-angled triangle (Figure 5(b)).
Therefore, the difference in path length can be expressed in terms of the sine of the
angle vn :
AS1
sin vn 5 }}
d
AS1 5 d sin vn

Equation (2)

But AS1 = PnS1 – PnS2. Therefore, by combining Equations (1) and (2) we get

1

Figure 4
For any point P1 on the first nodal
line, the difference in path length
from P1 to S1 and from P1 to S2 is
1
}}λ. For any point P2 on the second
2
nodal line, the difference in path
3
length is }}λ.
2

2

1
d sin vn = n 2 }} λ
2

1 λ
sin vn 5 n 2 }} }}
2 d

1

2

(a)

where vn is the angle for the nth nodal line, λ is the wavelength, and d is the distance
between the sources.
This equation allows us to make a quick approximation of the wavelength for a
1 λ
specific interference pattern. Since sin vn cannot be greater than 1, n 2 }} }} cannot
2 d
be greater than 1. The largest value of n that satisfies this condition is the number of
nodal lines on either side of the right bisector. Measuring d and counting the number of
nodal lines gives an approximation for the wavelength. For example, if d is 2.0 m and the
number of nodal lines is 4, the wavelength can be approximated as follows:

1

2

1 λ
sin vn 5 n 2 }} }}
2 d

1

2

Pn

A

S1

S2

d

(b)

Or, since the maximum possible value of sin vn is 1,

1n 2 }21}2 d}λ} < 1
λ
} < 1
14 2 }21}2 }
2.0 m

A

λ < 0.57 cm

In the ripple tank, it is relatively easy to measure the angle vn . The measurement is not,
however, easy for light waves (Section 9.5), where both the wavelength and the distance
between the sources are very small and the nodal lines are close together. We therefore
seek a technique for measuring sin vn without measuring vn itself.
We noted earlier that a nodal line is a hyperbola. But at positions on nodal lines relatively far away from the two sources, the nodal lines are nearly straight, appearing to originate from the midpoint of a line joining the two sources.
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d

S2

Figure 5
(a) Point Pn is near.
(b) Point Pn is far enough away that
Pn S1 and Pn S2 are considered
parallel.
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Pn

xn

B

For a point Pn located on a nodal line, far away from the two sources, the line from Pn
to the midpoint between the two sources, PnC, is essentially parallel to PnS1 (Figure 6).
This line is also perpendicular to AS2. Since the right bisector (CB) is perpendicular to
S1S2, we can easily show that v'n = vn (Figure 7).
In Figure 6, sin v'n can be determined from the triangle PnBC as follows:
xn
sin v'n 5 }}
L

1 λ
Since sin vn 5 n 2 }} }}
2 d
'
and sin vn 5 sin vn ,

1

right
bisector

2

xn
1 λ
}} 5 n 2 }} }}
2 d
L

1

L

2

In this derivation, d is the distance between the sources, xn is the perpendicular distance
from the right bisector to the point on the nodal line, L is the distance from the point Pn
to the midpoint between the two sources, and n is the number of the nodal line.
Note that our derivation assumes a pair of point sources, vibrating in phase.
un9 1 a 5 90°
un 1 a 5 90°
u n9 1 a 5 un 1a

D

a
E

or un9 5 un

right
bisector

un9

un9
un
S2

S1

Figure 7

un

A
C

S2

SAMPLE problem 1

d
Figure 6

The distance from the right bisector to the second nodal line in a two-point interference
pattern is 8.0 cm. The distance from the midpoint between the two sources to point P is
28 cm. What is angle v2 for the second nodal line?

Solution
x2 5 8.0 cm
L 5 28 cm
v2 5 ?
x2
sin v2 5 }
L
8.0 cm
5 }}
28 cm
v2 5 16.6°, or 17°

The angle v2 for the second nodal line is 17°.
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SAMPLE problem 2
Two identical point sources 5.0 cm apart, operating in phase at a frequency of 8.0 Hz,
generate an interference pattern in a ripple tank. A certain point on the first nodal line is
located 10.0 cm from one source and 11.0 cm from the other. What is (a) the wavelength
of the waves and (b) the speed of the waves?

Solution
d 5 5.0 cm

PS2 5 10.0 cm

λ 5 ?

f 5 8.0 Hz

PS1 5 11.0 cm

v 5 ?

(a)

1
1

2
2

1
PS1 2 PS2 5 n 2 }} λ
2
1
11.0 cm 2 10.0 cm 5 1 2 }} λ
2
λ 5 2.0 cm

The wavelength of the waves is 2.0 cm.
(b)

v 5 fλ
5 (8.0 Hz)(2.0 cm)
v 5 16 cm/s

The speed of the waves is 16 cm/s.

Practice
Understanding Concepts
1. Two point sources, S1 and S2, oscillating in phase send waves into the air at the

same wavelength, 1.98 m. Given that there is a nodal point where the two waves
overlap, find the smallest corresponding path length difference.
2. In a ripple tank, a point on the third nodal line from the centre is 35.0 cm from

one source and 42.0 cm from another. The sources are 11.2 cm apart and vibrate
in phase at 10.5 Hz. Calculate the wavelength and the speed of the waves.

Answers
1. 0.99 m
2. 2.80 cm; 29.4 cm/s
3. 3.0 cm; 2.5 Hz

3. An interference pattern is set up by two point sources of the same frequency,

vibrating in phase. A point on the second nodal line is 25.0 cm from one source,
29.5 cm from the other. The speed of the waves is 7.5 cm/s. Calculate the wavelength and the frequency of the sources.

Up to this point, we have discussed two-point-source wave interference in the abstract,
with formulas and geometrical diagrams, and have inspected some photographs. However,
we have not studied this phenomenon first hand. Investigation 9.3.1 in the Lab Activities
section at the end of this chapter provides you with the opportunity to confirm the
analysis of two-point-source interference in the lab.

SUMMARY

Interference of Waves in Two
Dimensions (p. 482)
How can you test our analysis of
two-point wave interference? What
equipment will you need?

Interference of Waves in
Two Dimensions

•

A pair of identical point sources operating in phase produces a symmetrical pattern of constructive interference areas and nodal lines. The nodal lines are
hyperbolas radiating from between the two sources.

•

Increasing the frequency (lowering the wavelength) of the sources increases the
number of nodal lines.
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•
•
•

Increasing the separation of the sources increases the number of nodal lines.
Changing the relative phase of the sources changes the position of the nodal lines
but not their number.
xn
1 λ
1 λ
The relationship sin vn 5 n 2 }} }} , or }} 5 n 2 }} }}, can be used to solve
L
2 d
2 d
for an unknown in a two-point-source interference pattern.

2

1

2

1

Section 9.3 Questions
Understanding Concepts
1. List three conditions necessary for a two-point-source

interference pattern to remain stable.
2. By how much must path lengths differ if two waves from

identical sources are to interfere destructively?
λ
d
4. Explain why the interference pattern between two point
sources is difficult to see
(a) if the distance between the sources is large
(b) if the relative phase of the two sources is constantly
changing

(b) Point M, a nodal point, is 7.0 m from S1 and more than
7.0 m from S2. Find three possible distances M could
be from S2.
(c) Point N, also a nodal point, is 12.0 m from S1 and 5.0 m
from S2. On which nodal line is N located?
S1

3. What ratio of }} would produce no nodal line?

M

5.0 m
12.0 m

5. Two point sources, 5.0 cm apart, are operating in phase,

with a common frequency of 6.0 Hz, in a ripple tank. A
metre stick is placed above the water, parallel to the line
joining the sources. The first nodal lines (the ones adjacent
to the central axis) cross the metre stick at the 35.0-cm and
55.0-cm marks. Each of the crossing points is 50.0 cm from
the midpoint of the line joining the two sources. Draw a
diagram of the tank, and then calculate the wavelength and
speed of the waves.
6. Two sources of waves are in phase and produce identical

waves. These sources are mounted at the corners of a
square. At the centre of the square, waves from the sources
produce constructive interference, no matter which two
corners of the square are occupied by the sources. Explain
why, using a diagram.

S2
5.0 m
N

Figure 8

Applying Inquiry Skills
10. We have said that waves in a ripple tank are a “reasonable

approximation” to true transverse waves.
(a) Research the Internet or other sources and report on
how the behaviour of a particle in a water wave does
not exhibit strict transverse wave characteristics.

GO

www.science.nelson.com

7. In a large water tank experiment, water waves are gener-

ated with straight, parallel wave fronts, 3.00 m apart. The
wave fronts pass through two openings 5.00 m apart in a
long board. The end of the tank is 3.00 m beyond the board.
Where would you stand, relative to the perpendicular
bisector of the line between the openings, if you want to
receive little or no wave action?
8. A page in a student’s notebook lists the following informa-

tion, obtained from a ripple tank experiment with two point
sources operating in phase: n 5 3, x3 5 35 cm, L 5 77 cm,
d 5 6.0 cm, v3 = 25°, and 5 crests 5 4.2 cm. Calculate the
wavelength of the waves using three methods.
9. Two very small, identical speakers, each radiating sound

uniformly in all directions, are placed at points S1 and S2 as
in Figure 8. The speakers are connected to an audio
source in such a way that they radiate in phase, at the
common wavelength of 2.00 m. Sound propagates in air at
338 m/s.
(a) Calculate the frequency of the sound.
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(b) When water waves enter very shallow water, for
example as they approach a beach, they not only slow
down but also curl and “break.” Explain this behaviour
using the information you obtained in (a).
(c) If water waves are not true transverse waves, how can
we justify using them to discover the properties of
transverse waves?
Making Connections
11. Two towers of a radio station are 4.00 3 102 m apart along

an east–west line. The towers act essentially as point
sources, radiating in phase at a frequency of 1.00 3 106 Hz.
Radio waves travel at 3.00 3 108 m/s.
(a) In which directions is the intensity of the radio signal
at a maximum for listeners 20.0 km north of the transmitter (but not necessarily directly north of it)?
(b) In which directions would you find the intensity at a
minimum, north of the transmitter, if the towers were
to start transmitting in opposite phase?
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The Nature of Light
Energy can move from one place to another as the energy of moving objects or as the
energy of waves. A moving object, whether as small as a subatomic particle such as an
electron, or as large as a baseball or a rocket, possesses kinetic energy. In classical
Newtonian mechanics, the object has to have both mass and velocity if it is to transfer
energy. Energy is conveyed over long distances in waves, even though individual particles do not travel these distances. How, then, does light travel? How does light from a distant source, such as the Sun, bring us energy?
The earliest recorded views on the nature of light come to us from the Greeks. Plato
thought that light consisted of “streamers,” or filaments, emitted by the eye. Sight was
achieved when these streamers came into contact with an object. Euclid agreed with
him, arguing, “How else can we explain that we do not see a needle on the floor until our
eyes fall on it?” Not all Greeks held this view, however. The Pythagoreans believed that
light travelled as a stream of fast-moving particles, while Empedocles taught that light
travelled as a wave-like disturbance.
By the seventeenth century, these apparently contradictory views of the nature of light
placed scientists into two opposing camps. Isaac Newton was the principal advocate of
the particle, or corpuscular, theory. The French mathematician, physicist, and astronomer
Pierre Simon de Laplace supported him. One of the principal advocates of the competing wave theory was Christiaan Huygens of Holland, also a mathematician, physicist,
and astronomer. Robert Hooke, president of the Royal Society in London, and a vigorous personal opponent of Newton, in turn supported Huygens. The debate continued
for more than a hundred years. By the late nineteenth century, there appeared to be
overwhelming evidence that the nature of light could be better explained using the wave
model. In this section, we will see how appropriate the two theories are for explaining
the observed properties of light.
Before beginning this discussion, it is important to recall the two chief functions of a
scientific model or theory (the terms can be used interchangeably):

•
•

DID YOU KNOW

?

Robert Hooke
Robert Hooke (1635–1703), an
English scientist, invented the air
pump, the balance spring for
watches, the first efficient compound microscope, the hygrometer, a wind gauge, a spiral gear,
the iris diaphragm, and the refractometer. He also made the first
microscopic study of insect
anatomy, was the first to use the
word “cell” in biology, proposed
zero as the freezing point of water,
was the first to study crystal structure, explained the nature of
colour in thin films, formulated the
law of elasticity, surveyed London
after the Great Fire, and discovered (but was unable to prove) the
inverse square law for gravitation.

to explain the known properties of a phenomenon
to predict new behaviour, or new properties, of a phenomenon

Newton and his supporters used the corpuscular theory to explain known features
of light. Newton’s arguments are significant historically; moreover they serve as illustrations
of the scientific method.

Newton’s Particle Theory
Building on an earlier theory by French philosopher and mathematician René Descartes,
Newton imagined that light consisted of streams of tiny particles, which he called “corpuscles,” shooting out like bullets from a light source.

Rectilinear Propagation
Sharp shadows and “rays” from the Sun streaming through clouds show that light travels
in straight lines. This is sometimes referred to as the rectilinear propagation of light.
A ball thrown through space follows a curved path under the influence of gravity. The
path of a bullet shot from a gun, on the other hand, curves less because the speed is
greater.
NEL
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DID YOU KNOW

?

Light Bends
In 1905, as part of his general theory
of relativity, Einstein proposed that
light bends slightly when it passes
through a strong gravitational field
such as that near a star or a galaxy.
Experimental observation during a
solar eclipse verified this in 1919.
This bending is so slight that one
can say that, for most applications of
light, it travels in straight lines.

As with the ball, particles travelling at normal speeds are observed to follow a curved
path, due to the effect of gravity. However, faster particles curve less over the same distance.
Newton argued that since the path of light has no noticeable curve, light consists of particles whose speed is extremely high. Further, since he was not aware that light exerted any
noticeable pressure, he argued that the mass of its particles must be extremely low.

Diffraction
Newton further argued that light does not travel “around a corner,” as do waves. In this
case he discounted the work of Francesco Grimaldi (an Italian Jesuit mathematician)
who had shown that a beam of light passing through two successive narrow slits produced
a band of light slightly larger than the width of the slits. Grimaldi believed that the beam
had been bent slightly outward at the edges of the second aperature, a phenomenon he
named diffraction. Newton maintained that Grimaldi’s effect resulted from collisions
between the light particles at the edges of the slit rather than from the outward spreading
of waves.

Reflection
We know that light falling on a mirror obeys the laws of reflection. How do particles
behave under similar conditions? Figure 1(a) shows light rays reflected by a mirror
(bouncing, Newton would say), and (b) shows a series of images of a bouncing steel ball.
(a)

(b)

Figure 1
(a) Reflected parallel rays of light
(b) Steel ball bouncing off a hard
surface

Newton demonstrated that, under the assumption of perfectly elastic collisions, the
laws of reflection follow from the laws of motion. Consider a hard, spherical particle
approaching a frictionless, horizontal surface with a velocity whose horizontal and vertical components are vx and vy respectively. When the particle is reflected, there is no
change in vx . The vertical velocity component vy is reversed in direction because of the
reactive force of the horizontal surface on the sphere, leaving its magnitude unchanged
(Figure 2). (Since the collision is perfectly elastic, DEK 5 0.) The incident velocity is
thus equal in magnitude to the reflected velocity, and vi 5 vr .
vx
Figure 2
Vector analysis of the bouncing steel
ball in a collision assumed to be
perfectly elastic. The ball obeys the
same law of reflection as a ray of
light.
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Refraction
Newton was also able to demonstrate the nature of refraction with the particle model:
when light passes from air to water, it bends toward the normal (Figure 3). Particles,
too, will bend toward the normal if their speed increases. For example, if a ball is rolled
at a transverse angle down a ramp from a raised horizontal surface to a lower horizontal
surface, it will bend, or refract, toward the normal.
(a)

(b)

ui
ui
uR

air

Figure 3
(a) Light travelling obliquely from
air into water bends toward the
normal.
(b) When the speed of a moving
particle increases, it bends
toward the normal.

water

uR

Newton believed that water attracted approaching particles of light in much the same
way as gravity attracts a rolling ball on an incline. On the strength of the rolling ball
analogy, he conjectured that particles of light accelerate, specifically at the boundary, as
they pass from air into a medium with a higher index of refraction, such as glass or
water. He therefore predicted that the speed of light in water would be greater than the
speed of light in air. At the time, the speed of light in water was not known. It was not
until 1850, 123 years after Newton’s death, that the French physicist Jean Foucault demonstrated experimentally that the speed of light in water is, in fact, less than the speed of light
in air—the opposite of what Newton’s particle theory predicted.

Partial Reflection–Partial Refraction

DID YOU KNOW

?

Jean Foucault
Jean Foucault (1819–1868) and
another French physicist, Armand
Fizeau (1819–1896), measured the
speed of light with a system of
rotating mirrors and a spinning,
toothed wheel. In 1853, they
showed that the speed of light was
lower in water than in air, providing strong support for the wave
theory of light. Foucault is remembered today not only for contributions for optics but also for the
“Foucault pendulum,” a demonstration of Earth’s rotation.

When light refracts, some of the light is reflected. Newton had difficulty explaining this
phenomenon in his corpuscular framework. He did, however, propose a so-called “theory
of fits”: particles of light arrive at the surface sometimes in a “fit” of easy reflection,
sometimes in a “fit” of easy refraction. However, Newton recognized that this explanation was weak.

Dispersion
When white light passes through a glass prism, different wavelengths are refracted
through different angles, generating a display of spectral colours (Figure 4). This phenomenon, called dispersion, has been known since at least the time of the ancient
Egyptians. In 1666, however, Newton became the first physicist to investigate the phenomenon systematically.
To explain dispersion in his corpuscular theory, Newton hypothesized that each particle in the spectrum had a different mass. Since the violet-light particles are refracted more
than the blue, Newton argued that the violet-light particles must have a lower mass than
blue-light particles. (The lower masses, having less momentum, would be diverted more
easily.) Similarly, the blue-light particles must be lower in mass than the still less deflection-prone green-light particles. Red-light particles must have the highest masses of all
the species of light in the visible spectrum.
Newton’s corpuscular theory provided, at the time, a satisfactory explanation for four
properties of light: straight-line transmission, reflection, refraction, and dispersion. It was
NEL
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Dispersion occurs when white light
is refracted in a prism, producing
the spectrum.
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DID YOU KNOW

?

Christiaan Huygens

weak in its explanation of diffraction and partial reflection–partial refraction. Considering
the evidence available to Newton, his hypothesis was valid. It was, in its day, superior
to the competing wave theory of light because it used the laws of mechanics, which had
been proven to be valid in other areas of physics. When new evidence became available
that could not be explained using Newton’s corpuscular theory, this was bound to give
stronger support to the wave theory. However, Newton’s stature and authority were so
compelling that the corpuscular theory of light dominated for more than a century. In
fact, his successors adhered to the corpuscular view of light more strongly than Newton
ever did himself.
Newton recognized that the experimental evidence was not exclusively strong enough
for either particles or waves. Although he preferred the particle theory, he was not dogmatic about it. He considered both theories to be hypotheses, theories that required further testing.
The lesson to be learned from Newton’s example is that the theories—in fact, any
pronouncements—of esteemed, famous people should be evaluated on the basis of supporting evidence. A theory should not be accepted simply because it is put forward by
an eminent person.

Huygens’ Wave Model
Christiaan Huygens (1629–1695) did
most of his work in astronomy and
physics. He discovered a new and
better method for grinding lenses
and, using his improved telescope,
discovered Titan (the largest satellite
of Saturn), the rings of Saturn, and
the “markings” on the planet Mars.
Although it was first proposed by
Galileo, it was Huygens who
improved the pendulum clock so
that it kept accurate time. Today he
is remembered primarily because of
the wave theory of light.

Robert Hooke proposed the wave theory of light in 1665. Twenty years later, Huygens
developed the theory further, introducing Huygens’ principle (still used today as a diagram-drawing aid) for predicting the position of a wave front:
Huygens’ Principle
Every point on a wave front can be considered as a point
source of tiny secondary wavelets that spread out in front
of the wave at the same speed as the wave itself. The surface envelope, tangent to all the wavelets, constitutes the
new wave front.

As an illustration of the use of Huygens’ principle, consider Figure 5, in which the
wave front AB is travelling away from the source at some instant. The points on the wave
circular wave front

straight wave front

A9
A

A9

B

B9

A

S
Figure 5
Every point on a wave front can be
considered as a point source of tiny
secondary wavelets that spread out
in front of the wave at the same
speed as the wave itself. The surface
envelope, tangent to all the
wavelets, constitutes the new wave
front.
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front represent the centres of the new wavelets, drawn as a series of small arcs of circles. The common tangent to all these wavelets, A′B′, is the new position of the wave
front a short time later.
Huygens and his supporters were able to use the wave theory to explain some of the
properties of light, including reflection, refraction, partial reflection–partial refraction,
dispersion, and diffraction. However, they encountered difficulties when trying to explain
rectilinear propagation, since waves as encountered in a ripple tank tend to spread out
from a source. (This was the primary reason for Newton’s rejection of the wave theory.)

Reflection
As Figure 6 shows, waves obey the laws of reflection from optics. In each case, the angle
of incidence equals the angle of reflection for both straight and curved reflectors.

reflected
wave

ui

ur reflected ray

normal
incident ray
incident wave

F

F
Figure 6
Waves, like light, obey the laws of
reflection when reflected by a plane
or curved surface.

Refraction
Huygens, using his wavelet model, predicted that light would bend toward the normal
as it passes into an optically denser medium such as glass because its speed is slower in
the second medium (v2 , v1). In a given interval Dt, the wavelet whose source is point
A in Figure 7 travels a shorter distance (v2Dt) than does the wavelet whose source is B
(v1Dt). The new wave front, tangent to these wavelets, is CD (consistent with Snell’s
law). We have seen that Newton’s corpuscular theory predicted the reverse, that is,
v2 . v1. By 1850, when a technique was available for measuring the speed of light in a
material other than a vacuum, the wave theory had already prevailed, for reasons which
we shall examine shortly.
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(b)
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A

uR
medium 2
wave ray

l2

air (n 5 1.00)
glass (n 5 1.50)

uR

uR
Figure 7
During the time interval Dt in (a),
the wavelet from A travels a shorter
distance than the wavelet from B.
Both wave rays (b) and light rays
(c) are refracted toward the normal
when the speed decreases.

uR
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normal

refracted

wave fron

t

slow medium

Partial Reflection–Partial Refraction
We have already seen from the ripple tank that waves partially reflect and partially refract
whenever there is a change in speed, that the amount of partial reflection varies with
the angle of incidence, that the reflection becomes total for angles of incidence greater
than a critical angle, and that all these phenomena have parallels in optics. Recall that total
internal reflection only occurs for waves travelling from a slow to a fast medium, as is the
case for light (Figure 8).
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For waves and light refracted away
from the normal when the speed
increases, partial reflection also
occurs.
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Diffraction
Grimaldi had observed the diffraction of light when a ray was directed through two successive narrow slits. Newton had said that if light were a wave, then light waves should
bend much more than was observed by Grimaldi. We saw in the previous section that diffraction only becomes easy to detect when the aperture is of approximately the same
order of magnitude as the wavelength. If the wavelength is extremely small, diffraction
will be minimal unless the aperature is extremely small, too.
Huygens’ principle is consistent with diffraction around the edge of an obstacle,
through a large aperture, and through an aperture whose size is on the same order of magnitude as the wavelength of the wave (Figure 9). Neither Newton nor Huygens had been
able to determine what is now known, that the wavelengths of visible light are so incredibly small that diffraction effects must be very small as well. Both theories explained the
diffraction phenomena known in their day. Once the minuteness of the wavelength of
light was known, the wave theory was acknowledged to be superior.
(a)

(c)

(b)

Figure 9
Diffraction patterns produced by
(a) a fine wire,
(b) a sharp edge
(c) a razor blade

Dispersion
Recall from Section 9.1 that long-wavelength waves were refracted a slightly different
amount than short-wavelength waves when passing from one medium to another with
a lower speed. Wave theory supporters used this fact to explain dispersion. They argued
that white light is made up of the colours of the spectrum, each with a different wavelength. When white light passes through a prism, the violet wavelengths, for example, are
refracted more than the red because they have different wavelengths. We will see later that
the explanation is more complex, but with the knowledge available at the time, this wave
explanation was satisfactory.
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Rectilinear Propagation
DID YOU KNOW

?

Newton As a Cult Figure
Newton, like Einstein in the 20th
century, was so revered and his
work so well accepted that he
became to the general population
what we would call today a cult
figure. There were Newton jokes
and even comedic plays performed
where Newton was portrayed as an
absented-minded, eccentric figure.

The wave theory treats light as a series of wave fronts perpendicular to the paths of the
light rays. Huygens thought of the rays as simply representing the direction of motion
of a wave front. Newton felt that this did not adequately explain rectilinear propagation of light, since waves emitted from a point source spread out in all directions rather
than travel in a straight line. At the time, Newton’s corpuscular theory explained this
property better than the wave theory.
In summary, Huygens’ wave theory explained many of the properties of light, including
reflection, refraction, partial reflection–partial refraction, diffraction, dispersion, and
rectilinear propagation. The wave theory was more valid at that time than Newton’s
corpuscular theory, but because of Newton’s reputation in other areas of physics, the
corpuscular theory would dominate for 100 years, until Thomas Young provided new and
definitive evidence in 1807.

SUMMARY

Light: Wave or Particle?

•

Newton’s particle theory provided a satisfactory explanation for four properties
of light: rectilinear propagation, reflection, refraction, and dispersion. The theory
was weak in its explanations of diffraction and partial reflection–partial
refraction.

•

Huygens’ wave theory considered every point on a wave front as a point source of
tiny secondary wavelets, spreading out in front of the wave at the same speed as
the wave itself. The surface envelope, tangent to all the wavelets, constitutes the
new wave front.

•

Huygens’ version of the wave theory explained many of the properties of light,
including reflection, refraction, partial reflection–partial refraction, diffraction,
and rectilinear propagation.

Section 9.4 Questions
Understanding Concepts
1. In what ways does light behave like a wave? Draw dia-

grams to illustrate your answer.
2. When a real-life approximation to a particle, such as a steel

ball, strikes a hard surface, its speed is slightly reduced.
Explain how you know that the speed of light does not
change when it is reflected.
3. Does Huygens’ principle apply to sound waves? to water

waves?

5. The index of refraction of one type of glass is 1.50. What,

according to the particle theory of light, is the speed of
light in glass? Explain your answer.
Applying Inquiry Skills
6. Newton hypothesized in his corpuscular theory that parti-

cles of light have very low masses. Design an experiment to
show that if there are indeed particles of light possessing a
low mass, then their mass cannot be high.

4. What experimental evidence suggests that light is a wave?
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Wave Interference: Young’s
Double-Slit Experiment

9.5

If light has wave properties, then two light sources oscillating in phase should produce
a result similar to the interference pattern in a ripple tank for vibrators operating in
phase (Figure 1). Light should be brighter in areas of constructive interference, and
there should be darkness in areas of destructive interference.
Figure 1
Interference of circular waves produced by two identical point
sources in phase

nodal line of
destructive
interference

S1

DID YOU KNOW

?

Thomas Young

wave sources

constructive
interference

S2

Many investigators in the decades between Newton and Thomas Young attempted to
demonstrate interference in light. In most cases, they placed two sources of light side
by side. They scrutinized screens near their sources for interference patterns but always
in vain. In part, they were defeated by the exceedingly small wavelength of light. In a
ripple tank, where the frequency of the sources is relatively small and the wavelengths are
large, the distance between adjacent nodal lines is easily observable. In experiments with
light, the distance between the nodal lines was so small that no nodal lines were observed.
There is, however, a second, more fundamental, problem in transferring the ripple
tank setup into optics. If the relative phase of the wave sources is altered, the interference
pattern is shifted. When two incandescent light sources are placed side by side, the atoms
in each source emit the light randomly, out of phase. When the light strikes the screen,
a constantly varying interference pattern is produced, and no single pattern is observed.
In his experiments over the period 1802–1804, Young used one incandescent body
instead of two, directing its light through two pinholes placed very close together. The
light was diffracted through each pinhole, so that each acted as a point source of light.
Since the sources were close together, the spacing between the nodal lines was large
enough to make the pattern of nodal lines visible. Since the light from the two pinholes
originated from the same incandescent body (Young chose the Sun), the two interfering
NEL

Thomas Young (1773–1829), an
English physicist and physician,
was a child prodigy who could
read at the age of two. While
studying the human voice, he
became interested in the physics
of waves and was able to demonstrate that the wave theory
explained the behaviour of light.
His work met with initial hostility in
England because the particle
theory was considered to be
“English” and the wave theory
“European.” Young’s interest in
light led him to propose that any
colour in the spectrum could be
produced by using the primary
colours, red, green, and blue. In
1810, he first used the term energy
in the sense that we use it today,
that is, the property of a system
that gives it the ability to do work.
His work on the properties of elasticity was honoured by naming the
constant used in these equations
“Young’s modulus.”
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interference fringes the light
(maxima) and dark (minima)
bands produced by the interference
of light

beams of light were always in phase, and a single, fixed interference pattern could be
created on a screen.
Young’s experiment resolved the two major problems in observing the interference of
light: the two sources were in phase, and the distance between sources was small enough
that a series of light and dark bands was created on a screen placed in the path of the light.
These bands of bright and dark are called interference fringes or maxima and minima.
This experiment, now commonly called Young’s experiment, provided very strong evidence for the wave theory of light.
The sense in which Young’s experiment confirms the wave nature of light becomes
evident in Figure 2, where water waves falling upon a barrier with two slits are diffracted
and produce an interference pattern similar to that produced by two point sources
vibrating in phase in a ripple tank.

(a)

(b)

S

obstacle
Figure 2
(a) Interference in a ripple tank
produced by waves from a
single source passing through
adjacent openings
(b) Photograph of interference in a
ripple tank

Figure 3 shows light waves, in phase, emerging from slits S1 and S2, a distance d apart.
Although the waves spread out in all directions after emerging from the slits, we will
analyze them for only three different angles, v. In Figure 3(a), where v 5 0, both waves
reach the centre of the screen in phase, since they travel the same distance. Constructive
interference therefore occurs, producing a bright spot at the centre of the screen. When
λ
the waves from slit S2 travel an extra distance of }} to reach the screen in (b), the waves
2
from the two sources arrive at the screen 180° out of phase. Destructive interference
occurs, and the screen is dark in this region (corresponding to nodal line n 5 1). As we
move still farther from the centre of the screen, we reach a point at which the path difference is λ, as in (c). Since the two waves are back in phase, with the waves from S2 one
whole wavelength behind those from S1, constructive interference occurs (causing this
region, like the centre of the screen, to be bright).
As in the ripple tank, we find destructive interference for appropriate values of the
path difference, d sin vn :
1 λ
sin vn = n 2 }} }}
2 d

1
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where n = 1, 2, 3, …
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(a)

(b)

(c)

L

dark
(destructive interference)

bright (constructive
interference)

bright
(constructive interference)

S1

u
u

d

u
1 wavelength

u
1 wavelength
—
2

S2
screen

path difference = –12 l

path difference = 0

Another set of values of d sin v yields constructive interference:
mλ
sin vm = }
d

where m = 0, 1, 2, 3, …

Since the dark fringes created on the screen by destructive interference are very narrow
in comparison with the bright areas, measurements are made with those nodal lines.
Also, sin vn is best determined not by trying to measure vn directly but by using the ratio
x
}}, where x is the distance of the nodal line from the centre line on the screen, and L is
L
the distance to the screen from the midpoint between the slits.
In general, the equations used for the two-point interference pattern in the ripple
tank can be used for light, that is,
xn
1 λ
sin vn 5 }} 5 n 2 }} }}
L
2 d

1

2

path difference = l
Figure 3
(a) Path difference 5 0
1
(b) Path difference 5 }} λ
2
(c) Path difference 5 λ

LEARNING TIP
A Good Approximation
xn
Actually, }} 5 tan vn . However, for
L
L .. x, tan vn is very nearly equal
xn
to sin vn . Thus }} serves as a good
L
approximation to sin vn in this
instance.

where xn is the distance to the nth nodal line, measured from the right bisector, as in
Figure 4.

(n 2 —12 )l

S1

L

d

u
u
xn

S2

Pn
Figure 4
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LEARNING TIP
The “Order” of Minima
and Maxima
For a two-source, in-phase interference pattern, the nodal line
numbers, or minima, can be called
first-order minimum, second-order
minimum, etc., for n = 1, 2, ... . The
maximum numbers can be called
zero-order maximum, first-order
maximum, second-order maximum, etc., for m = 0, 1, 2, ... . The
zero-order maximum is called the
central maximum.

x3

x3
x2

For each nodal line, we can derive a separate value for x (Figure 4) from this equation,
as follows:
1 Lλ
xn 5 n 2 }} }}
2 d
1 Lλ
x1 5 1 2 }} }} 5
2 d
1 Lλ
x2 5 2 2 }} }} 5
2 d
1 Lλ
x3 5 3 2 }} }} 5
2 d

1

2

1
1
1

2
2
2

etc.

Although L was different in the earlier equation, in this case L is so large compared to
d and the values of L for the various nodal lines are so similar, that we can treat L as a
constant, being essentially equal to the perpendicular distance from the slits to the screen.
Figure 5 shows that the displacement between adjacent nodal lines (Dx) is given by
(x2 – x1), (x3 – x2), and (x1 1 x1). In each case the value is

x2
Dx
λ
}} = } }
L
d

x1 x1
Dx

Lλ
}}
2d
3Lλ
}}
2d
5Lλ
}}
2d

Dx

Dx

Dx

Dx

where Dx is the distance between adjacent nodal lines on the screen, d is the separation
of the slits, and L is the perpendicular distance from the slits to the screen.

SAMPLE problem 1
You are measuring the wavelength of light from a certain single-colour source. You direct
the light through two slits with a separation of 0.15 mm, and an interference pattern is
created on a screen 3.0 m away. You find the distance between the first and the eighth
consecutive dark lines to be 8.0 cm. At what wavelength is your source radiating?

Solution
Dx
8.0 cm

u1
u2
u3

L 5 3.0 m
λ 5?
8 nodal lines 5 7Dx
8.0 cm
Dx 5 }} 5 1.14 cm 5 1.14 3 1022 m
7
d 5 0.15 mm 5 1.5 3 1024 m
Dx
λ
}} 5 }}
L
d
dDx
λ 5 }}
L

S1

S2
d

Figure 5
472 Chapter 9

(1.14 3 1022 m)(1.5 3 1024 m)
5 }}}}
3.0 m
λ 5 5.7 3 1027 m

The wavelength of the source is 5.7 3 1027 m, or 5.7 3 102 nm.
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SAMPLE problem 2
The third-order dark fringe of 652-nm light is observed at an angle of 15.0° when the light
falls on two narrow slits. How far apart are the slits?

Solution
n 5 3

v3 5 15.0°

λ 5 652 nm 5 6.52 3

1027

m

d 5 ?

1 λ
sin vn 5 n 2 }} }}
2 d

1 2
1n 2 }21}2λ

d 5 }}
sin vn

13 2 }21}2(6.52 3 10

27 m)
}}}
5
sin 15.0°

d 5 6.30 3 1026 m
The slit separation is 6.30 3 1026 m.

Practice
Understanding Concepts
1. A student performing Young’s experiment with a single-colour source finds the

distance between the first and the seventh nodal lines to be 6.0 cm. The screen
is located 3.0 m from the two slits. The slit separation is 2.2 3 102 mm. Calculate
the wavelength of the light.
2. Single-colour light falling on two slits 0.042 mm apart produces the fifth-order

fringe at a 3.8° angle. Calculate the wavelength of the light.
3. An interference pattern is formed on a screen when helium–neon laser light

(λ 5 6.3 3 1027 m) is directed toward it through two slits. The slits are 43 mm
apart. The screen is 2.5 m away. Calculate the separation of adjacent nodal lines.
4. In an interference experiment, reddish light of wavelength 6.0 3 102 nm passes

through a double slit. The distance between the first and eleventh dark bands,
on a screen 1.5 m away, is 13.2 cm.
(a) Calculate the separation of the slits.
(b) Calculate the spacing between adjacent nodal lines using blue light of wavelength 4.5 3 102 nm.

Answers
1. 7.3 3 1027 m
2. 6.2 3 102 nm
3. 3.7 cm
4. (a) 68 mm

(b) 1.0 cm
5. 3.4 cm
6. 7.4 3 1022 mm
7. 3.2 3 1024 m
8. (a) 1.5 3 1023 m

(b) 4.5 3 1024 m

5. A parallel beam of light from a laser, with a wavelength 656 nm, falls on two very

narrow slits, 0.050 mm apart. How far apart are the fringes in the centre of the
pattern thrown upon a screen 2.6 m away?
6. Light of wavelength 6.8 3 102 nm falls on two slits, producing an interference

pattern where the fourth-order dark fringe is 48 mm from the centre of the interference pattern on a screen 1.5 m away. Calculate the separation of the two slits.
7. Reddish light of wavelength 6.0 3 1027 m passes through two parallel slits.

Nodal lines are produced on a screen 3.0 m away. The distance between the first
and the tenth nodal lines is 5.0 cm. Calculate the separation of the two slits.
8. In an interference experiment, reddish light of wavelength 6.0 3 1027 m passes

through a double slit, hitting a screen 1.5 m away. The distance between the first
and eleventh dark bands is 2.0 cm.
(a) Calculate the separation of the slits.
(b) Calculate the spacing between adjacent nodal lines using blue light
(λblue 5 4.5 3 1027 m).
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Further Developments in the Wave Theory of Light

monochromatic composed of only
one colour; possessing only one
wavelength

INVESTIGATION 9.5.1
Young’s Double-Slit Experiment
(p. 484)
Can you predict interference patterns using Young’s method?

DID YOU KNOW

?

Augustin Fresnel

Augustin Fresnel (1788–1827) spent
most of his life working for the
French government as a civil engineer. His mathematical analysis provided the theoretical basis for the
transverse wave model of light.
Fresnel applied his analysis to
design a lens of nearly uniform
thickness for use in lighthouses as a
replacement for the less efficient
mirror systems of his day. Today, the
Fresnel lens is found in a wide
range of devices, including overhead projectors, beacon lights, and
solar collectors.

In Section 9.3 we analyzed the interference pattern between two-point sources in a ripple
tank and derived equations that permitted the calculation of the wavelength of the
source. But with light, all we see are the results of light interference on a screen; we
cannot see what is happening when the light passes through two slits. If Young’s hypothesis is correct, we should be able to use the same equations to measure the wavelength
of light. But we must have a source of light that has a fixed wavelength. There are a limited number of monochromatic (composed of only one colour and having one wavelength) sources of light. Traditionally the sodium vapour lamp was used for this purpose,
but today we have lasers that emit a bright single wavelength light, usually in the red
part of the spectrum. Investigation 9.5.1, in the Lab Activities section at the end of this
chapter, gives you the opportunity to use a helium–neon laser or a light-emitting diode
(LED) as your source and, based on the above analysis, predict the interference pattern
using a procedure similar to that used by Young.
When Young announced his results in 1807, he reminded his audience that Newton
had made several statements favouring a theory with some wave aspects. Nevertheless,
Newton’s influence was still dominant, and the scientific establishment did not take
Young and his work seriously. It was not until 1818, when the French physicist Augustin
Fresnel proposed his own mathematical wave theory, that Young’s research was accepted.
Fresnel’s work was presented to a group of physicists and mathematicians, most of them
strong supporters of the particle theory. One mathematician, Simon Poisson, showed that
Fresnel’s wave equations predict a unique diffraction pattern when light is directed past
a small solid disk. If light really did behave like a wave, argued Poisson, the light diffracting around the edges of the disk should interfere constructively, producing a small
bright spot at the exact centre of the diffraction pattern (Figure 6). (According to the particle theory, constructive interference at this position was impossible.) Poisson did not
observe a bright spot and felt he had refuted the wave theory.
However, in 1818, Dominique Arago tested Poisson’s prediction experimentally, and
the bright spot was seen at the centre of the shadow (Figure 7). Even though Poisson
refuted the wave theory, his prediction that there would be a bright spot at the centre of
the shadow if the wave theory proved valid, led to this phenomenon being known as
“Poisson’s Bright Spot.” (Note that there is also interference near the edge of the disk.)
By 1850, the validity of the wave theory of light had been generally accepted. For some
time afterward, the mathematical consequences of the wave theory were applied to
numerous aspects of the properties of light, including dispersion, polarization, singleslit diffraction, and the development of the electromagnetic spectrum, which we will
discuss in the next section and in Chapter 10.
But the wave theory was not adequate to explain the movement of light through the
vacuum of space, since waves required a material medium for their transmission. The
power of the wave theory was now so great, however, that scientists theorized a “fluid”
filling all space, from the space between atoms to the space between planets. They called
it “ether.” Many experiments were attempted to detect this ether, but none were successful (see Section 11.1).
shadow
solid
disc
point
source
bright spot
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Figure 6
If light is a wave, a bright spot should
appear at the centre of the shadow of
a solid disk illuminated by a point
source of monochromatic light.
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Although in our exploration of the wave theory to this point, we have treated light as
a transverse wave, in fact no evidence has been provided that it is a transverse, not a
longitudinal, wave. One property of light not discussed previously is polarization. When
we understand polarization and apply the wave theory in the next chapter we will have
convincing evidence that validates the wave theory of light, leading to the study of electromagnetic waves.

SUMMARY

Wave Interference:
Young’s Double-Slit Experiment

•

Early attempts to demonstrate the interference of light were unsuccessful because
the two sources were too far apart and out of phase, and the wavelength of light
is very small.

•

Thomas Young’s crucial contribution consisted of using one source illuminating
two closely spaced openings in an opaque screen, thus using diffraction to create
two sources of light close together and in phase.

•

In Young’s experiment a series of light and dark bands, called interference fringes,
was created on a screen, placed in the path of light, in much the same way as
those created in the ripple tank.
xn
1 λ
Dx
λ
The relationships sin vn 5 }} 5 n 2 }} }} and }} 5 }} permit
d
L
2 d
L
unknowns to be calculated, given any three of λ, Dx, L, v, d, and n.

•
•

1

2

Young’s experiment supported the wave theory of light, explaining all the properties of light except transmission through a vacuum.

Figure 7
Poisson’s Bright Spot

DID YOU KNOW

?

Dominique Arago
Dominique Arago (1786–1853)
made contributions in many fields
of science. He supported the particle theory at first, but later converted to the wave theory. He
introduced Fresnel to the work of
Young. Arago did some pioneer
work in electromagnetism based
on the discoveries of Oersted. He
was also a fiery political figure,
involved in the French revolutions
of 1830 and 1852.

Section 9.5 Questions
Understanding Concepts
1. Explain why the discoveries of Grimaldi were so important

to Young’s work.
2. Explain why the observation of the double-slit interference

pattern was more convincing evidence for the wave theory
of light than the observation of diffraction.
3. Monochromatic red light is incident on a double slit and

produces an interference pattern on a screen some distance away. Explain how the fringe pattern would change if
the red light source is replaced with a blue light source.
4. If Young’s experiment were done completely under water,

explain how the interference pattern would change from
that observed in air, using the same equipment and experimental setup.
5. In a Young’s double-slit experiment, the angle that locates

the second dark fringe on either side of the central bright
fringe is 5.4°. Calculate the ratio of the slit separation d to
the wavelength λ of the light.
6. In measuring the wavelength of a narrow, monochromatic

source of light, you use a double slit with a separation of
0.15 mm. Your friend places markers on a screen 2.0 m in
front of the slits at the positions of successive dark bands
in the pattern. Your friend finds the dark bands to be
0.56 cm apart.
(a) Calculate the wavelength of the source in nanometres.

NEL

(b) Calculate what the spacing of the dark bands would be
if you used a source of wavelength 6.0 3 102 nm.
7. Monochromatic light from a point source illuminates two

parallel, narrow slits. The centres of the slit openings are
0.80 mm apart. An interference pattern forms on a screen
placed parallel to the plane of the slits and 49 cm away. The
distance between two adjacent dark interference fringes is
0.30 mm.
(a) Calculate the wavelength of the light.
(b) What would the separation of the nodal lines be if the
slit centre were narrowed to 0.60 mm?
8. Monochromatic light falls on two very narrow slits

0.040 mm apart. Successive nodal points on a screen
5.00 m away are 5.5 cm apart near the centre of the pattern. Calculate the wavelength of the light.
9. A Young’s double-slit experiment is performed using light

that has a wavelength of 6.3 3 102 nm. The separation
between the slits is 3.3 3 1025 m. Find the angles, with
respect to the slits, that locate the first-, second-, and thirdorder bright (not dark) fringes on the screen.
Applying Inquiry Skills
10. A thin piece of glass is placed in front of one of the two

slits in a Young’s apparatus so that the waves exit that slit
180° out of phase with respect to the other slit. Describe,
using diagrams, the interference pattern on the screen.
Waves and Light
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9.6
INVESTIGATION 9.6.1
Wavelengths of Visible Light
(p. 485)
What are the wavelengths of the
colours in visible light?
Table 1 The Visible Spectrum
Colour

Wavelength (nm)

violet

400–450

blue

450–500

green

500–570

yellow

570–590

orange

590–610

red

610–750

Colour and Wavelength
We know from the dispersion of white light in a prism that white light is made up of all
of the colours in the visible spectrum. From our work in Section 9.5, we also know that
helium–neon laser light has a wavelength of 630 nm. But what are some of the other
wavelengths found in visible light? Investigation 9.6.1 in the Lab Activities section at
the end of this chapter will give you the opportunity to use a white light source with filters to measure the wavelengths of red and green light.
Figure 1 shows three interference patterns: one for white, one for red, and one for
blue light. You can see that the separation of the nodal lines is greater for red light than
it is for blue. This is to be expected, since red light has a longer wavelength than blue.
dDx
The relationship λ 5 }} shows that the wavelength for red light is approximately
L
6.5 3 10–7 m and the wavelength for blue light is approximately 4.5 3 10–7 m. Similar
determinations produce values for all the colours in the visible spectrum. Some of these
are given in Table 1.

Figure 1
Interference of white, red, and blue
light produced separately, using the
same apparatus in all three cases

When white light passes through two narrow slits, the central bright areas in the interference patterns are white, whereas the spectral colours appear at the edges (Figure 1).
If each spectral colour has its own band of wavelengths, each will interfere constructively at specific locations in the interference pattern. Thus, the colours of the spectrum
are observed in the interference pattern because each band of wavelengths is associated
with its own colour.
On passing through a prism, white light is dispersed, broken up into its components
to form the spectrum. Each of the colours bends by a different amount and emerges
from the prism at its own distinctive angle (Figure 2).
To explain dispersion, the wave theory must show that different frequencies (wavelengths) are bent by different amounts when they are refracted. Careful measurements
in a ripple tank demonstrate this. Thus, if the frequency of a wave varies, the amount of
refraction varies slightly as well, thereby explaining dispersion.
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Figure 2
Dispersion of white light in a prism

Although the wavelength of the light does affect the amount of refraction, the behaviour is the reverse of what we encounter with water waves in a ripple tank. Shorter wavelengths, such as those at the violet end of the spectrum, are refracted more than the
longer wavelengths in the red region of the spectrum. Each spectral colour, having a
wavelength different from the others, is refracted a different amount. This explains the
prism’s separation of white light into the spectrum.
Since each of the wavelengths of visible light undergoes a slightly different amount of
refraction by the prism, the glass must have a slightly different index of refraction for each
colour. For example, the index of refraction of crown glass is 1.53 for violet light and 1.51
for red light. The speed of violet light in glass is slightly less than that for red.
The mathematical relationships governing waves in such media as ropes and water
can be applied to optics:
v 5 fλ
sin v1
}} = n
sin v2
n1 sin v1 = n2 sin v2
v1
n
}}2 = }v}
n1
2
v1
λ
}} = }}1
v2
λ2

For example, we find from the equation v 5 f λ that the frequency of red light, with
a wavelength of 6.5 3 10–7 m, is
v
f 5 }}
λ
c
5 }}
λ
3.00 3 108 m/s
5 }}
6.5 3 1027 m

LEARNING TIP
The Speed of Light
The speed of light c equals
3.00 3 108 m/s.

f 5 4.6 3 1014 Hz
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SAMPLE problem
Red light with a wavelength of 6.50 3 102 nm travels from air into crown glass (n2 5 1.52).
(a) What is its speed in the glass?
(b) What is its wavelength in the glass?

Solution
(a) λ = 6.50 3 102 nm
n2 = 1.52

n1 = 1.00

v2 = ?

v1 = 3.00 3 108 m/s

n2
v1
} 5 }}
n1
v2
n1
v2 5 }
n2 v1
1. 00
5 }}(3.00 3 108 m/s)
1.52
v2 5 1.97 3 108 m/s

The velocity of red light in the glass is 1.97 3 108 m/s.
(b) λ 5 ?
v1
λ1
}
v2 5 }λ}2

1 2

v2
λ 2 5 }} λ1
v1
1.97 3 10 m/s
6.50 3 10
1 }}
3.00 3 10 m/s 2
8

5

8

2

nm

λ 2 5 4.28 3 102 nm

The wavelength of red light in the crown glass is 4.28 3 102 nm.

Practice
Understanding Concepts
1. The wavelength of orange light is 6.0 3 1027 m in air. Calculate its frequency.

Answers
1. 5.0 3

1014

Hz

2. Light from a certain source has a frequency of 3.80 3 1014 Hz. Calculate its

m

3. A certain shade of violet light has a wavelength in air of 4.4 3 1027 m. If the

wavelength in air, in nanometres.

2. 789 nm
3. 3.1 3

1027

4. (a) 4.4 3 1027 m

(b) 26°
5. 4.5 3 1027 m
6. 2.0 3

1023

m

index of refraction of alcohol relative to air for violet light is 1.40, what is the
wavelength of the violet light in alcohol?
4. The index of refraction of turpentine relative to air for red light is 1.47. A ray of red

light (λ r 5 6.5 3 1027 m) passes from air into turpentine with an angle of incidence of 40.0°.
(a) Calculate the wavelength of the red light in the turpentine.
(b) Calculate the angle of refraction.
5. A certain Young’s apparatus has slits 0.12 mm apart. The screen is at a distance

of 0.80 m. The third bright line to one side of the centre in the resulting interference pattern is displaced 9.0 mm from the central line. Calculate the wavelength
of the light used. What colour was it?
6. Sunlight incident on a screen containing two narrow slits 0.20 mm apart casts a

pattern on a white sheet of paper 2.0 m beyond. Find the distance separating
the violet ( λ 5 4.0 3 102 nm) in the first-order band from the red
(λ 5 6.0 3 102 nm) in the second-order band.
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Young’s Experiment Today
It may be obvious to us now, but it was not obvious to the experimenters in the eighteenth
and nineteenth centuries, that to produce an interference pattern, it is necessary to have
two point sources of light in phase. Although the frequency of light sources is very high,
what makes interference impossible is the way light is emitted from an incandescent
source. The light from each source comes from a large number of individual atoms.
Atoms send out light in time intervals of about 10–9 s. The probability that the atoms or
groups of atoms in each source would emit their light waves in phase is nearly zero.
Therefore, the interference pattern produced by two point sources changes in an irregular fashion every 10–9 s or so and is impossible for an observer to see. In recent years
it has been possible to produce interference with two lasers. Laser light is monochromatic; in the case of helium–neon laser light, the wavelength is at the red end of the
spectrum, 6.3 3 10–7 m. When two lasers have been made to operate in phase (they are
then said to be “phase locked”), the interference fringes are seen. Since phase-locking is
not perfect, some drifting of the pattern occurs. Even today, the easiest way to show the
interference of light is to use Young’s technique of putting a single emitter behind two
apertures.

SUMMARY

Colour and Wavelength

•

White light is made of all of the colours found in the visible spectrum, each with
its own range of wavelengths.

•

Dispersion occurs because the refractive index of light is slightly dependent on
the frequency of the light.

Section 9.6 Questions
Understanding Concepts
1. For both converging and diverging lenses, explain how the

focal length for red light differs from that for violet light.
2. When white light passes through a flat piece of window

glass, it is not broken down into colours as it is by a prism.
Explain why.
3. A certain shade of red light has a wavelength in air of

1027

7.50 3
m. If the index of refraction of alcohol is 1.40,
calculate the wavelength of this red light in alcohol.
4. The wavelengths of the visible spectrum range from

4.00 3 102 nm to 7.50 3 102 nm. Calculate the range of the
frequencies of visible light.

NEL

5. Calculate the angle for the third-order maximum of

5.8 3 102 nm wavelength yellow light falling on double slits
separated by 0.10 mm.
6. Determine the separation between two slits for which

6.10 3102 nm orange light has its first maximum at an
angle of 3.0°.
7. Using your calculations in questions 5 and 6, explain why it

is difficult to observe and analyze the interference pattern
produced by a double slit.
Making Connections
8. Explain why a rainbow is impossible just after sunrise and

just before sunset.
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SUMMARY

Unit 4

angle of refraction

Key Expectations
• analyze and interpret experimental evidence indicating

•

•
•

•

that light has some characteristics and properties that
are similar to those of mechanical waves and sound
(9.1, 9.2, 9.6)

total internal reflection

identify the theoretical basis of an investigation, and
develop a prediction that is consistent with that theoretical basis (e.g., predict diffraction and interference
patterns produced in ripple tanks) (9.2, 9.3, 9.6)

destructive interference

describe instances where the development of new
technologies resulted in the advancement or revision
of scientific theories (9.4)

rectilinear propagation

describe and explain the experimental evidence supporting a wave model of light (e.g., describe the scientific principles related to Young’s double-slit
experiment and explain how the results led to a general acceptance of the wave model of light) (9.4, 9.5)

minima

define and explain the concepts and units related to
the wave nature of light (e.g., diffraction, reflection,
dispersion, refraction, wave interference) (9.4, 9.5, 9.6)

•

describe the phenomenon of wave interference as it
applies to light in qualitative and quantitative terms,
using diagrams and sketches (9.4, 9.5, 9.6)

•

describe and explain the phenomenon of wave diffraction as it applies to light in quantitative terms, using
diagrams (9.5, 9.6)

•

collect and interpret experimental data in support of a
scientific theory (e.g., conduct an experiment to
observe the interference pattern produced by a light
source shining through a double slit and explain how
the data support the wave theory of light) (9.5, 9.6)

•

absolute index of refraction

analyze, using the concepts of refraction, diffraction,
and wave interference, the separation of light into
colours in various phenomena (9.6)

Key Terms

diffraction
constructive interference
nodal lines
difference in path length
Huygens’ principle
interference fringes
maxima
monochromatic

Key Equations
• v 5 f λ universal wave equation
•
•

v1
λ1
}} 5 }}
v2
λ2
sin v1
λ1
}} 5 }}
sin v2
λ2

(9.1)
(9.1)

• n1 sin v1 5 n2 sin v2
• PnS1 2 Pn S2 5 1n 2 }21}2 λ
•
•

(9.3)

2

1

(9.3)

destructive interference:

1

•

(9.1)

xn
1 λ
sin vn 5 }} 5 n 2 }} }}
2 d
L

2

1
d sin vn 5 n 2 }} λ
2

•

(9.1)

where n 5 1, 2, 3, ...

(9.5)

d sin vm 5 mλ

constructive interference:
where m 5 0, 1, 2, 3, ...

(9.5)

Dx
λ
}} 5 }}
d
L

(9.5)

transverse wave
wave front
wave ray
angle of incidence
angle of reflection
refraction
normal
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MAKE a summary
Set up a table in two columns, with the headings Particle
Theory and Wave Theory. Label the rows with phrases for
seven important optical phenomena. For each row, indicate
how well each theory explains the given phenomenon.
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SELF QUIZ

Write numbers 1 to 10 in your notebook. Indicate beside
each a number whether the corresponding statement is
true (T) or false (F). If it is false, write a corrected version.

1. The universal wave equation, v 5 f λ, applies only to
transverse waves.
sin v1
}
2. Snell’s law in the form n 5 }
sin v2 holds for both
waves and light.
3. Waves with shorter wavelength experience more diffraction than waves with a longer wavelength.
4. For a given slit, the amount of diffraction depends on
λ
λ
the ratio }}. For observable diffraction, }} # 1.
w
w
5. In a two-point, in-phase interference pattern,
increasing the wavelength of the two sources increases
the number of nodal lines.

12. You observe diffraction in a ripple tank (Figure 1).
To increase the diffraction of the waves in the region
beyond the barrier, you consider the following
adjustments:
(i) decreasing the width of the opening
(ii) decreasing the depth of the water
(iii) decreasing the frequency of the source
The best adjustment, or combination of
adjustments, is
(a) (i) only
(b) (ii) only
(c) (iii) only
(d) (i) and (iii) only
(e) (i), (ii), and (iii)

6. Decreasing the separation of the two-point interference pattern sources increases the number of nodal
lines.
7. Newton’s particle theory provided a satisfactory
explanation for four properties of light: rectilinear
propagation, reflection, refraction, and dispersion. It
was weak in its explanation of diffraction and partial
reflection–partial refraction.
8. Early attempts to demonstrate the interference of
light were unsuccessful because the two sources were
too far apart and out of phase and the frequency of
light is very small.
9. Dispersion occurs because the refractive index of
light is slightly higher for red light than it is for violet
light.
10. Young’s experiment validated the wave theory of light
and explained all the properties of light.
Write numbers 11 to 23 in your notebook. Beside each
number, write the letter corresponding to the best choice.

11. A beam of light travels from a vacuum
(c = 3.00 3 108 m/s) into a substance at an angle of
45°, with a frequency of 6.00 3 1014 Hz and a speed
of 2.13 3 108 m/s. The index of refraction of the
substance is
(a) 0.707
(b) 1.41
(c) 1.50
(d) indeterminable, but < 1
(e) indeterminable, but > 1
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barrier

barrier

wave generator

Figure 1

13. Diffraction by a single slit in a ripple tank can be
decreased by
(a) increasing the frequency of the source
(b) increasing the amplitude of the waves
(c) decreasing the width of the slit
(d) decreasing the distance between the wave generator and the slit
(e) using a longer wavelength
14. Two point sources in a ripple tank vibrate in phase at
a frequency of 12 Hz to produce waves of wavelength
0.024 m. The difference in path length from the two
point sources to a point on the second nodal line is
(a) 0.6 cm
(d) 3.6 cm
(b) 1.2 cm
(e) 4.8 cm
(c) 2.4 cm
15. Two point sources 4.5 cm apart are vibrating in phase
in a ripple tank. You count exactly 10 nodal lines in
the entire interference pattern. The approximate
wavelength of the water waves in the tank is
(a) 0.45 cm
(d) 10 cm
(b) 1.0 cm
(e) insufficient data provided
(c) 1.5 cm

An interactive version of the quiz is available online.
GO

www.science.nelson.com
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16. You observe the wave pattern in Figure 2 as you
investigate periodic waves in a ripple tank. You draw
the straight lines shown superimposed on the figure.
The wavelength is
x
2x
xd
dx
2dx
(b) }} (c) }} (d) }}
(e) }}
(a) }}
L
3L
2L
L
L
x

L

S1

S2
d

Figure 2
For questions 16, 17, and 18

17. You wish to continue the same pattern as in question
16, but contemplate making adjustments:
(i) increasing the frequency of the waves
(ii) increasing the separation of the sources
(iii) introducing a phase delay in S1
The adjustment, or combination of adjustments, that
results in a larger number of nodal lines is
(a) (i) only
(b) (ii) only
(c) (iii) only
(d) (i) and (ii) only
(e) (i), (ii), and (iii)
18. The adjustment, or combination of adjustments, in
question 17 that results only in a shift of the nodal
lines is
(a) (i) only
(b) (ii) only
(c) (iii) only
(d) (i) and (ii) only
(e) (i), (ii), and (iii)
19. The particle theory is unable to account for the phenomenon of
(a) radiation pressure
(b) emission
(c) interference
(d) propagation
(e) reflection

20. The statement regarding Young’s experiment that is
false is
(a) Diffraction of light occurs at both slits.
(b) Light waves leaving the two slits have a fixed
phase.
(c) The interference pattern from this experiment
has a nodal line down the centre of the pattern.
(d) The separation of the nodal lines is dependent on
the wavelength of the light.
(e) The particle theory was unable to give a satisfactory explanation of this phenomenon.
21. In a double-slit experiment, monochromatic light is
used to produce interference fringes on a screen. The
distance between the slits and the screen is 1.50 m.
The bright fringes are separated by 0.30 cm. If the
screen is moved so that it is 1.0 m from the slits, the
average distance between adjacent dark fringes will be
(a) 0.20 cm
(c) 0.45 cm
(e) 1.5 cm
(b) 0.30 cm
(d) 0.67 cm
22. Ultraviolet light of wavelength 340 nm falls on a
double slit. A fluorescent screen is placed 2.0 m away.
The screen shows dark interference bands 3.4 cm
apart. The distance between the slits is
(a) 2.0 cm (c) 0.020 cm
(e) none of these
(b) 0.20 cm (d) 0.0020 cm
23. Figure 3 shows a double-slit pattern produced by a
monochromatic source of pattern (a), which is
changed to pattern (b). The following are possible
adjustments:
(i) The frequency of the source was decreased.
(ii) The frequency of the source was increased.
(iii) The width of each slit was increased.
(iv) The separation of the slits was increased.
(v) The separation of the slits was decreased.
The adjustment, or combination of adjustments, that
explains pattern (b) is
(a) (iii) only
(b) (v) only
(c) (i) and (iii) only
(d) (i) and (v) only
(e) (ii) and (iv) only
(a)

(b)

Figure 3
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An interactive version of the quiz is available online.
GO

www.science.nelson.com
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REVIEW

Understanding Concepts
1. Explain why the wavelength of light decreases when it
passes from a vacuum into a material. State which
properties change and which stay the same.
2. List the similarities and differences between refraction and diffraction.
3. What is the ratio of thickness of crown glass and
water that would contain the same number of wavelengths of light? (ng 5 1.52, nw 5 1.33)
4. Refraction was an area of difficulty for the particle
theory of light. What phenomena of refraction were
not known to Newton and his fellow supporters of
the particle theory?
5. Describe and explain the experimental evidence collected up to the end of this chapter in support of the
wave theory of light.
6. Explain why light from the two headlights of a car
does not produce an interference pattern.
7. Young’s experiment was a pivotal event in the history
of science. Discuss the merits of this statement and
summarize the basic concepts of the experiment.
8. Analysis of an interference effect in a clear material
shows that within the material, light from a heliumneon laser of wavelength 6.33 3 1027 m in air has a
wavelength of 3.30 3 1027 m. Is the material zircon
or diamond? (nz 5 1.92, nd 5 2.42)
9. Light travels in water at three-quarters the speed it
attains in air. If the angle of incidence in air were
10.0°, what would be the angle in water, according to
a particle theorist?
10. Monochromatic light is incident on twin slits in a
Young’s double-slit experiment. The slits are separated by 0.50 mm. A screen located 6.50 m from the
slits has nodal lines separated by 7.7 mm. Calculate
the wavelength of the light.
11. In a Young’s double-slit experiment, the angle that
locates the second-order bright (not dark) fringe is
2.0°. The slit separation is 0.038 mm. Find the wavelength of the light.
12. Blue light (λ 5 482 nm) is directed through parallel
slits separated by 0.15 mm. A fringe pattern appears
on a screen 2.00 m away. How far from the central
axis on either side are the second-order dark bands?
13. A beam of light of wavelength 5.50 3 102 nm falls on
a screen containing a pair of narrow slits separated by
0.10 mm. Calculate the separation between the two seventh-order maxima on a screen 2.00 m from the slits.
490 Chapter 9

14. In Young’s double-slit experiment, is it possible to see
interference fringes only when the wavelength of the
light is greater than the distance between the slits?
Explain your answer.
15. A laser emitting at 632.8 nm illuminates a double slit. A
screen is positioned 2.00 m from the slits. Interference
fringes are observed with a separation of 1.0 cm.
(a) Determine the separation of the slits.
(b) Determine the angle of the first-order dark fringes.
16. In a Young’s double-slit experiment, the angle for the
second-order bright fringe is 2.0°; the slit separation
is 3.8 3 10–5 m. Calculate the wavelength of the light.
17. Calculate the longest wavelength of light falling on
double slits separated by 1.20 3 1026 m for which
there is a first-order maximum. In what part of the
spectrum is this light?
18. A certain electromagnetic radiation has a frequency
of 4.75 3 1014 Hz. Calculate its wavelength and,
referring to Table 1 in Section 9.6, state in which part
of the spectrum this radiation is found.
19. In a double-slit experiment, blue light of wavelength
4.60 3 102 nm gives a second-order maximum at a
certain location P on the screen. What wavelength of
visible light would have a minimum at P?
20. Two slits are 0.158 mm apart. A mixture of red light
(λ 5 665 nm) and yellow-green light (λ 5 565 nm)
falls onto the slits. A screen is located 2.2 m away.
Find the distance between the third-order red fringe
and the third-order yellow-green fringe.
21. Light of wavelength 4.00 3 10–7 m in air falls onto
two slits 5.00 3 10–5 m apart. The whole apparatus
is immersed in water, including a viewing screen
40.0 cm away. How far apart are the fringes on the
screen? (nwater 5 1.33)

Applying Inquiry Skills
22. Figure 1 in Section 9.6 is a two-point interference
pattern for red, blue, and white light. Assuming that
the photograph is enlarged four times, that the distance from the double slits is 1.00 m, and that the slit
separation is 6.87 3 1024 m, find the wavelengths of
red and blue light.
23. In Figure 1, point P is on the third nodal line in a
ripple tank interference pattern. The pattern, drawn
to scale, was created by the two sources S1 and S2
vibrating in phase. Using a ruler, find the value of the
wavelength of the interfering waves. (scale: 1.0 mm 5
1.0 cm)
NEL
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(a) What is the main problem with this arrangement
if you are sitting at a point equidistant from the
speakers?
(b) How far due east should you move along the
opposite wall, 5.0 m away, to hear a peak in the
intensity level of an 842-Hz sound? (The speed of
sound is 346 m/s.)

P

S1

S2

Figure 1
For question 23

Making Connections
24. Every autumn, some storms off Nova Scotia and the
eastern seaboard of the United States create waves up
to 35 m high. Often, rogue waves can appear from the
storms hundreds of kilometres away, so their creation
is not just the effect of high winds. Previous storms
have been modelled to help marine forecasters better
predict wave arrivals. Research the Internet for the
latest research on how these waves are created and for
the latest improvements in forecasting techniques.
Present your findings in a creative way.
GO

www.science.nelson.com

25. The transmitting antenna for a radio station is
7.00 km from your house. The frequency of the electromagnetic wave broadcast by this station is
536 kHz. The station builds a second transmitting
antenna that broadcasts an identical electromagnetic
wave in phase with the first one. The new antenna is
8.12 km from your house. Show, with diagrams and
calculations, whether constructive or destructive
interference occurs at your radio.
26. A rock concert is being held in an open field. Two
speakers are separated by 7.00 m. As an aid in
arranging the seating, both speakers operate in phase
and produce an 85-Hz bass tone simultaneously. A
centre line is marked out in front of the speakers, perpendicular to the midpoint of the line between the
speakers. Determine the smallest angle, relative to
either side of this reference line, that locates places
where the audience has trouble hearing the 85-Hz
bass tone. (The speed of sound is 346 m/s.)
27. Two stereo speakers are placed 4.00 m apart against
the east–west wall of a home theatre. A wiring error
causes the speaker cones to vibrate 180° out of phase.
NEL

28. Two 1.0-MHz radio antennas emitting in phase are
separated by 585 m along a north–south line. A radio
19 km from each of the two transmitting antennas,
on the east side of the line, picks up a fairly strong
signal. How far north should the receiver be moved if
it is again to detect a signal nearly as strong?

Extension
29. In a Young’s double-slit experiment, using light of
wavelength 488 nm, the angular separation of the
interference fringes on a distant screen is measured to
be 1.0°. Calculate the slit separation.
30. Light of wavelengths 4.80 3 102 nm and 632 nm
passes through two slits 0.52 mm apart. How far apart
are the second-order fringes on a screen 1.6 m away?
31. A police cruiser sets up a novel radar speed trap, consisting of two transmitting antennas at the edge of a
main north–south road. One antenna is 2.0 m [W] of
the other. The antennas, essentially point sources of
continuous radio waves, are fed from a common
transmitter with a frequency of 3.0 3 109 Hz. The
trap is set for cars travelling south. A motorist drives a
car equipped with a “radar detector” along an
east–west road that crosses the main road at a level
intersection 1.0 3 102 m [N] of the radar trap. The
motorist hears a series of beeps upon driving west
through the intersection. The time interval between
successive quiet spots is 0.20 s as the car crosses the
main road. How fast is the car moving?
Sir Isaac Newton Contest Question

32. You are carrying a small radio receiver that receives a
signal from a transmitter located a few kilometres
north of your position. You receive from the same
transmitter a signal reflected from the aluminum
siding on a house a few hundred metres south of your
position. As you carry the receiver 9.0 m north, you
notice that the sound level changes from a maximum
to a minimum. What is the frequency of the radio
transmitters? (Radio waves travel at the speed of light.)
Sir Isaac Newton Contest Question
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In this chapter,
you will be able to

•

describe polarized light in
terms of its properties and
behaviour and how it is
applied in everyday
applications

•

explain single-slit diffraction
and diffraction grating
interference patterns, both
qualitatively and
quantitatively

•

explain the operation of the
spectroscope and the
interferometer in terms of the
wave properties of light

•

describe how the wave
properties of light are
important in resolution of
optical instruments and how
these properties are applied
in various applications of
thin-film interference, for
example, Newton’s rings,
colours in thin films, coated
surfaces, CDs, and DVDs

•

explain the basic concepts
holography

•

describe electromagnetic
waves in terms of their
properties and where
they belong in the
electromagnetic spectrum

Wave Effects of Light
Soap bubbles, colourful effects of oil on water, the visible spectrum, peacock feathers—
this is a colourful chapter (Figure 1). You will learn how these effects are produced as well
as how CDs (compact discs) and Polaroid sunglasses work. And our analysis of both
visible and invisible electromagnetic waves will complete our exploration of the wave
nature of light.
The commercial applications, which could not have been developed without an understanding of the wave theory of light, are very common in our everyday lives. Look at
your digital watch or calculator display. These work because of the polarization of light.
Notice the spectrum reflected from a CD or the shimmering effect on a bumper sticker.
Light has been diffracted by a series of small slits or gratings. See the spectrum of colours
on the pavement after a rain, look at the beauty of a large soap bubble in the bright sunlight, or admire the feathers of the peacock. All of these involve light interference in thin
films. Answer your cell phone or watch moving images on your television that have been
transmitted from all over the world by satellites. The development of these technologies required an understanding of electromagnetic waves. Even the manufacture of
suntan lotion requires an understanding of electromagnetic radiation.

REFLECT on your learning
1. Why do you think polarizing sunglasses reduce glare?
2. Why do you think holding a CD in white light produces a rainbow effect?
3. Why does your camera lens have a purple glare?
4. Peacock feathers show brilliant colours, particularly in the green and blue parts of the

spectrum (Figure 2). The colours are due, not to feather pigments, but to a wave
effect of light. Can you explain the effect?

Figure 2
A peacock shows off his plumage.
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Figure 1
The photo shows a thin soap film
mounted vertically and illuminated
by reflected white light. Because
of the force of gravity, the film is
thicker at the bottom and thinner
at the top. Why do you think the
colours appear? You should be
able to answer this question by
the time you finish this chapter.

TRY THIS activity

Thin Film on Water

For this activity, you will need a piece of black cloth or a piece
of black construction paper, a piece of plane glass, some
kerosene or light machine oil, a bright light source, and red and
blue filters.

•

Direct a bright white light source, such as a quartz reading
light, at the surface. Darken the room. Note the interference
pattern on the surface of the water.
Place a red then a blue filter in front of the light, noting
changes in the pattern.

•
•

Spread the cloth or construction paper on a flat table.

•

Place the plane glass on top of the black surface. Cover the
surface of the glass with a thin layer of water.

(a) What do you think the dark areas in the oil film represent?

•

Place a few drops of light machine oil or kerosene on
the water.

NEL

(b) What do you think caused the patterns you see?
(c) Why do you think the pattern changed when the colour of
the light changed?
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Figure 1
This calcite crystal (shown in pink
light) creates a double image.

Figure 2
Vertically polarized waves in a rope
are stopped almost completely by a
horizontal polarizing slit.

Polarization of Light
Interference in Young’s experiment was a crucial test for the wave theory of light, but it
gave no clue to whether light waves are transverse or longitudinal. Recall that it is possible to produce a two-source interference pattern with longitudinal sound waves in air
as well as transverse water waves in a ripple tank.
In 1669, the Danish scientist Erasmus Bartholinus found that when he directed a
beam of light into a crystal of Iceland spar (calcite), the ray was split into two beams. This
effect can be observed if a calcite crystal is placed over a written word. Figure 1 shows
that the two rays create a double image. What causes the light to split into two rays travelling along different paths?
Let us hypothesize that the vibrations in a light wave are transverse and that they go
in all directions, perpendicular to the direction in which the light is travelling. If such a
transverse wave were to pass through a filter that allowed the vibrations to occur only in
one plane, then the wave would be plane-polarized. We can illustrate this with a mechanical model. Transverse waves generated in a rope that is moved, in rapid succession, first
up and down, then horizontally sideways, are unpolarized transverse waves. If the rope
passes through a vertical slit, the transmitted waves vibrate only up and down, in the
vertical plane. If these vertically polarized waves encounter a second slit, this time horizontal, the energy is absorbed or reflected, and the wave transmission will be almost
completely stopped (Figure 2). This behaviour is also true for light.
Now that you have a basic understanding of polarization, we can study the effect of
polarizers —natural and artificial—on light. How can the intensity of light be diminished
or even appear to be cancelled? What type of wave is light, and how is light polarized by
reflection and scattering? These are some of the questions we will be discussing.

TRY THIS activity
plane-polarized a wave that can
vibrate in one plane only
unpolarized a wave that vibrates in
all directions perpendicular to the
direction of travel
polarization confining the vibrations of a wave to one direction
polarizer a natural (e.g., clouds) or
artificial (e.g., filters) means to
achieve polarization

Polaroid Sheets

1. Hold a Polaroid sheet up to a light and rotate it 180º.
2. Hold two sheets of Polaroid up together, so light passes through both. Keeping one
fixed, rotate the other 180º.
3. Using a bright light, create some glare on a flat surface such as a lab desk. Look at
the glare through a single Polaroid sheet. Rotate the sheet.
4. Hold the Polaroid sheet against various regions of a clear blue sky. Rotate the sheet
each time.
Never look directly at the Sun, even with polarizing filters; they do not
protect your eyes from the damaging ultraviolet and infrared radiation.

When light passes through a polarizing filter, the light waves are polarized in one
plane. If the filter is oriented in such a way that the vibrations are horizontal, then we call
the light horizontally polarized. If this horizontally polarized light falls on a second
polarizing filter (the “analyzer”) that polarizes light in the vertical plane, the light energy
is almost completely absorbed (Figure 3). Such absorption occurs not just for vertical
and horizontal orientations, but whenever the axes of the polarizing filters are at right
angles to each other. When the axes of the two filters are parallel, the light polarized by
the first filter passes through the second without further absorption (Figure 4).
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source
unpolarized
polarizer

polarizing axis

Figure 3
After horizontally polarized light
passes through the analyzer, the
light energy is reduced significantly

analyzer
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Figure 5
Longitudinal waves pass through
polarizing filters unaffected.
Figure 4
(a) Polarizing filters with axes perpendicular
(no transmission of light)
(b) Polarizing filters with axes parallel
(partial transmission of light)

Could these results be explained with longitudinal waves? If light travelled as a longitudinal wave, the vibrations could only be in only one direction, the direction in which
the wave was travelling. Such a wave would pass through a pair of polarizing filters
without being polarized (Figure 5). In other words, a longitudinal wave cannot be polarized. Light, which we have already decided behaves like a wave, must then behave like a
transverse wave, not as a longitudinal wave.
Returning to the calcite crystal, why does it produce two beams? When a beam of
unpolarized light strikes the calcite, it is separated by the crystal structure into two beams
polarized at right angles, as in Figure 6, in a phenomenon called double refraction.
Experimentally, it is found that one of the beams does not obey Snell’s law in its simple
form. For example, if monochromatic (i.e., light with only one wavelength) light with
a wavelength of 590 nm strikes a calcite crystal, one beam behaves as though the crystal
had a straightforward refractive index of 1.66, whereas the other beam behaves as though
the crystal had a different index of refraction, varying from 1.49 to 1.66, depending on
the angle of incidence. This difference suggests that the light beams travel through the
crystal at different speeds, determined by the orientation of the planes within the crystal
structure. The full explanation of the phenomenon, however, is too complex for us to consider in this text.
Polarization can be achieved four ways. The first is by double refraction, which we
have just examined. The second is by reflection, when some absorption takes place at the
point at which light is reflected off a smooth surface. Light waves reflected from a flat surface are partially polarized in the horizontal plane (Figure 7). Most glare comes from horizontal surfaces, such as a body of water, the hood of a car, or a paved road. The polarizing
filters in Polaroid sunglasses are for this reason arranged in the vertical plane, reducing
glare by absorbing the horizontally polarized light reflected from horizontal surfaces.
NEL

Figure 6
Polarization in a calcite crystal
double refraction the property of
certain crystals (e.g., calcite) to split
an incident beam of light into two
monochromatic of one colour, or
one wavelength

unpolarized

plane polarized

Figure 7
Light reflected by a nonmetallic
surface is partially polarized in the
horizontal plane.
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DID YOU KNOW

?

Rain, Radar, and Airplanes
Airplanes are the frequent targets of
radar, but during the rain it can be
difficult to separate the pulses from
the reflected rain and the pulses
from the reflected target. Because
the reflected radar pulses from the
target are polarized in a different
way than those from the rain, polarizing filters at the radar station can
be used to separate the “clutter” of
the echoes of the rain from the real
target, the airplane.

scattering the change in direction
of particles or waves as a result of
collisions with particles
Polaroid a plastic, light-polarizing
material
photoelasticity the property of a
material that, when analyzed, reveals
the material’s stress distributions

TRY THIS activity

Polaroid Sunglasses

Take a pair of Polaroid sunglasses and look at a shiny car in sunlight. Now rotate the
lenses 90°. What do you see?
Never look directly at the Sun, even with polarizing filters; they do not
protect your eyes from the damaging ultraviolet and infrared radiation.

The third way is through scattering. Light from the Sun passes through our atmosphere
and encounters small particles that scatter the light. Scattering causes the sky to appear
blue, since the shorter wavelengths (shades of violet and blue) are scattered more than the
longer wavelengths (shades of orange and red). This scattering also causes the light to be
polarized. You can demonstrate polarization by looking at the sky through a rotating
Polaroid sheet or through polarized sunglasses. The amount of polarization depends on
the direction in which you look, being greatest at right angles to the direction of light
from the Sun (Figure 8). Photographers use Polaroid filters to enhance photographs of
the sky and clouds. Since large stretches of the sky are significantly polarized, the polarizing filter makes the clouds more prominent by reducing the glare (Figure 9).
The fourth method of polarizing is to use a polarizing filter. Calcite, tourmaline, and
other naturally occurring polarizing crystals are scarce and fragile, keeping polarization
a laboratory curiosity until 1928. In that year, Edwin Land developed the polarizing
plastic he called Polaroid. Polaroid consists of long chains of polyvinyl alcohol impregnated with iodine, stretched so as to lie parallel to one another. (The original polarizer
was made of microscopic, needle-like crystals of iodine.) Because Polaroid made it easy
to produce polarized light, many everyday applications became feasible. Just as important, sheets of the new plastic could be used as convenient analyzers, making it easy to
detect polarized light in nature and determine its plane of polarization.
Materials such as glass and Lucite (a transparent or translucent plastic), which become
doubly refractive when subjected to mechanical stress, are said to have photoelasticity.
When a photoelastic material is placed between polarizing and analyzing disks, the strain
patterns (and thus the stress distributions) are revealed, as shown in Figure 10. Engineers
analyzing stresses in objects such as trusses and gears build models in Lucite. When the
models are placed under mechanical stress, areas of stress concentration are easily observable, allowing design changes to be made before the objects are constructed.
atmospheric
molecule

unpolarized
light

unpolarized
sunlight
partially
polarized light
Figure 8
In being scattered from atmospheric particles, unpolarized
light from the Sun becomes
partially polarized.
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(a)

(b)

Figure 9
Cloud effects are enhanced when we
add a polarizing filter to the camera.
(a) Without a filter
(b) With a polarizing filter

Polarization has been used to produce the illusion of three dimensions at the movies.
Two overlapping pictures, shot by cinema cameras a few centimetres apart, in the manner
of a pair of human eyes, are projected onto the theatre screen by a pair of projectors, each
equipped with a Polaroid filter. The directions of polarization are chosen to be mutually
perpendicular. The audience is provided cardboard-and-Polaroid spectacles, containing
filters oriented to match the polarizing filters at the projector. The patron’s left eye thus
sees only the images taken in the film studio with the left-hand camera, the right eye
only the images from the right-hand camera. Since the brain receives different left- and
right-eye inputs, the screen looks like a window into a three-dimensional panorama.
To be able to detect polarized light, our eyes require an external polarizing filter.
However, the eyes of certain creatures, for example, ants, horseshoe crabs, and spiders,
are sensitive to polarized light; they use the polarized light from the sky, caused by scattering, as a navigational aid.
Many of the practical applications of polarization make use of the phenomenon of
optical activity, the ability of some substances, such as sugar, turpentine, and insulin, to
rotate the plane of polarization of a beam of light (Figure 11). Solutions of such substances
rotate the plane of polarization in proportion to the concentration of the solution and
to the length of the optical path through the substance. By placing a glass vessel between
linear polarizers, we can measure the angle through which the plane of polarization has
shifted, thereby obtaining a clue to the identity of the dissolved substance and the quantity present. The device used to measure the extent of polarization is called a polarimeter.
polarizing filter
optically active
analyzer

u

axis

axis
Figure 11
An analyzer reveals the ability of an optically active substance to rotate
the plane of polarization.
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Figure 10
When placed between two polarizers, stresses on the Lucite are
visible.
optical activity property of a substance whereby a transparent material rotates the plane of polarization
of transmitted light

DID YOU KNOW

?

Edwin Land
Edwin Land (1909–1991) was an
American physicist and inventor.
Land became interested in polarized light while a freshman at
Harvard University, in 1926. In his
senior year, at the age of 19, he
terminated his studies to found a
laboratory near the university. With
other young scientists, he applied
the principles of polarization to
various areas of optics, including
filtering and cinematography. In
1948, the company he founded,
the Polaroid Corporation, introduced the first model of its most
successful product, the Polaroid
Land camera for instant photography.
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SUMMARY

Polarization of Light

•

Polarization of light can be achieved in the following ways: double refraction,
reflection, scattering, and a polarizing filter.

•
•

Polarization provided the proof that light is a transverse wave.

•

Scattering occurs when light from the Sun passes through our atmosphere and
encounters small particles that scatter the light.

•

Polarizing filters have many uses, including glare reduction, stress analysis, and
photography.

•

The optical activity of certain materials can be used to help identify some
substances.

Polaroid can be used to detect the presence of polarized light and the orientation
of the plane of polarization.

Section 10.1 Questions
Understanding Concepts
1. Briefly describe how each method of polarization polarizes

light.
2. Explain how a pair of Polaroid sheets can be used to

change the intensity of a beam of light.
3. Just before the Sun sets, a driver encounters sunlight

reflecting off the side of a building. Will Polaroid sunglasses
stop this glare?
Applying Inquiry Skills
4. Many sunglasses, advertised as polarizing, are not.

Describe two different ways to test sunglasses for polarizing capabilities.
5. You have placed a calcite crystal over the letter A on an

otherwise blank piece of paper and have rotated the crystal
so that two images are produced. If you were to view the
images through a Polaroid filter, rotating the filter slowly
through 180º, what would you see? Explain your answer.
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Making Connections
6. Using the Internet or other resources, research the liquid

crystal displays (LCDs) common in electronic screens, such
as calculator and digital wristwatch readouts. Write a short
report explaining how LCDs use polarization.

GO

www.science.nelson.com

7. Using the Internet and print sources, research optical

activity and polarimeters and answer the following
questions:
(a) The first general use of the polarimeter was in the
sugar-beet industry, in the early 1900s. What was the
polarimeter called at the time? Why was it such an
important innovation for farmers?
(b) In what industries is the polarimeter in common use
today and for what purposes?

GO

www.science.nelson.com
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Diffraction of Light through
a Single Slit
Light passing through a single, narrow slit is diffracted. The extent of the diffraction
increases as narrower and narrower slits are used. However interference also occurs.
Figure 1 (and Investigation 10.2.1) shows that a pattern of bright and dark lines appears
if a screen is placed on the far side of the slit. The pattern consists of a bright central
region (the central maximum), with dark regions of destructive interference alternating
with progressively less intense bright areas (the secondary maxima) on either side.

10.2
central maximum the bright central region in the interference pattern of light and dark lines produced
in diffraction
secondary maxima the progressively less intense bright areas, outside the central region, in the
interference pattern

Figure 1
Note the central maximum and secondary maxima.

Although the pattern bears some resemblance to Young’s pattern, the spacing of the
bright and dark areas is quite different. Figure 2, produced with white, blue, and red
sources passing separately through the same slit, shows that here, as with Young’s doubleslit pattern, the wavelength of the source affects the extent of the diffraction.
Figure 2
Single-slit diffraction of white, blue,
and red light

If you look carefully at the diffraction of water waves through a single opening, you see
nodal lines (Figure 3), an indication that wave theory does predict interference for the
single-slit diffraction pattern for light. To see how an interference pattern arises for light,
we can analyze the wave behaviour of monochromatic light passing through a single slit.
This can be done using mathematical analysis or hands-on experimentation in the form
of Investigation 10.2.1 in the Lab Activities section at the end of this chapter.
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INVESTIGATION 10.2.1
Diffraction of Light in a
Single Slit (p. 540)
What are the predicted patterns of
diffraction and interference created
by a slit or an obstacle? What relationship allows us to determine the
wavelength of light, the size and
location of the interference pattern,
or the width of a slit?
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Figure 3
Diffraction of water waves through
(a) a single wide opening
(b) a single narrow opening

DID YOU KNOW

?

Fraunhofer Diffraction
The diffraction of light through a
single slit is also called Fraunhofer
diffraction, after Munich-born
Joseph von Fraunhofer (1787–1826).
Interest in light and optics led the
22-year-old Fraunhofer to become
the first to measure the spectrum
of sunlight and identify the absorption lines.

(a)

(b)

A single slit illuminated by monochromatic light may be considered a row of point
sources of some reasonable, finite number—say, 12—close together and vibrating in
phase. Each such source may be regarded as producing individual secondary circular
waves as described by Huygens. A screen on the far side of the slit shows an interference
pattern, the sum of the contributions from each of the point sources. The various point
sources generate constructive and destructive interference because of the different phases
of oscillations reaching the screen over different distances.
We will use wave rays to represent the direction of motion of the individual Huygens
wavelets produced in the slit opening. First, let us consider the case for light rays that
pass straight through the slit (Figure 4). Since the rays from all 12 point sources all
start in phase and travel approximately the same distance to the screen, they arrive
essentially in phase. Constructive interference produces a bright area on the screen,
the central maximum.
L

Figure 4
Rays from all parts of the slit arrive
at the centre of the screen, approximately in phase.

screen
w

sin u = 0, since u = 0 (bright)

LEARNING TIP
Applying Huygens’ Principle
In applying Huygens’ principle
to analyze single slit diffraction,
we have used 12 sources to
show the derivation of the general equation. The true number
of sources would be far greater
than 12, but would be awkward
to use in a derivation.
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In the case of light diffracted downward through an angle (Figure 5(a)), waves from the
top of the slit (point 1) travel farther than waves from the bottom (point 12). If the path
difference is one wavelength, the light rays from the centre of the slit will travel one halfwavelength farther than those from the bottom of the slit. They will thus be out of phase,
producing destructive interference. Similarly, waves slightly above the bottom (point 11)
and slightly above the central point (point 5) will cancel. In fact, the ray coming from
each point in the lower half of the slit will cancel the ray originating from a corresponding point in the upper half of the slit. As a result, the rays will interfere destructively in
pairs, causing a dark band, or fringe, to appear on the screen. In the same manner, destructive interference occurs at an equal distance above the central maximum. As can be seen
from Figure 5(a), for the first minimum, the path difference of one wavelength is given
NEL

Section 10.2

(a)

u2

l
1
2
3
4
5
6
7
8
9
10
11
12

w

(c)

(b)

u1
u1

l
2

l (dark)
sin u 1 = w

l
l
2

1
2
3
4
5
6
7
8
9
10
11
12

3l
2

u2

sin u 2 = 3l (bright)
2w

by w sin v1 5 λ. Rearranging this equation, the angle v1 at which the first minimum
appears is given by
λ
sin v 5 }w}

(first minimum)

u3
1
2
3
4
5
6
3l 7
2 8
l 109
l 11
2 12

2l

u3

sin u 3 = 2l (dark)
w
Figure 5
(a) Formation of the first dark
fringe
(b) Formation of the first bright
fringe
(c) Formation of the second dark
fringe

We now consider a larger angle v2 for which the path difference between the top
3
and the bottom of the slit is }}λ. We find that for each point source in the bottom third
2
λ
of the slit there exists a corresponding point source in the middle third that is }} far2
ther from the screen. These pairs of point sources to interfere destructively (Figure 5(b)).
However, the waves from the top third of the slit still reach the screen roughly in phase,
yielding a bright spot. The bright spot is not as intense as the central maximum,
since most of the light passing through the slit at this angle, v2, as given by
3λ
sin v2 5 }}, will interfere destructively.
2w
For an even larger angle, v3, the top waves travel a distance of 2λ farther than those
from the bottom of the slit (Figure 5(c)). Waves from the bottom quarter cancel, in pairs,
λ
with those in the quarter just above, because their path lengths differ by }}. Those in
2
the quarter above the centre cancel, in pairs, with those in the top quarter. At this angle,
2λ
v3, given by sin v3 = }}, a second line of zero intensity occurs in the diffraction pattern.
w
In summary, minima, or dark fringes, occur at
λ 2λ 3λ
sin v 5 } , } , } , …
w w w

Or in general,
nλ
sin vn 5 }} (minima)
w

where v is the direction of the fringe, λ is the wavelength, w is the width of the slit, and
n 5 1, 2, 3, . . . is the order of the minimum.
Maxima, or bright fringes, occur at
3λ 5λ
sin v 5 0, } , } , …
2w 2w
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Or in general,
1

1m 1 }2}2λ

sin vm 5 }}
w

(maxima)

where v is the direction of the fringe, λ is the wavelength, w is the width of the slit, and
m 5 1, 2, 3, … is the order of the maximum beyond the central maximum.
Since for each successive bright area more and more of the point light sources interfere destructively, in pairs, the intensity of the light decreases. The decrease is evident in
Figure 6, a plot of intensity versus sin v for single-slit diffraction.
intensity

Dy

sinu
2 3wl

2 2wl
Dy

0

l
2w

l
w

3l
w

2l
w

2Dy

Dy
Dy

y1

Figure 6
Graph of intensity versus sin v for
diffraction through a single slit. The
actual interference pattern is shown
below.

y2

As in the analysis of the double-slit interference pattern, the value of sin v1 can be
y1
determined from the ratio sin v1 . tan v1 5 }}, where y1 is the distance from the centre
L
point in the diffraction pattern, and L is the perpendicular distance from the slit to the
screen (Figure 7).
L
w

u1

y1

u2

y2

1st
minimum
2nd
minimum

Figure 7
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The width of the central maximum is defined by the first minima on either side of the
centre line. For the position of the first minimum on the screen,
λ
sin v1 5 }}
w
y1
λ
}} 5 }}
w
L
w y1
λ 5 }}
L

(to a good approximation)

Thus, the width of the central maximum is y1 1 y1 (Figure 6). Since the separation
of the maxima and minima (∆y), outside the central area, is the same as y1, we may
w y1
w∆y
rewrite the relation λ 5 }} as λ 5 }}. The latter equation is useful in analyzing the
L
L
single-slit diffraction pattern, in finding the wavelength of the light, and in predicting the
dimensions of the pattern and the positions of the fringes. A sample problem will illustrate.

LEARNING TIP
Tangent versus Sine
y
sin v . tan v 5 }} for L .. y ;
L
for small angles, the tangent is a
good approximation to the sine.
Prove this yourself by drawing a
right-angled triangle with one very
small angle or by checking the
values on your calculator.

SAMPLE problem
Light from a laser pointer, with a wavelength of 6.70 3 102 nm, passes through a slit with
a width of 12 mm. A screen is placed 30 cm away.
(a) How wide is the central maximum (i) in degrees and ( ii) in centimetres?
(b) What is the separation of adjacent minima (excluding the pair on either side of the
central maximum)?

Solution
(a) λ 5 6.70 3 102 nm 5 6.70 3 1027 m
w 5 12 mm 5 1.2 3 1025 m

n 5 1
v 5 ?

L 5 0.30 cm

(i) On either side of the central line, the width of the central maximum is defined by
the first-order dark fringes. Thus,
λ
sin v1 5 }}
w
6.70 3 1027 m
5 }}
1.2 3 1025 m
sin v1 5 5.58 3 1022
v1 5 3.2°

The angular width of the central maximum is 2 3 3.2° 5 6.4°.
(ii)

y1
sin v1 5 }}
L
y1 5 L sin v1
5 (0.30 m) sin 3.2°
y1 5 1.67 3 1022 m, or 1.7 cm

The width of the central maximum is 2y1, or 2 3 1.67 cm 5 3.3 cm.
(b)

wDy
λ 5 }}
L
Lλ
Dy 5 }w}
(0.30 m)(6.70 3 1027 m)
5 }}}
1.2 3 1025 m
Dy 5 1.7 3 1022 m, or 1.7 cm

The separation of adjacent minima is 1.7 cm. The central maximum is exactly twice
the width of the separation of other adjacent dark fringes.
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As seen in the sample problem, the wave theory predicts that the width of the central
maximum is twice the separation of adjacent minima. The photograph in Figure 1
shows that the prediction is true. Our wave interpretation of both Young’s experiment
and single-slit diffraction appears to be correct, offering further support for the wave
theory of light.
In Young’s experiment, each individual slit produces its own single-slit diffraction
pattern, the pattern centres being a distance d apart. The central maximum produced by
each narrow slit covers a large lateral distance when it reaches the screen, relatively far
away. As a result, the two central bright areas overlap and interfere. The double-slit interference pattern is, in reality, the resultant interference of two single-slit diffraction patterns. The other maxima of a single-slit diffraction pattern occur far out to the sides
and are usually too weak to be seen. If wider slits are used, these maxima become more
visible, as Figure 8 demonstrates.

Figure 8
The top photograph illustrates the
interference pattern produced by
single, wide slits. The bottom photograph is an enlargement of the
centre section of the top photograph. It is only the central region
that is observed in most double-slit
interference patterns, where narrow
slits are used.

Practice
Understanding Concepts
1. Calculate the angle at which 7.50 3 102 nm light produces a second minimum if the

Answers

single-slit width is 2.0 mm.

1. 49°
2. 2.2 3

1026

m

4. 4.4 cm
5. 6.49 3 1027 m
6. 6.6°
7. 0.67

2. The first dark fringe in a certain single-slit diffraction pattern occurs at an angle of

15° for light with a wavelength of 580 nm. Calculate the width of the slit.
3. Red light passing through a single narrow slit forms an interference pattern. If the red

light were replaced by blue, the spacing of the intensity maxima (where constructive
interference takes place) would be different. In what way? Why?
4. Helium–neon laser light ( λ 5 6.328 3 1027 m) passes through a single slit with a

width of 43 mm onto a screen 3.0 m away. What is the separation of adjacent minima,
other than those on either side of the central maximum?
5. Monochromatic light falls onto a slit 3.00 3 1026 m wide. The angle between the first

dark fringes on either side of the central maximum is 25.0°. Calculate the wavelength.
6. A single slit, 1.5 3 1025 m wide, is illuminated by a ruby laser (λ 5 694.3 nm).

Determine the angular position of the second maximum.
7. The first dark fringe in the diffraction pattern of a single slit is located at an angle of

va = 56°. With the same light, the first dark fringe formed with another single
wa
of the widths of the two slits.
slit is located at vb = 34°. Calculate the ratio }
w}
b
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Resolution
Resolution is the ability to separate two closely spaced images. We have seen that light

waves passing around an obstacle or through a small opening are diffracted and that
the smaller the obstacle or opening, the greater the diffraction. This characteristic of
diffraction is important in the design of microscopes and telescopes.
When light from two sources passes through the same small hole, not only is the light
from each source diffracted, but the diffraction patterns overlap. The overlap makes the
images fuzzy (Figure 9). If the hole is very small and the sources very close, the overlap
may be extensive, making it impossible to distinguish the individual images.

resolution the ability of an instrument to separate two images that
are close together

slight diffraction of light
large pinhole

S1
S2

I2

Images are fuzzy
but resolved.

I1
screen
region where diffracted light
from each source overlaps
small pinhole

S1
S2

I2
I1

Images overlap
because of diffraction
and are unresolved.

significant diffraction
screen

TRY THIS activity

Figure 9
With a large pinhole, the images are
fuzzy from diffraction but distinguishable. With a small pinhole, the
diffraction patterns overlap so much
that the two images cannot be
resolved.

Resolution

Set up two showcase lamps, almost touching, at one end of a dark room. Cut an opening
in a piece of stiff paper board and tape a piece of aluminum foil over the opening. In the
foil, poke three small holes with different diameters, starting with a pinhole. Place each
hole, in succession, in front of one eye. Look at the two bulbs with the other eye closed.
How does the size of hole affect your ability to clearly distinguish between both lamps?
What is the relationship between the size of the opening and the resolution?

If we substitute a lens for the small hole, we define resolution as the ability of the lens
to produce two sharp and separate images. Because light passes through a finite aperture
when it goes through a lens, a diffraction pattern forms around the image. If the object is
extremely small, the diffraction pattern appears as a central bright spot (called the Airy
disk, after nineteenth-century British astronomer Sir George Airy) surrounded by concentric bright and dark circular interference fringes. If two objects are extremely close
together, for example, a double star, the two diffraction patterns overlap. The bright fringes
of one pattern fall on the dark fringes of the second pattern, causing the two objects to
appear to merge and making it impossible to resolve. As with a hole, diameter matters:
the smaller the diameter of the lens, the more difficult it is to separate two closely spaced
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objects. The photographs in Figure 10 illustrate this behaviour for three lenses of different
diameters. (Note that this discussion refers to the entire lens. In photography, the entire lens
is not always used. The resolution is enhanced by using only the centre of the lens.)
Figure 10
The view of two adjacent sources of
light as seen, left to right, through a
small-, medium-, and large-diameter lens. As the size of the lens
increases, so does the resolution.

DID YOU KNOW

?

Abbé and Rayleigh
The first physicists to discover the
limitations of ray optics and the
importance of wave theory were
Ernst Abbé and Lord Rayleigh.

In a microscope, the objective lens has a small diameter. This limits even the best
optical microscope to a maximum useful magnification of approximately 10003, since
even the finest objective lens can only resolve detail to a certain point. By decreasing the
wavelength, we can increase the resolving power. For example, an ultraviolet microscope
can detect much finer detail than a microscope operating with visible light. In Section 12.2,
we will see that electron microscopes, with wavelengths approximately 1025 that of light,
can resolve objects down to 0.5 nm.
Observatory telescopes use large lenses or mirrors to increase the resolution. The
largest telescopes are used to view the farthest distances in space, not only because they
receive more light, but because they are able to resolve individual stars that appear very
close together in the sky (Figure 11).

Figure 11
The Keck telescope in Hawaii is the
largest diameter optical telescope in
the world.

SUMMARY
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Diffraction of Light through
a Single Slit

•

Light passing through a single slit creates a diffraction pattern. The pattern consists of a bright central region with dark regions of destructive interference, alternating with progressively less intense areas of bright constructive interference.

•

The smaller the slit width, the larger the distance between maxima and minima.
NEL
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•
•
•

The longer the wavelength, the greater the distance between maxima.
nλ
Minima, or dark fringes, occur at sin vn 5 }} (n 5 1, 2, … ).
w
Maxima, or bright fringes, occur at the centre of the pattern and also at

sin vm 5

•
•
•

1
m 1 }} 2 λ
1}}
2
(m 5 1, 2, … ).
w

The separation Dy of adjacent maxima or minima is given by the relationship
λL
∆y 5 }}, and the central maximum width is 2Dy.
w
Young’s double-slit interference pattern results from the interference of two
single-slit diffraction patterns.
Resolution, or the ability of an instrument to separate two closely spaced images,
is limited by the diffraction of light.

Section 10.2 Questions
Understanding Concepts
1. You are photographing a single-slit diffraction pattern from

monochromatic light. How would your pattern differ if the
wavelength were doubled? if the both the wavelength and
slit width doubled at the same time?
2. Monochromatic light falls on a single slit with a width of

2.60 3 1026 m. The angle between the first dark fringes on
either side of the central maximum is 12°. Calculate the
wavelength.
3. The ninth dark fringe in a single-slit diffraction pattern,

from a source of wavelength 6.94 3 1027 m, lies at an angle
of 6.4º from the central axis. Calculate the width of the slit.
4. A single slit 2.25 3 1026 m wide, illuminated with mono-

chromatic light, produces a second-order bright fringe at
25º. Calculate the wavelength of the light.
5. A narrow, single slit with a width of 6.00 3 1026 m, when

illuminated by light of wavelength λ 5 482 nm, produces a
diffraction pattern on a screen 2.00 m away. Calculate
(a) the angular width of the central maximum in degrees
and (b) the width in centimetres.

10. Alcor and Mizar are two stars in the handle of the Big

Dipper (Ursa Major). They look like one star to the unaided
eye (unless the conditions are really good); through binoculars or a telescope they are easily distinguished as two.
Explain why this is the case.
Applying Inquiry Skills
11. Predict what you will see if you hold a paper clip between

your thumb and forefinger in the beam of a helium–neon
laser. Try it!
Do not let direct laser beams or reflected beams
go straight into anyone’s eyes.
12. Digital images are made up of “picture units,” or pixels. The

picture of the woman in Figure 12 is 84 pixels wide and
62 pixels high. How could you improve the resolution?
(Hint: Consider aperture and distance.)

6. What would be the angular width in question 5 if the entire

setup were immersed in water (nw 5 1.33) instead of air
(na 5 1.00)?
7. A helium–neon laser operating at 632.7 nm illuminates a

single slit 1.00 3 1025 m wide. The screen is 10.0 m away.
Calculate the separation of adjacent maxima, other than the
central maximum.
8. A beam from a krypton ion laser (λ 5 461.9 nm) falls on a

single slit, producing a central maximum 4.0 cm wide on a
screen 1.50 m away. Calculate the slit width.
9. Sodium-vapour light with an average wavelength of

589 nm falls on a single slit, 7.50 3 1026 m wide.
(a) At what angle is the second minimum?
(b) What is the highest-order minimum produced?
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10.3
diffraction grating device whose
surface is ruled with close, equally
spaced, parallel lines for the purpose
of resolving light into spectra; transmission gratings are transparent;
reflection gratings are mirrored

u
Dl = d sin u
Dl u
Dl
Dl
d

Dl

diffraction grating
Figure 1
Light rays passing through a diffraction grating

DID YOU KNOW

Diffraction Gratings
A diffraction grating, a device used for wave analysis, has a large number of equally
spaced parallel slits, which act as individual line sources of light. The wave analysis of the
pattern produced by these openings resembles the analysis we considered for the double
slit. The waves passing through the slits interfere constructively on the viewing screen when
mλ
sin vm 5 }}, where m 5 0, 1, 2, 3 ... is the order of the bright line or maximum. This
d
condition for constructive interference is derivable from the path difference
∆l = d sin v between successive pairs of slits in the grating (Figure 1).
The double-slit and the multi-slit interference patterns differ, however, in important
ways. First, since there are more slits in the grating, the multi-slit source delivers more
light energy, yielding a brighter interference pattern. Second, the bright maxima are
much sharper and narrower when produced by a diffraction grating. Third, since the
slits in a diffraction grating are usually closer together, the separation between successive maxima is greater than in the typical double-slit setup, and the resolution is enhanced.
For these reasons, the diffraction grating is a very precise device for measuring the wavelength of light.
There are two common types of diffraction grating: transmission and reflection. To
produce a grating of either kind, fine lines, to a density in some cases exceeding
10 000/cm, can be ruled on a piece of glass with a diamond tip. In a transmission grating,
the spaces between the lines transmit the light, the lines themselves being opaque. When
the lined glass is used as a reflection grating, light falling on it is reflected only in the
untouched segments. This reflected light effectively comes from a series of equally spaced
sources that provide the diffraction grating interference pattern reflected onto the screen.
Lined gratings on shiny metal can also be used as a reflection diffraction grating (Figure 2).

?

Other Types of Gratings
Another type of grating, called a
replica grating, is made by pouring
molten plastic over a master grating.
When the plastic solidifies, it is
peeled off the master and attached
to glass or stiff plastic for support.
The more modern holographic
grating uses extremely narrow
spacing to form an interference pattern on the photographic film.

TRY THIS activity

Grated Rulers

Shine a laser pointer, at a small angle of incidence, onto a metal ruler with etched markings. Direct the reflected light onto a screen or white wall. What do you see? What causes
this effect?
Do not let direct laser beams or reflected beams go straight into
anyone’s eyes.

(a)

(b)

Figure 2
(a) A master grating being ruled by
a diamond tip scribe
(b) A microscopic view of a ruled
grating
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LEARNING TIP

SAMPLE problem

Exact Quantities
The quantity 900 lines/cm is a
counted quantity, not a measured
quantity, and thus is considered
exact.

At what angle will 638-nm light produce a second-order maximum when passing through
a grating of 900 lines/cm?

Solution
λ 5 638 nm 5 6.38 3 1027 m
m 5 2
mλ
sin vm 5 }}
d

1
d 5 }} 5 1.11 3 1023 cm 5 1.11 3 1025 m
900 lines/cm
v 5 ?

(for bright maxima)

2(6.38 3 1027 m)
sin v2 5 }}
1.11 3 10 25 m
sin v2 5 1.15 3 1021
v2 5 6.60°

The angle to the second maximum is 6.60°.

Practice
Understanding Concepts
1. A 4000-line/cm grating, illuminated with a monochromatic source, produces a

Answers

second-order bright fringe at an angle of 23.0º. Calculate the wavelength of the
light.

1. 4.88 3 1027 m
2. 10.4°

2. A diffraction grating with slits 1.00 3 1025 m apart is illuminated by monochro-

matic light with a wavelength of 6.00 3
order maximum.

102

3. 7.4 3 1024 cm

nm. Calculate the angle of the third-

4. n 5 2

3. A diffraction grating produces a third-order maximum, at an angle of 22º, for red

light (694.3 nm). Determine the spacing of the lines in centimetres.
4. Calculate the highest spectral order visible when a 6200-line/cm grating is illu-

minated with 633-nm laser light.
Figure 3
(a) A vertical grating produces a
horizontal pattern.
(b) When the grating is horizontal,
the pattern is vertical.
(c) Cross the gratings and the
pattern is also crossed.
(d) A point source of light is viewed
through crossed gratings.

Crossed Gratings and the Spectroscope
If you look through a grating with the gratings perpendicular to the light source, you see
a horizontal diffraction pattern. When you rotate the grating through 90°, you see a vertical pattern. If you look at a point source of light through two such gratings, you will
get a pattern such as that seen in Figure 3, called a crossed-grating diffraction pattern.
(a)

(b)

gratings
vertical
NEL

gratings
horizontal

(c)

(d)

crossed
gratings
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DID YOU KNOW

?

Dispersion with a
Diffraction Grating
When a prism disperses white light,
the greatest deflection is in violet
light, the least in red light. With a
diffraction grating, it is red light that
undergoes the greatest deflection,
violet light the least.

spectroscope an instrument that
uses a diffraction grating to visually
observe spectra

Crossed Gratings

TRY THIS activity

Take an ordinary handkerchief into a darkened room. Pull it taut and look at a distant
point source of light through the fabric. (The point source should not be a laser beam.) In
what way does the resulting diffraction pattern resemble Figure 3? Pull the cloth diagonally so that the mesh of the fabric is at an angle. How does the pattern change? Repeat
with a coarser fabric, such as a tea towel, and with a finer fabric, such as a scrap of panty
hose. What changes occur? Why? On a dark night, look at a bright star through an
umbrella. Describe what you see.

If the light striking the grating is not monochromatic but a mixture of wavelengths,
each wavelength produces a pattern of bright maxima at different locations on the
viewing screen. This is what occurs when white light is directed through a diffraction
grating. The central maximum will be a sharp white peak, but for each of the spectral
colours, the maxima occur at different positions on the screen, giving the effect of a
spectrum. The display is the same as when white light passes through a prism onto a
viewing screen, except that the spectral pattern produced by a diffraction grating is
much more widely spread out and easier to observe, making it an excellent device for spectral analysis. The instrument that performs this analysis is called a spectroscope.
In a spectroscope, light from a source is first directed through a collimator, a system
of mirrors or lenses that makes the rays from the source essentially parallel. This parallel
light passes through a diffraction grating. We view the resulting interference pattern
with a small telescope. Since we can measure the angle v quite accurately, we can determine the wavelength of the light to a high degree of accuracy (Figure 4).

Using a Grating Spectroscope

TRY THIS activity

View several gas discharge sources of light through a spectroscope, for example,
hydrogen and neon, or use a fluorescent light (Figure 5). If you have the equipment,
measure the angles for specific spectral lines for one of your sources, for example,
hydrogen. Calculate their wavelengths, as directed by your teacher.

collimator

The spectrum of white light

grating
helium

u
telescope
eye

Figure 4
A spectroscope

source
sodium vapour

atomic hydrogen
800 750 700 650

600

550

500
l (nm)

450

400

Figure 5
Spectra of white light, helium, sodium vapour, and hydrogen as produced by a spectroscope.
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SUMMARY

Diffraction Gratings

•

The surface of a diffraction grating consists of a large number of closely spaced,
parallel slits.

•

Diffraction gratings deliver brighter interference patterns than typical double-slit
setups, with maxima that are narrower and more widely separated.
mλ
Diffraction gratings are governed by the relationship sin vm 5 }}, where d is
d
the distance between adjacent gratings, and m is the order of the maxima.

•

Section 10.3 Questions
Understanding Concepts
1. CDs reflect the colours of the rainbow when viewed under

white light. What type of surface must be on the CD
(Figure 6)? Explain your reasoning.

3. Light directed at a 10 000-line/cm grating produces three

bright lines in the first-order spectrum, at angles of 31.2°,
36.4°, and 47.5°. Calculate the wavelengths of the spectral
lines in nanometres. What are the colours?
4. The “Balmer a” and “Balmer d” lines in the visible atomic-

hydrogen spectrum have wavelengths of 6.56 3 102 nm
and 4.10 3 102 nm, respectively. What will be the angular
separation, in degrees, of their first-order maxima, if these
wavelengths fall on a grating with 6600 lines/cm?
5. A diffraction grating gives a first-order maximum at an

angle of 25.0° for 4.70 3 102-nm violet light. Calculate the
number of lines per centimetre in the grating.
Applying Inquiry Skills
6. Fog a piece of glass with your breath and look at a point

source of light in a darkened room. What do you see? Why?
Where in the sky have you seen a similar effect? Explain
your answer.
Making Connections
7. A certain spectroscope, while in vacuum, diffracts

Figure 6
2. At what angle will 6.50 3 102-nm light produce a second-

order maximum when falling on a grating with slits
1.15 3 1023 cm apart?

NEL

5.00 3 102-nm light at an angle of 20° in the first-order
spectrum. The same spectroscope is now taken to a large,
distant planet with a dense atmosphere. The same light is
now diffracted by 18°. Determine the index of refraction of
the planet’s atmosphere.
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Interference in Thin Films
You have probably noticed the swirling colours of the spectrum that result when gasoline or oil is spilled on water. And you have also seen the colours of the spectrum shining
on a soap bubble. These effects are produced through optical interference, when light is
reflected by or transmitted through a thin film.

TRY THIS activity

Soap Bubbles

Pour a small amount of bubble solution onto a clean plastic tray, such as a cafeteria tray.
Use a straw to blow a bubble at least 20 cm in diameter. Direct a bright light onto the
domed soap film. Note bright areas of constructive interference (different colours) and
dark areas of destructive interference. These bright and dark areas correspond to variations in the thickness of the film and the movement of the water in the film.

Consider a horizontal film like a soap bubble that is extremely thin, compared to the
wavelength of monochromatic light being directed at it from above, in air. When the
light rays strike the upper surface of the film, some of the light is reflected, and some is
refracted. Similar behaviour occurs at the lower surface. As a result, two rays are reflected
to the eye of an observer: one (ray 1) from the top surface and another (ray 2) from the
bottom (Figure 1). These two light rays travel along different paths. Whether they interfere constructively or destructively depends on their phase difference when they reach
the eye.
(a)

(b)

(c)
2

1
Figure 1
Light waves have undergone a 180º
phase change when reflected in (a),
but there is no phase change when
reflected at (b). Reflections from (a)
and (b) are shown together in (c).
(We show an angle for clarity, but in
reality all rays are vertical.)

air (faster)

1

air (faster)

2
film (slower)

film
(slower)

thin film

air (faster)

Recall that when waves pass into a slower medium, the partially reflected waves are
inverted (so that a positive pulse is reflected as a negative). When the transition is from
a slow medium to a fast medium, reflected waves are not inverted. Transmitted waves are
never inverted. Since both rays originate from the same source, they are initially in phase.
Ray 1 will be inverted when it is reflected, whereas ray 2 will not. Because the film is
very thin (t ,, λ), the extra distance travelled by ray 2 is negligible, and the two rays,
being 180° out of phase, interfere destructively (Figure 2(a)). For this reason, a dark
area occurs at the top of a vertical soap film, where the film is very thin.

512 Chapter 10

NEL

Section 10.4

(a)

(b)

(c)
1

destructive interference 1
(dark)

constructive interference
(bright)

2

1

2

destructive interference
(dark)

2

l
2

0

l
air
soap
air

t ,, l

path difference approaches zero

t5l
4

path difference is l
2

t5l
2

path difference is l

Figure 2
When we replace the very thin film in (a) with thicker films, as in (b)
and (c), the two rays have a significant difference in path-length.
( The diagrams are not drawn to scale.)

Let us now consider what happens if the soap film is a little thicker (Figure 2(b)).
In this case, ray 2 will have an appreciable path difference in comparison with ray 1. If the
λ
λ
λ
thickness t of the film is }}, the path difference is 2 3 }}, or }}, for nearly normal paths,
4
4
2
yielding a 180° phase delay. The two rays, initially out of phase because of reflection,
are now back in phase again. Constructive interference occurs, and a bright area is
observed.
λ
When the thickness of the film is }} and the path difference is λ (Figure 2(c)), the
2
two reflected rays are again out of phase and there is destructive interference.
λ
There will thus be dark areas for reflection when the thickness of the film is 0, }},
2
3λ
λ 3λ
λ, }}, … . For the same reason, bright areas will occur when the thickness is }}, }},
2
4 4
5λ
}}, … . In these conditions for destructive and constructive interference, λ is the wave4
length of light in the film, which would be less than the wavelength in air by a factor of
n, the index of refraction.

TRY THIS activity

Interference in Soap
Bubbles

Cover a clear showcase lamp with a red filter. Dip a wire loop into a soap solution. View
the soap film by reflected red light, holding the loop in a vertical position for at least one
minute. Remove the filter from the light so that white light strikes the soap film. Arrange
the white light and the soap film so that the light passes through the film. Compare the
respective patterns for transmitted and reflected light.
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The effects of gravity on a vertical soap film cause the film to be wedge-shaped, thin
at the top and thick at the bottom, with the thickness changing in a reasonably uniform
way. The thickness changes uniformly, producing successive horizontal segments of dark
and bright reflections, similar in appearance to the double-slit pattern under monochromatic light (Figure 3).

Figure 3
Interference in a thin soap film as
seen by transmitted light and
reflected light (far right)

When viewed under white light, the soap film produces a different effect. Since the spectral colours have different wavelengths, the thickness of the film required to produce
λ
constructive interference is different for each colour. For example, a thickness of }} for
4
λ
red light is greater than the corresponding }} thickness for blue light, since red light has
4
a longer wavelength in the film than blue light. Blue light and red light will therefore
reflect constructively at different film thicknesses. When white light is directed at the
film, each colour of the spectrum is reflected constructively from its own particular
film thickness, and the spectral colours are observed.
Interference also occurs when light is transmitted through a thin film. We will use
the soap film as an example. When the thickness t of the film is essentially zero (t ,, λ),
the transmitted light can be considered to consist of two rays: ray 1, transmitted without
any phase change, and ray 2, reflected twice internally and likewise transmitted without
a phase change. (Recall that for reflection from a slow medium to a fast medium there
is no phase change.) Since the path difference is negligible, the two rays emerge in phase,
yielding a bright area of constructive interference (Figure 4(a)). This is the opposite of
the result for light reflected from the same thin film. Dark areas of destructive interferλ 3λ 5λ
ence for transmission occur when the thickness is }}, }}, }}, … (Figure 4(b)). Bright
4 4 4
λ
3λ
transmission areas appear when the thickness is 0, }}, λ, }}, … (Figure 4(c)). (Remember
2
2
that the path difference is twice the film thickness.) In all cases, λ is the wavelength of the
light in the film material, which will be less than the wavelength of light in air by a factor
of n, the index of refraction.
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(b)

(a)
air
soap
air

(c)

t ,, l

constructive
0 interference
(bright)

t5l
4

t5l
2

destructive
interference
(dark)

1

2

l

l
2

12

constructive
interference
(bright)
1

path difference approaches zero

path difference is l
2

SAMPLE problem 1
In summer months, the amount of solar energy entering a house should be minimized.
Window glass is made energy-efficient by applying a coating to maximize reflected light.
Light in the midrange of the visible spectrum (at 568 nm) travels into energy-efficient
window glass, as in Figure 5. What thickness of the added coating is needed to maximize
reflected light and thus minimize transmitted light?

Solution
Reflection occurs both at the air–coating interface and at the coating–glass interface. In
both cases, the reflected light is 180º out of phase with the incident light, since both
reflections occur at a fast-to-slow boundary. The two reflected rays would therefore be in
phase if there were a zero path difference. To produce constructive interference the path
λ
λ
difference must be }}. In other words, the coating thickness t must be }}, where λ is the
2
4
wavelength of the light in the coating.

2

path difference is l
Figure 4
(a) Rays 1 and 2 emerge in phase.
Since there is no phase change
for ray 2 and t is very small,
constructive interference
results.
λ
(b) Ray 2 is delayed by }} and
2
interferes destructively with
ray 1.
(c) Ray 2 is delayed by λ and interferes constructively with ray 1.

ncoating 5 1.4
t 5 ?
λair
ncoating 5 }}
λcoating
λcoating

λair
5 }
ncoa}
ting

λcoating

568 nm
5 }
1.4
5 406 nm

glass
(n = 1.5)

air
(n = 1.0)

coating
(n = 1.4)
Figure 5
For Sample Problem 1

λcoating
t 5 }}
4
406 nm
5 }}
4
t 5 101 nm, or 1.0 3 1027 m

The required thickness for the coating is 1.0 3 1027 m.
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Practice
Understanding Concepts
Answers
1. 0, 242 nm; 485 nm
2. 193 nm
3. 5.50 3 102 nm
4. 233 nm

1. What are the three smallest thicknesses of a soap bubble capable of producing

reflective destructive interference for light with a wavelength of 645 nm in air?
(Assume that the index of refraction of soapy water is the same as that of pure
water, 1.33.)
2. A thin layer of glass (n 5 1.50) floats on a transparent liquid (n 5 1.35).

The glass is illuminated from above by light with a wavelength, in air, of
5.80 3 102 nm. Calculate the minimum thickness of the glass, in nanometres,
other than zero, capable of producing destructive interference in the reflected
light. Draw a diagram as part of your solution.
3. A coating, 177.4 nm thick, is applied to a lens to minimize reflections. The

respective indexes of refraction of the coating and of the lens material are 1.55
and 1.48. What wavelength in air is minimally reflected for normal incidence in
the smallest thickness? Draw a diagram as part of your solution.
4. A transparent oil (n 5 1.29) spills onto the surface of water (n 5 1.33), producing

a maximum of reflection with normally incident orange light, with a wavelength
of 6.00 3 1027 m in air. Assuming the maximum occurs in the first order, determine the thickness of the oil slick. Draw a diagram as part of your solution.

Mathematical Analysis of Interference
in an Air Wedge
air wedge the air between two
pieces of optically flat glass angled
to form a wedge

The soap film wedge, when held vertically and illuminated, produced bands of interference that were irregular. If an air wedge is created between two uniform pieces of
glass and illuminated, a measurable pattern of constructive and destructive interference
also results (Figure 6). This air wedge can be used to find the wavelength of the incident
light. More importantly, it can be used to measure the size of very small objects.

Figure 6
Interference in an air wedge
illuminated by mercury light

The spacing of successive dark fringes in the reflection interference pattern of an air
wedge may be calculated as follows (Figure 7):
Consider points G and F, where the glass-to-glass distances across the air wedge
λ
are }} and λ, respectively. At point G, there is both transmission and reflection.
2
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first dark
fringe

second dark
fringe

ray 1 ray 2

ray 19

ray 29

ow)

s (sl

glas

t

F
air (fast)

G
l
—
2

A

E

l
B

x1

C

D
glass (slow)

x2
L

Figure 7
Interference in an air wedge. The
diagram is not to scale, and
although the rays are drawn at an
oblique angle for clarity, the angle of
incidence approaches zero.

Since the light is going from a slow to a fast medium, there is no phase change in ray 1.
At point B, reflection is from a fast to a slow medium, yielding a phase change. But by
the time ray 2 lines up with ray 1, it has travelled two widths of GB, or one wavelength,
farther, keeping the phase change intact. The path difference between ray 1 and ray 2 is
one wavelength, and ray 1 and 2 interfere destructively, since they are 180o out of phase.
Similarly, destructive interference occurs at point F, because ray 19 and ray 29 are shifted
180o out of phase upon reflection and remain out of phase because ray 29 has had to
travel two wavelengths farther.
By similar triangles, we have, for the first dark fringe, nABG > nADE.
Therefore,
λ
}}
2
x1
}} 5 }
t
L

12

Lλ
x1 5 }}
2t

Similarly, for the second dark fringe, nACF > nADE.
x2
λ
}} 5 }}
t
L
Lλ
x2 5 }}
t

Since ∆x 5 x2 2 x1
Lλ
Lλ
5 }} 2 }}
t
2t
Lλ
1
∆x 5 }} 1 2 }}
t
2

1

2, or

λ
∆x 5 L }}
2t

1 2

where ∆x is the distance between dark fringes, L is the length of the air wedge, t is the
thickness of the base of the wedge, and λ is the wavelength of the light in the wedge.
Try applying the theory by perfoming Invesigation 10.4.1 in the Lab Activities section at
the end of this chapter, where you can measure the width of a strand of hair.

NEL

INVESTIGATION 10.4.1
Interference in Thin Films
and Air Wedges (p. 542)
How can you precisely measure the
widths of tiny objects, objects too
tiny to use conventional measuring
instruments? This investigation provides an opportunity to measure the
wavelength of light as well as the
width of a very thin object: a single
strand of your own hair.
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SAMPLE problem 2
(a) An air wedge between two microscope slides, 11.0 cm long and separated at one end
by a paper of thickness 0.091 mm, is illuminated with red light of wavelength 663 nm.
What is the spacing of the dark fringes in the interference pattern reflected from the
air wedge?
(b) How would the spacing change if the wedge were filled with water (n 5 1.33)?

Solution
t 5 0.091 mm 5 9.1 3 1023 cm

L 5 11.0 cm
λ 5 663 nm 5 6.63 3

1025 cm

∆x 5 ?

(a) In air:
λ
∆x 5 L }}
2t

1 2

6 .63 3 10 25 cm
5 11.0 cm }}
2 (9.1 3 1023 cm)

2

1

∆x 5 4.0 3 1022 cm

The spacing between the dark fringes in air is 4.0 3 1022 cm.
(b) If the air were replaced by water:
nw
λair
}} 5 }}
λ
na
water
na
λ water 5 }
} λair
nw

1 2

1. 00
5 }} (6.63 3 1025 cm)
1.33
λ water 5 4.98 3 1025 cm
λ
∆x 5 L }}
2t

1 2

4.98 3 1025 cm
5 11.0 cm }}
2(9.1 3 10 23 cm)

1

2

∆x 5 3.0 3 1022 cm

The spacing of the dark fringes in water would be 3.0 3 1022 cm.

Practice
Understanding Concepts
5. Two pieces of glass forming an air wedge 9.8 cm long are separated at one end

Answers
5. 6.9 3

1025

cm

6. 1.3 3 1023 cm
7. 1.8 3 1023 cm

by a piece of paper 1.92 3 1023 cm thick. When the wedge is illuminated by
monochromatic light, the distance between centres of the first and eighth successive dark bands is 1.23 cm. Calculate the wavelength of the light.
6. Light with a wavelength of 6.40 3 102 nm illuminates an air wedge 7.7 cm long,

formed by separating two pieces of glass with a sheet of paper. The spacing
between fringes is 0.19 cm. Calculate the thickness of the paper.
7. A piece of paper is placed at the end of an air wedge 4.0 cm long. Interference

fringes appear when light of wavelength 639 nm is reflected from the wedge.
A dark fringe occurs both at the vertex of the wedge and at its paper end, and
56 bright fringes appear between. Calculate the thickness of the paper.
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Now that we have studied how the wave theory applies to thin films and the mathematics of air wedges, we can apply this knowledge in the next section to examine some
real-world applications of thin films.

SUMMARY

•

•

•

Interference in Thin Films

For reflected light in thin films, destructive interference occurs when the
λ
3λ
thin film has a thickness of 0, }}, λ, }}, … , and constructive interference occurs
2
2
λ 3λ 5λ
at thicknesses of }}, }}, }}, … , where λ is the wavelength in the film.
4 4 4
For transmitted light in thin films, destructive interference occurs at
λ 3λ 5λ
λ
3λ
}}, }}, }}, … , and constructive interference occurs at 0, }}, λ, }}, … , where λ
4 4 4
2
2
is the wavelength in the film.
Air wedges can be used to determine the thicknesses of very small objects
λ
through the relationship ∆x 5 L }} .
2t

1 2

Section 10.4 Questions
Understanding Concepts
1. When light is transmitted through a vertical soap film, the

top of the film appears bright, not dark, as it is when
viewed from the other side. Explain, using diagrams and the
wave theory of light.
2. Explain why it is usually not possible to see interference

effects in thick films.
3. What is the minimum thickness of an air layer between two

flat glass surfaces (a) if the glass is to appear bright when
4.50 3 102-nm light is incident at 90°? (b) if the glass is to
appear dark? Use a diagram to explain your reasoning in
both cases.
4. A film of gasoline (n 5 1.40) floats on water (n 5 1.33).

Yellow light, of wavelength 5.80 3 102 nm, shines on this
film at an angle of 90°.
(a) Determine the minimum nonzero thickness of the film,
such that the film appears bright yellow from constructive interference.
(b) What would your answer have been if the gasoline had
been spread over glass (n 5 1.52) rather than over
water?
5. Two plane glass plates 10.0 cm long, touching at one end, are

6. Two plane glass plates 12.0 cm long, touching at one end,

and separated at the other end by a strip of paper, are illuminated by light of wavelength 6.30 3 1025 cm. A count of
the fringes gives an average of 8 dark fringes per centimetre. Calculate the thickness of the paper.
Making Connections
7. Semiconductors, such as silicon, are used to fabricate solar

cells. These cells are typically coated with a thin, transparent film to reduce reflection losses and increase the
efficiency of the conversion of solar energy to electrical
energy. Calculate the minimum thickness of the film
required to produce the least reflection of light with a
wavelength of 5.50 3 1025 m when a thin coating of silicon
oxide (n 5 1.45) is placed on silicon (n 5 3.50).
8. The national standards for new home construction may

include thin-film coatings, called “E-coatings,” on thermopane windows for energy conservation. Research this
standard, and find out how E-coatings are used to reduce
heat loss in winter and decrease heat gain in summer.
Write a short report on your findings.

GO

www.science.nelson.com

separated at the other end by a strip of paper 1.5 3 1023 mm
thick. When the plates are illuminated by monochromatic
light, the average distance between consecutive dark
fringes is 0.20 cm. Calculate the wavelength of the light.
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10.5

Applications of Thin Films
Newton’s Rings

Newton’s rings a series of concentric rings, produced as a result
of interference between the light
rays reflected by the top and bottom
of a curved surface

When a curved glass surface is placed in contact with a flat glass surface and is illuminated
by light, a series of concentric rings, called Newton’s rings (Figure 1), appears. The pattern results from interference between the rays reflected by the top and bottom of the
variable air gap, much like the interference in an air wedge between two flat glass sheets.

glass

Figure 1
Newton’s rings interference pattern

DID YOU KNOW

?

Newton’s Rings
Although named after Newton, the
phenomenon was first described by
Robert Hooke. Newton’s rings could
have provided strong support for
the wave theory of light, but neither
Newton nor Hooke realized their
significance.

These interference effects are quite useful. For example, the surface of an optical part
being ground to some desired curvature can be compared with the curvature of another
surface, known to be correct, by observing interference fringes. Similarly, the surface of
a metal block which is required to be perfectly flat can be tested by covering it with a flat
piece of glass (an “optical flat”). In areas where the metal is not flat, air gaps form, creating interference patterns and revealing areas in need of further machining (Figure 2).
With this machining technique, precisions to the order of a wavelength of light are
achievable.

Oil on Water

Figure 2
Interference caused by an optical flat

back-glare the reflection of light
from the back of eyeglass lenses
into the eyes

520 Chapter 10

The brilliant colours evident when light is reflected from a thin layer of oil floating on
water come from interference between the rays reflected from the surface of the oil and
those reflected from the surface of the water. The thickness of the oil film is subject to
local variations. Further, the thickness of the film at any one place is subject to change
over time, notably through evaporation of the oil. As with the soap bubble, different
thicknesses produce constructive interference at different wavelengths. The colours of the
spectrum reflected from oil on water constantly change position as the thickness of the
oil film changes, and a swirling of the spectral colours results. In the case shown in
Figure 3, both reflected rays are phase-inverted, at the air–oil interface in (a) and at the
oil–water interface in (b), since nair < noil < nwater.

Eyeglasses and Lenses
A common problem with eyeglasses is back-glare, an effect occurring when light is
reflected from the back of the glasses into the eyes. These reflections are significantly
reduced if an antireflective coating is put on the surface of the lens. If the coating is
λ
about }} thick, light reflected from the lens–coating interface interferes destructively
4
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coating
(n = 1.25)

path difference
l
=—
2
lens
(n = 1.56)

air (n = 1.00)
air (n = 1.00)
oil (n = 1.20)
water (n = 1.33)

air
(n = 1.00)

oil (n = 1.20)
water (n = 1.33)

l
—
4
Figure 3
Light reflected from upper and lower surfaces of a
thin film of oil lying on water

with light from the air–coating interface, minimizing the glare (Figure 4). Coatings are
commonly used in sunglasses for the same reasons.
Several of the most serious eye problems are linked to damage caused by ultraviolet
radiation (UV) from the Sun. For example, absorption of UV can eventually lead to
cataracts or macular degeneration, the leading cause of blindness in older people. A
coating of the appropriate thickness on the front surface of sunglasses can create destructive interference and eliminate some of the damaging wavelengths of UV. However, most
UV blocking in sunglasses occurs in the lens itself. Sunglasses often have labels indicating how much protection from UV is provided.
Another important application of thin films is the coating of lenses for optical instruments. A glass surface reflects about 4% of the light passing through it. At each surface,
internal reflections can create multiple or blurred images. Since a camera, for example,
can contain up to 10 separate lenses, this is a problem that cannot be ignored. Applying
a very thin coating on the surface of each lens reduces reflection. The thickness is selected
to ensure that light reflected from both surfaces of the coating interferes destructively.
A coating material is chosen with a refractive index midway between the indexes of air
(n 5 1.0) and glass (n 5 1.5). The amount of reflection at the air–coating interface is then
about equal to the amount at the coating–glass interface, and destructive interference upon
reflection can occur for a specified wavelength, depending on the thickness of the film.
The wavelength usually chosen is close to the midpoint of the visual spectrum (550 nm).
Since reflected light near the violet and red extremes of the spectrum is not reduced
very much, the surface of the coated lens reflects a mixture of violet and red light and
appears purple. With multiple coatings, reflection can be minimized over a wider range
of wavelengths. Reflected light cannot be eliminated entirely. Typically, a single coating
reduces reflection to 1% of the incident light.

Figure 4
Back-glare of light in the mid-range
of the visible spectrum is reduced in
eyeglasses with a thin coating.

DID YOU KNOW

?

CD Formatting
Most CDs are formatted for
650 MB or 700 MB, leaving some
space for other data.

CDs and DVDs
A CD can store up to 74 minutes of music. But how can more than 783 megabytes (MB)
of audio information be stored on a disc only 12 cm in diameter and 1.2 mm thick?
Most CDs consist of an injection-moulded piece of polycarbonate plastic. When the
CD is manufactured, data are recorded as a series of bumps along spiral tracking, circling
from the inside of the disc to the outside (Figure 5). Next, a very thin, clear layer of aluminum is put onto the disc, covering the bumps. This, in turn, is coated with a layer of
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Figure 5
The track is only 0.5 mm wide; if
stretched into a straight line, this
track would be 5 km long.
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acrylic, which protects the aluminum. Finally, the label is printed onto the acrylic
(Figure 6).
label
acrylic
aluminum

Figure 6
Coatings on a CD

1.25 nm

1.2 mm
polycarbonate plastic

DID YOU KNOW

?

Bumps and Pits
CD bumps are often referred to as
pits. The bumps do appear as pits
on the top side but are bumps on
the bottom of the disc, where the
laser reads them.

Reading the data stored on the disc requires great precision from the CD player. The
three subsystems that operate the player are the drive motor system, the laser and lens
system, and the tracking system (Figure 7). The drive motor spins the disc at speeds
ranging from 200 to 500 rpm, depending on the track that is being “read.” A diffraction
grating, placed in front of the laser, produces three beams (Figure 8). The centre beam
follows the data track, but the two first-order diffracted beams follow the smooth surface between adjacent tracks. Reflected light from the two diffracted beams keeps the
laser correctly positioned on the data track of bumps and spaces. As the CD is played,
the laser follows the track outward from the centre of the disc. Since the bumps must travel
at a constant speed past the laser, the drive motor must slow down in a precisely prescribed
way as the laser moves toward the edge.

central maximum
beam
first-order
maximum
tracking beam

first-order
maximum
tracking beam

Figure 7
Inside a CD player

diffraction
grating

laser

Figure 8
Construction of the laser pickup
assembly. A three-beam tracking
method is often used in CD players
to ensure that the laser follows the
spiral track correctly. The three
beams are created by a diffraction
grating from a single laser beam.
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Laser light is directed through a small lens onto the data track (Figure 9), where it is
reflected from the aluminized bumps. The original laser beam is polarized vertically, so
it is transmitted through the polarized beam splitter with no reflection. Because the
beam is polarized, the beam splitter reflects nearly the entire beam into the photodiode
detector. The depth of the spaces between the bumps is approximately one-quarter the
λ
wavelength of the laser light in the acrylic. In thin films, where the thickness is }}, the
4
light reflected from the bottom surface and the light reflected from the top surface are
λ
180° out of phase. It has also travelled }} farther than the light from the bump. The
2
resulting destructive interference produces a decrease in the intensity of the reflected
light from the spaces. The variation in the intensity of the reflected laser light produces
an electric signal having the same characteristics as the original etched on the disc at
manufacture. The electronics in the player interprets these changes in intensity as bits comprising bytes. The digital data are converted to an analog signal and amplified to produce
music. Other data encoded on the disc give the position of the laser on the track and
encode additional information, such as music titles. Bytes are read in a similar way from
a CD-ROM in a computer disk drive.
NEL
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CDs produce better sound than magnetic tape and vinyl records because there
is little background distortion or background noise, each note has unvaried pitch,
and the dynamic range is wider than with tape and vinyl. Further, CDs are more
durable than tape and vinyl because there is no reading head rubbing against the
recorded surface.
CD writers are disc players that can also record data onto a blank CD. In the
CD-R (read) format, the recording is permanent (comprising “read-only” data).
Such CDs are used for data backup, for the permanent storage of computer software, and for the creation of music CDs. In the CD-RW (“read-write”) format,
information is stored in such a way that it can be erased, allowing the disc to be
reused. The digital-video disc (DVD) superficially resembles a CD but has about
seven times its capacity, permitting the storage of up to 133 minutes of highresolution video. The DVD is consequently a popular format for viewing movies
in the home. Although DVDs are physically the same size as CDs, to be able to
record this much data they must be constructed differently: the tracks are narrower (320 nm in width, as opposed to 500 nm in the conventional CD) and
closer together, and the laser used has a shorter wavelength (635 nm, as opposed to
780 nm with the CD). Another difference is the addition of a top semireflective
layer of gold. The DVD laser can focus through the outer layer to the inner layer,
receiving information from both layers. A DVD can record up to 4.7 GB on a single
layer, 8.5 GB on a double layer, and 17 GB if both sides of the disc are used (Figure 10).
Most DVD players can play CDs and CD-R discs as well since the physical mechanism is similar. DVD drives are now used in computers, replacing CD-ROMs,
because of their much higher capacity.
single-sided, single layer (4.7 GB)

single-sided, double layer (8.5 GB)

bumps

polycarbonate layer

objective lens
disc

focusing coils
photodetector
beam
splitting
prism

laser diode
Figure 9
Reading a CD

double-sided, double layer (17 GB)

Figure 10
Different DVD formats

New advances in laser technology will further enhance the storage capacity of CDs and
DVDs. For example, lasers using light in the blue range of the electromagnetic spectrum will allow the data tracks to be even closer together since the wavelength of light
in that range is smaller than that currently used.

SUMMARY

•
•
•
•
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Applications of Thin Films

Newton’s rings can be used to determine the “flatness” of objects.
Thinly coated lenses reduce or eliminate unwanted reflections and UV radiation.
λ
If the coating is }} thick, destructive interference effectively reduces reflected
4
light.
CDs and DVDs use principles of thin-film interference and polarization.
DVDs have a much higher capacity than CDs: their tracks are narrower; they can
record data on two levels; and they use both sides of the disc.
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Section 10.5 Questions
Understanding Concepts
1. Explain why a dark spot appears at the centre of Newton’s

rings. Consider the phase changes that occur when light
reflects from the upper curved surface and the lower flat
surface.
2. Explain what causes the effect in Figure 11.

Applying Inquiry Skills
10. Predict what you will see if you take two microscope slides,

press them together so they “stick,” and illuminate them at
an angle under a point light source, such as a quartzhalogen reading lamp. Try it to verify your prediction.
Making Connections
11. Nonreflecting glass is used in picture frames to reduce

glare. Explain, using the wave theory of light, how nonreflecting glass might be manufactured.
12. Research the Internet and other sources and write a short

report on how CDs and DVDs are recorded on a computer.
Pay particular attention to the operation of the laser and its
effect on the recording surface.

GO
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13. A thin layer of gold has been applied to the outside surface

Figure 11

of the glass of the Royal Bank Tower in Toronto (Figure 12).
Interference is not the prime reason for using a thin film in
this application. What are other reasons?

3. A plano-convex lens (flat on one side, convex on the other)

rests with its curved side on a flat glass surface. The lens is
illuminated from above by light of wavelength 521 nm.
A dark spot is observed at the centre, surrounded by
15 concentric dark rings (with bright rings in between).
How much thicker is the air wedge at the position of the
16th dark ring than at the centre?
4. Calculate the minimum thickness of a layer of magnesium

fluoride (n 5 1.38) on flint glass (n 5 1.66) in a lens system,
if light of wavelength 5.50 3 102 nm in air is to undergo destructive interference.
5. A lens appears greenish yellow (λ 5 5.70 3 10 2 nm is

strongest) when white light reflects from it. What minimum
thickness of coating (n 5 1.38) was used on such a glass
lens (n 5 1.50) and why? Draw a diagram as part of your
solution.
6. You are designing a lens system to be used primarily for

red light (7.00 3 102 nm). What is the second thinnest
coating of magnesium fluoride (n 5 1.38) that would be
nonreflective for this wavelength?
7. The index of refraction of the acrylic coating in a certain CD

is 1.50. Calculate the heights of the bumps needed to produce destructive interference if the laser operates at a
wavelength of 7.80 3 102 nm in air.
8. In terms of the tracking system, explain how CDs can be

smaller than the standard 12 cm.
9. Explain how you can tell the difference between a regular

DVD and an extended play DVD just by looking at it under
white light.
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Figure 12
Royal Bank Tower in Toronto
14. Thin-film technology is used in the manufacture of

microchips and microprocessors as a means of measuring
the thickness of the various applied layers. Research this
application and write a short report on your findings.

GO
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15. When information is scanned into a computer from an

acetate sheet on a flatbed scanner, sometimes dark fringes
appear in some areas of the computer image. Explain what
may cause this effect.
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Holography
When a photograph is taken of your face, the image is recorded on the photographic
film. With the appropriate lens located at the correct distance from the film, a sharp image
is obtained. But the lens only focuses the detail in one direction. To obtain a three-dimensional picture of your face, your camera would have to record countless different positions.
A technique for producing a three-dimensional image on a single film was discovered in 1947 by a Hungarian-born physicist, Dr. Dennis Gabor, working in London,
U.K., at the Imperial College. Gabor was trying to improve the images produced by the
electron microscope discussed in Section 12.2. Only small areas of the tiny object being
viewed were in focus. He reasoned that the answer might lie not in taking a conventional electron microscope picture, but one that had all the information radiated from
the illuminated object. The area of interest could then be sharpened by optical means.
In other words, he envisioned a method whereby a picture would be taken, not of the scene
itself, but of the light from the scene.
Gabor’s theories assumed that light waves radiating from the various points on an
illuminated object would interfere with each other, and the images recorded on the photographic film would be the resulting interference patterns. After the film had been
developed and light passed through it, the original three-dimensional image would be
reproduced. Gabor called such a film a hologram (from the Greek holos, for “whole,”
and gramma, “that which is drawn or written”).
Gabor was able to demonstrate, using white light, that his ideas worked. However,
the images, while three dimensional, were anything but sharp. The problem was that an
ordinary white light source has a large range of frequencies. In addition, even at any
one particular frequency, white light is “incoherent,” being a mixture of waves, which
over a short time interval, exhibit all possible phase shifts. The problem was overcome
in 1960, with the development of lasers, light sources that are not only of high intensity
and monochromatic but coherent.
E.N. Leith and Juris Upatnieks, two American physicists working at the University of
Michigan, produced the first laser holograph in 1963. They illuminated an object with
a laser beam that scattered the laser light onto a photographic film. From the first beam,
they split off a second reference beam, using mirrors to direct it at the same film (Figure 1).
(a)

10.6

LEARNING TIP
Holograph
A holograph is what you see when
a hologram is illuminated.

hologram the three-dimensional
image formed as a result of interference of (transmitted or reflected)
coherent light

Figure 1
(a) Making a laser transmission
hologram
(b) Viewing a holograph

(b)
lenses

mirror

laser
observer

reference
beam
interference
pattern

beam
splitter

film

reference
beam

object
object beam

laser
mirror

mirror
lenses

NEL

film

vi

virtual image

film

observer
Wave Effects of Light

525

When light from the two beams interfered on its surface, the film recorded the interference pattern. To the naked eye in white light, the film appeared to contain grey
smudges. But when these patterns were illuminated with the same laser light, a truly
three-dimensional image was created. Nearly all scientific and commercial holographic
images are now created in this same way (Figure 2). The implications of Dennis Gabor’s
work were recognized in 1971, when he was awarded the Nobel Prize in physics.

Figure 2
Producing a three-dimensional
image of a golf ball with laser light

Holography already has numerous applications and may some day have many more.
The ideas in optical holography have already, for example, been adapted to ultrasound,
yielding three-dimensional images of the internal structures and organs of the human
body. Holographic pictures appear on credit cards and printed money to discourage
counterfeiters. The principles of holography are used to record the bars and stripes of the
Universal Product Code (UPC) that identifies the groceries scanned by a laser at a checkout counter (Figure 3).
Figure 3
A low-powered laser bounces from
a mirror to a rotating disc with 21
pie-shaped facets. Each facet is a
separate hologram that directs the
light in a unique direction, with a
different angle, elevation, and focal
length than the other facets. One of
the sweeps will succeed in reaching
the Universal Product Code (UPC)
on the grocery item. Light from the
successful sweep will be reflected
back to a photodetector, which will
convert the optical signal into electric pulses. A computer will interpret
the pulses, recording the purchase
and updating the inventory.

UPC

window
holographic scanning disc

half-silvered mirror
lens

motor
laser

photodetector
supermarket
checkout counter
to computer
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Figure 4
These holograms of a tire indicate
any areas of tire separation.

Laser light and an apparatus similar to Michelson’s interferometer (Section 10.7)
are used to find invisible defects in such products as tires, pipes, aircraft parts, computer disk drives, and even tennis rackets (Figure 4). In the future, holograms taken
with X-ray lasers could provide detailed images of microscopic objects. True threedimensional cinema, television, and computer graphics will probably be produced by
holography. Holographic memory holds the promise of storing the information from
a thousand CDs in a crystal the size of a sugar cube.

SUMMARY

TRY THIS activity

Viewing Holograms
Illuminate commercially prepared
holograms with laser light. Use a
magnifying glass to examine holograms on paper money and credit
cards.

Holography

•

Holography is the process of storing all of the light radiated from an object
and then reproducing it.

•

Holography is used for three-dimensional viewing, security, scanning, and
quality control.

Do not let direct laser
beams or reflected
beams go straight into
anyone’s eyes.

Section 10.6 Questions
Understanding Concepts
1. Explain why the invention of the laser contributed to the

technique of holography.
2. What is the difference between a hologram and a normal

film negative?
3. Why does a hologram inspected in white light appear as a

Making Connections
5. The words “hologram” and “holographic” have some special

uses outside physics. Research what historians mean by
“holographic document” and what lawyers mean by “holographic will,” and write a report on your findings.

GO
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mixture of smudges?
Applying Inquiry Skills
4. The manager of a party supply store near your school has

hired your science class and the art department to create a
window display for Halloween. You are to design the part of
the display that includes a hologram ghost. How will you
proceed?

NEL

6. Research holographic computer memory and prepare a

research paper on how it might work.
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10.7
(a)
M1 (movable mirror)

M2 (fixed mirror)
M

source

translucent
screen

eye

(b)

Michelson’s Interferometer
The German-born American physicist Albert Michelson (1852–1931) developed the
interferometer (Figure 1), an instrument used to measure small distances. Monochromatic
light strikes a half-silvered mirror M, which acts as a beam splitter. Half the light is
reflected up to the movable mirror M1, where it is reflected back to the observer. The other
half is first reflected back by the fixed mirror M2, then reflected by mirror M to the
observer. If the two path lengths are identical, the two beams enter the eye in phase,
yielding constructive interference. If the movable mirror (M1) is moved a distance
λ
λ
equal to }}, one beam travels an extra distance of } , yielding destructive interference.
4
2
If M1 is moved farther, constructive or destructive interference occurs, depending on
the path difference. If either M1 or M2 is tipped slightly, both constructive and destructive fringes appear, since the path lengths are different for different points on the surface
of the tilted mirror.
λ
As M1 is moved through a distance of } , a given fringe will change from dark to
2
light and back to dark again. The overall effect will thus be that the fringe pattern has
shifted one position. (One dark fringe is replaced by the next dark fringe, relative to a fixed
reference point.) By counting the number of fringes that move laterally in this way, we
can determine the total displacement of the movable mirror in terms of the source waveλ
length, since each fringe move represents movement in the mirror of } . A sample
2
problem will illustrate this concept.

SAMPLE problem
You visit an optical engineering house in which an interferometer is illuminated by a
monochromatic source of wavelength 6.4 3 1027 m. You slowly and carefully move the
movable mirror. You find that 100 bright fringes move past the reference point. How far did
you move the mirror?
Figure 1
(a) Michelson’s interferometer
(b) Using a Michelson
interferometer

Solution
λ 5 6.4 3 1027 m
100 fringes = 50λ
The path difference is 50λ, or (50)(6.4 3 1027 m) 5 3.2 3 1025 m.
The mirror has moved half this distance, or 1.6 3 1025 m.

Practice
Understanding Concepts
1. You are observing a system of straight vertical fringes in a Michelson interfer-

Answers
1. 2.50 3

102

nm

2. 0.319 mm
3. 679 nm

ometer using light with a wavelength of 5.00 3 102 nm. By how much must one
of the mirrors be moved to cause a bright band to shift into the position previously occupied by an adjacent bright band?
2. One of the mirrors of a Michelson interferometer is moved, causing 1000 fringe

pairs to shift past the hairline in a viewing telescope. The interferometer is illuminated by a 638-nm source. How far was the mirror moved?
3. You count 598 bright fringes upon displacing the moveable mirror in a Michelson

interferometer through 0.203 mm. Calculate the wavelength of the light.
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Using the Interferometer
Michelson used his interferometer to try to determine the length of the standard metre
in terms of the wavelength of a red line in the cadmium spectrum. He was searching
for a length standard that would be more precise than the existing “standard metre” (a
pair of lines inscribed on a platinum-iridium bar near Paris) and would also be precisely reproducible anywhere in the world. Michelson’s technique was accepted and the
metre redefined but in terms of the wavelength of the orange-red line in the spectrum
of krypton-86.
Another important historic use of the interferometer was the precise measurement of
the speed of light in various media, achieved by placing the transparent medium into one
beam of the interferometer. These measurements further illustrate the relationship
between the refractive index of a material and the speed of light in it, another verification of the wave theory of light (see Section 9.5).
The most celebrated use of the instrument, however, was in Michelson and Morley’s
finding that the speed of light in vacuum is constant and independent of the motion of
the observer. We will see in Chapter 11 that Einstein used these important findings in his
1905 special theory of relativity.

SUMMARY

Michelson’s Interferometer

•

Interferometers can measure distances as small as a wavelength of light, using
interference fringes.

•

Interferometers have been used to define the standard metre and to measure the
speed of light in various media. Interferometers were used historically to verify
that the speed of light is a constant.

Section 10.7 Questions
Understanding Concepts
1. Why are measurements with the Michelson interferometer

so precise?
2. A micrometer is connected to the movable mirror of an

interferometer. In the process of adjusting the micrometer
to permit the insertion of a thin metal foil, 262 bright fringes
move past the eyepiece crosshairs. The interferometer is
illuminated by a 638-nm source. Calculate the thickness of
the foil.
3. A Michelson interferometer is illuminated with monochro-

matic light. When one of its mirrors is moved 2.32 3
1025 m, 89 fringe pairs pass by. Calculate the wavelength
of the incident beam.
4. Calculate how far the mirror in Michelson’s interferometer

5. You are working with Michelson’s interferometer and a

monochromatic source. You count 595 bright fringes upon
moving the mirror 2.14 3 1024 m. Calculate the wavelength
of the light entering the interferometer.
Applying Inquiry Skills
6. Explain how an interferometer can be used to measure the

index of refraction for liquids and gases.
Making Connections
7. Research the process used with an interferometer to define

the length of a standard metre and write a brief summary.
8. How might an interferometer be used to determine minute

movements in Earth’s crust?

must be moved if 580 fringes of 589-nm light are to pass by
a reference point.

NEL
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10.8
DID YOU KNOW

?

James Clerk Maxwell

Electromagnetic Waves and Light
Once Oersted and Faraday had established the basic relationships between electricity
and magnetism in the early nineteenth century, it was not long before others began to
extend electromagnetic theory to closely related phenomena. One of the great scientific
achievements of the nineteenth century was the discovery that waves of electromagnetic energy travel through space.
In 1864, the Scottish physicist and mathematician James Clerk Maxwell summarized
his theories about electromagnetic fields as four basic relationships, appropriately known
as Maxwell’s equations of electromagnetism. Although the equations require mathematical notation beyond the scope of this text, we can summarize Maxwell’s main ideas
in words:
1. The distribution of electric charges, in space, produces an electric field.

James Clerk Maxwell (1831–1879) is
regarded as one of the greatest
physicists the world has known.
Einstein stated that his work
resulted in the most profound
changes in physics since Newton.
Maxwell died young and failed to
see the corroboration of his theory
by Hertz’s laboratory creation of
radio waves. His work paved the
way for Einstein’s special theory of
relativity and helped usher in the
other major innovation of twentiethcentury physics, quantum theory.
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2. Magnetic field lines are continuous loops without beginning or end. Electric
field lines, on the other hand, begin and end on electric charges.
3. A changing electric field produces a magnetic field.
4. A changing magnetic field produces an electric field.
These statements should already be familiar to you, with the possible exception of 4.
It is basically Faraday’s law of electromagnetic induction, which, as you recall from
Chapter 8, states that a changing magnetic field in the region of a conductor induces a
potential difference in the conductor, causing a current to flow. For such an induced
current to flow through a conductor, there must be an electric field present in the conductor, causing its charged particles to move.
These two converse phenomena—a changing electric field producing a magnetic field
and a changing magnetic field producing an electric field—led Maxwell to an inevitable
conclusion. He predicted that as they continuously changed, interacting electric and
magnetic fields would actually travel through space in the form of electromagnetic
waves. Further, Maxwell worked out the essential characteristics of such a wave:

•

Electromagnetic waves are produced whenever electric charges are accelerated.
The accelerated charge loses energy that is carried away in the electromagnetic
wave.

•

If the electric charge is accelerated in periodic motion, the frequency of the electromagnetic waves produced is exactly equal to the frequency of oscillation of the
charge.

•

All electromagnetic waves travel through a vacuum at a common speed
(c 5 3.00 3 108 m/s), and obey the universal wave equation, c 5 f λ .

•

Electromagnetic waves consist of electric and magnetic fields oscillating in phase,
perpendicular to each other, and both at 90° to the direction of propagation of
the wave, as depicted in Figure 1.

•

Electromagnetic waves exhibit the properties of interference, diffraction, polarization, and refraction and can carry linear and angular momentum.

•

All electromagnetic waves can be polarized, and radiation where the electric field
vector is in only one plane is said to be plane-polarized. (The plane of polarization is the plane containing all of the changing electric field vectors.)
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Figure 1
The electric and magnetic fields are
perpendicular to one another and to
the direction of radiation.

«
l

c
B

Such an electromagnetic wave was first produced and detected in the laboratory by
the German physicist Heinrich Hertz (1857–1894) in 1887, not long after Maxwell’s death.
Using a spark gap, across which electric charges moved rapidly back and forth, Hertz was
able to generate electromagnetic waves whose frequency was about 1 MHz. He detected
these waves from some distance away, using as an antenna a loop of wire in which a current was produced when a changing magnetic field passed through (Figure 2).

DID YOU KNOW

?

The Hertz
The SI unit for frequency, equivalent to “one cycle per second,” in
strict mathematical accuracy “s21,”
is named for Hertz: 1 s21 5 1 Hz.

induction coil
battery

spark gap

reflectors
Figure 2
Hertz’s experimental setup

Hertz was also able to show that these waves travelled at the speed of light in a vacuum
and that they exhibited the characteristic wave phenomena: reflection, refraction, interference, and even polarization.
Hertz called his waves radio waves. His discovery lay the experimental foundation for
engineering by Marconi and other radio pioneers, who first transmitted radio waves
across the English Channel in 1889. Despite predictions that Earth’s curvature would
make long-distance communication by electromagnetic waves impossible, Marconi
spanned the Atlantic in 1901. At what is now called Signal Hill, in St. John’s, Newfoundland,
he received a Morse code “S” sent from Cornwall, England, 3360 km away.
The prediction made by Maxwell, and its verification by Hertz, that electromagnetic
waves travel at the speed of light was of paramount significance. Although it had been
accepted for over half a century that light behaves as a wave, it had remained unclear

NEL

radio waves electromagnetic
waves in the frequency range 104 to
1010 Hz; used in radio and TV transmission
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what, in concrete physical terms, the wave was. Maxwell, on the basis of his calculated
speed for electromagnetic waves, argued that light waves must be electromagnetic. After
Hertz’s discovery of radio waves, Maxwell’s claim was soon widely accepted.

The Electromagnetic Spectrum
Visible light and radio waves occupy only two small ranges of all the frequencies possible
for oscillating electric and magnetic fields. Today, we know that there is a broad range
of frequencies of electromagnetic waves—the electromagnetic spectrum—all having
the basic characteristics predicted by Maxwell. Table 1 lists the names that have been
given to the various regions of this spectrum and the approximate frequency range for
each region, with a brief description of the type of accelerated charge that leads to the
formation of each.
A sample problem will illustrate how traditional wave analysis can be used to solve problems using various regions of the spectrum.
Table 1 The Electromagnetic Spectrum
Type of Radiation

Frequency Range

Origin of Radiation

Applications or Effects of Radiation

low frequency AC

60 Hz

weak radiation emitted from
conductors of AC power

causes interference in radio reception
when passing near high-voltage
transmission lines

radio, radar, TV

104 2 1010 Hz

oscillations in electric circuits containing
inductive and capacitive components

transmission of radio and TV communication signals; ship and aircraft navigation by radar; reception of radio waves
from space by radio telescopes;
control of satellites, space probes, and
guided missiles

microwaves

109 2 1012 Hz

oscillating currents in special tubes and
solid-state devices

long-range transmission of TV and other
telecommunication information; cooking
in microwave ovens

infrared

1011 2 4 3 1014 Hz

transitions of outer electrons in atoms
and molecules

causes the direct heating effect of the
Sun and other radiant heat sources; is
used for remote sensing and
thermography

visible light

4 3 1014 2 8 3 1014 Hz

higher-energy transitions of outer
electrons in atoms

radiation that can be detected by the
human eye, giving the sensation of
“seeing”

ultraviolet

8 3 1014 2 1017 Hz

even higher energy transitions of outer
electrons in atoms

causes fluorescence in some materials;
causes “tanning” of human skin; kills
bacteria; aids in the synthesis of
vitamin D by the human body

X rays

1015 2 1020 Hz

transitions of inner electrons of atoms or
the rapid deceleration of high-energy
free electrons

penetrate soft tissue easily but are
absorbed by denser tissue, like bones
and teeth, to produce X-ray images of
internal body structures; used for
radiation therapy and nondestructive
testing in industry

gamma rays

1019 2 1024 Hz

nuclei of atoms, both spontaneous
and from the sudden deceleration of
very high-energy particles from
accelerators

treatment for localized cancerous
tumours

cosmic rays

> 1024 Hz

bombardment of Earth’s atmosphere by
very high-energy particles from space

responsible for auroras
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SAMPLE problem
Microwaves with a wavelength of 1.5 cm are used to transmit television signals coast to
coast, through a network of relay towers.
(a) What is the frequency of these microwaves?
(b) How long does it take a microwave signal to cross the continent from St. John’s,
Newfoundland, to Victoria, British Columbia, a distance of approximately
5.0 3 103 km?

Solution
(a) λ 5 1.5 cm
v 5 c 5 3.00 3 108 m/s
f 5 ?
c
f 5 }}
λ
3.00 3 108 m/s
5 }}
1.5 3 1022 m
f 5 2.0 3 1010 Hz

The frequency is 2.0 3 1010 Hz.
(b) ∆d 5 5.0 3 103 km 5 5.0 3 106 m
∆t 5 ?
∆d 5 v∆t
5 c∆t
∆d
∆t 5 }c}
5.0 3 106 m
5 }}
3.0 3 10 8 m/s
∆t 5 1.6 3 1022 s

The time required is 1.6 3 1022 s.

Practice
Understanding Concepts
1. Calculate the wavelength of the signal radiated by an FM broadcast station with

a frequency of 107.1 MHz.
2. Your class is touring a university physics lab. You notice an X-ray machine oper-

ating at 3.00 3 1017 Hz. What is the wavelength of the X rays produced?
3. Calculate the period of the light emitted by a helium–neon laser whose wave-

length is 638 nm.

Answers
1. 2.80 m
2. 1.00 3 1029 m
3. 2.13 3 10215 s
4. 1.0

4. How many wavelengths of the radiation emitted by a 6.0 3 101 Hz electrical

transmission line would it take to span the North American continent (a distance of approximately 5.0 3 103 km)?

In this unit, we started with a systematic inventory of the properties of light but came
to the conclusion that light is just one of the many radiations in the electromagnetic
spectrum, all possessing the same set of essential properties.
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SUMMARY

Electromagnetic Waves and Light

•

Maxwell postulated and Hertz proved that light and all radiations travel as electromagnetic waves through space at the speed of light (3.00 3 108 m/s).

•

Electromagnetic waves consist of electric and magnetic fields that oscillate in
phase and perpendicular to each other and to the direction of wave propagation.

•

Electromagnetic waves exhibit the properties of interference, diffraction, polarization, reflection, and refraction.

•

The electromagnetic spectrum makes up all the radiations that originate from a
source with a changing electric or magnetic field.

•

The electromagnetic spectrum consists of radio waves (including microwaves),
infrared waves, visible light, ultraviolet light, X rays, gamma rays, and
cosmic rays.

Section 10.8 Questions
Understanding Concepts
1. Calculate the quantity indicated for each of the following

electromagnetic waves:
(a) the frequency of an 1.80-cm wavelength microwave
(b) the wavelength of a 3.20 3 1010-Hz radar signal
(c) the distance between adjacent maxima of magnetic
field strength in the electromagnetic wave created by a
60.0-Hz transmission line
(d) the frequency of red visible light, of wavelength
6.5 3 1027 nm
2. Two football fans are listening to the Grey Cup game on the

radio, one in Montreal, where the game is being played, the
other in Inuvik, Northwest Territories, 6.00 3 103 km away.
The distant signal is transmitted by microwave, through a
communications satellite at an altitude of 3.6 3 104 km.
Making whatever assumptions seem reasonable, determine
how much sooner the fan in Montreal hears the results of
any play.
3. A slit 6.0 cm wide is placed in front of a microwave source

operating at a frequency of 7.5 GHz. Calculate the angle
(measured from the central maximum) of the first minimum
in the diffraction pattern.

Applying Inquiry Skills
5. How could you use a small portable radio to locate a high-

voltage leak in the ignition system of a car?
Making Connections
6. Why is it that when television correspondents are inter-

viewed live on the other side of the planet, there is a short
delay before their responses are heard?
7. Television and radio waves can reflect from nearby moun-

tains or from airplanes. Such reflections can interfere with
the direct signal from the station.
(a) Determine what kind of interference will occur when
75-MHz television signals arrive at a receiver directly
from a distant station and are also reflected from an
airplane 134 m directly above the receiver. (Assume a
λ
}} change in phase of the wave upon reflection.)
2
Explain your reasoning.
(b) Determine what kind of interference will occur if the
plane is 42 m closer to the receiver. Explain your
reasoning.

4. The first radio amateurs used high-voltage electrical arcs,

as Hertz did, to generate radio waves and communicate
with one another. Why did this soon become an unworkable situation?
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Radio and Television Communications
Marconi first recognized the potential for transmitting information over long distances,
using electromagnetic waves without any direct connection by wires. From his early
dot–dash Morse code pulses evolved our present sophisticated radio and television
networks.
Figure 1 shows the typical components of a modern communications transmitter.
Sound waves are detected by a microphone and converted into a weak audio signal. This
electrical signal is strengthened by an amplifier before passing into a modulator, where
it either modulates the amplitude (in the case of AM) or creates slight perturbations in
the frequency (in FM) of a radio-frequency (RF) carrier signal from the RF oscillator. This
RF signal wavelength is different for each station.

RF
oscillator

sound
waves

DID YOU KNOW

?

TV Antennas
The receiving antenna could be an
iron core wrapped with wire, a
long wire, a metal rod, or a multielement rooftop antenna. The
signal could also enter your home
by cable, either as range RF or in
digital form. Your cable supplier
has already received the signal
with its equipment, thus replacing
the antenna.

transmitting
antenna

RF signal = carrier
audio
signal

amplifier

audio
signal
(amplified)

modulator

modulated
signal

amplifier

microphone
Figure 1
Transmitter circuit

The carrier frequency is the frequency you “tune” on your radio dial. The signal is
then further amplified and supplied to a transmitting antenna, generating the electromagnetic wave. A television signal is produced in much the same way as audio radio, except
that the carrier frequency is mixed with two signals: one for audio and the other for
video. With both television and audio radio, electrons in the transmitting antenna oscillate back and forth at the carrier frequency. The accelerating charges produce the electromagnetic wave, which travels at the speed of light to your home receiver.
In the typical receiver shown in Figure 2, the receiving antenna detects
incoming electromagnetic waves. The incoming, oscillating electromagnetic fields cause free electrons in the conducting material to move,
loudspeaker
creating a weak electric current in the antenna. The net effect is the production of a small electrical signal in the antenna, containing a mixture of frequencies from many different transmitting stations.
The first task for the receiver is to select a certain carrier frequency,
or small range of frequencies, corresponding to a particular station. The
selected RF signal is then amplified and sent into a demodulator, which
separates the audio signal from the carrier signal. When this audio freFigure 2
Receiver circuit
quency (AF) signal has been successfully separated, it is amplified
NEL
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DID YOU KNOW

?

Assigning Frequency Ranges
The Canadian and American governments, through the Canadian
Radio-television and
Telecommunications Commission
(CRTC) and the United States
Federal Communications
Commission (FCC), have the task of
assigning carrier frequency ranges
for various purposes, so that signals
do not overlap and therefore prevent clear detection.

and sent to the speaker for conversion into sound waves. In TV transmission, two distinct
signals are demodulated, with the audio signal going to the speaker and the video signal
to the picture tube.
In addition to radio and TV bands, frequency bands have been assigned for Citizens
Band (CB) radio, ship-to-shore radio, aircraft, police, military, and amateur radio, cellular telephone, space and satellite communications, and radar (Figure 3).

Infrared
Infrared radiation (IR) occupies the region between microwaves and visible light. The
frequencies range from about 1.0 3 1011 Hz to about 4 3 1014 Hz. We know that very hot
objects emit electromagnetic radiation. At relatively low temperatures, we can feel the
heat—infrared radiation—from an electric stove element. At higher temperatures, the
element begins to glow red, indicating a range of emission in the visible region of the
spectrum. At even higher temperatures, such as that of an incandescent light bulb filament,
a white glow is observed. We can see that as the temperature of matter increases, the radiation it predominantly emits is of higher and higher frequency. But the lower frequencies
are still there. A light bulb, for example, still gives off heat, noticeable even at a distance.
The most common detectors of infrared radiation are photographic film and television
cameras sensitive to radiation in the infrared range. Full-colour pictures can show minute
variations in the temperature of an object, as indicated by a different colour. For example,
infrared photographs of the exterior of a house reveal “hot” spots around the doors and
windows, areas in which heat is leaking out (Figure 4). Heat images of the human body
reveal areas of infection and locations of tumours. Infrared satellite photographs reveal
the type of crops being grown (Figure 5), the population density of urban areas, and the
distribution of acid rain. Reconnaissance photographs of military installations reveal the
locations of airport runways, camouflaged factories, and rocket launch sites.

Laser Radiation
Figure 3
A microwave communications tower
uses parabolic reflectors to both
concentrate the electromagnetic
radiation onto a small antenna when
receiving a signal and to disperse
the radiation from a small antenna
when transmitting a signal.

incoherent light light of one or
more wavelengths, out of phase
(e.g., white light)
coherent light light of one wavelength, in phase (e.g., laser light)
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Conventional light sources are either hot bodies or emitters of some sharply defined
sets of wavelengths. The atoms in the tungsten filament of a common light bulb are agitated and excited to higher energy levels by high temperatures. Once excited, they emit
light as they return to a lower energy state, over a wide spread of frequencies. In a gas lamp
such as a fluorescent tube, it is the electron current passing through the gas that excites
the atoms to high energy levels. The atoms give up this excitation energy by radiating it
as light waves (see Section 12.4). Spontaneous emission from each single atom takes
place independently of the emission from the others. The overall energy produced by either
of these conventional light sources—the incandescent lamp or the fluorescent lamp—
is a jumble of frequencies from numerous individual atoms. Each emission has its own
phase that changes randomly from moment to moment and point to point. The light from
conventional sources is therefore said to be incoherent.
In contrast, laser light is coherent. The emitted light waves are in phase, with almost
all the crests and troughs in step for a substantial time. This coherence arises because the
laser atoms do not emit at random but under stimulation (see Section 12.4 for a more
detailed explanation). The light waves combine their energies in constructive interference to produce powerful and intense laser light. Since the emitted light has consistent
wavelength or colour, laser light is said to be monochromatic. Finally, the light waves
are emitted primarily in one direction.
These properties of coherence, intensity, and directionality make laser beams
suitable for a wide range of scientific, commercial, medical, and military applications.
Directionality ensures that a laser beam travels long distances in a straight line.
NEL
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This property makes it useful for surveying, for establishing reference directions in the
drilling of tunnels, for measuring the very small movement in the continents, for determining the speed of a baseball or a car, for guiding farmers in the laying of drainage
tile, and for directing missiles. Further, since the light can be modulated, it is used in
fibre optics, permitting thousands of wires to be replaced with a single optical fibre.

TRY THIS activity

Scattering Laser Light

Most of the divergence of a laser beam is caused by the scattering of light by air particles.
To increase the scattering and make the beam more visible, clap two chalk dusters
together above a laser beam in a dark room. Why can you now see the laser beam?
Do not let direct laser beams or reflected beams go straight into
anyone’s eyes.

Figure 4
This infrared photo reveals that the
windows are much warmer than the
surrounding structure. Replacing
the windows with double or triple
thermopane windows will decrease
heat loss, conserving energy and
reducing heating bills.

If you are allergic or sensitive to chalk dust, use a light mist of water
instead, from a spray bottle. Spray the water over the beam but keep the
mist away from the laser.

The intensity of laser beams makes them useful in cutting and welding materials,
including metals. An industrial laser can easily concentrate ten thousand million watts
for short intervals. With no blades to break or bits to wear, lasers can make precise cuts
in fabric for suits, cauterize and cut in various types of surgery (including plastic surgery),
weld dishwasher doors, plate easily corroded metals, etch the patterns of microcircuits,
and drill eyes in surgical needles (Figure 6).
Figure 5
Land-use patterns are clearly seen
in this infrared image of the Alberta
and Montana border area. Thickly
vegetated mountains and riverbanks
appear red. Crops at different stages
of growth in Montana (bottom half
of image) appear in different colours.

Figure 6
Lasers have many applications, such
as cutting steel (left) and treating
skin conditions (right).

Ultraviolet Radiation
Ultraviolet radiation (UV), also called ultraviolet light and sometimes “black light,” is a
band of frequencies lying between visible light and X rays, with a frequency range from
8.0 3 1014 Hz (violet light) to 1017 Hz. UV is emitted by very hot objects. Approximately
7% of the Sun’s radiation is UV. It is this radiation that creates changes in the skin. Small
amounts of UV are necessary for the production of vitamin D in the human body. But
large amounts cause tanning and sunburn, which can increase the risk of skin cancer
and cause cataracts. UV sources cause fluorescence in certain mineral ores and chemical
substances such as dyes and paints, which are used to dramatic effect in posters and T-shirts.
NEL
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Ionizing Radiation
ionizing radiation radiation at the
limit at which ionization can occur,
at frequencies higher than ultraviolet
nonionizing radiation radiation at
or below the limit at which ionization
can occur, at frequencies lower than
ultraviolet

Radiation with frequencies higher than UV is ionizing. This radiation is so energetic
that it causes atoms in a substance to become ionized, expelling one or more electrons.
Both X rays and gamma rays are ionizing. Radiation with frequencies of UV and lower
is nonionizing. Ionization can break chemical bonds, that is, break up molecules. In the
human body, ionizing radiation can cause cell death or possible alteration in the cell
causing illness and cancers. We will take a closer look at ionizing radiation in Unit 5.

EXPLORE an issue

Decision-Making Skills
Define the Issue
Defend the Position

Cell Phones
The explosive worldwide growth in cell phone use has
increased the public debate over possible health risks. Cell
phones are small radio stations that send and receive
microwaves. We noted in this section that radio waves, even
microwaves, are nonionizing radiations. Does it follow that they
are safe? Microwaves apparently do produce some heating
effect on tissues, including the brain, near a cell phone. But it is
not clear whether this could have measurable biological effects,
such as an increased risk for cancer.
Most studies have concluded “that the use of hand-held cellular telephones is not associated with the risk of brain cancer.”
But the findings always have a caveat, such as “Further longterm studies are needed to account for longer usage, especially
for slow-growing tumours.”
Take a Stand
Is using a cell phone hazardous to your health?

Analyze the Issue
Identify Alternatives

Research
Evaluate

Form an Opinion
Research the issue, citing the major studies done over the past
three years. Make a note of the funding for each of the studies
you examine.

•
•

Evaluate the studies based on objective criteria.

•
•

State your personal conclusion, defending your position.

Summarize your findings and indicate to what extent the evidence objectively supports (or, as the case may be, is currently insufficient to support) a conclusion.
Will your research lead you to modify your cell phone habits?
Why or why not?

GO
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The Wave Theory of Light circa 1890
At the end of the nineteenth century, the wave theory of light was firmly established.
Double- and single-slit interference strongly corroborated the theory, while additional
interference phenomena and polarization raised confidence levels still higher. With the
work of Maxwell and Hertz, the physics community was left in little doubt that light, and
with it all other electromagnetic radiation, could be represented as transverse waves.
Indeed, more radically, there was a sense that all the basic principles governing the physical universe were now known, leaving physics nothing more than a responsibility to
clean up details.
This complacency disappeared as the 1890s wore on. In Germany, Wilhelm Roentgen
discovered an unknown radiation, which he called “X rays,” that were powerful enough
to blacken a photographic plate after passing through flesh and wood. Shortly thereafter, in France, Henri Becquerel accidentally left a piece of a uranium ore in a drawer
on top of a photographic plate. A few days later, he found that the plate was exposed by
some strange radiation and deduced that radiation from the uranium must have passed
through the thick cover. And in 1897, the electron was firmly identified as the carrier of
electricity by Joseph John (“J.J.”) Thomson in England.
However, soon thereafter, the complacent world of the scientists would be permanently disrupted. Radically new concepts of the physical world would emerge, questioning the wave theory of electromagnetic radiation and Newtonian mechanics. These
are the topics of the next unit.
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SUMMARY

Some Applications of
Electromagnetic Waves

•

Radio waves originate from an oscillating electric field in an antenna and involve
a carrier wave modulated by an audio and/or a video wave.

•

Infrared radiation originates from a hot object that radiates progressively higherfrequency light as its temperature rises.

•

Infrared radiation can be detected photographically and with infrared-sensitive
cameras.

•

Ultraviolet light has a high enough frequency that the rays can damage human
tissue.

•

The electromagnetic spectrum is further divided into two parts: ionizing and
nonionizing radiation.

•

By 1890, it was firmly established that light is an electromagnetic wave that
travels at 3.00 3 108 m/s in a vacuum.

DID YOU KNOW

?

Frequencies of TV Channels
and Radio Stations
Broadcast frequencies range from
500 kHz to 1600 kHz for mediumwave AM stations and from
88 MHz to 108 MHz for FM
stations. TV carrier frequencies
range from 54 MHz to 216 MHz
for VHF channels 2 to 13 and from
470 MHz to 890 MHz for UHF
channels.

Section 10.9 Questions
Understanding Concepts
1. Explain why medium-wave AM transmitters do not cast

shadows (regions of no reception) behind obstacles such
as buildings and hills, whereas TV and FM transmitters do.
2. An electromagnetic wave is travelling straight up, perpen-

dicular to Earth’s surface. Its electric field is oscillating in an
east–west plane. What is the direction of oscillation of its
magnetic field?
3. Explain why radio reception in a car is liable to distort when

the car passes near high-voltage transmission lines or
under steel-reinforced concrete.
Applying Inquiry Skills
4. Some laser beams can be modulated. How would you set

up a laser and a receiver so that you could transmit the
audio signal from a radio output across the room by laser
light? Try out your idea if you have suitable equipment.
Making Connections
5. Suntan lotions are rated 15 to 45. What is the relationship

between the rating and UV radiation?
6. Research the difference between UV-A and UV-B rays,

labels commonly found on sunscreen lotion. Write a summary of your findings.
7. Research medical applications of infrared radiation. Choose

8. Give several examples, both favourable and adverse, of

ways in which electromagnetic radiation directly influences
either our health or our more general well-being.
9. Explain why cell-phone use is forbidden in hospitals.
10. Infrared and ultraviolet light have different heating effects

on the human skin. Explain how these effects differ and
why.
11. The heating effect of microwaves was originally noticed by

radar operators at the end of World War II. They found that
they could reheat meals by placing them near the magnetron tubes generating the microwaves. This discovery
eventually led to the microwave oven. Research the Internet
and other sources and answer the following questions:
(a) What are the wavelengths of the microwaves used in
household microwave ovens?
(b) What is their source?
(c) How do microwaves heat food?
(d) What types of food cannot be heated in a microwave
oven?
(e) Draw a labelled diagram showing the construction of a
typical microwave oven. Comment on the safety features.
(f) Why was the practice of the radar operators dangerous?

GO
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two uses, one in diagnosis and the other in treatment, and
write a short report on each (maximum 500 words).
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Chapter 10 SUMMARY
Key Expectations
• analyze and interpret experimental evidence indicating

Key Terms

that light has some characteristics and properties that
are similar to those of mechanical waves and sound
(10.1, 10.2)

•

•

•

identify the theoretical basis of an investigation, and
develop a prediction that is consistent with that theoretical basis (e.g., predict the effects related to the
polarization of light as it passes through two polarizing filters; predict the diffraction pattern produced
when a human hair is passed in front of a laser beam)
(10.1, 10.2, 10.4)
describe and explain the design and operation of technologies related to electromagnetic radiation (e.g.,
describe how information is stored and retrieved using
compact discs and laser beams) (10.1, 10.5, 10.6, 10.9)
describe instances where the development of new
technologies resulted in the advancement or revision
of scientific theories (10.1, 10.6, 10.7, 10.8)

•

describe and explain the experimental evidence supporting a wave model of light (10.1, 10.2, 10.8)

•

describe the phenomenon of wave interference as it
applies to light in qualitative and quantitative terms,
using diagrams and sketches (10.1, 10.2, 10.3, 10.4,
10.6, 10.7)

•

•

define and explain the concepts and units related to
the wave nature of light (e.g., diffraction, wave interference, polarization, electromagnetic radiation, electromagnetic spectrum) (10.1, 10.2, 10.3, 10.4, 10.6,
10.7, 10.8)
describe and explain the phenomenon of wave diffraction as it applies to light in quantitative terms, using
diagrams (10.2, 10.3)

•

identify the interference pattern produced by the diffraction of light through narrow single slits and diffraction gratings, and analyze it (the pattern) in
qualitative and quantitative terms (10.2, 10.3)

•

analyze, using the concepts of refraction, diffraction,
and wave interference, the separation of light into
colours in various phenomena (e.g., the colours produced by thin films), which forms the basis for the
design of technological devices (10.2, 10.3, 10.4, 10.5)

•

describe, citing examples, how electromagnetic radiation, as a form of energy, is produced and transmitted,
and how it interacts with matter (10.8, 10.9)
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plane-polarized

resolution

unpolarized

diffraction grating

polarization

spectroscope

polarizer

air wedge

double refraction

Newton’s rings

monochromatic

back-glare

scattering

hologram

Polaroid

radio waves

photoelasticity

incoherent light

optical activity

coherent light

central maximum

ionizing radiation

secondary maxima

nonionizing radiation

Key Equations
•

nλ
sin vn 5 }}
w

for dark fringes (single slit)

1m 1 }2}2 λ
}}

(10.2)

1

•

sin vm 5

•

mλ
sin vm 5 }}
d

•

λ
∆x 5 L }}
2t

•

c 5 fλ

w

1 2

for bright fringes
(single slit)

for bright spectral lines
(gratings)
for an air wedge

for all electromagnetic waves

(10.2)

(10.3)
(10.4)
(10.8)

MAKE a summary
Construct a four-column chart using the headings Property,
Sound, Electromagnetic Waves, and Equations. Under the
Property column, list all the wave properties you can think
of. In the Sound and Electromagnetic Waves columns,
specify the property as appropriate for sound and electromagnetic radiation, respectively. In the Equations column,
write any equations relevant to each property.
(a) In a few sentences, summarize the similarities and differences between sound and electromagnetic radiation.
(b) Interference should be one of the properties listed. List
five applications where the interference of electromagnetic waves plays an important role.

NEL

Chapter 10 SELF QUIZ
Write numbers 1 to 9 in your notebook. Indicate beside
each question whether the statement is true (T) or false (F).
If it is false, write a corrected version.

1. Polarization provided the proof that light is a longitudinal wave.
2. For single-slit diffraction,
(a) the smaller the slit width, the smaller the distance
between adjacent maxima and minima
(b) the longer the wavelength, the greater the distance between maxima
λ 2λ 3λ
(c) minima, or dark fringes, occur at }}, }}, }}, ....
w w w
3. The smaller the aperture of an optical instrument, the
better its resolution.
4. For transmitted light in thin films, destructive interference occurs for reflected light when the film has a
λ 3λ 5λ
thickness of }}, }}, }}, …, where λ is the wavelength
4 4 4
in the film.
5. In an interferometer, when the mirror moves so that
four fringes are observed, the mirror has moved a distance of 2λ, where λ is the wavelength of the light
source.

Unit 4

11. The possible value for the path difference PY – PX in
Figure 1 that places P at the intensity maximum
nearest the central maximum is
λ
3λ
5λ
(a) }}
(b) λ
(c) }}
(d) 2λ
(e) }}
2
2
2
12. Colours are often observed when gasoline is poured
onto water. This effect is primarily produced by
(a) diffraction
(d) absorption
(b) diffuse reflection (e) incandescence
(c) interference
13. Figure 2 shows three experiments for studying the
interaction of monochromatic light with thin films of
glass of various thickness t. The eye represents the
position of the observer. The observer sees constructive interference in
(a) I only (c) III only
(e) II and III only
(b) II only (d) I and III only

(I)

t5 5 l
4

6. Hertz postulated and Maxwell proved that light and
radio waves travel through space at the speed of light.
7. Radio waves originate from an oscillating electric
field in an antenna.
8. Electromagnetic waves consist of electric and magnetic fields oscillating in phase, perpendicular to each
other and to the direction of wave propagation.
9. Ionizing radiation originates in light with a wavelength longer than that of visible light.
Write numbers 10 to 16 in your notebook. Beside each
number, write the letter corresponding to the best choice.

10. Figure 1 shows a single slit, with lines marking the
direction to a point P in the diffraction pattern; X and
Y are the edges of the slit. The possible value for the
path difference PY – PX that places P at the second
intensity minimum from the central maximum is
λ
3λ
5λ
(a) }}
(b) λ
(c) }}
(d) 2λ
(e) }}
2
2
2

to P

X
Y

Figure 1
For questions 10 and 11
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(II)

(III)

t5 3 l
2

t5 1 l
2

Figure 2

14. A thin coating, of refractive index 1.2, is applied to a
glass camera lens, of refractive index n . 1.2, to minimize the intensity of the light reflected. The wavelength of the light is λ. The coating thickness required
to minimize the intensity of reflected light is
λ
1.2λ
λ
(a) }}
(c) }}
(e) }}
2
4
4
λ
λ
(b) }}
(d) }}
2 3 1.2
4 3 1.2
15. The type of electromagnetic radiation that travels at
the greatest speed is
(a) radio waves
(d) gamma rays
(b) visible light
(e) They all travel at the
(c) X rays
same speed.
16. The three types of radiation placed in order of
increasing frequency are
(a) gamma rays, radio waves, infrared radiation
(b) radio waves, gamma rays, infrared radiation
(c) infrared radiation, radio waves, gamma rays
(d) gamma rays, infrared radiation, radio waves
(e) radio waves, infrared radiation, gamma rays
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Chapter 10 REVIEW
Understanding Concepts
1. Describe how you could use two large, circular
Polaroid filters in front of a circular window as a kind
of window shade.
2. A slit 4.30 3 1025 m wide is located 1.32 m from a
flat screen. Monochromatic light shines through the
slit onto the screen. The width of the central fringe in
the diffraction pattern is 3.8 cm. What is the wavelength of the light?
3. A diffraction grating, illuminated by yellow light at a
wavelength of 5.50 3 102 nm, produces a secondorder minimum at 25°. Determine the spacing
between the lines.
4. Calculate the wavelength of light that produces its
first minimum at an angle of 36.9° when falling on a
single slit of width 1.00 mm.
5. A beam of parallel rays of red light from a ruby laser
(λ 5 694.3 nm), incident on a single slit, produces a
central bright band, 42 mm wide, on a screen 2.50 m
away. Calculate the width of the slit.
6. (a) What is the width of a single slit that produces its
first minimum at 28.0° for 6.00 3 1027-m light?
(b) What is the wavelength of light that has its
second minimum at 67.0° for this same slit?
7. The first-order maximum produced by a grating is
located at an angle v 5 18.0°. What is the angle for
the third-order maximum with the same light and the
same slit width?
8. A transmission grating, with lines 3.00 3 1026 m
apart, is illuminated by a narrow beam of red light
(λ = 694.3 nm) from a ruby laser. Bright spots of red
light are seen on both sides of the central beam, on a
screen 2.00 m away. How far from the central axis is
each of the spots?
9. The wavelength of the laser beam used in a certain
CD player is 7.80 3 102 nm. A diffraction grating creates two first-order tracking beams 1.2 mm apart, at a
distance of 3.0 mm from the grating. Calculate the
spacing between the slits of the grating.
10. A diffraction grating, ruled at 2400 lines/cm and illuminated by a monochromatic source, produces a
first-order bright fringe 8.94 3 1022 m away from the
central bright fringe on a flat screen 0.625 m from the
grating. Calculate the wavelength of the light.
11. When a certain transmission grating is illuminated at
a wavelength of 638 nm, a third-order maximum
forms at an angle of 19.0°. Calculate the number of
lines per centimetre in the grating.
546 Chapter 10

12. A certain transparent coating of thickness t, deposited
on a glass plate, has a refractive index larger than the
refractive index of the glass, not smaller, as with a
typical nonreflective coating. For a certain wavelength
λ
within the coating, the thickness of the coating is }}.
4
The coating improves the reflection of the light.
Explain why.
13. A thin film of a material is floating on water
(n 5 1.33). When the material has a refractive index
of n 5 1.20, the film looks bright in reflected light as
its thickness approaches zero. But when the material
has a refractive index of n 5 1.45, the film looks black
in reflected light as its thickness approaches zero.
Explain these observations with diagrams.
14. When looking straight down on a film of oil on water,
you see the colour red. How thick could the film be to
cause this effect? How thick could it be at another
place where you see violet?
15. A thin layer of oil (n 5 1.25) is floating on water
(n = 1.33). How thick is the oil in the region that
strongly reflects green light (λ 5 556 nm)?
16. A soap film of refractive index 1.34 appears yellow
(λ 5 5.80 3 102 nm) when viewed directly from the
same side as the source of light. Calculate two possible values for the thickness of the film.
17. An oil slick 122 nm thick (n 5 1.40), lying on water,
is illuminated by white light incident perpendicular
to its surface. What colour does the oil appear?
18. You are working with an apparatus for displaying
Newton’s rings, illuminated by a monochromatic
source at 546 nm. One surface in your apparatus is
fixed. The other is movable along the axis of the
system. As you adjust that second surface, the rings
appear to contract, with the centre of the pattern,
initially at its darkest, becoming alternately bright
and dark. The pattern passes through 26 bright
phases, finishing at its darkest again. How far was the
surface moved? Did it approach or recede from the
fixed surface?
19. A film of magnesium fluoride (n 5 1.38), 1.25 3
1025 cm thick, is used to coat a camera lens
(n 5 1.55). Are any wavelengths in the visible spectrum intensified in the reflected light?
20. A thin layer of liquid methylene iodide (n 5 1.76) is
sandwiched between two flat parallel plates of glass
(n 5 1.50). Light with a wavelength of 689 nm in air
is strongly reflected. Calculate the thickness of the
liquid layer.
NEL
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21. You are observing a fringe pattern in a Michelson
interferometer. By how much must one of the mirrors
be moved to cause a dark fringe to expand into the
position previously occupied by a bright ring?

27. Photochromatic sunglasses have a coating that
darkens when exposed to sunlight but returns to
normal when not exposed. Explain how such sunglasses work.

22. (a) A doorway is 81 cm wide. Calculate the angle
locating the first dark fringe in the diffraction
pattern formed when blue light (λ 5 489 nm)
passes through the doorway.
(b) Repeat part (a) for a 512-Hz sound wave, taking
the speed of sound to be 342 m/s.
(c) Why are your answers for (a) and (b) so
different?

28. The external surfaces of stealth bombers are covered
with a thin coating. Explain how such a coating could
protect the bombers from detection by radar.
(Radar typically operates at wavelengths of a few
centimetres.)

Making Connections
23. Research the use of polarization as a navigation aid by
spiders. Write a research paper on your findings.
GO
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24. Bats use the reflections from ultra-high frequency
sound to locate their prey. Estimate the typical frequency of a bat’s sonar. Take the speed of sound to be
3.40 3 102 m/s, and a small moth, 3.00 mm across, to
be a typical target.
25. Radio telescopes are used to map celestial radio-wave
sources. In 1967, the Algonquin Radio Observatory
(Figure 1), in Algonquin Park, Ontario, was linked to
a radio telescope in Prince Albert, Saskatchewan, to
increase the baseline (the distance between the two
telescopes). This was the first successful experiment
in very long baseline interferometry. Explain why
such an arrangement is desirable.

Extension
29. (a) If a single slit produces a first minimum at 13.8°,
at what angle is the second-order minimum?
(b) Calculate the angle of the third-order maximum.
30. Monochromatic light of wavelength 6.00 3 1027 m
falls normally onto a diffraction grating, producing a
first-order maximum at an angle of 18.5°. When the
same grating is used with a different monochromatic
source, the first-order maximum is observed at an
angle of 14.9°. Calculate the wavelength of the second
source and the highest order observable with the
second source.
31. A chamber with flat parallel windows is placed into
one arm of a Michelson interferometer illuminated
by 638-nm light. The length of the chamber is 8.0 cm
as measured from the inside. The refractive index of
air is 1.000 29. As the air is pumped out of the cell,
how many fringe pairs will shift by in the process?

26. The vivid iridescence of the peacock, comprising
chiefly blues and greens, is caused by interference of
white light upon reflection in the complex, layered
surface of its feathers. This is called biomimicry.
(a) Using the Internet and other sources, research
biomimicry and report briefly on how this effect
is produced in the peacock feather as well as similar effects seen in grackle and hummingbird
plumage.
(b) Why are investigators studying iridescent
plumage?
GO
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Figure 1
The dish at the Algonquin Radio Observatory is 46 m in diameter.
(for question 25)
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SELF QUIZ

Write numbers 1 to 8 in your notebook. Indicate beside
each number whether the corresponding statement is true
(T ) or false (F). If it is false, write a corrected version.

medium 1
medium 2

1. Two ripple tank sources vibrating in phase produce
an interference pattern. If the frequency of the two
sources increases, the number of nodal lines
increases.
2. The wave theory predicts that light slows down when
it travels from air to glass, whereas the Newtonian
particle theory predicts it will speed up.
3. All wave properties of light can be explained with the
wave model.
4. Two rays of light from the same source interfere
destructively if their path lengths differ by 3.5λ.
5. If a Young’s double-slit apparatus, having operated in
air, were to be submerged in water, the fringe pattern
would become less spread out.
6. If a Young’s double-slit apparatus, having operated
with a monochromatic red source, were to be operated with a monochromatic blue source, the fringe
pattern would become more spread out.
7. When using a single slit, the distance between adjacent dark fringes will increase if the slit width is
decreased, all other factors being kept constant.
8. All waves have the same properties as electromagnetic
waves.
Write the numbers 9 to 16 in your notebook. Beside each
number, write the letter corresponding to the best choice.

9. In a ripple tank, the wavelength λ1 of waves in the
deep water is 2.0 cm. The wavelength λ2 of waves in
the shallow water is 1.2 cm. The wave generator has a
frequency of 12 Hz. The speed of the waves in the
deep water is
(a) 2.0 cm/s
(b) 6.0 cm/s
(c) 12 cm/s
(d) 14 cm/s
(e) 24 cm/s
10. A narrow beam of light is transmitted through different media as shown in Figure 1. If v1, v2, and v3 are
the respective speeds of light in the three media, then
(a) v1 . v2 . v3
(b) v3 . v2 . v1
(c) v3 . v1 . v2
(d) v2 . v1 . v3
(e) v1 . v3 . v2
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medium 3
Figure 1

11. When a transverse wave travelling along a string
reaches the junction with a lighter string, the wave is
(a) totally reflected at the junction
(b) partially transmitted, with a change of phase
(c) transmitted, forming a standing-wave pattern in
the lighter string
(d) reflected so as to form a node at the junction
(e) partially reflected without a change in phase
12. A nodal line pattern is produced by two point sources
vibrating in phase in a ripple tank. A point P on the
second nodal line is 37.0 cm from the one source and
28.0 cm from the other. The wavelength is
(a) 18.0 cm
(b) 13.5 cm
(c) 9.0 cm
(d) 6.0 cm
(e) 4.5 cm
13. Monochromatic light in Figure 2 passes through slit
S in a cardboard sheet, then falls onto a metal sheet
containing slits B and C, and finally produces an
interference pattern, centred at P, onto a screen. All
the slits are the same width.

B

S

1.0 mm

P

C
5.0 m

10.0 m
diagram not to scale

Figure 2

The intensity pattern on the screen will not change if
(a) the separation between slits B and C is increased
(b) the width of slits B and C is decreased
(c) the distance from the metal sheet to the screen is
decreased
(d) the distance between the cardboard and metal
sheets is increased
(e) the wavelength is decreased

An interactive version of the quiz is available online.
GO

www.science.nelson.com
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14. Of the five diagrams in Figure 3, choose the one
which most accurately illustrates single-slit diffraction from a monochromatic source.
(a)

17. At a constant speed, the wavelength of a wave is
? .
directly proportional to its _______

(b)

?
18. The frequency of a wave is determined by its _______
and does not change when the medium changes.

(c)

19. For a given slit, the amount of diffraction depends on
? /_______
? .
the ratio _______

(d)

20. Increasing the separation of the sources in twinsource ripple tank diffraction increases the number
? lines.
of _______

(e)
Figure 3

15. Red light, of wavelength λ in soapy water, is viewed
through a thin soap film held vertically (Figure 4). At
the second dark area from the top, the thickness of
the film is
1
(e) very much less than λ
(a) λ
(c) }}λ
2
3
1
(b) }}λ
(d) }}λ
4
4
large red area
dark area
red area
dark area

Figure 4

12

coating
lens

4
3

Figure 5

An interactive version of the quiz is available online.
GO

www.science.nelson.com

21. Early attempts showing light interference were unsuc? and the
cessful because the two sources were _______
?
_______ of light is very small.
22. The wave theory of light, as corroborated by Young’s
experiment, explained all the then-known properties
? .
of light except transmission through a(n) _______
? wave.
23. Polarization showed that light is a(n) _______
24. For single-slit diffraction, the smaller the slit width,
? the distance between maxima and
the _______
minima.
25. The position of minima, or dark fringes, in single-slit
? .
diffraction is given by the equation _______

16. The condition necessary for maximum transmission
of the light energy passing through the coating on the
exterior of the lens in Figure 5 is that
(a) rays 3 and 4 interfere constructively
(b) the coating be more transparent than the lens
(c) rays 1 and 2 interfere destructively
(d) the speed of light in the coating be less than the
speed in the lens
(e) the total light energy reflected be a minimum

NEL

Write the numbers 17 to 28 in your notebook. Beside each
number, place the word or phrase that best completes the
statement.

26. The larger the aperture of an optical instrument, the
?
_______
the resolution.
?
27. The higher the frequency, the _______
the energy of
an electromagnetic wave.
28. Table 1 lists scientists and discoveries or innovations
important to the history of the wave theory of light.
Match the scientist to the discovery or innovation discussed in this unit.
Table 1
Scientist

Discovery or Innovation

Gabor

diffraction of light

Grimaldi

diffraction of light around a small disk

Hertz

mathematical theory of electromagnetic waves

Huygens

holography

Land

interferometer

Marconi

particle theory of light

Maxwell

commercially viable polarizing filters

Michelson

transmission of radio signals

Newton

creation and detection of radio waves

Poisson

two-slit interference

Young

wavelet model for propagation of wave fronts
The Wave Nature of Light
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REVIEW

Understanding Concepts
1. List the successes and failures of the particle and wave
models in accounting for the behaviour of light as
follows:
(a) Name four optical phenomena adequately
accounted for by both models.
(b) Name four phenomena not adequately accounted
for by the particle model.
(c) Name one phenomenon not adequately
accounted for by the wave model.
2. If the index of refraction of silicate flint glass is 1.60,
what is the wavelength of violet light in the glass, if its
wavelength in air is 415 nm?
3. Sound and light are waves, yet we can hear sounds
around corners but we cannot see around corners.
Explain why.
4. In a ripple tank, one complete wave is sent out every
0.10 s. The wave is stopped with a stroboscope, and it
is found that the separation between the first and
sixth crests is 12 cm. Calculate (a) the wavelength and
(b) the speed of the wave.
5. An interference pattern is set up by two point sources
which are in phase and of the same frequency. A
point on the second nodal line is 25.0 cm from one
source and 29.5 cm from the other source. The speed
of the waves is 7.5 cm/s. Calculate (a) the wavelength
and (b) the frequency of the sources.
6. In Young’s time, why was the observation of
double-slit interference more convincing evidence for
the wave theory of light than the observation of diffraction?
7. You are performing Young’s experiment and measure
a distance of 6.0 cm between the first and seventh
nodal points on a screen located 3.00 m from the slit
plate. The slit separation is 2.2 3 1024 m.
(a) Calculate the wavelength of the light being used.
(b) Identify the colour of the light.
8. In a Young’s double-slit experiment, the angle that
locates the second dark fringe on either side of the
central bright fringe is 5.2°. Find the ratio of the slit
separation d to the wavelength λ of the light.
9. Monochromatic light falling on two slits 0.018 mm
apart produces the fifth-order dark fringe at an angle
of 8.2°. Calculate the wavelength of the light.
10. The third-order fringe of 638-nm light is observed at
an angle of 8.0° when the light falls on two narrow
slits. Calculate the distance between the slits.
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11. Red light from a helium–neon laser (λ 5 633 nm) is
incident on a screen containing two very narrow horizontal slits separated by 0.100 mm. A fringe pattern
appears on a screen 2.10 m away. Calculate, in millimetres, the distance of the first dark fringe above
and below the central axis.
12. Monochromatic light falls on two very narrow slits
0.042 mm apart. Successive minima on a screen
4.00 m away are 5.5 cm apart near the centre of the
pattern. Calculate the wavelength and frequency of
the light.
13. A parallel beam of light from a laser, operating at
639 nm, falls on two very narrow slits 0.048 mm
apart. The slits produce an interference pattern on a
screen 2.80 m away. How far is the first dark fringe
from the centre of the pattern?
14. Light of wavelength 656 nm falls on two slits, producing an interference pattern on a screen 1.50 m
away. Each of the fourth-order maxima is 48.0 mm
from the central bright fringe. Calculate the separation of the two slits.
15. Light of wavelengths 4.80 3 102 nm and 6.20 3
102 nm falls on a pair of horizontal slits 0.68 mm
apart, producing an interference pattern on a screen
1.6 m away. How far apart are the second-order
maxima?
16. Light of wavelength 4.00 3 102 nm falls on two slits
5.00 3 1024 m apart. The slits are immersed in water
(n 5 1.33), as is a viewing screen 50.0 cm away. How
far apart are the fringes on the screen?
17. When white light passes through a flat piece of window glass, it is not broken down into colours, as it is
by a prism. Explain why.
18. Explain why polarization was important in validating
the wave theory of light.
19. Explain, with diagrams, how Polaroid sunglasses
reduce reflected glare.
20. Light shines through a single slit 5.60 3 1024 m wide.
A diffraction pattern is formed on a screen 3.00 m
away. The distance between the middle of the central
bright fringe and the first dark fringe is 3.5 mm.
Calculate the wavelength of the light.
21. A diffraction pattern forms when light passes through
a single slit. The wavelength of the light is 675 nm.
Determine the angle that locates the first dark fringe
when the width of the slit is (a) 1.80 3 1024 m and
(b) 1.80 3 1026 m.
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22. Light of wavelength 638 nm falls onto a single slit
4.40 3 1024 m wide, producing a diffraction pattern
onto a screen 1.45 m away. Determine the width of
the central fringe.

34. Calculate the minimum thickness of an oil slick on
water that appears blue when illuminated by white
light perpendicular to its surface (Figure 1).
(λblue 5 482 nm, n oil 5 1.40)

23. (a) At what angle is the first minimum for 589-nm
light falling on a single slit 1.08 3 1026 m wide?
(b) Does a second minimum appear? Explain your
reasoning.
24. A narrow single slit is illuminated by infrared light
from a helium–neon laser at 1.15 3 1027 m. The
centre of the eight dark bands lies at an angle of 8.4°
off the central axis. Determine the width of the slit.
25. Light with a wavelength of 451 nm falls onto a
slit 0.10 mm wide, casting a diffraction pattern
onto a screen 3.50 m away. How wide is the central
maximum?
26. A beam of 639-nm light is directed through a single
slit 4.2 3 1024 m wide onto a screen 3.50 m away.
How far apart are the maxima?
27. The central bright fringe in a single-slit diffraction
pattern has a width that is equal to the distance
λ
between the screen and the slit. Find the ratio }} of
w
the wavelength of the light to the width of the slit.
28. List the advantages of a diffraction grating over a
prism in dispersing light for spectral analysis.
29. What would happen to the distance between the
bright fringes produced by a diffraction grating if the
entire interference apparatus (light source, grating,
and screen) were immersed in water? Explain your
answer.
30. The separation between the slits of a grating is 2.2 3
1026 m. This grating is used with light whose wavelengths range from 412 nm to 661 nm. Rainbow-like
spectra form on a screen 3.10 m away. How wide is
the first-order spectrum?
31. Monochromatic light, falling onto a 5000-line/cm
diffraction grating, produces a second maximum at
35.0°. Determine the wavelength of the light.

Figure 1
Oil slick on water

35. A nonreflective coating of magnesium fluoride
(n 5 1.38) covers the glass (n 5 1.52) of a camera
lens. If the coating prevents the reflection of
yellow–green light (λ 5 565 nm), determine the minimum nonzero thickness of the coating. Explain your
calculations with a diagram.
36. A transparent coating (n 5 1.61) on glass (n 5 1.52)
appears black when viewed in reflected light whose
wavelength is 589 nm in vacuum. Calculate the two
smallest possible nonzero values for the thickness of
the coating.
37. A thin film of ethyl alcohol (n 5 1.36) is spread on a
flat glass plate (n 5 1.52) and illuminated with white
light, producing a colour pattern in reflection. If a
region of the film reflects only green light (525 nm)
strongly, how thick might it be?
38. A soap bubble is 112 nm thick and illuminated by
white light whose angle of incidence is 90° (Figure 2).
What wavelength and colour of light is most constructively reflected, assuming the same index of
refraction as water?

32. (a) Show that a 30 000-line/cm grating does not produce a maximum for visible light.
(b) What is the longest wavelength for which this
grating does produce a first-order maximum?
33. Two first-order spectral lines are measured by an
8500-line/cm spectroscope at angles, on each side of
centre, of 126.6°, 141.1° and 226.8°, 241.3°.
Calculate the wavelengths.
Figure 2
Soap bubbles illuminated by white light
NEL
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39. A wire loop, dipped into soap solution, is viewed by
the reflection of yellow light. At one instant, the
appearance of the film is as in Figure 3.
(a) Explain the large dark space at the top of the
film.
(b) As time goes on, what changes will occur in the
pattern? Explain your answer.
(c) Calculate the difference in thickness between
adjacent bright bands. Express your answer in
wavelengths.
(d) Taking the wavelength of the yellow light in air to
be 588 nm, calculate the thickness of the soap
film (n 5 1.33) in the lowest dark band.

44. Monochromatic light is incident normally on a slit
(Figure 4). A screen is located far away from the slit.
The mirror produces a virtual image of the slit.
(a) Is the virtual image coherent with the slit itself?
(b) Is the pattern on the screen a double-slit interference pattern or a pair of single-slit diffraction
patterns?
(c) If the pattern is an interference pattern, is the
fringe closest to the mirror surface bright or
dark? Explain your answer. (This arrangement is
known as Lloyd’s mirror.)

large dark space

S1

yellow band
dark band
yellow band

S2

Figure 3

mirror
screen

Figure 4

40. A fine metal foil separates one end of two pieces of
optically flat glass. When the glass is illuminated, at
essentially normal incidence, with 639-nm light,
38 dark lines are observed (with one at each end).
Determine the thickness of the foil.

45. Compare radio, infrared, ultraviolet, and X rays under
the following headings:
(a) Nature of Source
(b) Typical Means of Detection
(c) Nonionizing or Ionizing

41. You have created a wedge-shaped air film between
two sheets of glass, using a piece of paper 7.62 3
1025 m thick as the spacer. You illuminate the wedge
with 539-nm light, at essentially normal incidence.
Determine the number of bright fringes you see
across the wedge.

46. You have directed a parallel beam of microwaves at a
metal screen with an opening 20.0 cm wide. As you
move a microwave detector parallel to the plate, you
locate a minimum at 36° from the central axis.
Determine the wavelength of the microwaves.

42. You form an air wedge with two glass plates, 15.8 cm
long. At one end the glass plates are kept firmly
together; at the other end the plates are separated by a
strip of paper. You illuminate your wedge with light
of wavelength 548 nm and observe the interference
pattern in the reflected light. The average distance
between two dark bands in the pattern is found to be
1.3 mm. Calculate the thickness of the paper strip
separating the glass plates.
43. How far must the movable mirror of a Michelson
interferometer, illuminated by a 589-nm source, be
displaced for 2000 fringes to move past the reference
point?
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Applying Inquiry Skills
47. Light from a small source in a certain lab passes
through a single narrow slit to a distant screen, producing a diffraction pattern. Figure 5(a) is a graph of
the intensity of light versus position on the screen.
A second trial with the same equipment produced
Figure 5(b), drawn to the same scale. What change(s)
could have produced the result? Explain your answer.
48. You are demonstrating single-slit diffraction using
10.5-GHz microwaves and a metal slit 2.0 cm wide.
A screen is 0.50 m away from your microwave transmitter. Predict the numerical values for the quantities
B and C in Figure 6.
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Intensity

(a)

Intensity

(b)

Figure 7

Extension
Figure 5
For question 47

n=1
B
microwave
transmitter

C
A

52. A sonar transmitter produces 14.0-kHz waves in
water, creating the intensity pattern in Figure 8. The
solid lines represent positions over which the intensity of the sound is constant. The intensity pattern is
analogous to the effect of a single-slit interference
pattern in optics. Taking the speed of sound in the
water to be 1.40 3 103 m/s, calculate the width of the
vibrating surface of the transmitter.

Figure 6
For question 48

30˚

Making Connections
49. Your favourite radio station, having broadcast with
just one antenna, now adds a second antenna, radiating in phase with its first, at some new location.
Are you guaranteed to enjoy better reception? Justify
your answer.
50. A radio wave transmitter tower and a receiver tower
are both 60.0 m above the ground and 0.50 km apart.
The receiver can receive signals both directly from the
transmitter and indirectly from signals that bounce
off the ground. If the ground is level between the
λ
transmitter and receiver and a }} phase shift occurs
2
on reflection, determine the longest possible wavelengths that interfere (a) constructively and (b)
destructively.
51. Ultrasonic waves are used to observe babies as they
develop from fetus to birth (Figure 7). Frequencies
typically range from 3.0 3 104 Hz to 4.5 3 104 Hz.
(a) What would be the typical wavelengths if these
were radio waves?
(b) Calculate the actual wavelengths, in air, given that
they are high-frequency sound waves with a
speed of 3.4 3 102 m/s.
NEL

centre line

transmitter

Figure 8

53. Two, and only two, full spectral orders can be seen on
either side of the central maximum when white light
is sent through a certain diffraction grating. Calculate
the maximum possible number of lines per centimetre for this grating.
54. White light reflects normally from a soap film of
refractive index 1.33, then falls upon the slit of a spectrograph. The slit illuminates a 500-line/mm diffraction grating with normal incidence. In the first-order
spectrum a dark band is observed with minimum
intensity at an angle of 18° to the normal. Determine
the minimum possible thickness of the soap film.
55. A total of 31 dark Newton’s rings (not counting the
dark spot at the centre) appear when 589-nm light
falls normally on a certain plano-convex lens resting
on a flat glass surface. How much thicker is the centre
than the edges?
The Wave Nature of Light
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Dr. Art McDonald
Professor of Physics, Queen’s University
Director, Sudbury Neutrino Observatory

Scientists have been studying the Big Bang Theory and its
effects on the universe for many years. Dr. Art McDonald,
a research scientist in the field of particle astrophysics, is
fascinated with a particular elementary particle created
from the Big Bang—the neutrino. As the director of the
Sudbury Neutrino Observatory (SNO), his research focuses
on changes in the properties of the neutrino when it travels
from the Sun to Earth’s surface. His research has helped to
confirm theories about the nuclear processes that generate energy in the Sun.
To observe the properties of neutrinos, research must be conducted in an
environment with low radioactivity and with little interference from the solar
cosmic rays that hit Earth’s surface. SNO achieves this ideal setting with a
location two kilometres below Earth’s surface. It houses sophisticated equipment including light sensors, electronic circuits, computers, and 1000 tonnes
of heavy water (valued at $300 million), which was developed for use in
CANDU nuclear reactors.
Many career opportunities in particle astrophysics involve academic or technical appointments at universities or research laboratories. These scientists push
the frontiers of technology in an effort to answer some of the most fundamental
questions we have about our universe.

Overall Expectations
In this unit, you will be able to

•

demonstrate an understanding of the basic concepts of Einstein’s special theory of
relativity and of the development of models of matter, based on classical and early
quantum mechanics, that involve an interface between matter and energy

•

interpret data to support scientific models of matter, and conduct thought experiments
as a way of exploring abstract scientific ideas

•

describe how the introduction of new conceptual models and theories can influence and
change scientific thought and lead to the development of new technologies

chapter

11
In this chapter,
you will be able to

•

state Einstein’s two
postulates for the special
theory of relativity

•

describe Einstein’s thought
experiments demonstrating
relativity of simultaneity, time
dilation, and length
contraction

•

state the laws of
conservation of mass and
energy, using Einstein’s
mass–energy equivalence

•

conduct thought
experiments involving
objects travelling at different
speeds, including those
approaching the speed of
light

Einstein’s Special
Theory of Relativity
By the end of the nineteenth century, physicists were well satisfied with their understanding of the physical world around them. Newtonian mechanics had been successful
in explaining the motion of objects on Earth and in the heavens. Maxwell’s theory of
electromagnetism had consolidated knowledge about the special relationship between
electric and magnetic forces and had predicted the existence of electromagnetic waves
with properties similar to those of light—so similar, in fact, that light itself was assumed
to be an electromagnetic wave. Physics as it was known up to this time is referred to as
classical physics.
The puzzles that still remained—the structure of the atom and its nucleus—were
expected to be solved by further applications of the currently accepted theories. Such
was not to be the case, however. The solution to these puzzles required the proposal of
two revolutionary and clever concepts: the theory of relativity and the quantum theory.
These theories changed our understanding of the universe drastically; their development and application to the search for the structure of the atom are referred to as modern
physics.
This and the remaining two chapters deal with the development of these theories and
how they are applied to the problems of understanding atomic and nuclear structure.

REFLECT on your learning
1. Jack and Kayla are on the deck of a boat moving at 16 m/s relative to the shore. Kayla

throws a ball to Jack, who is down the deck near the rail. Why is it not accurate to
say, “The ball is moving at 16 m/s”?
2. What do people mean when they say “It’s all relative?”
3. The expressions “Time flies” and “This has been the longest day of my life” suggest

that time does not flow equally in all situations. Can you describe any cases in which
it is actually true that the flow of time is in some sense variable?
4. You are travelling on a spaceship moving, relative to Earth, at 90% the speed of light.

You direct a laser beam in the same direction as the spaceship is travelling. How fast
does the laser light travel relative to the ship? relative to Earth?
5. The law of conservation of mass tells us that the mass of all the reactants in a chem-

ical reaction should be equal to the mass of all the products. Do the reactions inside
the Sun or a nuclear reactor violate the law of conservation of mass?
6. One of the most famous of all equations is Einstein’s E 5 mc 2. What do the symbols

represent? What does the equation imply?
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A Thought Experiment

The study of relativity analyzes the properties of objects travelling near the
speed of light. Obviously, direct observations and measurements cannot be
made at these speeds, so to help us gain insights, we can create hypothetical
situations called “thought experiments” to analyze these cases. The power of
the thought experiment is the questions that arise, not necessarily the
answers to the questions.
At the age of 16, Einstein showed the power of the thought experiment
technique by imagining he could chase a beam of light until he was alongside it. Use the following questions to discuss Einstein’s thought experiment:
(a)
(b)
(c)
(d)
(e)

NEL

Figure 1
A radioactive fuel rod from a nuclear
reactor is immersed in deep water. The
intense blue glow surrounding the rod is
an effect from electrons travelling at
speeds greater than the speed of light in
water. This is called the Cerenkov effect,
named after the Russian physicist who
discovered it. But nothing can travel
faster than the speed of light, or can it?

Could you catch up to the beam of light?
If you could, would the beam remain stationary, relative to you?
What would the beam consist of?
According to Maxwell, why couldn’t the beam remain stationary?
Could you see the beam of light in a mirror?
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11.1

Frames of Reference and Relativity
Newton’s laws of motion work very well at low speeds, that is, low compared to the
speed of light. Einstein’s special theory of relativity analyzes the effects of motion at
high speeds, that is speeds approaching the speed of light. Further, as the word “relative” implies, the results of a measurement can depend on the frame of reference with
respect to which the measurement is made. Before investigating motion at high speeds,
we first review the concepts of relative motion for objects at low speeds.

Frames of Reference

inertial frame of reference a
frame of reference in which the law
of inertia holds

Figure 1
An apple is dropped in a pickup
truck.
(a) In the frame of reference of the
truck, the apple falls straight
down.
(b) In the frame of reference of
Earth, the apple follows a parabolic path.

In Unit 1, we saw that to describe and account for the motion of any object, we must adopt
a frame of reference from which to view the motion—an arbitrary origin and set of axes
from which to measure the changing position of a moving object. Most often we choose
Earth as our frame of reference, assuming it to be stationary, and measure all positions
of a moving object relative to some origin and set of axes fixed on Earth. It was, of course,
in Earth’s frame of reference that Newton’s first law, the law of inertia, was discovered.
Any frame of reference in which the law of inertia holds is called an inertial frame of reference (see Section 2.5); that is, if no net force acts on an object at rest, it remains at rest,
or, if in motion, it continues to move in a straight line at a constant speed.
All of Newtonian physics, including gravitation theory and kinematics, holds as we make
the transition from one inertial frame to another. Suppose (contrary to commonsense
and highway safety laws) you are standing up in the back of a pickup truck, holding an
apple. The truck is moving along a straight, level road at constant speed. If you drop
the apple, you see it fall, relative to the truck body, straight down (Figure 1(a)). But to
an observer at the side of the road, in what we will call the Earth frame of reference, the
path of the apple is a curve (Figure 1(b)). How do the laws of Newtonian physics compare in the two frames?
In both cases, the force of gravity accelerates the apple straight down. The observed
vertical trajectory of the apple in the frame of the truck is correctly predicted by classical

(a)
reference frame = pickup truck
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(b)
reference frame = Earth
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kinematics, since the apple has an initial horizontal velocity of zero in that frame. The
observed curved trajectory of the apple in the frame of Earth is again correctly predicted
by classical kinematics, since the apple has a nonzero initial horizontal velocity, directed
forward, in that frame. In other words, the laws of physics (Newton’s laws and the equations of kinematics) are the same in both frames of reference, even though the paths
are different. We can generalize to say that the Newtonian laws of physics are the same
in all inertial frames of reference.
Our experiences of travel make us familiar with the behaviour of a noninertial frame
of reference, or a frame accelerated with respect to an inertial frame. When a vehicle
changes speed, or turns sharply while maintaining a constant speed, odd things appear
to happen. Consider a ball at rest on the flat, smooth, level floor of a van moving in a
straight line on a level road at a constant speed. As long as the van is an inertial frame
of reference, Newton’s first law applies, and the ball remains at rest (Figure 2(a)).
v = constant

v increasing

a =0
ball stays at rest

noninertial frame of reference
frame of reference that is accelerating relative to an inertial frame

a > 0 (for van)

ball moves backward in van

(a)

(b)
constant velocity

v decreasing

increasing velocity

v changes direction (car turns right)

a < 0 (for van)

ball moves to the left
(relative to the van)

ball moves forward in van
(c)

(d)
decreasing velocity

When the speed of the vehicle increases on a straight and level road, the ball accelerates toward the rear of the van Figure 2(b), contrary to Newton’s law of inertia. Similarly,
if the van slows down, the ball begins to move forward (c). If the road curves sharply to
the right, the ball begins to move to the left (d). In each case, however, when the motion
is observed from the inertial frame of Earth, the ball is seen to obey the law of inertia—
to continue moving in a straight line with a constant speed.
So firm is our belief in Newton’s laws that we would rather invent a “fictitious force”
to explain these strange motions in noninertial frames than abandon our belief in
Newton’s laws. In the previous example, we would have to assume a fictitious force in a
direction opposite to that of the van’s acceleration in order to explain the motion of the
ball in each case. In the case where the van is turning, we make up a fictitious force,
commonly called “centrifugal force,” just to make intuitive sense. This is familiar to
everyone who has taken a ride at an amusement park.
It is clear that the analysis of motion in noninertial frames is complicated. Looking at
the same motion from any inertial frame provides a much simpler analysis, consistent
with Newton’s laws.
This leads us to three important statements about relative motion and frames of
reference:

•
NEL

new direction of
van’s velocity
Figure 2
(a) The van moves with constant
velocity, and the ball stays at
rest relative to the vehicle.
(b) The van accelerates and the
ball rolls backward relative to
the vehicle.
(c) The van slows down, and the
ball rolls forward relative to the
vehicle.
(d) The ball rolls to the left relative
to the vehicle.
In all cases the ball remains in uniform motion relative to Earth.

In an inertial frame of reference, an object with no net force acting on it remains
at rest or moving in a straight line with a constant speed.
Einstein’s Special Theory of Relativity 563

•
•

The laws of Newtonian mechanics are only valid in an inertial frame of reference.
The laws of Newtonian mechanics apply equally in all inertial frames of reference; in other words, all inertial frames of reference are equivalent as far as
adherence to the laws of mechanics is concerned.

One final point remains to be made in our review of Newtonian relative motion and
frames of reference: there is no such thing as absolute velocity in Newtonian mechanics.
Whether you drop a ball while in a vehicle moving with constant velocity east, or in a
vehicle moving with a constant velocity west, or in a parked vehicle, the ball moves vertically in the frame of the vehicle. Thus you cannot use measurements of the motion of
the ball to help you identify whether you are really moving. In general, for any two inertial frames moving with respect to each other, there is no physical meaning in the question, “Which of these two frames is really moving?”

Special Theory of Relativity
LEARNING TIP
Shortcut Symbols
Since the speed of light is a
constant, it is given the symbol
c. Thus, c 5 3.00 3 108 m/s,
1
so }2}c, or 0.5c, is equal to
3.00 3 108 m/s
}} or
2
1.50 3 108 m/s.

ether the hypothetical medium,
regarded as not directly observable,
through which electromagnetic
radiation was thought to propagate
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In Chapter 3, we learned how to calculate, by vector addition, relative velocities in moving
frames of reference. We have just stressed in our review that Newton’s laws of motion apply
equally in all inertial frames. We now recall from Chapter 3 that the motion itself has a
different appearance, depending on the frame from which it is viewed. For example, if
a ball is rolled forward at 10 m/s in a car moving at 30 m/s, its speed is 40 m/s in Earth’s
frame of reference. Conversely, if the ball is rolled backward at the same speed in the
same car, its speed relative to Earth is 20 m/s. Clearly, the speed with which the ball is
observed to move depends on the frame of reference of the observer.
At the turn of the twentieth century, many physicists wondered whether the same
vector-addition rules applied to the motion of light. If light has a speed c in a frame of
reference of Earth, then would light emitted in the forward direction from a source
1
11
moving relative to Earth at }} c have a measured speed of }} c, measured by an observer
10
10
in Earth’s frame of reference? Would light emitted backward from the same source have
9
a measured speed of }} c in Earth’s frame? In other words, would the speed of light,
10
like the speed of a ball rolling in a vehicle, depend on the frame of reference from which
it is observed?
The first hint that light was somehow different from other phenomena came in the latter
half of the nineteenth century, when Maxwell described light as an electromagnetic wave
travelling in a vacuum at 3.00 3 108 m/s. Relative to what frame of reference would the
speed of light have this value? Did the calculation presuppose some special, absolute
frame?
Up to this time, physicists had always associated waves with a medium through which
they travelled. It was natural, then, for them to assume that light must also travel through
some kind of medium. Perhaps this medium was the absolute frame of reference in the
universe and the speed Maxwell calculated for electromagnetic waves was relative to this
frame. The supposed medium, called the ether, was thought to allow bodies to pass
through it freely, to be of zero density, and to permeate all of space.
According to classical mechanics, the speed of light measured relative to any frame of
reference moving through this ether should differ from 3.00 3 108 m/s by the magnitude of the velocity with which the frame is moving. It was assumed that Earth must be
such a moving frame, since Earth is a planet orbiting the Sun. A number of very clever
and complicated experiments were designed to measure the speed of Earth through the
ether. The most successful of these was performed in 1887 by two Americans,
A.A. Michelson (1852–1931) and E.W. Morley (1838–1923). While the details of the
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Michelson–Morley experiment can be left to a further course in physics, a brief description of their method and results is necessary for our understanding of special relativity.
In essence, Michelson and Morley compared the relative speeds of light in two perpendicular directions relative to Earth’s motion through the ether (Figure 3). If Earth
were travelling in the ether-absolute frame of reference with velocity $v, then in a frame on
Earth the ether would be travelling at velocity – $v, producing an “ether wind.” Michelson
and Morley expected to find a difference in the measured speed of light dependent on the
orientation of their apparatus in the ether wind. Just as the velocity, relative to the shore,
of a boat with an outboard motor of constant power varies when the boat is directed
first back and forth along the line of the river, then back and forth cross-stream, so the speed
of light should differ when it is moving on the one hand back and forth along the line of
the wind, and on the other hand perpendicular to the line. To detect the expected small
difference in speed, Michelson and Morley used an interferometer, which generates an interference pattern between two parts of a split beam of light.
Figure 4(a) shows the setup of the apparatus. (See Section 10.7 for the operation of
an interferometer.) The entire apparatus could be rotated to change the positions of the
mirrors.
Any small difference in the velocity of light along the two paths would be indicated by
a change in the interference pattern as the apparatus rotated. If the apparatus is rotated
90°, the distance L1 is now perpendicular to the ether wind and the distance L2 is parallel
to it (Figure 4(b)). Thus, the time taken to travel these distances should change as the apparatus is rotated. This should produce a phase change in the interference pattern.
(a)

Figure 3
At most points during its orbit, Earth
will be moving relative to the ether.

source
ether wind

ether wind
beam 2

L2

M1

Ms

Ms
source

possible direction
of the ether

(b)
M2

L2

Earth

beam 1

beam 2
viewer

L1

beam 1

M2

L1
N
N

M1
Figure 4
(a) A simplified view of an interferometer place in the
hypothetical ether wind.
(b) The apparatus is rotated 90°.

viewer

The importance of the experiment lies in its failure to show what was expected. Michelson
and Morley performed their experiment over and over at different points in Earth’s orbit
but continued to get a null result: there was absolutely no change in the interference pattern. The speed of light was the same whether it travelled back and forth in the direction
of the ether wind or at right angles to it. The relative velocity of the ether with respect to
Earth had no effect on the speed of light. In other words, the ether does not exist. This
null result was one of the great puzzles of physics at the turn of the twentieth century.
Many explanations were offered for the failure of the interference pattern to change. In
1905, Albert Einstein (1879–1955), then working in Switzerland as a junior patent clerk,
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proposed a revolutionary explanation in the form of the special theory of relativity. His
theory rests on two postulates.
Special Theory of Relativity
1. The relativity principle: all the laws of physics are valid
in all inertial frames of reference.
2. The constancy of the speed of light: light travels
through empty space with a speed of c = 3.00 3 108 m/s,
relative to all inertial frames of reference.

DID YOU KNOW

?

Invariance or Relativity?
Einstein originally used the name
“theory of invariance” and only later
the theory of relativity. In a sense,
invariance describes the theory
better than the word “relativity.”

DID YOU KNOW

?

Precise Value of the
Speed of Light
The speed of light is large but not
infinite: 2.997 924 58 3 108 m/s. For
the calculations in this text, three
significant digits are sufficient in
most cases. Thus, 3.00 3 108 m/s is
used for the speed of light.

The first postulate is an easy-to-accept extension of the idea of Newtonian relativity, mentioned earlier. Einstein proposed that not only Newtonian mechanics but all the laws of
physics, including those governing electricity, magnetism, and optics, are the same in all
inertial frames. The second is more difficult to reconcile in our minds because it contradicts our commonsense notions of relative motion. We would expect two observers, one
moving toward a light source and the other moving away from it, to make two different
determinations of the relative speed of light. According to Einstein, however, each would
obtain the same result, c 5 3.00 3 108 m/s. Clearly, our everyday experiences and common
sense are of no help in dealing with motion at the speed of light.
By doing away with the notion of an absolute frame of reference, Einstein’s theory solves
the dilemma in Maxwell’s equations: the speed of light predicted by Maxwell is not a speed
in some special frame of reference; it is the speed in any inertial frame of reference.
We have seen that in Newtonian mechanics, while the laws of motion are the same in all
inertial frames, the appearance of any one particular motion is liable to change from frame
to frame. We shall see in the rest of this chapter that the position for Einstein is similar
but more radical: the changes in the appearance of the world, as we move between inertial frames travelling at high speeds with respect to each other, are contrary to common sense.
Note that special relativity is a special case of the more general theory of relativity (not
investigated in this text), published by Einstein in 1916. The general theory of relativity
deals with gravitation and noninertial frames of reference.
The special and general theories of relativity and their many implications are now considered as much a part of physics as Newton’s laws. The difference is this: to comprehend
the many ramifications of the theories requires a great deal more mental flexibility and
dexterity than was the case with Newtonian mechanics.

Simultaneity

simultaneity the occurrence of two
or more events at the same time

566 Chapter 11

We begin our examination of the consequences Einstein drew from his two postulates
by considering time. In Newtonian mechanics, there is a universal time scale, the same
for all observers. This seems right. Surely, a sequence of events that one observer measures to last 2.0 s would also last 2.0 s to an observer moving with respect to the first
observer. But it is not always so! According to Einstein, time interval measurements
depend on the reference frame in which they are made.
Simultaneity, the occurrence of two or more events at the same time, is also a relative
concept, and we will make it our starting point, before proceeding to the relativity of a time
interval. We will use a thought experiment to show that events that are simultaneous in
one inertial frame are not simultaneous in other frames.
An observer Os, stationary in the inertial frame of Earth, is standing on a railway platform at the midway point between two lampposts, L1 and L2 (Figure 5). The lampposts
are connected to the same circuit, ensuring that, at least from the viewpoint of an iner-
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(a)
train at rest
Om

L1

platform

L2
Os
Figure 5
(a) When the train is at rest, each
observer sees the lamps flash
simultaneously, since each
observer is halfway between
the lamps.
(b) When the train is moving, each
observer does not see the
lamps flash simultaneously,
since the light from L1 takes
longer to reach Om than the
light from L2 , that is
Dt L1 . Dt L2.

(b)
v

train moving
Om

L1

light from L1

light from L2

L2

Os

tial frame anchored in the railway platform, the lamps come on at the same time when
the switch is closed. To make the experiment easy to follow, we assume that the lamps
do not stay on when the current is applied but flash and explode, spewing out soot and
broken glass. The light from each flash travels out in all directions at the speed of light, c.
Since Os is located at the midpoint between the lampposts, the distances the beams of
light travel are equal, causing the arrival of light from the one lamp to be simultaneous
with the arrival of light from the other lamp. Adjacent to Os is a second observer Om, sitting in a train on a straight track next to the platform. We make two trials in our thought
experiment: in the first, keeping the train at rest relative to Earth, and in the second,
making the train move with speed v relative to Earth.
If the train is at rest, Om finds the arrival of the light from the first lamp to be simultaneous with the arrival of the light from the second lamp (Figure 5(a)). Om then performs
measurements of the soot marks left by the exploding lamps on his train: he is halfway
between the soot marks, and light always travels at the same speed, c. Therefore, Om is forced
to conclude that the lamps flashed simultaneously. Os reaches the same conclusion for the
same reasons.
We now perform the second trial in the thought experiment, letting the train move by
Os at a high speed relative to the inertial frame of Earth but keeping everything else as before.
In the time interval it takes for the flash of light to travel to Os from each lamppost, Om
will have moved a short distance to the right (Figure 5(b)). In this time interval Om will
receive the flash of light from L2 but not yet receive the flash of light from L1. Om thus sees
the rear lamp flash a little later than the forward lamp. Having taken this observation,
Om now performs measurements, as in the first trial: he is halfway between the soot marks
left on the train, and light always travels at the same speed, c. Therefore, Om is forced to
conclude that the two lamps did not flash simultaneously. We emphasize that the conclusion
of nonsimultaneity relies on Einstein’s second postulate. Since (as the placement of the
soot marks reveals) the distances are equal, and since the light flashes travelled at the
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same speed from the two lamps, the fact that the flashes arrived at different times means
that the lamps did not explode simultaneously. We thus reach the following conclusion:
Two events that are simultaneous in one frame of reference are
in general not simultaneous in a second frame moving with
respect to the first; simultaneity is not an absolute concept.

In this thought experiment it is tempting to ask which observer’s view of simultaneity
is correct, Os’s or Om’s? Strangely enough they both are. Neither frame is better for judging
simultaneity. Simultaneity is a relative concept rather than an absolute one. In everyday
life, we are usually unaware of this effect; it becomes much more significant as the relative speed between the two observers increases to a significant fraction of c.

SUMMARY

Frames of Reference and Relativity

•

Any frame of reference in which the law of inertia holds is called an inertial
frame of reference.

•
•

A noninertial frame is one that is accelerating relative to an inertial frame.

•

In Newtonian mechanics, no experiment can identify which inertial frame is
truly at rest and which is moving. There is no absolute inertial frame of reference
and no absolute velocity.

•

Michelson and Morley’s interferometer experiment showed that the ether does
not exist.

•

The two postulates of the special theory of relativity are: (1) all laws of physics
are the same in all inertial frames of reference; (2) light travels through empty
space with a speed of c 5 3.00 3 108 m/s in all inertial frames of reference.

•

Simultaneity of events is a relative concept.

The laws of Newtonian mechanics are only valid in an inertial frame of reference
and are the same in all inertial frames of reference.

Section 11.1 Questions
Understanding Concepts
1. You are in a windowless car of a train that is either

4. Describe the significance of the Michelson–Morley experi-

ment. Why was its seeming failure a success?

stationary or moving at a constant velocity with respect
to Earth. Is there any experiment you can do in the train
to determine whether you are moving? Explain your
answer.

5. State the two postulates of the special theory of relativity in

2. Distinguish between an inertial and a noninertial frame of

time for one observer can be simultaneous to a second
observer moving with respect to the first? Explain your
answer.

reference, and give an example of each. How do we
account for motions that occur, in seeming violation of the
law of inertia, in noninertial frames?

such a way that they can be understood by a peer who
does not study physics.
6. Is there a situation where two events that occur at the same

3. You are travelling in a train that is slowing down upon

approaching the station. You throw a heavy ball, aiming it
directly at the ceiling above your chair. Relative to you,
where will the ball fall? Explain your answer.
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Relativity of Time, Length,
and Momentum

11.2

Having introduced the consequences of Einstein’s two postulates by demonstrating the
relativity of simultaneity, we now draw a further, still more sweeping conclusion on time
and overturn commonsense views on distance.

Time Dilation
For centuries philosophers have debated the concept of time. Does time proceed at the
same rate everywhere in the world or, for that matter, on the Moon? We know time goes
forward. Can it go backward? Despite thoughts to the contrary, it turns out that all time
is relative, relative to the observer. There is no such thing as absolute time.
To illustrate, let us perform a thought experiment where two observers measure different time intervals for the same sequence of events. A spaceship contains two parallel
mirrors (which we call “top” and “bottom”) and a method of sending a pulse of light from
the bottom mirror to the top, at right angles to the mirrors (Figure 1(a)). Inside the
bottom mirror the astronaut has placed a clock that records a “tick” at the instant the pulse
leaves the mirror and a “tock” when the pulse returns.

(a)
∆t s

Figure 1
(a) The astronaut, stationary relative to the clock incorporated in
the bottom mirror, measures a
time interval 2Dts for the light
to make a round trip and so
infers Dts to be the duration of
the upward journey.
(b) The time interval as measured
by an observer on Earth, who
records it as Dtm.
(c) The distance triangle. (The
stopwatches are drawn to
depict the actual time dilation
occurring for a spaceship
travelling at 0.83c.)

(b)

∆t m

0

observer
on Earth

(c)

2∆t m

∆t m

0
c ∆t m

c ∆t s

v ∆t m
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LEARNING TIP
Representing Distance
In general, for an object moving
Dd
at a constant speed, v 5 }}
Dt
and Dd = vDt. In particular, for
Dd
light, c 5 }} and Dd = cDt.
Dt

To the astronaut, stationary with respect to the clock, the pulse goes up and down
(causing the clock to register first a tick, then a tock) whether the spaceship is at rest
relative to Earth or moving with a constant high velocity relative to Earth. We write 2Dts
for the interval, in the inertial frame of the spaceship, separating tick from tock (with “s”
for “stationary,” as a reminder that the clock is stationary in the frame we have just
chosen). The interval required for light to travel from the bottom mirror to the top is thus
Dts and the distance between the mirrors is cDts.
The spaceship is moving with a speed v relative to an observer on Earth. From the
observer’s viewpoint the pulse takes a longer interval Dtm to travel the longer distance
cDtm, where Dtm is the time interval, in the frame of Earth, for light to travel from the
bottom mirror to the top. We write “m” as a reminder that in this frame, the bottom
mirror and top mirror are moving. In the same time that the pulse moves to the mirror,
the spaceship moves a distance of vDtm relative to the observer on Earth (Figure 1(b)).
How can we determine if Dts and Dtm are different? According to Einstein’s second postulate, light has the same speed c for both observers. Using the distance triangle in
Figure 1(c), it follows from the Pythagorean theorem that
(cDtm)2 5 (vDtm)2 1 (cDts )2

We will isolate Dtm to see how it compares with Dts.
(cDtm)2 2 (vDtm)2 5 (cDts )2
c 2(Dtm)2 2 v 2(Dtm)2 5 c 2(Dts )2

Dividing both sides by c 2:
v2
(Dtm )2 2 }}2 (Dtm )2 5 (Dt s )2
c

1

v2
(Dtm)2 1 2 }}2
c

2 5 (Dt )
s

2

Thus, rearranging to isolate Dtm2, and then taking the square root of both sides, we get:
D ts
Dtm 5 }}
v2
1 2 }}
c2

!§§

DID YOU KNOW

?

Use Gamma As a Shortcut
1
The expression }}
is so
v2
1 2 }}
c2
common in relativity applications
that it is given the symbol γ, so the

!§§

Dt s
expression Dtm 5 }}
v2
1 2 }}
c2
becomes Dtm 5 γDts.

!§§
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where Dts is the time interval for the observer stationary relative to the sequence of
events and Dtm is the time interval for an observer moving with a speed v relative to the
sequence of events.
This equation shows that, for any v such that 0 , v , c, Dtm . Dts. The time interval
2Dtm seen by the Earthbound observer, moving relative to the mirrors, must be greater
than the corresponding time interval 2Dts seen by the observer inside the spaceship, stationary with respect to the mirrors.
Another way of looking at this phenomenon is to consider the positions of the events
between which the time interval is measured. The initial and final events in our thought
experiment are the emission of the light from the bottom mirror (tick) and the detection of the light returning to the bottom mirror (tock). In the frame of reference of the
spaceship, tick and tock occur at the same position. In the frame of reference of Earth,
tick and tock occur at two positions that are separated by a distance of 2vDtm. We can
now identify the specific fact underlying the thought experiment: the time interval
between events that occur at the same position in a frame of reference is less than the
time interval between the same events as measured in any other frame of reference.
In summary, “one position time” is less than “two position time” by a factor of
NEL
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1
}}
v2
1 2 }}
c2

!§§

proper time (Dts ) the time interval
between two events measured by an
observer who sees the events occur
at one position

(for any speed v such that 0 , v , c)

The duration of a process (in this example 2Dts), as measured by an observer who sees
the process begin and end in the same position, is called the proper time. The observation that time on a clock that is moving with respect to an observer is seen to run slower
than time on the clock that is stationary with respect to that observer is called time dilation. Intuitively, we may think of time as “dilated” or “expanded” on the spaceship. How
can this be, you may ask? Did we not find Dts to be less than Dtm? But dilation, not contraction, is the right description. To the Earthbound observer, it seems that tick and tock
are widely separated in time, so it seems that a supposedly swift process has slowed down.
This holds for any “clock,” whether it is your watch, a bouncing spring, a pendulum,
a beating heart, a dividing cell, or a galactic event. All time is relative to the observer.
There is no absolute time.
Notice that in the equation above, Dts can be a real number only if the expression
v2
1 – }}
is positive; that is,
c2
v2
1 2 }}
. 0
c2
v2
}}
, 1
c2
v , c

This is the famous “speed limit” proposed by Einstein. No material object can have a speed
that is equal to or greater than that of light. We will address this again in the next section.
Time dilation effects have been measured. In 1971, four exceedingly accurate atomic
clocks were flown around the world twice, on regularly scheduled passenger flights. The
experimental hypothesis was that the clocks would have times that differed from a similar clock at rest at the U.S. Naval Observatory. Because of Earth’s rotation, two trips
were made, one eastward and one westward. Using the time dilation relationship,
the predicted loss in time should have been 40 ± 23 ns for the eastward journey and
275 ± 21 ns for the westward journey. It was found that the clocks flying eastward lost
59 ± 10 ns, and the clocks flying westward lost 273 ± 7 ns. The theory of time dilation
was consequently validated within the expected experimental error.
Muons, which we will encounter again in Chapter 13, are subnuclear particles that
are similar to electrons but are unstable. Muons decay into less massive particles after an
average “life” of 2.2 ms. In 1976, muons were accelerated to 0.9994c in the circular accelerator at CERN, in Switzerland. With a lifetime of 2.2 ms, the muons should last only 14
to 15 trips around the ring before they decay. In fact, because of time dilation, the muons
did not decay until after 400 circuits, approximately 30 times longer. The mean life of the
muons had increased by 30 times relative to Earth, or we could say that the time elapsed
relative to Earth was longer; it was dilated. It’s as if the muons were living life in slow
motion. From this viewpoint, the moving muons will exist longer than stationary ones,
but “the amount of life” the muons themselves will experience, relative to their own
frame of reference, is exactly the same.
From the evidence provided by the life of a muon, we could reach the same conclusion for people moving in a spaceship at nearly the speed of light. The passengers would
have a life expectancy of hundreds of years, relative to Earth. But from the standpoint of
life on the spaceship, it’s life as usual. From our perspective in the inertial frame of Earth,
they are living life at a slower rate, and their normal life cycle takes an enormous amount
of our time. A sample problem will illustrate this point.
NEL

LEARNING TIP
Dilation
The word “dilation” means
“widening.” For example, the pupils
in our eyes dilate to let more light in.

DID YOU KNOW

v2 , c2

and, finally,

time dilation the slowing down of
time in a system, as seen by an
observer in motion relative to the
system

?

Pretty Relative!
Einstein said, “When a man sits
next to a pretty girl for an hour, it
seems like a minute. But let him sit
on a hot stove for one minute and
it’s much longer than an hour—
that’s relativity!”

DID YOU KNOW

?

General Theory
Since the airliners validating time
dilation were travelling above the
surface of Earth, the gravitational
field in flight was lower than at the
U.S. Naval Observatory. Thus, the
experimenters had to include general relativity as well as special relativity in their calculations.
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SAMPLE problem 1
An astronaut whose pulse frequency remains constant at 72 beats/min is sent on a
voyage. What would her pulse beat be, relative to Earth, when the ship is moving relative
to Earth at (a) 0.10c and (b) 0.90c?

Solution
c 5 3.0 3 108 m/s
pulse frequency 5 72 beats/min
pulse period at relativistic speed 5 Dtm 5 ?

The pulse period measured on the spaceship (where pulses occur in the same position) is
1
Dt s 5 }}
72 min21
Dt s 5 0.014 min

(a) At v = 0.10c,
Dts

Dtm 5 }}

!§§

v2
1 2 }}
c2

0.014 min

5 }}

!§§

(0.10c)2
1 2 }}
c2

0.014 min
5 }}
0.995
Dtm 5 0.014 min, to 2 significant digists
1
f 5 }}
T
1
5 }}
0.014 min
f 5 72 beats/min

The pulse frequency at v 5 0.10c, relative to Earth, is to two significant digits
unchanged, at 72 beats/min.
(b) At v 5 0.90c,
0.014 min
Dtm 5 }}
(0.90c)2
1 2 }}
c2

!§§

0.014 min
5 }}
0.436
Dtm 5 0.032 min
1
f 5 }}
T
1
5 }}
0.032 min
f 5 31 beats/min

The pulse frequency at v = 0.90c, relative to Earth, is 31 beats/min. This result is much
lower than the 72 beats/min that the astronaut would measure for herself on the ship.
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Practice
Understanding Concepts
Answers

1. Are airline pilots’ watches running slow in comparison with clocks on the

ground? Why or why not?

2. 1.2 3 1028 s

2. A beam of unknown elementary particles travels at a speed of 2.0 3 108 m/s.

3. 75.0 h

Their average lifetime in the beam is measured to be 1.6 3 1028 s. Calculate
their average lifetime when at rest.

4. 23

3. A Vulcan spacecraft has a speed of 0.600c with respect to Earth. The Vulcans

determine 32.0 h to be the time interval between two events on Earth. What
value would they determine for this time interval if their ship had a speed of
0.940c with respect to Earth?
4. The K+ meson, a subatomic particle, has an average rest lifetime of 1.0 3 1028 s.

If the particle travels through the laboratory at 2.6 3 108 m/s, by how much has
its lifetime, relative to the laboratory, increased?

The Twin Paradox
One of Einstein’s most famous thought experiments is the “twin paradox,” which illustrates time dilation. Suppose that one of a pair of young identical twins takes off from Earth
and travels to a star and back at a speed approaching c. The other twin remains on Earth.
We may possibly expect, in view of our result in Sample Problem 1 concerning an astronaut’s heartbeat, that the moving twin ages less than his Earthbound counterpart does.
But wouldn’t the twin in the spaceship think the reverse, seeing his twin on Earth first
receding at high speed and then returning? Would he not expect the Earthbound twin
to have aged more for the same reason (Figure 2)? Is this not a paradox?
No! The consequences of the special theory of relativity only apply in an inertial frame
of reference, in this case Earth. The twin on Earth is in the same frame of reference for
the other twin’s whole journey. Until now, the situations we have discussed have been symmetrical, with inertial observers moving relative to one another, seeing each other’s
clocks run slow. The travelling twin is in a frame of reference whose velocity relative to
Earth must change at the turn-around position, which means it is a noninertial frame
at that stage. Since the situation is not symmetrical, the observations can be different. It
is indeed the twin in the spaceship who returns younger than his twin on Earth.

Figure 2
(a) As the twins depart, they are
the same age.
(b) When the astronaut twin
returns, he has aged less than
the twin who stayed on Earth.

Length Contraction
Since time, once assumed to be absolute, is perceived differently by different observers,
it seems natural to ask if length, another supposedly absolute concept, also changes.
Consider a spaceship making a trip from planet A to planet B, at rest with respect to
each other and a distance Ls apart (relative to the planets) and at a speed v as measured
by an observer on either planet (Figure 3). (Just as Dts was defined as the proper time,
Ls is called the proper length.)
For the captain in the spaceship, the process (the departure of A, the arrival of B)
occurs at one single place, the spaceship. The captain can thus assign a proper-time
duration Dts to the process, using a single clock on the spacecraft. Since she sees A recede
and B approach at the speed v, she finds the distance separating the two events to be
Lm 5 vDts. For observers on the planets, the process (the takeoff from A, the landing
on B) occurs at two different places. Such observers can use a pair of synchronized clocks
to assign a duration Dtm to the two-event process consisting of the takeoff and the
landing and would find the distance separating the events as Ls 5 vDtm. We can now
argue as follows:
NEL

proper length (Ls ) the length, in
an inertial frame, of an object stationary in that frame

LEARNING TIP
Proper Length
Note that “proper length” does not
necessarily mean “correct length.”

Einstein’s Special Theory of Relativity 573

L0s

A

B
v

ts
tm

Figure 3
Planets A and B are at rest with
respect to each other. The chart
below summarizes the rotation used
in this example:
Observer

Distance

Time

stationary
observer

Ls

Dtm

spacecraft
observer

Lm

Dts

From the time dilation relationship
Dts
Dtm 5 }}
v2
1 2 }}
c2

!§§

If we multiply both sides by v we obtain
vDts
vDtm 5 }}
v2
1 2 }}
c2

!§§

But Lm 5 vDts and Ls 5 vDtm. Substituting above we obtain
Lm
Ls 5 }}
v2
1 2 }}
c2

!§§

or

!§§

Lm 5 Ls

DID YOU KNOW

?

The Lorentz Contraction
This relativistic change in length is
known as the Lorentz contraction,
named after the Dutch mathematician H.A. Lorentz, who created the
same theoretical correction for
Maxwell’s electromagnetic equations before Einstein developed it
independently 20 years later. As a
result, the expression is also
referred to as the Lorentz–Einstein
contraction.

length contraction the shortening
of distances in a system, as seen by
an observer in motion relative to
that system

where Ls is the proper distance between A and B, directly measurable in the inertial
frame in which A and B are at rest, and Lm is the distance—which we did not try to
measure directly but deduced from kinematics—between A and B as seen in an inertial frame in which A and B are moving.

!§

v2
1 2 }}
, 1, Lm , Ls. In our example, occupants on-board the spaceship
c2
would measure the distance between planets as less than observers on either planet
would measure it to be. The observers on the planets are not moving with respect to
the space between planets, and therefore, measure the distance as Ls. The passengers onboard the spaceship are moving through that same space and measure its distance to
be Lm. Our analysis shows that this length contraction occurs in the direction of motion.
So, for example, a cylindrical spaceship 10 m in diameter, moving past Earth at high
speed, is still 10 m in diameter in the frame of Earth (though shortened from tip to tail).
Since

If you were in a spaceship flying by a tall, stationary building, at say, 0.9c, the width of
the front of the building will be much thinner but the height will be the same. You would
notice that the building’s sides are slightly curved in toward the middle since the light has
travelled different distances to you, the observer, and you will see the sides of the building
as you approach and recede from it. This description in words does not give you a true
picture, nor will it be the same at different relativistic speeds. The best way to see what
happens with length contraction is to view computer simulations of such events.
GO
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v2
1 2 }}
c2
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SAMPLE problem 2
A UFO heads directly for the centre of Earth at 0.500c and is first spotted when it passes a
communications satellite orbiting at 3.28 3 103 km above the surface of Earth. What is the
altitude of the UFO at that instant as determined by its pilot?

Solution
Before solving a problem in special relativity, we must work out which lengths or durations
are proper. In this case, the UFO pilot is determining the length separating two events in a
process moving through his frame (the first event being the arrival at the UFO of the satellite, the second the arrival at the UFO of the surface of Earth). The length that the pilot is
determining is thus not a proper length so it can appropriately be called Lm. On the other
hand, the given length of 3.28 3 103 km is the length separating two events in a process
stationary in the frame to which it is referred (the first event being the arrival of the UFO at
the satellite, the second the arrival of the UFO at the surface of Earth). The given length is
thus a proper length so it can appropriately be called Ls.
v 5 0.500c
Ls 5 3.28 3 103 km
Lm 5 ?
Lm 5 Ls

!§§

DID YOU KNOW

?

The Fourth Dimension
Time is often thought of as the
fourth dimension. An event may be
specified by four quantities: three
to describe where it is in space
and the fourth to describe where it
is in time. When objects move at
speeds near that of light, space
and time become intertwined.
Each inertial frame of reference
represents one way of setting up a
coordinate system for space-time.
Comparing measurements made
by observers in different inertial
frames requires a change of coordinates, the interwining of space
and time.

v2
1 2 }}
c2
(0.500c)
12}
}
!§
§
c
2

5 (3.28 3 103 km)

2

Lm 5 2.84 3 103 km

The altitude as observed from the UFO is 2.84 3 103 km.
Since the speed of the UFO is fairly slow, as far as relativistic events are concerned, the
distance contraction is relatively small.

SAMPLE problem 3
A spaceship travelling past Earth with a speed of 0.87c, relative to Earth, is measured to
be 48.0 m long by observers on Earth. What is the proper length of the spaceship?

Solution
Since the spaceship is moving relative to the observers on Earth, 48.0 m represents Lm.
v 5 0.87c
Lm 5 48.0 m
Ls 5 ?
Lm 5 Ls

!§§

v2
1 2 }}
c2

Lm
Ls 5 }}
v2
1 2 }}
c2

!§§

48.0 m
5 }}
(0.87c)2
1 2 }}
c2

!§§

Ls 5 97.35 m, or 97.4 m

The proper length of the spaceship is 97.4 m.
NEL

Einstein’s Special Theory of Relativity 575
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Understanding Concepts
Answers

5. A spaceship passes you at the speed of 0.90c. You measure its length to be

50.0 m. What is its length when at rest?

5. 115 m

6. You are a space traveller, moving at 0.60c with respect to Earth, on your way to a

6. 6.0 ly

star that is stationary relative to Earth. You measure the length of your trajectory to
be 8.0 light-years (ly). Your friend makes the same journey at 0.80c with respect to
Earth. What does your friend measure the length of the trajectory to be?

7. 3.95 3 102 m
8. (a) 37.7 ly
(b) 113 a

7. A spacecraft travels along a space station platform at 0.65c relative to the

platform. An astronaut on the spacecraft determines the platform to be
3.00 3 102 m long. What is the length of the platform as measured by an
observer on the platform?

9. 0.89c

8. A star is measured to be 40.0 ly from Earth, in the inertial frame in which both

star and Earth are at rest.
(a) What would you determine this distance to be if you travelled to the star in
a spaceship moving at 1.00 3 108 m/s relative to Earth?
(b) How long would you determine the journey to take?

LEARNING TIP
When to Round Off
When working with calculations
involving relativistic quantities,
don’t round off until the final result
is achieved; otherwise, your results
could be erroneous.

9. The proper length of one spaceship is twice the proper length of another. You,

an observer in an inertial frame on Earth, find the two spaceships, travelling at
constant speed in the same direction, to have the same length. The slower
spaceship is moving with a speed of 0.40c relative to Earth. Determine the speed
of the faster spaceship relative to Earth.

Relativistic Momentum
Momentum is one of the most important concepts in physics. Recall that Newton’s laws
can also be stated in terms of momentum and that momentum is conserved whenever
there is no external, unbalanced force on a system. In subatomic physics (see Chapter 13),
much of what we know involves the collision of particles travelling at relativistic speeds,
so it is important to address relativistic momentum.
Using a derivation beyond the scope of this book but based on the Newtonian concept of conservation of momentum, Einstein was able to show that the momentum of
an object is given by
mv

p 5 }}

!§§

v2
1 2 }}
c2

rest mass mass measured at rest,
relative to the observer

DID YOU KNOW

?

Rest Mass
Einstein wrote: “It is not good to
introduce the concept of a relativistic mass of a body for which no
clear definition can be given. It is
better to introduce no other mass
than the rest mass.”
576 Chapter 11

where p is the magnitude of the relativistic momentum, m is the mass of the object, and
v is the speed of the object relative to an observer at rest.
The m in the equation is the mass of the object measured by an observer at rest relative to the mass. This mass is referred to as the rest mass.
How do we measure rest mass? We measure it the same way we always have, using
Newtonian physics. We either measure it in terms of inertia, using Newton’s second law
oF
oF
m 5 }} , or measure it gravitationally m = }} . For low-speed objects these inertial
a
g
and gravitational masses are equivalent. When an object is accelerated to high speeds, the
mass cannot be defined uniquely and physicists only use the rest mass.
In the next section we will see that rest mass can itself change, but only if the total
energy of the system changes.
As with the relativistic equations for time and length, the nonrelativistic expression for
the momentum of a particle (p 5 mv) can be used when v is very small in comparison

1

2

1

2

NEL

with c. As a rule, anything travelling faster than about 0.1c can be called relativistic, and
significant correction using the special relativity relationships is required.
2
The momentum equation predicts that as v approaches c, the quantity 1 2 }v }
c2
approaches 0, and, consequently, for an object of nonzero rest mass, p approaches infinity.
Relativistic momentum would thus become infinite at the speed of light (Figure 4) for
any object of nonzero rest mass. The unbounded increase of relativistic momentum
reflects the fact that no body of nonzero (rest) mass can be accelerated from an initial
speed less than c to a speed equal to or greater than c. (In Chapter 12, you will learn
about photons, which act like particles of light. Since photons travel at the speed of light,
they must have zero rest mass. Our relativistic momentum formula does not apply to this
situation. In fact, it has been shown experimentally that photons do have well-defined
momentum, even though they have no mass.)

!§§

SAMPLE problem 4
Linear accelerators accelerate charged particles to nearly the speed of light (Figure 5).
A proton is accelerated to 0.999 994c.
(a) Determine the magnitude of the relativistic momentum.

1
relativistic momentum
=
nonrelativistic momentum √1 − v 2/c 2

Section 11.2

6.0
5.0
4.0
3.0
2.0
1.0
0

0.2c 0.4c 0.6c 0.8c c
Speed

Figure 4
Relativistic momentum, here measured by taking the ratio of relativistic
momentum to the nonrelativistic
momentum (the product of speed
and rest mass), increases without
bound as the speed approaches c.

(b) Make an order-of-magnitude comparison between the relativistic and the nonrelativistic momenta.

Solution
(a) v 5 0.999 994c
m 5 1.67 3 10227 kg (from Appendix C)
p 5 ?
mv
p 5 }}
v2
1 2 }}
c2

!§§

(1.67 3 10227 kg)(0.999 994c)
5 }}}}
(0.999 994c)2
1 2 }}
c2

!§§§

5.010 3 10218 kg?m/s
5 }}}
3.4641 3 10–3
p 5 1.45 3

10215

kg?m/s

Figure 5
A linear accelerator

The magnitude of the relativistic momentum of the proton is 1.45 3 10215 kg?m/s.
(This value agrees with the value that can be measured in the accelerator.)
(b) The magnitude of the nonrelativistic momentum, given by the classical Newtonian
equation, is
p 5 mv
5 (1.67 3 10227 kg)(0.999 994c)
5 (1.67 3 10227 kg)(0.999 994)(3.00 3 108 m/s)
p 5 5.01 3 10219 kg?m/s

The nonrelativistic momentum is 5.01 3 10219 kg?m/s. The relativistic momentum is
more than three orders of magnitude larger than the nonrelativistic momentum.

NEL
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10. What is the relativistic momentum of an electron moving at 0.999c in a linear

accelerator? (me 5 9.11 3 10231 kg)

10. 6.11 3 10221 kg·m/s

11. A small space probe of mass 2.00 kg moves in a straight line at a speed of 0.40c

11. 2.62 3 108 kg·m/s
12. 3.76 3

10219

relative to Earth. Calculate its relativistic momentum in the Earth frame.

kg·m/s

12. A proton is moving at a speed of 0.60c with respect to some inertial system.

Determine its relativistic momentum in that system. (mp 5 1.67 3 10227 kg)

SUMMARY

Relativity of Time, Length,
and Momentum

•

Proper time Dts is the time interval separating two events as seen by an observer
for whom the events occur at the same position.

•

Time dilation is the slowing down of time in a system, as seen by an observer in
motion relative to the system.

•

Dts
The expression Dtm 5 }} represents time dilation for all moving objects.
v2
1 2 }}
c2

!§

•

Time is not absolute: both simultaneous and time duration events that are simultaneous to one observer may not be simultaneous to another; the time interval
between two events as measured by one observer may differ from that measured
by another.

•

Proper length Ls is the length of an object, as measured by an observer at rest relative to the object.

•

Length contraction occurs only in the direction of motion and is expressed as
Lm 5 Ls

•

!§

v2
1 2 }}
.
c2

The magnitude p of the relativistic momentum increases as the speed increases
mv
according to the relationship p 5 }} .
v2
1 2 }}
c2

!§
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•

The rest mass m of an object is its mass in the inertial frame in which the object
is at rest and is the only mass that can be uniquely defined.

•

It is impossible for an object of nonzero rest mass to be accelerated to the speed
of light.
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Section 11.2 Questions
Understanding Concepts
1. The time dilation effect is sometimes misleadingly stated in

the words “Moving clocks run slowly.” Actually, this effect
has nothing to do with motion affecting the functioning of
clocks. What, then, does it deal with?
2. To whom does the elapsed time for a process seem to be

longer, an observer moving relative to the process or an
observer that is stationary relative to the process? Which
observer measures proper time?
3. How would length and time behave if Einstein’s postulates

were true but with the speed of light infinite? (Hint: Would
there be no relativistic effects, or would the relativistic
effects be in some sense exceptionally severe?)

(c) According to the observer on the planet, the spaceship
takes 8.0 s to reach the next planet in the solar system.
How long does the astronaut consider the journey to
take?
10. A cube of aluminum 1.00 m 3 1.00 m 3 1.00 m is moving at

0.90c, in the orientation shown in Figure 6. The rest density
of aluminum is 2.70 3 103 kg/m3.
(a) Which of the three dimensions, a, b, or c, is affected by
the motion?
(b) Calculate the relativistic volume of the cube.
(c) Calculate the relativistic momentum of the cube.

4. How would our lives be affected if Einstein’s postulates

were true but the speed of light were 100 km/h? (Hint:
Consider simple specific examples, such as the nature of a
highway journey at 60 km/h. What difficulty arises as we try
to accelerate the car to 110 km/h?)

v = 0.90c

a

5. “Matter has broken the sound barrier but will not be able to

Figure 6

c

exceed the speed of light.” Explain this statement.

b

6. Muons created in collisions between cosmic rays and

atoms high in our atmosphere are unstable and disintegrate into other particles. At rest these particles have an
average lifetime of only 2.2 3 1026 s.
(a) What is the average lifetime in the laboratory inertial
frame of muons travelling at 0.99c in that frame?
(b) If muons did not experience a relativistic increase in
lifetime, then through what average distance could
they travel in the laboratory inertial frame before disintegrating, if travelling at 0.99c in that frame?
(c) Through what average distance do muons travel in the
laboratory frame, if moving through that frame at
0.99c?

11. Calculate the relativistic momentum of a helium nucleus of

rest mass 6.65 3 10–27 kg, moving in the laboratory frame
at 0.400c.
Applying Inquiry Skills
12. Generate the data for the first two columns in Table 1 for

v
values of }c} from 0.05 to 0.95, in intervals of 0.05. Use these
values to calculate Dtm and Lm. The use of a computer
spreadsheet, such as Excel, is recommended.
Table 1

7. In 2000, a 20-year-old astronaut left Earth to explore the

galaxy; her spaceship travels at 2.5 3 108 m/s. She returns
in 2040. About how old will she appear to be?
8. A spaceship passes you at a speed of 0.90c. You find the

length of the ship in your frame to be 50.0 m. (The measurement is not easy: you have to arrange for a lamp to flash
on the bow and the stern simultaneously in your frame, and
then determine the distance between the flashes.) A few
months later, the ship comes to the end of its mission and
docks, allowing you to measure its length. (Now the measurement is easy: you can walk along the ship with a tape
measure.) What length does your tape measure show?

v
}}
c

!§§

Dts

Dtm

Ls

Lm

0.05

?

100 s

?

100 m

?

0.10

?

100 s

?

100 m

?

v2
1 2 }}
c2

0.15

?

100 s

?

100 m

?

0.20

?

100 s

?

100 m

?

0.25

?

100 s

?

100 m

?

:

:

:

:

:

:

9. A spaceship goes past a planet at a speed of 0.80c relative

to the planet. An observer on the planet measures the
length of the moving spaceship to be 40.0 m. The observer
also finds that the planet has a diameter of 2.0 3 106 m.
(a) The astronaut in the spaceship determines the length
of the ship. What is this length?
(b) The astronaut, while not in a position to actually
measure the diameter of the planet, does succeed in
computing a diameter indirectly. What is the resulting
value?

NEL

(a) In what range of speeds is the time double the proper
time?
(b) At what speed has the length of the object contracted
by 10%?
(c) Based on the table, at what speed do relativistic effects
become “noticeable”? What objects travel at these
speeds?
v
(d) Plot graphs of Dtm and Lm versus }c}.
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11.3

Mass and Energy: E 5 mc 2
In the previous section, we found that the definition of momentum has to be modified
for relativistic speeds if we are to continue to have a conservation-of-momentum law.
It similarly turns out that if we are to continue to have a conservation-of-energy law,
we must revise the definition of energy.
When a force is applied to an object, work is done on it, increasing its kinetic energy.
In Section 4.2 you learned that
work done 5 DEK
5 EKf 2 EKi
1
1
5 }} mvf2 2 }} mvi2
2
2
1
work done 5 }} m(vf2 2 vi2)
2

We assumed that the object’s mass remained constant and that any energy transferred
to increase its kinetic energy resulted in an increase in speed only. Classically, we would
expect this relation to continue to be valid as long as the force continues to act—the
speed simply increases without bound. But this is not the case. As speeds become relativistic, the classical treatment of energy must be re-examined.
Einstein suggested that the total (relativistic) energy associated with an object of rest
mass m, moving at speed v relative to an inertial frame is
mc 2
Etotal 5 }}
v2
1 2 }}2
c

!§§

If the object happens to be at rest in this inertial frame, then v is zero and the total (relativistic) energy is simply
Erest 5 mc 2

conservation of mass–energy
the principle that rest mass and
energy are equivalent

This is Einstein’s famous E 5 mc 2. He proposed two things: rest mass is a form of energy
that is associated with all massive objects, and there might be forces or interactions in
nature that could transform mass into the more familiar types of energy or vice versa.
In classical mechanics, mass and energy are conserved separately. In special relativity,
these conservation laws are generalized to become one combined law, the conservation
of mass-energy.
Relativistic kinetic energy is the extra energy an object with mass has as a result of its
motion:
Etotal 5 Erest 1 EK
EK 5 Etotal 2 Erest
mc 2
EK 5 }} 2 mc 2
v2
1 2 }}
c2

!§§
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For an object at rest in a given inertial frame (v 5 0), its total energy in that frame is
not zero but equals its rest energy, which is convertible to other forms of energy.
There are many instances when this conversion of mass into energy has been observed:

•
•
•

The energy DE released by the fission of uranium in a nuclear reactor is accompanied by a decrease Dm in the rest mass of the reactants. Precise measurements
DE
of both have shown that Dm = }}.
c2
0
When the p meson (a subatomic particle) decays, it completely disappears,
losing all of its rest mass. In its place appears electromagnetic radiation having an
equivalent energy. (We will return to the p 0 meson in Chapter 13.)

DID YOU KNOW

?

Rest Mass and Energy Units
Physicists normally express the
rest masses of subatomic particles
in energy units. For example, the
rest mass me of an electron is
stated as 511 keV.

When hydrogen atoms react in the interior of the Sun, in a process called fusion,
the tremendous energy released, DE, is accompanied by a corresponding loss of
DE
rest mass, Dm, given by Dm = }}.
In fact, the Sun is losing mass by this process
c2
at a rate of 4.1 3 109 kg/s.

Only with the technological advances of the twentieth century did physicists begin
to examine the atomic and subatomic systems where matter-into-energy conversions
and energy-into-matter conversions occur. Previously, mass and energy were seen to be
conserved separately. It is believed that the equation E 5 mc 2 applies to most processes,
although the changes are usually far too small to be measured.
For example, the heat of combustion of coal is approximately 3.2 3 107 J/kg. If 1.0 kg
of coal is burned, what change would the release of energy in light and warmth make in
the mass of the coal compared with the mass of the products of combustion? Using
DE 5 (Dm)c 2 for an original rest mass of 1.0 kg of coal:
DE
Dm 5 }}
c2
3.2 3 107 J
5 }}
(3.0 3 108 m/s)2
Dm 5 3.6 3 10210 kg

As a percentage of the coal’s original mass,
3.6 3 10210 kg
}} 3 100% 5 0.000 000 036%
1.0 kg

As you can see, this is an insignificant loss in mass, not detectable with even the best
electronic balance.
However, this equation is a powerful theoretical tool that makes it possible to predict
the amount of energy available from any process that results in a decrease in mass. For
example, let us now calculate the energy available from the complete conversion of that
same 1.0 kg of coal. Again, using DE 5 (Dm)c 2 and Dm 5 1.0 kg:
DE 5 (Dm)c 2
5 (1.0 kg)(3.0 3 108 m/s)2
DE 5 9.0 3 1016 J
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This is the same amount of energy that results from the combustion of approximately
three billion kilograms of coal. It is no wonder that scientists are searching for methods
of converting mass into energy. Even in the best nuclear fission reactors, only a fraction of one percent of the reacting mass is converted to energy, but the energy yield is
enormous. One hope for solving the world’s energy problems is the discovery of methods
of converting some small fraction of normal mass into energy, without radioactive
byproducts.

SAMPLE problem 1
If the 0.50 kg mass of a ball at rest were totally converted to another form of energy, what
would the energy output be?

Solution
Dm 5 0.50 kg
DE 5 ?
DE 5 (Dm)c 2
5 (0.50 kg)(3.00 3 108 m/s)2
DE 5 4.5 3 1016 J

The energy equivalent is 4.5 3 1016 J, or approximately half the energy emitted by the Sun
every second.

SAMPLE problem 2
In subatomic physics, it is convenient to use the electron volt, rather than the joule, as the
unit of energy. An electron moves at 0.860c in a laboratory. Calculate the electron’s rest
energy, total energy, and kinetic energy in the laboratory frame, in electron volts.

Solution
m 5 9.11 3 10231 kg
v 5 0.860c
Erest 5 ?
Etotal 5 ?
EK 5 ?
Erest 5 mc 2
5 (9.11 3 10231 kg)(3.00 3 108 m/s)2
Erest 5 8.199 3 10214 J

Converting to electron volts:
1.60 3 10219 J 5 1 eV
1 eV
(8.199 3 10214 J) }}
5 5.12 3 105 eV
1.60 3 10219 J
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Section 11.3

This result is still a large number, so it is convenient to express the energy in mega electron volts (MeV), giving the result 0.512 MeV.
Reference books, however, show that the accepted rest energy of an electron is
0.511 MeV. Where did we go wrong? Our calculation assumed a value of 3.00 3 108 m/s for
c. As noted earlier, a more precise value for c is 2.997 924 58 3 108 m/s. Using this value for
c and taking the (measured) rest mass of an electron to be 9.109 389 3 10231 kg, we find
the rest energy of an electron to be 0.511 MeV, in agreement with the accepted value.
The total energy is given by the relationship
mc 2
Etotal 5 }}
v2
1 2 }}2
c

!§

But

mc 2

5 0.511 MeV, therefore

0.511 MeV
Etotal 5 }}
(0.860c)2
1 2 }}
c2

!§§§

Etotal 5 1.00 MeV

The total energy of the electron is 1.00 MeV.
Etotal 5 EK + Erest
EK 5 Etotal 2 Erest
5 1.00 MeV 2 0.511MeV
EK 5 0.489 MeV

The kinetic energy of the electron is 0.489 MeV.

Practice
Understanding Concepts
1. Calculate the rest energy of a proton in joules and in mega electron volts.

(mp 5 1.67 3 10227 kg)

Answers
1. 1.50 3 10210 J; 939 MeV

2. The rest energy of a small object is 2.00 3 102 MJ. Calculate its rest mass.

2. 2.22 3 1029 kg

3. A proton moves with a speed of 0.950c through a laboratory.

3. (a) 3.00 3 103 MeV

(a) Calculate the total energy of the proton in the laboratory frame.
(b) Calculate the kinetic energy of the proton in the laboratory frame.
Give your answers in mega electron volts.
4. An electron is at rest in an inertial frame. Calculate the work needed to accel-

erate it to a speed of 0.990c.
5. The total annual energy consumption of Canada is about 9.80 3

(b) 2.07 3 103 MeV
4. 4.99 3 10213 J
5. 1.09 3 102 kg
6. 2.31 3 10230 kg

1018 J.

How
much mass would have to be totally converted to energy to meet this need?

6. The rest mass energies of a proton and a neutron are 938.3 MeV and 939.6 MeV,

respectively. What is the difference in their rest masses in kilograms?
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SUMMARY

•
•
•
•
•

Mass and Energy: E 5 mc 2

Rest mass is the mass of an object at rest.
Only the rest mass is used in relativistic calculations.
Einstein’s famous mass–energy equivalence equation is E 5 mc 2.
mc 2
The total energy of a particle is given by Etotal 5 }} .
v2
1 2 }}2
c

!§

Rest mass is a form of energy that is convertible into other more common and
usable forms, for example, thermal energy.

Section 11.3 Questions
6. A hypothetical particle has a rest energy of 1.60 MeV and

Understanding Concepts
1. Explain how the equation E 5

mc 2

is consistent with the
law of conservation of mass–energy.

2. Calculate how much energy can be produced by the com-

plete annihilation of 1.0 kg of mass.
3. Earth, of mass 5.98 3 1024 kg, revolves around the Sun at

an average speed of 2.96 3 104 m/s. How much mass, if
converted into energy, could accelerate Earth from rest to
that speed?

4. A nuclear generating plant produces electric power at an

average rate of 5.0 GW, by converting a portion of the rest
mass of nuclear fuel. How much fuel is converted to energy
in one year, if the generation of electric power from the
annihilated mass is 100% efficient? (Hint: Recall that a
machine that delivers 1 W of power is delivering energy at
the rate of 1 J/s.)
5. Calculate the energy required to accelerate a proton from

rest to 0.90c. (mp 5 1.673 3 10227 kg)
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(in a certain inertial frame) a total energy of 3.20 MeV.
(a) Calculate its rest mass.
(b) Calculate its kinetic energy in the given frame.
Making Connections
7. How much would the rest energy in question 2 cost at the

typical utility price of $0.15/kW?h?
8. It is reasonable to assume that 4 L of gasoline produces

1.05 3 108 J of energy and that this energy is sufficient to
operate a car for 30.0 km. An Aspirin tablet has a mass of
325 mg. If the Aspirin could be converted completely into
thermal energy, how many kilometres could the car go on a
single tablet?
9. Deuteron, a heavy hydrogen nucleus ( 21H), consists of a

proton and a neutron. Its rest energy is 1875.6 MeV. How
much energy is liberated, as kinetic energy and as a
gamma ray, when a deuteron is created from a separate
proton (a particle of rest mass energy 938.3 MeV) and a
neutron (a particle of rest mass energy 939.6 MeV)?
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The Life and Times of Albert Einstein
Albert Einstein (1879–1955) was born in the small town of Ulm, Germany, where he
also received his early education. He showed little intellectual promise as a child, except
in mathematics. He attended university in Switzerland but was not considered qualified to go on to graduate school or to secure a university post (Figure 1).
In 1901, he accepted a job as a clerk in the patent office in Berne, where he worked until
1909. In 1905, Einstein published papers that described three important new concepts
in physics. The first, in quantum theory, was his explanation of the photoelectric effect
(a phenomenon dealt with in Chapter 12). The second, published two months later, was
his mathematical interpretation of the random motion of particles in a fluid, behaviour known as “Brownian movement.” The third, his most celebrated, set out special
relativity, profoundly revising our conceptions of time, length, and energy.
By 1909, Einstein’s work had been widely recognized, and he was offered university posts,
first at the University of Zurich and, in 1913, at the prestigious Kaiser Wilhelm Physical
Institute in Berlin (later renamed the Max Planck Institute). In 1915, he published his
general theory of relativity. This broader theory predicted further effects not forecast
by Newtonian mechanics. In it, he proposed a theory of gravitation that treated Newton’s
theory of gravitation as only a special case of the more general situation. One of the
consequences of the general theory is that a gravitational field can deflect light. This
prediction was proved correct during the solar eclipse of 1919.
Einstein was then world famous. In the world of science, no investigator since Newton
had been so esteemed in his own lifetime, or would be so esteemed in the decades following his death. Most scientists considered Newton and Einstein to be the “giants” of
science, and this is still the case today. Although most laypeople did not understand his
theories and their applications, he was respected and looked upon as the foremost scientist of the 20th century. In the world of popular culture, Einstein was frequently in the
news, a folk figure, the butt of good-humoured Einstein jokes, much quoted as a source
of wisdom on many topics. (The media attention once led him to list his occupation, good
humouredly, as “photographer’s model” (Figure 2)).
In 1930, Einstein went to California as a visiting professor. He subsequently chose to
make his stay in the United States permanent because of the rise of Hitler and the Nazis
in Germany. In 1933, he accepted a post at the Institute for Advanced Studies at Princeton,
where he stayed until his death in 1955. For the last twenty-two years of his life, he
searched in vain for a theory that would unite all gravitational and electromagnetic phenomena into a single, all-encompassing framework, a “unified field theory.” Einstein
never realized his dream, in large part because a number of essential properties of matter
and the forces of nature were unknown at the time. As outlined partially in Chapter 13,
scientific knowledge has expanded enormously over the past 50 years, and physicists
are working on a framework tying everything together into a single theory that might
describe all physical phenomena. One such theory is called the “superstring theory.”
Einstein did not accept all the new ideas in physics, many of which originated with his
theories of 1905. In particular, he was skeptical of the theories of Werner Heisenberg
(see Section 12.5), which proposed that many of the properties of the subatomic universe
were based on the laws of probability. He made statements such as “God may be subtle,
but he is not malicious” and “God does not play at dice.”
In 1939, Einstein was to see his famous prediction that mass could be changed into
energy realized experimentally, with the achievement of nuclear fission by Otto Hahn and
Lise Meitner in Germany. Various scientists persuaded Einstein, as the most influential
NEL
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Figure 1
Albert Einstein as a young man in
Bern

DID YOU KNOW

?

Ernst Mach
Ernst Mach (1818–1916), professor
of physics in the University of
Vienna (and the Mach in “Mach
number”), wrote: “I can accept the
theory of relativity as little as I can
accept the existence of atoms and
other such dogmas.”

Figure 2
The Canadian photographer Joseph
Karsh took this famous portrait of
Einstein.
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DID YOU KNOW

?

Einstein the Individual
Einstein showed great independence of thought not only in physics
but in his humanitarian enterprises
and his personal behaviour. For
example, he never wore socks.

scientist in the United States, to write to President Franklin D. Roosevelt, urging him to
pre-empt Nazi Germany in nuclear weapons research. The enormous Manhattan Project
was begun, and atomic bombs were produced. When it was clear that the bomb had
been built and worked, Einstein wrote again to Roosevelt, on behalf of a group of scientists,
urging that the bomb not be used, except possibly as a demonstration to the Japanese.
Roosevelt died three weeks later, leaving the decision to his successor, President Harry
S. Truman. The Truman administration ignored Einstein’s pleas, and two atomic bombs
were dropped on Japan in 1945, ushering the world into a new nuclear era (Figure 3).
Ironically, Einstein was a confirmed pacifist, who had been opposed to Germany’s
invasions in both World Wars. He frequently expressed his views on social reform while
in the United States, was a fervent Zionist, and was a lifelong proponent of total disarmament. When he died at his home in Princeton, New Jersey, on April 18, 1955, the
world lost not only a great physicist but a great humanitarian. Shortly thereafter, a newly
synthesized artificial element, with the atomic number 99, was named Einsteinium in his
honour.

Figure 3
A thermonuclear explosion

Practice
Making Connections
1. Einstein was probably the most famous scientist since Newton. Choose a topic of

interest from below, collect information through the Internet and other sources, and
write a report with a maximum of 500 words. Your report should include a description
of Einstein as a person, some information about the people with whom he interacted,
and some remarks on the prevailing scientific or (as relevant) social climate.
(a) Einstein’s intellectual development until the end of 1905
(b) Einstein’s work in physics beyond relativity
(c) Einstein’s relevance to the Manhattan Project
(d) Einstein’s efforts in the international diplomacy of the Cold War era
(e) Einstein’s efforts in a unified field theory

GO
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SUMMARY

Key Expectations
• state Einstein’s two postulates for the special theory of
relativity and describe related thought experiments
relating to the constancy of the speed of light in all
inertial frames of reference, time dilation, and length
contraction (11.1, 11.2, 11.3)

•
•
•

•

define and describe the concepts and units related to
the present-day understanding of the mass–energy
equivalence (11.1, 11.2, 11.3)
outline the historical development of scientific views
and models of matter and energy (11.1)
conduct thought experiments as a way of developing
an abstract understanding of the physical world (e.g.,
outline the sequence of thoughts used to predict
effects arising from time dilation, length contraction,
and increase of momentum when an object travels at
several different speeds, including those that approach
the speed of light) (11.2)
apply quantitatively the laws of conservation of mass
and energy, using Einstein’s mass–energy equivalence
(11.3)

Key Terms
inertial frame of reference
noninertial frame of reference
ether
special theory of relativity
simultaneity
proper time
time dilation

Unit 5

Key Equations
•

Dts
Dtm = }}
v2
1 2 }}2
c

!§
!§
v2
1 2 }}2
c

•

Lm = Ls

•

mv
p = }}
v2
1 2 }}2
c

•
•

(11.2)
(11.2)

!§

(11.2)
(11.3)

Erest = mc 2
mc 2

Etotal = }}
v2
1 2 }}2
c

!§

(11.3)

MAKE a summary
Barnard’s star, approximately 6 ly from Earth, is thought to
have two Jupiter-class planets. You are the captain of a
spaceship that will embark on a long trip at close to the
speed of light to this system. You have one year to train your
team of astronauts in all facets of the ship’s operation, but
before selecting the crew you need to brief them on certain
topics to give them a clear understanding of what is involved
before they make a commitment.
To begin, you should give them an overview of the relativistic effects involved in space travel. Using the following
topics to guide you, summarize the facts you present to your
group of astronauts:
(a) perceived ship time versus Earth time
(b) relationships with friends and relatives on Earth
(c) limitations on maximum speed
(d) energy conversions in the nuclear propulsion system

proper length
length contraction
rest mass
conservation of mass–energy

NEL
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SELF QUIZ

Write numbers 1 to 11 in your notebook. Indicate beside
each number whether the corresponding statement is true
(T) or false (F). If it is false, write a corrected version.

c
1. The speed of light in water is }}, where n 5 1.33 is the
n
index of refraction of water. The speed of light in
water is thus less than the speed of light in a vacuum.
This fact violates the speed-of-light postulate of the
special theory of relativity.
2. We customarily say that Earth revolves around the
Sun. We can also say that the Sun revolves around
Earth.
3. If events E1 and E2 are simultaneous in an inertial
frame, then no observers stationary in the same frame
will regard E1 as occurring before E2.
4. (a) Any two observers moving with a clock will agree
on the rate at which it ticks.
(b) Any two observers moving relative to each other,
and simultaneously moving relative to a clock,
will agree on the rate at which the clock ticks.
(c) The observer moving with a clock, and measuring the time between ticks, measures the
proper time between ticks.
5. Earth rotates on its axis once each day. To a person
observing Earth from an inertial frame of reference in
space, that is, stationary relative to Earth, a clock runs
slower at the North Pole than at the equator. (Ignore
the orbital motion of Earth about the Sun.)
6. A young astronaut has just returned to Earth from a
long mission. She rushes up to an old man and in the
ensuing conversation refers to him as her son. She
cannot possibly be addressing her son.
7. (a) An object will be greater in length if the observer
is moving with the object than if the object is
moving relative to the observer.
(b) An observer at rest relative to the moving object
measures the object’s proper length.
8. Relativistic effects such as time dilation and length
contraction are for practical purposes undetectable in
automobiles.
9. The total relativistic energy of an object is always
equal to or greater than its rest mass energy.
10. Since rest mass is a form of energy, a spring has more
mass when the coils are compressed than when relaxed.

Write numbers 12 to 23 in your notebook. Beside each
number, write the letter corresponding to the best choice.

12. You are in a windowless spacecraft. You need to determine whether your spaceship is moving at constant
nonzero velocity, or is at rest, in an inertial frame of
Earth.
(a) You can succeed by making very precise time
measurements.
(b) You can succeed by making very precise mass
measurements.
(c) You can succeed by making very precise length
and time measurements.
(d) You cannot succeed no matter what you do.
(e) You are in a position not correctly described by
any of these propositions.
13. You and your friend recede from each other in spacecraft in deep space without acceleration. In an inertial
frame on your spaceship, your friend is receding at a
speed of 0.9999c. If you direct a light beam at your
friend, and your friend directs a light beam at you, then
(a) neither beam will reach the ship to which it is
directed
(b) you will see your friend’s light arrive at a speed of
2c, and your friend will see your light arrive at a
speed of 2c
(c) you will see your friend’s light arrive at a speed of
c, and your friend will see your light arrive at a
speed of c
(d) one of you will see light arrive at a speed of c, and
the other will see light arrive at 2c
(e) none of these propositions is true
14. Simultaneity is
(a) dilated
(b) absolute
(c) invariant
(d) relative
(e) none of these
15. The Michelson–Morley experiment established that
(a) there is no observable ether wind at the surface of
Earth
(b) the ether moves at c as Earth travels in its orbit
(c) the ether is an elastic solid that streams over Earth
(d) Earth does not move with respect to the Sun
(e) none of these

11. The classical laws of conservation of energy and conservation of mass do not need to be modified for relativity.
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16. A Klingon spaceship is approaching Earth at approximately 0.8c measured relative to Earth. The spaceship
directs a laser beam forward directly through your
physics classroom window. You measure the speed of
this light to be
(a) 1.8c
(b) 1.0c
(c) 0.9c
(d) 0.8c
(e) 0.2c
17. You are an astronaut heading out toward a star. In the
inertial frame of the star, you are steering directly for
the star and are moving at constant speed. You can
determine that you are in motion by
(a) the slowing down of on-board clocks
(b) the contraction of on-board metre sticks
(c) your increase in mass
(d) the increase in your heart rate
(e) none of these
18. A clock, designed to tick each second, is moving past
you at a uniform speed. You find the moving clock
to be
(a) ticking slowly
(b) ticking quickly
(c) accurate
(d) running backward
(e) none of these
19. The proper time between events E1 and E2 is
(a) the time measured on clocks at rest with respect
to E1 and E2
(b) the time measured on clocks at rest in an inertial
system moving properly with respect to E1 and E2
(c) the time measured on clocks moving uniformly
with respect to E1 and E2
(d) the time between E1 and E2 as measured by a
clock in a national-standards laboratory, such as
the National Research Council in Ottawa
(e) none of these
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20. There are about 2.81 3 109 heartbeats in an average
lifetime of 72 years. Space travellers who are born and
die on a spaceship moving at a constant speed of
0.600c can expect their hearts to beat a total of
(a) (0.600)(2.81 3 109) times
(b) 2.81 3 109 times
(c) (0.800)(2.81 3 109) times
(d) (1.25)(2.81 3 109) times
(e) none of these
21. A mass–spring system oscillates up and down with a
period T when stationary in the inertial frame of an
Earthbound observer. The same system is then moved
past the Earthbound observer, with a velocity which
in the observer’s frame is constant and of magnitude
0.50c. The observer now determines the period to be
(a) 0.50T
(b) 0.87T
(c) 1.0T
(d) 1.2T
(e) 2.0T
22. According to the effects of length contraction, from
the viewpoint of an observer stationary with respect
to a body moving at a uniform speed relative to the
observer,
(a) the body is not now contracted but would contract if it were to accelerate
(b) the body contracts along the direction of motion
(c) the time it takes for a clock incorporated in the
body to tick contracts
(d) the body contracts in some direction transverse
to the direction of its motion
(e) none of these
23. The energy output of the Sun is 3.7 3 1026 J/s. Matter
is converted to energy in the Sun at the rate of
(a) 4.1 3 109 kg/s
(b) 6.3 3 109 kg/s
(c) 7.4 3 101 kg/s
(d) 3.7 3 109 kg/s
(e) none of these
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REVIEW

Understanding Concepts
1. Suppose you are standing at a railroad crossing,
watching a train go by. Both you and a passenger in
the train are looking at a clock on the train.
(a) Which of you measures the proper time interval?
(b) Which of you measures the proper length of the
train car?
(c) Which of you measures the proper length
between the railroad ties under the track?

11.

12.

Justify your answers.
2. A baseball player hitter pops a fly straight up; it is
caught by the catcher at home plate. Identify which of
the following observers is able to record the proper
time interval between the two events:
(a) a spectator sitting in the stands
(b) a fan sitting on the couch and watching the game
on TV
(c) the shortstop running in to cover the play
Explain your answer in each case.
3. When you are flying in a commercial jet, it appears to
you that the airplane is stationary and Earth is
moving beneath you. Is this point of view admissible?
Discuss briefly.
4. Does time dilation mean that time actually passes
more slowly in moving reference frames or that it
only seems to pass more slowly? Discuss your answer.
5. Two identically constructed clocks are synchronized.
One is put into orbit around Earth, and the other remains on Earth. When the moving clock returns to
Earth, will the two clocks still be synchronized?
Explain your answer.

13.

14.

15.

16.

17.

6. Why is it that a pair of synchronized clocks, rather
than a single clock, is needed for measuring any time
interval other than a proper time?
7. Describe two instances in which the predictions of
the special theory of relativity have been verified.
8. A spaceship passes you at a speed of 0.92c. You
measure its length to be 48.2 m. How long would the
ship be when at rest?
9. The straight-line distance between Toronto and
Vancouver is 3.2 3 103 km (neglecting the curvature
of Earth). A UFO is flying between these two cities at
a speed of 0.70c relative to Earth. What do the voyagers aboard the UFO measure for this distance?
10. A UFO streaks across a football field at 0.90c relative
to the goal posts. Standing on the field, you measure
the length of the UFO to be 228 m. The UFO later
590 Chapter 11

18.

19.

lands, allowing you to measure it with a metre stick.
What length do you now obtain?
Two spaceships, X and Y, are exploring a planet.
Relative to this planet, spaceship X has a speed of
0.70c, while spaceship Y has a speed of 0.86c. What is
the ratio of the values for the planet’s diameter that
each spaceship measures, in a direction that is parallel
to its motion?
An electron is travelling at 0.866c with respect to the
face of a television picture tube. What is the value of
its relativistic momentum with respect to the tube?
Nuclei of radium, an unstable element, disintegrate
by emitting a helium nucleus with a kinetic energy, in
the inertial frame of the laboratory, of about 4.9 MeV.
Calculate the rest-mass equivalent of this energy.
A nuclear power reactor generates 3.00 3 109 W of
power. In one year, what is the change in the mass of
the nuclear fuel due to the energy conversion? (Hint:
Recall that a 1-W power source delivers 1 J/s).
The electron and the positron each have a rest mass
of 9.11 3 10–31 kg. In a certain experiment, an electron and a positron collide and vanish, leaving only
electromagnetic radiation after the interaction. Each
particle is moving at a speed of 0.20c relative to the
laboratory before the collision. Determine the energy
of the electromagnetic radiation.
The total energy of a certain muon, a particle with a
rest energy of 105.7 MeV, is 106.7 MeV. What is its
kinetic energy?
(a) Suppose the speed of light is only 47.0 m/s.
Calculate the relativistic kinetic energy in an
inertial frame of the road, which would be possessed by a car of rest mass 1.20 3 103 kg and
moving at 28.0 m/s in that frame.
(b) Calculate the ratio of this relativistic kinetic
energy to the kinetic energy as computed in
Newtonian mechanics.
The Big Bang, which is a theory predicting the origin
of the universe, is estimated to have released
1.00 3 1068 J of energy. How many stars could half
this energy create, assuming the average star’s mass is
4.00 3 1030 kg?
A supernova explosion (Figure 1) of a star with a rest
mass of 1.97 3 1031 kg, produces 1.02 3 1044 J of
kinetic energy and radiation.
(a) How many kilograms of mass are converted to
energy in the explosion?
(b) Calculate the ratio of the mass destroyed to the
original mass of the star.
NEL
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than Ludwig’s. What is the value of v, expressed as a
fraction of c?
Sir Isaac Newton Contest Question

26. At what speed is the magnitude of the relativistic
momentum of a particle three times the magnitude
of the nonrelativistic momentum?
27. A rocket of rest mass 1.40 3 105 kg has, in a certain
inertial frame, a relativistic momentum of magnitude
3.15 3 1013 kg?m/s. How fast is the rocket travelling?
Figure 1
Supernova 1987A was discovered by Canadian Ian Shelton.

Making Connections
20. Describe several ways in which the authors of books
on science fiction and space travel take the effects of
special relativity into consideration.
21. In the introduction to this chapter there is a picture
depicting the Cerenkov effect, in which particles emit
light when travelling in a material, in this case water,
c
at speed v . }}, where n is the index of refraction of
n
c
the material. (Consequently, }} is the speed of light in
n
the material.) But it is impossible to exceed the speed
of light. How is the Cerenkov effect possible?
22. Approximately 1.0 3 1034 J of energy is available
from fusion of hydrogen in the world’s oceans.
(a) If 1.0 3 1033 J of this energy were utilized, what
would be the decrease in mass of the oceans?
(b) To what volume of water does this correspond?
23. Suppose you use an average of 485 kW·h of electric
energy per month in your home.
(a) How long would 1.00 g of mass converted to electric energy with an efficiency of 40.0% last you?
(b) How many homes could be supplied with
485 kW·h each month for one year by the energy
from the mass conversion?

28. As early as 1907, while Einstein and others explored
the implications of his special theory of relativity,
Einstein was already thinking about a more general
theory. Could he extend the special theory to deal
with objects in a noninertial frame of reference?
Einstein saw a link between accelerated motion and
the force of gravity. Galileo and Newton had found
that all bodies, if released from the same height,
would fall with exactly the same constant acceleration
(in the absence of air resistance). Like the invariant
speed of light on which Einstein had founded his special theory of relativity, here was an invariance that
could be the starting point for another theory, the
general theory of relativity. Research the Internet and
other sources and answer the following questions:
(a) What thought experiment could you use to connect accelerated motion and the force of gravity?
(b) Briefly explain how the general theory of relativity describes how light moves under the force
of gravity.
(c) How did other others test his theory using a solar
eclipse (Figure 2) in 1919?
GO

www.science.nelson.com

Extension
24. An electron has, in a certain inertial frame, a total
energy equal to five times its rest energy. Calculate its
momentum in that frame.
25. Scientist Ludwig von Drake, while in his laboratory,
measures the half-life of some radioactive material,
which is in a bomb, approaching with speed v.
Donald Duck, who is riding on the bomb, also measures the half-life. His answer is a factor of 2 smaller
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Figure 2
A total solar eclipse
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In this chapter,
you will be able to

•

define and describe the
concepts and units related to
the present-day understanding of the nature of the
atom

•

describe the photoelectric
effect in terms of the
quantum energy concept

•

outline evidence that
supports a photon model of
light

•

describe and explain the
Bohr model of the hydrogen
atom

•

collect or interpret
experimental data involving
the photoelectric effect and
the emission spectrum of
hydrogen

•

outline the historical
development of models of
matter and energy from 1890
to 1925

•

describe how the
development of quantum
theory has led to scientific
and technological advances

•

describe some Canadian
contributions to modern
physics

Waves, Photons,
and Matter
Two major discoveries shook physics in the early part of the twentieth century. One was
the special theory of relativity; the other was the quantum theory. Both led to significant
changes in how we look at the physical world. The special theory of relativity was the creation of one man, Albert Einstein, in a single year, 1905. The quantum theory developed more slowly, over a period of thirty years, with contributions from many
investigators. Quantum physics began in the 1890s with studies of blackbody radiation
and reached its climax in the mid-1920s. At that time, Werner Heisenberg, Wolfgang
Pauli, and Erwin Schrödinger used quantum theory to explain the behaviour of electrons in atoms.
In this chapter, we will examine the highlights of the development and application
of the quantum theory as it relates to light, matter, and the energy of electrons in atoms.
We will also look at a few practical applications, in photodetectors, digital cameras, electron microscopes, and lasers (Figure 1).

REFLECT on your learning
1. An ordinary light bulb becomes quite hot when turned on; a fluorescent lamp takes a

moment before it comes on and is much cooler than an ordinary bulb. Why do they
both produce white light, even though they have different temperatures?
2. In a colour photograph or poster, the reds and greens fade before the blues and vio-

lets (Figure 2). Why does this occur?

Figure 2
3. What do you think the term “quantum leap” means?
4. The caption to Figure 1 says that the image was produced by an electron micro-

scope. How do you think electrons can be used to create an image?
5. A satellite orbits Earth with a relatively constant radius.

(a) What is the force holding the satellite in orbit?
(b) What causes it to eventually crash into Earth?
(c) An electron orbits a positively charged nucleus. What force holds it in orbit?
Does it “crash” into the nucleus?
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Figure 1
This image of a tick was created by
an electron microscope, the technology of which allows greater resolution and magnification than an
ordinary microscope.

TRY THIS activity

Discharging with Light

Do not look directly into a low-power ultraviolet
lamp. High-power ultraviolet sources must be
shielded.
For this activity, you will need a zinc plate, emery paper or steel
wool, a metal-leaf electroscope, an insulated stand, ebonite and
fur, electrical wire and clips, an ultraviolet lamp, and a glass
plate.
• Polish one side of the zinc plate with emery paper or steel
wool until it is shiny. Place it onto an insulated stand
(Figure 3), and connect it to the knob of the electroscope.

• Compare the rate of change for the system with (i) no UV
lamp, (ii) a UV lamp with glass filter, and (iii) a UV lamp
without a glass filter.
(a) For the negatively charged electroscope to change this
way, what must have happened to the electrons on the
zinc plate?
(b) Propose an explanation for your observations.
polished zinc surface
glass plate

• Charge the zinc plate negatively, using a charged ebonite
rod. Allow the apparatus to stand for at least 2 min. Record
the time required for the system to discharge.
• Place the zinc plate so that the polished side is facing the
ultraviolet (UV) light. Position the glass plate as a filter
between the polished zinc surface and the lamp. Turn on the
lamp. Record the time required for the system to discharge.
• Repeat the discharging procedure, this time removing the
glass plate.

NEL

ultraviolet light

2
2
2
1
2
1
2
2

1
2 2
2
1
2
1
2

falling leaves
zinc plate

12
22
2
2

insulator
metal-leaf electroscope,
initially negatively charged

Figure 3
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12.1

Foundations of Quantum Theory
One of the major areas of research at the end of the nineteenth century was the spectral
analysis of light emitted by hot solids and gases. In the study of blackbody radiation
there was discrepancy between theory and experimental data that scientists could not reconcile. Many theories were put forward to explain and predict the details of the observed
spectra, but none was adequate.

Blackbody Radiation
If a piece of steel is placed into the flame of a welding torch, the steel begins to glow: first
dull red, then a brighter orange–red, then yellow, and finally white. At high temperatures (above 2000 K), the hot steel emits most of the visible colours of the spectrum as
well as infrared radiation. If heated sufficiently, the steel can produce ultraviolet emissions as well. It has been found that this behaviour is similar for all incandescent solids,
regardless of their composition. Thus, as the temperature increases, the spectrum of the
emitted electromagnetic radiation shifts to higher frequencies (Figure 1). It has also
been determined that the relative brightness of the different colours radiated by an
incandescent solid depends mainly on the temperature of the material.
(a)

(b)

(c)

Figure 1
A hot filament and the spectra
emitted for increasing temperatures,
(a) to (b) to (c). As the temperature increases, the spectrum
spreads into the violet region.

The actual spectrum of wavelengths emitted by a hot object at various temperatures
is shown in Figure 2. The curves illustrate two key points:

blackbody an object that completely absorbs any radiation falling
upon it
blackbody radiation radiation that
would be emitted from an ideal
blackbody

594 Chapter 12

•

At a given temperature, a spectrum of different wavelengths is emitted, of varying
intensity, but there is a definite intensity maximum at one particular wavelength.

•

As the temperature increases, the intensity maximum shifts to a shorter wavelength (higher frequency).

The curves in Figure 2 represent the radiation from an object that approximates an
ideal emitter or absorber of radiation. Such an object would absorb all wavelengths of
light striking it, reflecting none. It would, therefore, appear black under reflected radiation and hence is called a blackbody. The detailed analysis of radiation absorption and
emission shows that an object that absorbs all incoming radiation, of whatever wavelength,
is likewise the most efficient possible emitter of radiation. The radiation emitted by a blackbody is called blackbody radiation.
Scientists in the 1890s were trying to explain the dependence of blackbody radiation
on temperature. According to Maxwell’s electromagnetic theory, the radiation originates from the oscillation of electric charges in the molecules or atoms of the material
NEL
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Figure 2
The intensity of the radiation
emitted by a hot object at different
temperatures

Intensity

6000 K
3000 K
1500 K
750 K

1

2

3

4
infrared
Wavelength (3 103 nm)

5

6

7

(see Section 10.8). When the temperature increases, the frequency of these oscillations
also increases. The corresponding frequency of the radiated light should increase as well.
According to Maxwell’s classical theory, the intensity versus wavelength must follow the
dashed line in Figure 3. But this is not the case. The actual radiation follows the solid line.
The region of the graph where theory and experimental data disagree is in the ultraviolet portion of the spectrum. Scientists in the 1890s referred to this problem as the ultraviolet catastrophe.

Intensity

visible

0

ultraviolet

375 K

predicted
experimentally
observed

Planck’s Quantum Hypothesis
In the early 1900s, the German physicist Max Planck proposed a new, radical theory to
explain the data. He hypothesized that the vibrating molecules or atoms in a heated
material vibrate only with specific quantities of energy. When energy radiates from the
vibrating molecule or atom, it is not emitted in a continuous form but in bundles, or
packets, which Planck called quanta. He further proposed that the energy of a single
quantum is directly proportional to the frequency of the radiation:

Wavelength
Figure 3
This graph illustrates the ultraviolet
catastrophe. The predicted curve
was quite different from the actual
observations.

E 5 hf

where E is the energy in joules, f is the frequency in hertz, and h is a constant in jouleseconds.
Planck estimated the value of the constant h by fitting his equation to experimental
data. Today, the constant h is called Planck’s constant. Its accepted value, to three significant digits, is
Planck’s Constant

quanta packets of energy; one
quantum is the minimum amount of
energy a particle can emit
Planck’s constant constant with
the value h 5 6.63 3 10234 J·s;
represents the ratio of the energy of
a single quantum to its frequency

h 5 6.63 3 10234 J?s
NEL
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DID YOU KNOW

?

Quantum and Discrete
The word “quantum” (plural quanta)
comes from the Latin quantus,
which means “how much.” To
“quantize” a physical variable is to
represent it as capable of taking
only discrete, or distinct, values.
Do not confuse “discrete,” with
“discreet,” which means showing
prudence.

Figure 4
(a) On the ramp, the box can possess any one of a continuous
range of values of gravitational
potential energy.
(b) On the stairs, the box can possess only one of a set of discrete, or quantized, energies.

LEARNING TIP
Quantization
We have seen quantization in
standing waves in a rope, where
a stable pattern of nodes and
antinodes, for a rope of a given
length, can only be generated at
specific frequencies. Also, resonance in air columns can only
occur at specific column
lengths.

Planck further hypothesized that the emitted energy must be an integral multiple of
the minimum energy, that is, the energy can only be hf, 2hf, 3hf, … :
E 5 nhf

where n 5 1, 2, 3, ...

If light energy is quantized, and the energy of each bundle is determined by the relationship E 5 hf, the bundles in the red region will have low energy and the bundles in
the ultraviolet region will have high energy. Using this quantum model and applying
statistical methods beyond the level of this text, Planck explained the shape of the intensity versus wavelength graph for all areas of the spectrum, including the ultraviolet
region, for a blackbody of any given temperature.
The concept of quantization can be clarified with a simple analogy: compare the
change in gravitational energy as a box is pushed up a ramp, with the progress of the same
box, to the same final elevation, by stairs (Figure 4). According to classical physics, the
box on the ramp takes on a continuous range of gravitational potential energies as it is
pushed up the ramp. According to the quantum model, the box that moves up the stairs
does so in discrete, quantized “steps” of energy.
(a)

(b)

The concept of quantized values was not new. Dalton, in his theory of the atom ninety
years before, had proposed that the structure of matter was based on the smallest indivisible particle, the atom, and this was well accepted in 1900. Also, it had been shown by
Thomson that the electric charge is quantized: the smallest charge found in nature is
the charge on the electron. Nevertheless, the idea that energy is quantized was not easy
to accept.
Planck’s quantum idea was revolutionary for two reasons:

•

It challenged the classical wave theory of light by proposing that electromagnetic
waves do not transmit energy in a continuous manner but, instead, transmit
energy in small packages, or bundles.

•

It challenged the classical physics of Newton, since it proposed that a physical
object is not free to vibrate with any random energy; the energy is restricted to
certain discrete values.

Planck, himself, was initially skeptical about his own theory. He was not ready to reject
the classical theories that were so well accepted by the scientific community. He even
stated that, although his hypothesis worked in explaining blackbody radiation, he hoped
a better explanation would come forth.
More experimental evidence for the quantum theory was required. Quantization of
energy remained generally unaccepted until 1905. In that year Einstein argued persuasively on its behalf, showing how it helped explain the photoelectric effect, as light ejects
electrons from a metal in a frequency-dependent manner. (The photoelectric effect is discussed later in this chapter.) So drastic, in retrospect, was the change ushered in by
Planck’s quantum hypothesis that historians established a sharp division; physics prior
to 1900 became known as classical physics, and physics after 1900 was called modern
596 Chapter 12
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physics. Since Planck’s work was so important historically, Planck’s honour and respect
in the scientific community were second only to Einstein’s in the first half of the 20th century (Figure 5).

SAMPLE problem 1
Calculate the energy in joules and electron volts of
(a) a quantum of blue light with a frequency of 6.67 3 1014 Hz
(b) a quantum of red light with a wavelength of 635 nm

Solution
(a) f 5 6.67 3 1014 Hz
h 5 6.63 3 10234 J?s
E 5 hf
5 (6.63 3 10234 J?s)(6.67 3 1014 Hz)
E 5 4.42 3 10219 J
1.60 3 10219 J 5 1 eV
4.42 3 10219 J
1.60 3 10
J/eV

}}
5 2.76 eV
219

Figure 5
Max Karl Planck (1858–1947)
worked at the University of Berlin.
His initial influential work on blackbody radiation dates from 1889. In
1918, Planck’s discovery of energy
quanta was recognized with the
Nobel Prize in physics. Stimulated
by Planck’s work, Einstein became
an early proponent of the quantum
theory. The celebrated Max Planck
Society in Germany runs research
institutes similar to those maintained
by the National Research Council in
Canada.

The energy is 4.42 3 10219 J, or 2.76 eV.
(b) λ 5 635 nm 5 6.35 3 1027 m
h 5 6.63 3 10234 J?s

LEARNING TIP

E 5 hf

c
But v 5 f λ or c 5 f λ, and f 5 }}, where c is the speed of light 5 3.00 3 108 m/s.
λ

hc
E 5 }}
λ
(6.63 3 10234 J?s)(3.00 3 108 m/s)
5 }}}}
6.35 3 1027 m

Electron Volts
It is more common to use electron
volts in quantum mechanics. Recall
that DE 5 q DV; to convert joules
to electron volts, use the relationship 1 eV 5 1.60 3 10219 J.

E 5 3.13 3 10219 J
1.60 3 10219 J 5 1 eV
3.13 3 10219 J
1.60 3 10
J/eV

}}
5 1.96 eV
219
The energy is 3.13 3 10219 J, or 1.96 eV.

Practice
Understanding Concepts
1. Explain which of the following quantities are discrete: time, money, matter,

energy, length, scores in hockey games.
2. Determine the energy, in electron volts, for quanta of electromagnetic radiation

with the following characteristics:
(a) wavelength 5 941 nm (infrared radiation)
(b) frequency 5 4.4 3 1014 Hz (red light)
(c) wavelength 5 435 nm (violet light)
(d) frequency 5 1.2 3 1018 Hz (X rays)

NEL

Answers
2. (a) 1.32 eV
(b) 1.8 eV
(c) 2.86 eV
(d) 5.0 3 103 eV
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3. Calculate the wavelength, in nanometres, of a quantum of electromagnetic radia-

Answers

tion with 3.20 3 10219 J of energy. What colour is it? (See Section 9.6 for
reference.)

3. 622 nm
4. 5.43 3 1014 Hz

4. Calculate the frequency of a 2.25-eV quantum of electromagnetic radiation.

5. 3.33:1

5. Compare the respective energies of a quantum of “soft” ultraviolet radiation

6. 1018

(λ 5 3.80 3 1027 m) and a quantum of “hard” ultraviolet radiation
(λ 5 1.14 3 1027 m), expressing your answer as a ratio.

photoelectric effect the phenomenon in which electrons are liberated from a substance exposed to
electromagnetic radiation

Making Connections
6. As you read this text, your body may be bombarded with quanta from radio waves

(λ 5 102 m) and quanta of cosmic rays, energetic particles, rather than electromagnetic waves, which nevertheless prove in quantum theory to have a wave
aspect (λ 5 10216 m). How many quanta of radio waves would it take to impart
the same amount of energy as a single quantum of cosmic radiation? Comment
on the relative biological hazards posed by these two sources of energy.

photoelectrons electrons liberated
in the photoelectric effect
cutoff potential smallest potential
difference sufficient to reduce the
photocurrent to zero

Einstein and the Photoelectric Effect
light source

light

C

2
2

P

photocell

1

V

mA

2

Figure 6
When light strikes the photoelectric
surface (P), electrons are ejected
and flow to the collector (C). Notice
that the flow of photoelectrons is
opposite in direction to conventional current.

Figure 7
(a) When the anode is positive, a
current flows through the tube,
provided light shines on the
photosensitive surface
(cathode).
(b) If the anode is made gradually
more negative, a potential difference (the cutoff potential)
sufficient to reduce the current
to zero is eventually reached.
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German physicist Heinrich Hertz was testing Maxwell’s theory of electromagnetic waves
in 1887 when he noticed that certain metallic surfaces lose their negative charges when
exposed to ultraviolet light. He demonstrated the charge loss by wiring an insulated,
polished zinc plate to a gold-leaf electroscope, as in Figure 3 in the chapter introduction.
Incident ultraviolet light somehow caused the zinc plate to release electrons, as indicated by the falling leaves of the electroscope. Hertz’s phenomenon was called the
photoelectric effect (since it involved both light and electricity), and the emitted electrons were called photoelectrons. Today we can easily demonstrate the photoelectric
effect with visible light and a photocell (Figure 6).
Figure 7 also illustrates the photoelectric effect. A photosensitive cathode is illuminated
by light of frequency f and intensity i, causing the emission of photoelectrons from the
cathode. These photoelectrons travel across the vacuum tube toward the anode, due to
the applied, external potential difference, and so constitute a photocurrent, I, measured
by the microammeter (Figure 7(a)). But the circuit also contains a variable source of
electrical potential, which can make the anode negative. This has the effect of reducing
the photocurrent by causing all but the faster photoelectrons to be “turned back”
(Figure 7(b)). If the anode is made gradually more negative relative to the cathode, a
potential difference, the cutoff potential, is reached which is just large enough to reduce
the current to zero. This cutoff potential corresponds to the maximum kinetic energy of
the photoelectrons.
(a)

(b)
light
2
2
2
2

2

2

2

2

2

2

2

quartz tube
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2

1
1
1
1

R
2

1
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1

2
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1
2
2
1
2
2
1 2
2
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1

2
2

2
2
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2

anode

0
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2

R
reversed battery connection
1
2
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Many scientists repeated Hertz’s experiment with similar apparatus. Their results not
only gave some support to Planck’s theories but also provided the basis for Einstein’s
analysis of the photoelectric effect. You can explore the effect by performing Lab
Exercise 12.1.1 in the Lab Activities section at the end of this chapter.
Here are some of the more significant findings:
1. Photoelectrons are emitted from the photoelectric surface when the incident
light is above a certain frequency f0, called the threshold frequency. Above the
threshold frequency, the more intense the light, the greater the current of photoelectrons (Figure 8(a)).
2. The intensity (brightness) of the light has no effect on the threshold frequency.
No matter how intense the incident light, if it is below the threshold frequency,
not a single photoelectron is emitted (Figure 8(b)).
(b)

I1

I2 > I1
Intensity

f0

Frequency

Figure 8
(a) Photocurrent versus intensity of light
(b) Photocurrent versus frequency of light for two intensities, I1 and I2

3. The threshold frequency, at which photoelectric emission first occurs, is different for different surfaces. For example, light that causes photoelectric emission from a cesium cathode has no effect on a copper cathode (Figure 9).
4. As the retarding potential applied to the anode is increased, the photocurrent I
decreases, regardless of the intensity of the light. The photoelectrons are thus
emitted with different kinetic energies. A value V0 of the retarding potential is
eventually reached, just sufficient to make the photocurrent zero. Even the
fastest photoelectrons are now prevented from reaching the anode, being turned
back by the retarding potential (Figure 10).
5. If different frequencies of light, all above the threshold frequency, are directed at
the same photoelectric surface, the cutoff potential is different for each. It is
found that the higher the frequency of the light, the higher the cutoff potential.
The cutoff potential is related to the maximum kinetic energy with which photoelectrons are emitted: for a photoelectron of charge e and kinetic energy EK,
cut off by a retarding potential V0, EK 5 eV0. (This follows from the definition
of potential difference in Chapter 7.) By illuminating several photoelectric surfaces with light of various frequencies and measuring the cutoff potential
obtained for each surface, values are obtained for the graph shown in Figure 11.
Although each surface has a different threshold frequency, each line has the
same slope.

threshold frequency (f0 ) the minimum frequency at which photoelectrons are liberated from a given
photoelectric surface

cesium

potassium

copper

f 0cesium

f 0potassium

f 0copper

Photocurrent

Photocurrent

Photocurrent

I2
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Analyzing the Photoelectric
Effect (p. 654)
What effect do the frequency and
intensity of a light source have on
the emission of photoelectrons?
Do all materials used as the photoelectric surface behave the
same? If not, how are they different
and why? This lab exercise provides data that you can use to
simulate photocathode experiments. Your analysis of the results
may well lead you to the same
conclusions as Einstein.

Frequency
Figure 9
Photocurrent versus frequency of
incident light for three surfaces.
Cesium has a lower threshold frequency than potassium and copper.

Photocurrent

(a)

LAB EXERCISE 12.1.1

0

I3 > I2 > I1

I2
I3
I1

Retarding Potential

V0

Figure 10
Cutoff potential is constant for the
same material for any value of intensity, for light of a given frequency.
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4

metal 1

E K or eV0 (eV )

3

metal 2

metal 3

2

1
Figure 11
Graph of kinetic energy of the photoelectrons versus frequency for three
metals. The lines all have the same
slope but show different cutoff
frequencies.
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6. During photoemission, the release of the electron is immediate, with no appreciable delay between illumination and photoelectron emission, even for
extremely weak light. It appears that the electron absorbs the light energy immediately: no time is required to accumulate sufficient energy to liberate the
electrons.

photon the quantum of electromagnetic energy whose energy is hf

ejected electron
incident photon
E photon = hf
2

metal surface

2
2

EK

W

Figure 12
Part of the energy of the incident
photon goes to releasing the surface electron. (W is the energy
binding the electron to the surface.)
The remainder provides the kinetic
energy of the ejected electron.
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Of these various experimental findings, only the first could be explained on the basis
of the classical electromagnetic theory of light. In particular, according to classical wave
theory, there is no reason why an intense beam of low-frequency light should not be
able to produce a photoelectric current or why the intensity of the beam should not
affect the maximum kinetic energy of the ejected photoelectrons. The classical wave
theory of light could not properly explain the photoelectric effect at all.
As an analogy, consider a boat in a harbour. As long as the incoming water waves have
a small amplitude (i.e., are of low intensity), the boat will not be tossed up on the shore,
regardless of the frequency of the waves. However, according to the above observations,
even a small-amplitude (low-intensity) wave can eject a photoelectron if the frequency
is high enough. This is analogous to the boat being hurled up on the shore by a small wave
with a high enough frequency, certainly not what classical wave theory would predict.
Einstein was well aware of these experiments and Planck’s blackbody hypothesis. He
also knew about Newton’s particle theory of light, some aspects of which he resurrected
to make a radical proposal: the energy of electromagnetic radiation, including visible
light, is not transmitted in a continuous wave but is concentrated in bundles of energy
called photons. Einstein further proposed that the energy in each of his photons was
constrained to be one of a set of discrete possible values, determined by Planck’s equation, E 5 hf. He used his photon theory of light to explain some of the experimental
results of the photoelectric effect and predicted new effects as well.
Einstein reasoned that if an electron, near the surface of a metal, absorbs a photon, the
energy gained by the electron might be great enough for the electron to escape from
the metal. Some of the absorbed energy would be used to break away from the metal surface, with the remainder showing up as the kinetic energy of the electron (Figure 12).
Since the energy of a photon is given by hf, the higher the frequency, the greater the
kinetic energy of the ejected photoelectron.
This behaviour also explained why there is a threshold frequency. The electron has
to receive a minimum amount of energy to escape the attractive forces holding it to the
metal. When the frequency of the incident light is too low, the photon does not provide
the absorbing electron with sufficient energy, and it remains bound to the surface.
NEL
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The intensity (brightness) of the light is only a measure of the rate at which the photons
strike the surface, not of the energy per photon. This helps explain why the kinetic energy
of the emitted photoelectrons and the threshold frequency are independent of the intensity of the incident light.
To summarize: when a photon hits a photoelectric surface, a surface electron absorbs
its energy. Some of the energy is needed to release the electron, while the remainder
becomes the kinetic energy of the ejected photoelectron. This is what one would expect
based on the conservation of energy. Einstein described this mathematically as follows:
Ephoton 5 W 1 EK

where Ephoton is the energy of the incident photon, W is the energy with which the electron is bound to the photoelectric surface, and EK is the kinetic energy of the ejected
photoelectron.
Rearranging the equation, we obtain
EK 5 Ephoton 2 W

Upon rewriting Ephoton in terms of the frequency of the incident photon, we have Einstein’s
photoelectric equation:
EK 5 hf 2 W

The value W (the energy needed to release an electron from an illuminated metal) is
called the work function of the metal. The work function is different for different metals
(Table 1) and in most cases is less than 1.6 3 10218 J (equivalently, less than 10 eV).
When surface electrons absorb the photons, many interactions occur. Some absorbing
electrons move into the surface and do not become photoelectrons at all. Others either
emerge immediately at a large angle to the normal or undergo inelastic collisions before
emerging. Still others emerge immediately at small angles to the normal, moving more or
less directly toward the anode. The net effect is that only a small number of the more energetic photoelectrons come close to reaching the anode. They are further inhibited as the
retarding voltage approaches the cutoff potential. Therefore, only the most energetic electrons reach the anode. As a result, the cutoff potential V0 measures the maximum possible
kinetic energy of the photoelectrons (represented by EK in the equation EK 5 hf 2 W).
The same mathematical relationship may be derived from the same three surfaces in
Figure 13, except the vertical axis has been extended to include the negative intercept.

work function the energy with
which an electron is bound to a
photoelectric surface

Table 1 Approximate
Photoelectric Work
Functions for Various
Metals
Metal

Work Function
(eV)

aluminum (Al)

4.20

barium (Ba)

2.52

cesium (Cs)

1.95

copper (Cu)

4.48

gold (Au)

5.47

iron (Fe)

4.67

lead (Pb)

4.25

lithium (Li)

2.93

mercury (Hg)

4.48

nickel (Ni)

5.22

platinum (Pt)

5.93

potassium (K)

2.29

rubidium (Rb)

2.26

silver (Ag)

4.74

sodium (Na)

2.36

tin (Sn)

4.42

zinc (Zn)

3.63

Source: CRC Handbook of Chemistry and
Physics, 81st ed. (CRC Press, Boca Raton, FL,
2000).
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Figure 13
Energy of photoelectrons versus frequency of incident light for three
surfaces
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For each photoelectric surface, the graph is a straight line of the form y 5 m(x 2 a),
where m is the slope and a is the horizontal intercept.
In this case,
eV0 5 mf 2 mf0

since the intercept on the frequency-axis is f0.
But we have already stated that eV0 is equal to the kinetic energy of the emitted photoelectron. Thus, the equation becomes
EK 5 mf 2 mf0

which matches Einstein’s equation if m, the slope of the line on the graph, equals Planck’s
constant h, and W 5 hf0.
Further, if the straight line is extended (dashed lines in Figure 13) until it crosses the
vertical axis, the equation EK 5 hf 2 W is seen to be of the form y 5 mx 1 b, with the
absolute value of the vertical intercept b giving the work function W for that surface.
Note that on a graph of EK (or eV0) versus f, each photosurface has the same slope
(h, or Planck’s constant), but each has its own unique horizontal intercept (f0, or threshold
frequency) and vertical intercept (2W, or work function) (Figure 14).
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Figure 14
For sodium, the threshold frequency f0 is 6.0 3 1014 Hz, and the
work function W is 22.5 eV. These values represent the intercepts
on the frequency and energy axes, respectively.

LEARNING TIP
Frequency Representation
In modern physics, frequency,
which we write f, is usually represented by the Greek letter nu,
n. In more advanced physics
texts, the equation c 5 f λ
becomes c 5 nλ, and the
equation E 5 hf becomes
E 5 hn. We have chosen to
retain the symbol f for simplicity.
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Einstein’s photoelectric equation agreed qualitatively with the experimental results
available in 1905, but quantitative results were required to find out if the maximum
kinetic energy did indeed increase linearly with the frequency and if the slope of the
graph, h, was common to all photoelectric substances.
Oxidization impurities on the surfaces of metal photocathodes caused difficulties for
the experimentalists. It was not until 1916 that Robert Millikan designed an apparatus
in which the metallic surface was cut clean in a vacuum before each set of readings.
Millikan showed Einstein’s explanation and prediction to be correct. Millikan also found
the numerical value h, as the slope of his plots, to be in agreement with the value Planck
had calculated earlier, using a completely different method. It was for his explanation of
the photoelectric effect, based on the photon theory of light, that Albert Einstein received
the 1921 Nobel Prize in physics (not, as is sometimes claimed, for his still more celebrated work on relativity).
NEL
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SAMPLE problem 2
Orange light with a wavelength of 6.00 3 102 nm is directed at a metallic surface with a
work function of 1.60 eV. Calculate
(a) the maximum kinetic energy, in joules, of the emitted electrons
(b) their maximum speed
(c) the cutoff potential necessary to stop these electrons

Solution
(a) λ 5 6.00 3 102 nm 5 6.00 3 1027 m
h 5 6.63 3 10234 J?s
EK 5 ?
W 5 1.60 eV
5 (1.60 eV)(1.60 3 10219 J/eV)
W 5 2.56 3 10219 J
hc
EK ,max 5 }} 2W
λ
(6.63 3 10234 J?s)(3.00 3 108 m/s)
5 }}}}
2 2.56 3 10219 J
6.00 3 1027 m
EK ,max 5 7.55 3 10220 J

The maximum kinetic energy of the emitted photons is 7.55 3 10220 J.
(b) v 5 ?
me 5 9.11 3 10231 kg (from Appendix C)
1
EK 5 }}mv 2
2
v 5
5

2E
!}§
m}
K

J)
2(7.55 3 10
}}
!§§
9.11 3 10
kg
220

231

v 5 4.07 3 105 m/s

The maximum speed of the emitted electrons is 4.07 3 105 m/s.
(c) V0 5 ?
EK 5 eV0
EK
V0 5 }e}
7.55 3 10220 J
5 }}
1.60 3 10219 C
V0 5 0.472 V

The cutoff potential necessary to stop these electrons is 0.472 V.
The answer to (c) could also have been determined from (a), as follows:
7.55 3 10220 J
7.55 3 10220 J 5 }}
5 0.472 eV
1.60 3 10219 J/eV
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Practice
Understanding Concepts
7. Create a graph of E versus f for iron and zinc using the values from Table 1. Use

Answers
11. 5.8 3

1014

the photoelectric equation to determine the threshold frequency of each metal.

Hz

8. Explain why it is the frequency, not the intensity, of the light source that deter-

12 5.02 3 1014 Hz

mines whether photoemission will occur.

13. 0.28 eV

9. Why do all the lines on the graph in Figure 11 have the same slope?

14. 2.35 eV

10. Why doesn’t classical wave theory explain the fact that there is no time delay in

15 6.3 3 105 m/s

photoemission?
11. Calculate the minimum frequency of the photon required to eject electrons from

a metal whose work function is 2.4 eV.
photodiode a semiconductor in
which electrons are liberated by
incident photons, raising the conductivity

12. Find the threshold frequency for a calcium surface whose work function is 3.33 eV.
13. Barium has a work function of 2.48 eV. What is the maximum kinetic energy of

the ejected electrons if the metal is illuminated at 450 nm?
14. When a certain metal is illuminated at 3.50 3 102 nm, the maximum kinetic energy

of the ejected electrons is 1.20 eV. Calculate the work function of the metal.
charge-coupled device (CCD) a
semiconductor chip with an array of
light-sensitive cells, used for converting light images into electrical
signals

15. Light of frequency 8.0 3 1014 Hz illuminates a surface whose work function is

1.2 eV. If the retarding potential is 1.0 V, what is the maximum speed with which
an electron reaches the plate?
Applying Inquiry Skills
16. Using a spreadsheet program, create a data table like Table 1 which includes

the threshold frequency for each metal.
incident
visible photon

Photodiodes and Digital Cameras

semiconducting
silicon
pixel
electron

insulating
silicon dioxide

horizontal
shift
register

electrodes

row 1
row 2
row 3
analog signal
processor
digital
representation
of the picture

analog-to-digital
converter

Figure 15
A CCD array captures images using
the photoelectric effect.
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In addition to its theoretical role in confirming the photon view of light, the photoelectric effect has many practical applications, for the most part in semiconductors
known as photodiodes. The absorption of a photon liberates an electron, which changes
the conductivity of the photodiode material. Burglar alarms, garage doors, and automatic door openers often incorporate photodiodes. When a beam of light is interrupted,
the drop in current in the circuit activates a switch, triggering an alarm or starting a
motor. An infrared beam is sometimes used because of its invisibility. Remote controls
for some televisions and video machines work in much the same way. Many smoke
detectors use the photoelectric effect: the particles of smoke interrupt the flow of light
and alter the electric current. Photocell sensors in cameras measure the level of light,
adjusting the shutter speed or the aperture for the correct exposure. Photocells are used
in a host of other devices, such as outdoor security lights and automatic street lights.
An important application of the photoelectric effect is the charge-coupled
device (CCD). An array of these devices is used in digital cameras to capture images
electronically.
A CCD array is a sandwich of semiconducting silicon and insulating silicon dioxide,
with electrodes. The array is divided into many small sections, or pixels, as in Figure 15
(where, for simplicity, we show a 16-pixel array, even though some cameras’ arrays have
over three million). The blow-up in Figure 15 shows a single pixel. Incident photons of
visible light strike the silicon, liberating photoelectrons as a result of the photoelectric
effect. The number of electrons produced is proportional to the number of photons
striking the pixel. Each pixel in the CCD array thus accumulates an accurate representation of the light intensity at that point on the image. In some applications, prisms or
red, green, or blue filters are used to separate the colours.
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The CCD was invented in 1969 by Willard S. Boyle (Figure 16), a Canadian, and
George Smith, at Bell Research Laboratories in the United States. Their invention has not
only brought digital photography, including video recording, to the consumer marketplace, but has triggered a revolution in astronomical image-processing.

Practice
Making Connections
17. The photoelectric effect has many applications. Choose one, either from this text or

from a search of the Internet or other media. Prepare a research paper, using the following as a guide:
(a) Explain in detail, with the help of labelled diagrams, how your chosen device
detects light using the photoelectric effect.
(b) Explain how your device uses information from the photoelectric detector.
(c) Identify at least three other devices that operate in a similar manner.

GO

www.science.nelson.com

Momentum of a Photon: The Compton Effect
In 1923, the American physicist A.H. Compton (1892–1962) directed a beam of highenergy X-ray photons at a thin metal foil. The experiment was similar to the photoelectric experiments, except that high-energy X-ray photons were used instead of light.
Compton not only observed ejected electrons, as was to be expected from the theory of
the photoelectric effect, but also detected an emission of X-ray photons, lower in energy,
and therefore lower in frequency, than the photons in the bombarding beam. He also
noted that electrons were scattered at an angle to the X-ray photons. This scattering of
lower-frequency X-ray photons from foil bombarded by high-energy photons is known
as the Compton effect (Figure 17).
A whole series of experiments, using different metal foils and different beams of
X rays, produced similar results that could not be explained using electromagnetic-wave
theory. Compton proposed that the incident X-ray photon acts like a particle that collides elastically with an electron in the metal, emerging with lower energy. The electron
flies off with the kinetic energy it gained in the collision. Compton’s data indicated that
energy was indeed conserved.
If energy were conserved in the collision (see Figure 18), the following would be true:

Figure 16
Willard S. Boyle (1924– ) was born
in Amherst, Nova Scotia, and took
all his physics degrees at McGill
University in Montreal. Before developing the CCD, which won him and
Smith numerous awards, he also
invented the first continuously operating ruby laser in 1962. Also in the
1960s, while director of Space
Science and Exploratory Studies at
Bellcomm, a Bell subsidiary that
provided technological support for
the Apollo space program, Boyle
helped NASA select a lunar landing
site.

Compton effect the scattering of
photons by high-energy photons

high-energy
X rays

thin metal foil

EX ray 5 E9X ray 1 Eelectron
1
hf 5 hf 9 1 }}mv 2
2

Compton’s stroke of genius was to inquire whether momentum is conserved, as in
ordinary collisions. It is not, at first, clear in what sense momentum could be associated
with a bundle of energy with no mass, travelling at the speed of light. Compton solved
this problem by using Einstein’s E 5 mc 2 equation from special relativity. A body with
E
energy E has a mass equivalence of }}2 (see Section 11.3). Compton’s solution was the folc
lowing: the magnitude of the momentum p of a body is defined as the product of mass
E
m and speed v, p 5 mv. If we replace m with its mass equivalent, }},
and replace v with
c2
c, we can write

1 2

E
p 5 }}
v
c2

or

E
p 5 }}
c

lower energy X rays

ejected electron
with kinetic energy
Figure 17
The Compton effect

hf

hf 9

1 mv 2
—
2
Figure 18

as an expression for p in which mass does not explicitly appear.
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DID YOU KNOW

?

Energy in the Compton Effect
In the Compton effect, the energy of
the incident X-ray photons is so
high (5.0 3 104 eV) in comparison
to the work function (,10 eV) that
the work function is not considered
in the energy calculations involved
in the collision. In fact, most of the
energy of the incident photon
appears again in the “deflected”
photon.
momentum of a photon defined
h
as p 5 }}
λ

Now from the photon’s energy E 5 hf and the universal wave equation c 5 f λ ,
hf
E and c are replaced to give p 5 }} , or
fλ
h
p 5 }}
λ

This relation gives the magnitude of the momentum of a photon, where p is the magnitude of the momentum, in kilogram-metres per second, h is Planck’s constant with a
value of 6.63 3 10234 J?s, and λ is the wavelength, in metres.
Using this definition for photon momentum, Compton found that the conservation
of momentum did hold for X-ray scattering collisions, as seen in Figure 19 and expressed
in the vector equation
#$photon 5 #p$9photon 1 #p$9electron
p

h
—
λ

vector addition

h
—
λ′

p′electron

p′photon
mv
pphoton

Figure 19
Law of conservation of momentum

Compton’s experiments clearly demonstrated the particle-like aspects of light, for not
only can a discrete energy, hf, be assigned to a photon, but also a value of momentum,
h
}}. His work provided conclusive evidence for the photon theory of light. As a result,
λ
Compton was awarded the Nobel Prize for physics in 1927.

DID YOU KNOW

?

Photon
The word “photon” is similar to the
names given to various other particles: electron, proton, neutron.

SAMPLE problem 3
What is the magnitude of the momentum of a photon with a wavelength of 1.2 3 10212 m?

Solution
λ 5 1.2 3 10212 m
h 5 6.63 3 10234 J?s
p 5 ?
h
p 5 }}
λ
6.63 3 10234 J?s
5 }}
1.2 3 10212 m
p 5 5.5 3 10222 kg·m/s

The magnitude of the momentum of the photon is 5.5 3 10222 kg?m/s.
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Practice
Understanding Concepts
h
18. Show that the units of }} are units of momentum.
λ
19. Calculate the magnitude of the momentum of a photon whose wavelength is

5.00 3

102

nm.

20. Calculate the magnitude of the momentum of a photon whose frequency is

4.5 3 1015 Hz.

Answers
19. 1.33 3 10227 kg·m/s
20. 9.9 3 10227 kg·m/s
21. 8.00 3 10226 kg·m/s
22. 0.73 nm

21. Calculate the magnitude of the momentum of a 1.50 3 102 eV photon.
22. Calculate the wavelength of a photon having the same momentum as an elec-

tron moving at 1.0 3 106 m/s.

Interactions of Photons with Matter
If an intense beam of light is directed at the surface of an absorbing material, the energy
of the photons is mostly absorbed by that surface. As a result, the surface heats up. But
the Compton effect shows that photons transfer momentum as well. The sum of the
impacts on the surface of all of the photons per unit of time results in pressure on the
surface. This pressure is not normally discernible. (We do not feel the pressure of light
when we walk out into sunlight or stand under a strong lamp.) Today, however, using very
sensitive equipment, we can actually measure the pressure of light on a surface and
h
confirm that the relationship p 5 }} is a valid expression for the momentum of an indiλ
vidual photon.
We have seen, with both the photoelectric effect and the Compton effect, that when
a photon comes into contact with matter, there is an interaction. Five main interactions
are possible:
1. The most common interaction is simple reflection, as when photons of visible
light undergo perfectly elastic collisions with a mirror.

LEARNING TIP
Photon Pressure
If a surface is highly reflective,
each photon undergoes twice as
great a change in momentum as it
would in absorption, and the radiation pressure on the surface is
twice as great as the radiation
pressure on an absorptive surface.
This is analogous to comparing a
bouncing ball with a chunk of
sticky putty.

pair production the creation of a
pair of particles (an electron and a
positron) as a result of a collision of a
high-energy photon with a nucleus

before

heavy nucleus

2. In the case of the photoelectric effect, a photon may liberate an electron, being
absorbed in the process.

1

3. In the Compton effect, the photon emerges with less energy and momentum,
having ejected a photoelectron. After its interaction with matter, the photon still
travels at the speed of light but is less energetic, having a lower frequency.
4. A photon may interact with an individual atom, elevating an electron to a
higher energy level within the atom. In this case, the photon completely disappears. All of its energy is transferred to the atom, causing the atom to be in an
energized, or “excited,” state. (We will examine the details of this interaction
later in this chapter.)
5. A photon can disappear altogether, creating two particles of nonzero mass in a
process called pair production (see Section 13.1). Pair production requires a
photon of very high energy (. 1.02 MeV) and, correspondingly, a very short
wavelength (as with X-ray and gamma-ray photons). When such a photon collides with a heavy nucleus, it disappears, creating an electron (20 e) and a particle
of equal mass but opposite charge, the positron (10 e) (Figure 20). This creation of
mass from energy obeys Einstein’s mass–energy equivalence equation E 5 mc 2.

photon

after

1
1
positron
2
electron
Figure 20
Representation of pair production
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SUMMARY

Foundations of Quantum Theory

•

A blackbody of a given temperature emits electromagnetic radiation over a continuous spectrum of frequencies, with a definite intensity maximum at one particular frequency. As the temperature increases, the intensity maximum shifts to
progressively higher frequencies.

•

Planck proposed that molecules or atoms of a radiating blackbody are constrained to vibrate at discrete energy levels, which he called quanta. The energy of
a single quantum is directly proportional to the frequency of the emitted radiation, according to the relationship E 5 hf, where h is Planck’s constant.

•

Photoelectrons are ejected from a photoelectric surface when the incident light is
above a certain frequency f0, called the threshold frequency. The intensity
(brightness) of the incoming light has no effect on the threshold frequency. The
threshold frequency is different for different surfaces.

•

The cutoff potential is the potential difference at which even the most energetic
photoelectrons are prevented from reaching the anode. For the same surface the
cutoff potential is different for each frequency, and the higher the frequency of
the light, the higher the cutoff potential.

•

The energy of light is transmitted in bundles of energy called photons, whose
energy has a discrete, fixed amount, determined by Planck’s equation, E 5 hf.

•

When a photon hits a photoelectric surface, a surface electron absorbs its energy.
Some of the absorbed energy releases the electron, and the remainder becomes its
kinetic energy of the liberated electron, according to the photoelectric equation
EK 5 hf 2 W.

•

In the Compton effect, high-energy photons strike a surface, ejecting electrons
with kinetic energy and lower-energy photons. Photons have momentum whose
h
magnitude is given by p 5 }}.
λ
Interactions between photons and matter can be classified into reflection, the
photoelectric effect, the Compton effect, changes in electron energy levels within
atoms, and pair production.

•

Section 12.1 Questions
Understanding Concepts
1. List the historical discoveries and interpretations that led to

the confirmation of the photon theory of light.
2. Use Planck’s quantum theory to suggest a reason why no

photoelectrons are released from a surface until light of
sufficiently high frequency is incident on the surface.
3. List at least five devices in your home that operate using

the photoelectric effect.
4. State which physical quantities are represented by the

symbols in the photoelectric equation EK 5 hf 2 W.

6. Describe five interactions between photons and matter.
7. The average temperature in the visible incandescent layers

of the Sun is about 6000 K. An incandescent light has a
temperature of 2500 K.
(a) Why do artificial sources of light not provide proper
illumination when exposing a colour film designed to
be used in sunlight?
(b) Why does a xenon flash (operating at about 6000 K)
provide proper illumination for the same daylight film?
8. Calculate the energy of an ultraviolet photon, of wavelength

122 nm, in both joules and electron volts.

5. Compare and contrast the photoelectric effect and the

Compton effect.
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nanometres and electron volts.
10. How does the pair of curves in Figure 8(b) show that the

maximum speed of the photoelectrons is independent of
the intensity of the light directed at the photoelectric
surface?
11. Locate sodium and copper in Table 1. Does it take more

energy to remove a photoelectron from sodium or from
copper? Which has the higher threshold frequency, potassium or barium? Explain your answers.
12. Find the minimum frequency of the light required to eject

photoelectrons from a metallic surface whose work function is 7.2 3 10219 J.
13. What wavelength of light is required for ejecting photoelec-

trons from a tungsten surface (W 5 4.52 eV) if the maximum kinetic energy of the electrons is 1.68 eV?
14. When light of wavelength of 482 nm falls onto a certain

metallic surface, a retarding potential of 1.2 V proves just
sufficient to make the current passing through the phototube fall to zero. Calculate the work function of the metal.
15. (a) Calculate the frequency of a photon whose wavelength

is 2.0 3 1027 m.
(b) Calculate the energy of the same photon, in both
joules and electron volts.
(c) Calculate the momentum of the same photon.
16. (a) Calculate the momentum of a photon of wavelength

2.50 3 1029 m.
(b) Calculate the speed of an electron having the same
momentum as the photon in (a). (me 5 9.11 3 10231 kg).
(c) Calculate the kinetic energy of the electron. How does
it compare with the energy of the photon?
17. Calculate, in electron volts, the energies of the photons

emitted by radio stations of frequencies 5.70 3 102 kHz and
102 MHz.
Applying Inquiry Skills
18. Photosynthesis is the chemical change of carbon dioxide

and water into sugar and oxygen, in the presence of light
and chlorophyll. The graph in Figure 21 shows that the
rate of the reaction depends on the wavelength of the incident light. Using the photon theory and the graph, explain
(a) why leaves containing chlorophyll appear green in
white light

NEL

(b) why pure green light does not produce photosynthesis
(c) why an incandescent lamp, operating at 2500 K, does
not produce sufficient photosynthesis to maintain the
health of a green plant

Rate of Photosynthesis

1.24 3 103
λ
a photon in electron volts and λ is its wavelength in nanohc
metres, is a handy form of the equation E 5 }}. The
λ
relationship is quite useful in quantum-mechanics calculations, since many measurements with subatomic particles
and photons involve electron volts and nanometres.
hc
Substitute in E 5 }}, and make any necessary unit
λ
1.24 3 103
conversions, to show that E 5 }} is valid for
λ

9. The relationship E 5 }}, where E is the energy of

700
600
500
400
red
yellow blue violet
orange green
Wavelength (nm)
Figure 21
Rate of photosynthesis versus wavelength of incident light

Making Connections
19. Suggest some ways life would be different if Planck’s con-

stant were much larger or much smaller than its actual
value.
20. A certain solar-powered calculator receives light with an

average wavelength of 552 nm, converts 15% of the
incoming solar energy into electrical energy, and consumes
1.0 mW of power. Calculate the number of light quanta
needed by the calculator each second.
21. (a) Calculate the energy of a single microwave quantum of

wavelength of 1.0 cm.
(b) Calculate how many quanta of 1.0-cm microwave
energy would be required to raise the temperature
of 250.0 mL of water from 20°C to the boiling point,
given that the specific heat capacity of water is
4.2 3 103 J/kg?°C.
22. Research the Internet to learn how astronomers use pho-

todetectors on NASA’s Hubble Space Telescope to produce
galactic images such as the one at the beginning of
Chapter 9.

GO
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23. Ultraviolet light can kill skin cells, as it does when you are

sunburned. Infrared light, also from the Sun, only warms
skin cells. Explain this difference in behaviour using the
photon theory.
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12.2

Wave–Particle Duality
The photoelectric effect and the Compton effect revealed that light and X rays have a particle nature; that is, photons act like particles with a given energy and momentum. In
earlier chapters, however, we saw that for the properties of reflection, refraction, diffraction, interference, and polarization, electromagnetic radiation acts like a wave. In
this section, we will see how quantum theory reconciles these two apparently opposing
viewpoints.

The Particle Nature of Electromagnetic Waves
In 1910, Geoffrey Taylor, a young student at Cambridge University, set up an experiment to find out whether the interference patterns of light resulted from the interactions of many photons or whether the behaviour of individual photons could be predicted
from their wave properties. The basic equipment he used is illustrated in Figure 1(a).
Light from a small lamp passed first through a slit, then through a series of dimming
filters, which reduced the intensity of the light. After passing through another single slit,
the light was diffracted by a vertical needle, and the resulting image was recorded on a
photographic plate (Figure 1(b)). Taylor adjusted the dimensions of the box and its
contents so that diffraction bands around the shadow of the needle were plainly visible
in bright light, without any filters. Then he reduced the intensity of light by adding filters. He found that progressively longer exposures were needed to get a well-exposed
photographic plate, since fewer and fewer photons passed through the slit per second as
he made his stack of dimming filters progressively thicker. Finally, Taylor made a very weak
exposure that lasted three months. Even on this plate, the diffraction interference fringes
were perfectly clear. By calculation, Taylor was able to show that with such a dim source,
two or more photons would rarely, if ever, be in the box at the same time. In other words,
the behaviour of a single photon was governed by the wave theory.
Figure 1
(a) Lightproof box
(b) Diffraction pattern created by a
needle

(a)

lamp

filters

photographic plate
needle
single slit

lightproof box
(b)
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One way of visualizing the relationship between a photon and its electromagnetic
wave is to consider that the electromagnetic wave acts as a “guide” that predicts the probable behaviour of the photon. The electromagnetic wave determines the chance, or probability, that a photon will be at a certain position in space at a given instant. For a classical
particle the probability of being in certain places is either 100% (if it is there) or 0% (if
it is not). We do not have this exactness for photons. We only know the probabilities
determined by the electromagnetic wave. Quantum theory assumes that, at any instant,
the photon has a probability of being in any position. The probability is greater in those
regions where the amplitude of the electromagnetic wave interference pattern is greater
and smaller in those regions where the amplitude of the electromagnetic wave interference pattern is smaller.
If an intense beam of light is directed through two adjacent slits, as in Young’s experiment (Section 9.6), a series of alternating bands of constructive and destructive interference is created on the screen. The photons pass through the two slits, and it is the
probability of their arrival on the screen that is predicted by their electromagnetic waves.
If two electromagnetic waves interfere destructively, the amplitude is smaller than either
of the original waves, so the probability of a photon arriving is reduced. When conditions
are such that the resultant amplitude is zero, as it is on a nodal line, the probability of
finding a photon is zero. On the other hand, if the two electromagnetic waves interfere
constructively, the resultant amplitude is larger and the probability is high that a photon
will be in that position; that is, a bright area is found.
If a photographic film replaces the screen, the particle nature of photons becomes
evident. A photographic film may be constructed of plastic film on which has been
deposited a thin layer of very small silver bromide crystals. Each photon absorbed by a
silver bromide crystal gives up a fixed amount of energy, freeing the silver, and producing a bright area on the resulting picture (Figure 2). The electromagnetic wave gives
the probability of its falling on any part of the film. However, since a photon’s chance of
registering in areas of constructive interference is high, many silver bromide crystals are

Figure 2
When a photograph is taken, the
individual photons cause changes in
the silver bromide molecules. As
more and more photons strike the
film, the image is gradually created.
The number of photons applied to
form each reproduction of the same
image in this sequence of photos is
as follows:
(a) 2 3 103 photons
(b) 1.2 3 104 photons
(c) 9.3 3 104 photons
(d) 7.6 3 105 photons
(e) 3.6 3 106 photons
(f) 2.8 3 107 photons

(a)

(b)

(c)

(d)

(e)

(f)

NEL

Waves, Photons, and Matter

611

photocathode
photon
first
dynode
+ 100 V
second
dynode
+ 200 V
third
dynode
+ 300 V
anode
+ 400 V

Figure 3
A photomultiplier is an instrument
that takes a small amount of light
energy and, using a series of electron-emitting surfaces, amplifies the
signal many thousands of times.
This is a three-stage photomultiplier.

wave–particle duality the property of electromagnetic radiation
that defines its dual nature of displaying both wave-like and particlelike characteristics

changed in these areas, and a bright area will be recorded on the image. In areas of neartotal destructive interference, fewer crystals are changed, and a relatively dark area will
be recorded on the image. On the nodal lines, no crystals change at all.
Today, using a photomultiplier (Figure 3), photon experiments can be performed
with much greater speed and sensitivity than in Geoffrey Taylor’s time. By placing the
photomultiplier at various locations in an interference pattern, the number of individual photons arriving at the photocathode can be measured. All the results point to the
same conclusion: even though the photons arrive one at a time, their distribution on
the detecting screen is predicted by their wave properties.
The experimental evidence forces us to conclude that light does not have just a wave
nature but also the nature of a stream of particles: photons with momentum. Physicists
refer to this dual nature as wave–particle duality.
The two aspects of light complement one another, and understanding both aspects
is essential to having a full understanding of light. Niels Bohr (1885–1962), the great
Danish physicist, partially clarified the situation by proposing his principle of
complementarity:
Principle of Complementarity
To understand a specific experiment, one must use either
the wave theory or the photon theory but not both.

To understand how light interferes after it passes through two parallel slits, we must
use the wave theory, as illustrated in Young’s experiment, not the particle theory. To
understand the photoelectric effect or why a photographic plate is exposed as it is, we must
use the photon, or particle nature of light, not the wave theory. As a general rule, when
light passes through space or through a medium, its behaviour is best explained using
its wave properties. But when light interacts with matter, its behaviour is more like that
of a particle. The limitations of human experience make it difficult for us to understand
the dual nature of light. It is very difficult, if not impossible, for us to visualize this
duality. We are used to creating wave pictures, or images, in some applications and particle pictures in others, but never both at the same time.
In the study of light, particularly as it transfers energy from place to place, we must base
our knowledge on indirect experiments. We cannot see directly how light energy is transmitted as a wave or a particle. All we can observe are the results of the interaction of
light and matter. Our knowledge is limited to indirect information. Therefore, to describe
light’s dual nature, we cannot use visual means. Further study of quantum mechanics uses
mathematical models, not visual models.
The wave–particle model of light that we use today is much more subtle than Newton’s
particle theory or Maxwell’s electromagnetic theory. These were both useful but limited
in their applicability. They were important and contributed much to our understanding
of the behaviour of light. But these models were inadequate in themselves for explaining
all of the properties of light. Like all models or theories, they can be enhanced or even
replaced when new information becomes available. This is the case with the two classical
theories of light. They have been superseded by the wave–particle model of light, the
only theory that we find acceptable today for a full understanding of the nature of light.

The Wave Nature of Matter
In 1923, Louis de Broglie (Figure 4), a young graduate student at the University of Paris,
proposed a radical idea: he hypothesized that since the momentum of a photon was
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h
given by the relationship p 5 }} , any particle with momentum might also be expected
λ
to have an associated wavelength. He further suggested that this wavelength could be
h
determined from the Compton relationship as follows: if p 5 }} for photons, then for
λ
particles having nonzero mass,
h
h
λ 5 }p} 5 }
m}
v

This wavelength is known as the de Broglie wavelength. Since the wavelength is associated with particles having nonzero mass, they have become known as matter waves.
The concept was so radical at the time that de Broglie’s graduation was held up for one
year. (Since Einstein supported the hypothesis, de Broglie duly graduated, in 1924.)
Before discussing the implications of his hypothesis, it is important to determine the
magnitudes of the associated wavelengths of a macroscopic object and a subatomic
particle.

SAMPLE problem 1
What de Broglie wavelength is associated with a 0.10 kg ball moving at 19.0 m/s?

Solution
m 5 0.10 kg
v 5 19.0 m/s
λ 5 ?

Figure 4
Prince Louis-Victor de Broglie
(1892–1987) originally applied his
hypothesis to the special case of the
electron, using it to analyze the
energy levels in hydrogen (see
Section 12.5). He was awarded the
1929 Nobel Prize in physics for his
electron analysis.

de Broglie wavelength the wavelength associated with the motion of
a particle possessing momentum of
h
magnitude p: λ 5 }p}
matter waves the name given to
wave properties associated with
matter

h
λ 5 }
m}
v
6.63 3 10234 J?s
5 }}
(0.10 kg)(19.0 m/s)
λ 5 3.5 3 10234 m

The de Broglie wavelength of the ball is 3.5 3 10234 m.
We see from this example that for macroscopic objects the wavelength is extremely small,
even by subatomic standards (being a million-billion-billionth the approximate diameter of
a typical atom).

SAMPLE problem 2
What de Broglie wavelength is associated with an electron that has been accelerated
from rest through a potential difference of 52.0 V?

Solution
m 5 9.11 3 10231 kg
DV 5 52.0 V
λ 5 ?
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DEe
DV 5 }q}
DEe 5 qDV

The loss of electric potential energy is equivalent to the gain in the electron’s kinetic energy.
DEK 5 DEe

For an electron
EK 5 eDV
5 (1.60 3 10219 C)(52.0 J/C)
EK 5 8.32 3 10218 J
1
2

But EK 5 }}mv 2
v 5
5

2E
}
!§
m
K

2(8.32 3 10
J)
}}
!§§
9.11 3 10
kg
218

231

v 5 4.27 3 106 m/s
h

Then λ 5 }
m}
v
6.63 3 10234 J?s
5 }}}}
(9.11 3 10231 kg)(4.27 3 106 m/s)
λ 5 1.70 3 10210 m

The de Broglie wavelength of the electron is 1.70 3 10210 m.
We see from this example that while for a low-momentum subatomic particle such as an
electron the de Broglie wavelength is still small, it is no longer very small. For example, the
diameter of a hydrogen atom is approximately 1.0 3 10210 m, that is, less than the de
Broglie wavelength associated with an electron. This is an issue of great importance, to
which we will return in Section 12.5.

Practice
Understanding Concepts
Answers

1. Calculate the de Broglie wavelength associated with each of the following:

1. (a) 2.2 3 10235 m
(b) 3.0 3

10212

m

(c) 1.5 3 1028 m
2. 4.1 3 1027 m; 5.5 3 10210 m
3. 2.7 3 10236 m

2. Calculate the associated wavelengths, in metres, of a 3.0-eV photon and a

5.0-eV electron.
3. Calculate the de Broglie wavelength associated with an artillery shell having a

mass of 0.50 kg and a speed of 5.00 3 102 m/s.

4. 67 eV
5. 1.23 3 10210 m
6. (a) 6.6 3

(a) a 2.0-kg ball thrown at 15 m/s
(b) a proton accelerated to 1.3 3 105 m/s
(c) an electron moving at 5.0 3 104 m/s

10224 kg?m/s

4. Calculate the energy, in electron volts, required to give an electron an associ-

ated de Broglie wavelength of 0.15 nm.

(b) 7.3 3 106 m/s

5. An electron is accelerated through a potential difference of 1.00 3 102 V.

(c) 2.4 3 10217 J,
or 1.5 3 102 eV

6. (a) Calculate the momentum of an electron that has an associated de Broglie
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Calculate the associated de Broglie wavelength.
wavelength of 1.0 3 10210 m.
(b) Calculate the speed of the same electron.
(c) Calculate the kinetic energy of the same electron.
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Matter Waves
We saw in the preceding problems that the matter wavelengths of most ordinary objects,
such as baseballs, are exceedingly small, even on atomic scales. We also saw that the
matter wavelengths of objects such as electrons are small on macroscopic scales but
appreciable on atomic scales (being comparable, in fact, with the wavelengths of some
X rays). Recall that the wave nature of light was elusive until the time of Young because
light has such short wavelengths. The matter wavelengths of macroscopic objects are so
small they preclude detection. For subatomic particles, the matter wavelengths are still
small enough to make detection challenging.
In 1927, two physicists in the United States, C.J. Davisson and L.H. Germer, showed
that de Broglie’s matter waves do exist. Earlier, in Britain, W.H. Bragg (1862–1942) and
his son, W.L. Bragg (1890–1971), had developed equations that predicted the diffraction of X rays upon scattering by thin crystals. The intensity of the scattered radiation
produced a maximum at a series of regularly spaced angles, as in Figure 5(a). Davisson
and Germer used the Bragg analysis to show that a beam of electrons could be diffracted
in much the same way, thereby demonstrating the wavelike properties of particles. When
they directed a beam of electrons at a single crystal of nickel, the observed diffraction pattern was in almost perfect agreement with calculations made using the de Broglie wavelength of the electrons. Figure 5(b) shows how the Davisson–Germer experiment gave
convincing support to de Broglie’s hypothesis.

DID YOU KNOW

?

Nobel Prize Winners
Clinton Davisson (1881–1958) and
George Paget Thomson (1892–
1975) shared the 1937 Nobel Prize
in physics for pioneering work on
electron diffraction.

Figure 5
The wave nature of photons and
electrons
(a) X-ray diffraction due to a
crystal of nickel
(b) Diffraction of electrons due to a
gold film

(a)
detector

incident X rays
diffracted X rays

crystal

diffraction of X rays (Bragg)
(b)
detector

incident electrons
diffracted electrons

crystal

diffraction of electrons (Davisson and Germer)
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quantum mechanics mathematical interpretation of the composition and behaviour of matter, based
on the wave nature of particles

DID YOU KNOW

?

George Unruh
George Unruh (1945– ) was born in
Winnipeg, Manitoba, and studied
physics at the University of
Manitoba and Princeton University.
He is presently a physics professor
at the University of British Columbia.
Unruh’s research applies quantum
mechanics to the study of gravity
and the forces that existed at the
moment of creation, according to
the Big Bang theory. He also pursues research in quantum computation, using quantum principles to
design computers able to solve certain problems billions of times more
quickly than traditional equipment.

In the same year, 1927, G.P. Thomson, in Britain, passed a beam of electrons through
a thin metal foil. The diffraction pattern was the same as for X rays, once the correct
wavelength was taken into account. The Davisson–Germer and Thomson experiments
left little doubt that particles exhibit wavelike properties. Later experiments using protons, neutrons, helium nuclei, and other particles produced similar results. Quantum
mechanics, the mathematical interpretation of the structure and interactions of matter
based on the concept that particles have a wave nature, was vindicated.
The wave–particle duality for small particles matched the wave–particle duality for the
photon, as worked out by Compton. The principle of complementarity thus applies to
matter as well as to radiation. We may now ask, as we did for light, under what general
conditions does matter reveal its wavelike properties? Recall that for the wave property
of diffraction to be evident in optics, an aperture comparable to the wavelength of light
is needed. Otherwise, the light behaved like a beam of particles moving in a straight line
through an opening or past an obstacle, showing little diffraction or interference. A similar requirement holds for matter waves.
Ordinary objects, such as baseballs, have associated matter waves whose wavelength
is extremely short compared with the dimensions of other objects or openings that they
encounter. Therefore, they act like particles, concealing their wave nature. Subatomic
particles such as electrons, by contrast, have associated matter waves whose wavelength
is of the same order of magnitude as the objects with which they interact. As a result, they
produce diffraction patterns large enough to be observed.
What about the conceptual interpretation of matter waves? Like electromagnetic
waves, matter waves predict the probability that a particle will follow a particular path
through space. It is important to note that matter waves do not carry energy. They only
predict behaviour. The particle carries the energy.
The fact that wave–particle duality exists for both matter and light reinforced Einstein’s
contention (Section 11.4) that mass is interconvertible with energy, under the relationship E 5 mc 2. By 1927, the concept that mass and energy were interrelated did not seem
as astonishing as it had when Einstein proposed it in 1905. Furthermore, the wave characteristics of the electrons orbiting the nucleus of an atom could now be examined using
quantum mechanics (see Section 12.5).

Electron Microscopes
DID YOU KNOW

?

Richard Feynman
Richard Feynman (1918–1988), 1965
Nobel laureate with Tomonaga and
Schwinger, once remarked, “I think I
can safely say that nobody understands quantum mechanics.” What
he meant was that, although we can
use the mathematical equations of
quantum mechanics to make
extremely accurate predictions,
we cannot truly understand
wave–particle duality and other
implications of the quantum theory
at an intuitive level.
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The resolution of an ordinary microscope is limited by the wavelength of the light used.
The highest useful magnification obtainable, with an oil-immersion objective, is 2000×,
with the best resolution approximately 2.0 3 1027 m (about one-half the wavelength of
visible light). On the other hand, a beam of electrons having an associated de Broglie wavelength of less than 1.0 nm could produce a resolution of approximately 0.5 nm. This
means that if one could get electrons to behave as light does in a microscope, the magnification could be increased to as high as 2 million times or more.
Technological developments in the 1920s that involved the focusing of electron beams
by means of magnetic coils permitted the development of a crude electron microscope
in Germany, in 1931. The first North American electron microscope, and the first of
immediate practical application anywhere, was designed and built in the winter of
1937–38 by James Hillier (Figure 6) and Albert Prebus, two young graduate students
at the University of Toronto. By the summer of 1938, they were producing microphotographs with a magnification of 20 000× and a resolution of 6.0 nm (30 atomic diameters). The electronics manufacturer RCA soon used their design in the first commercial
electron microscope.
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A transmission electron microscope is similar in operation to an ordinary light
microscope, except that magnetic “lenses” replace the glass lenses (Figure 7). The magnetic “lenses” are constructed of circular electromagnetic coils that create strong magnetic fields. These fields exert forces on the moving electrons, focusing them in much the
same way that a glass lens focuses light. Electrons emitted from a hot cathode filament
are accelerated by an anode through an electrical potential of 50 kV to 100 kV or more.
The electrons are focused into a parallel beam by a condensing lens before they pass
through the specimen, or object, being imaged. For transmission to take place, the specimen must be very thin (approximately 20 to 50 nm); otherwise, the electrons would
be slowed down too much or scattered, and the resulting image would be blurred.
Next, the beam of electrons passes through the objective coil and finally through the
projector coil (corresponding to the eyepiece in an optical microscope). The beam is
projected onto a fluorescent screen or photographic plate, creating a two-dimensional
image of the specimen. Since the powerful beam of electrons can degrade the specimen,
short exposure times are necessary. Further, it is necessary to operate the whole system
of coils, beams, and specimen in a high vacuum, to avoid scattering of the electron beam
by collisions with air molecules.
(a)

(b)

electron
source
light source

object

condenser
lens

object

objective
lens
image
formed by
objective
lens

image
formed by
objective
coil

final
image

screen or photographic plate
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condenser
coil

objective
coil

eyepiece
(projection
lens)

Figure 6
In this 1944 photograph, a young
James Hillier (standing) demonstrates an early electron microscope
at RCA Laboratories where he was a
research engineer. When he retired
in 1978, he was executive vicepresident and senior scientist at
RCA Labs. Born in Brantford,
Ontario, he received his physics
Ph.D. in 1941, from the University of
Toronto. A generation later, more
than 2000 electron microscopes,
some capable of magnifying more
than 2 million times, were in use in
laboratories around the world.

transmission electron microscope a type of microscope that
uses magnetic lenses fashioned
from circular electromagnetic coils
creating strong magnetic fields

projector
coil

final
image

fluorescent screen or photographic plate

Figure 7
Design similarities of (a) a compound optical microscope and (b)
an electron microscope. To help
make the similarities evident, the
optical microscope is depicted
upside down.
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scanning electron microscope a
type of microscope in which a beam
of electrons is scanned across a
specimen
scanning tunnelling electron
microscope a type of microscope
in which a probe is held close to the
surface of the sample; electrons
“tunnel” between the sample and
the probe, creating a current

Unlike the more traditional transmission electron microscope, with the scanning
electron microscope three-dimensional, contoured images are possible. In this type of
microscope, a carefully directed beam of electrons is moved across the specimen
(Figure 8(a)). At each position on the specimen, the secondary electrons emitted from
the surface are collected, controlling the intensity (brightness) of a picture element in a
monitor. As a result, as the beam “sweeps” the specimen, a corresponding magnified,
three-dimensional image is created on the monitor. Since the beam of electrons will
damage a biological specimen, the time of exposure is generally limited. Further, it is
usually necessary to coat the specimen with a thin layer of gold so that it does not accumulate negative charges from the electron beam. (Accumulated charge would repel the
beam as it sweeps across the specimen, distorting the image.)
(a)

(b)
electron source

magnetic lens

central
electronics

sweep

monitor

scanning coils
grid
scanning probe
specimen
vacuum

electron
tunnelling
current

surface of specimen
Figure 9
The tip of a probe in a scanning
tunnelling electron microscope
moves up and down to maintain a
constant current, producing an
image of the surface.

618 Chapter 12

secondary
electrons

electron
collector

Figure 8
(a) Scanning electron microscope (SEM).
Scanning coils move an electron beam back
and forth across the specimen. The secondary
electrons are collected. The resulting signal is
used to modulate the beam in a monitor, producing an image.
(b) Operator using an SEM

The scanning tunnelling electron microscope uses the tip of a probe, a few atoms
thick, to scan very close to the specimen surface (Figure 9). During the scanning, a small
potential difference between the tip and the surface causes surface electrons to leave,
creating a current through the probe in a process called “tunnelling.” This current is
used to create a three-dimensional image, recording surface features as fine as the size
of atoms. In fact, the images can actually “picture” the distribution of electrons; one of
the images in Figure 10 shows the structure of the DNA molecule.
Electron microscopes have extended the frontiers of research in the microscopic world.
Although biological specimens produce some of the most dramatic images, microscopy
of atomic and molecular structure holds even greater promise.
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(a)

(b)

(c)

Figure 10
False-coloured images from a scanning tunnelling microscope
(a) Atoms and electron bonds in a crystal of silicon. The black spots are the
individual silicon atoms in a single “unit cell.” The bright regions between
them show the position of electron bonds that hold the structure together.
(b) A strand of DNA
(c) This nanowire, just 10 atoms wide, could be used in a computer operating
at the limits of miniturization. The wire is made of a rare-earth metal
(lanthanide) combined with silicon.

SUMMARY

Wave–Particle Duality

•

The behaviour of a single photon was predicted by the wave theory. The electromagnetic wave predicts the probability that a photon will register at a certain
position on a detecting surface at a given instant.

•

Light is not just a wave and not just a particle but exhibits a “wave–particle
duality.”

•

Understanding both the wave and the particle properties of light is essential for a
complete understanding of light; the two aspects of light complement each other.

•

When light passes through space or through a medium, its behaviour is best
explained using its wave properties; when light interacts with matter, its behaviour is more like that of a particle.

•

The wave–particle model of light has superseded Newton’s particle theory and
Maxwell’s electromagnetic theory, incorporating elements of both.

•

A particle of nonzero mass has a wavelike nature, including a wavelength λ,
h
found by de Broglie to equal }}.
mv
Matter wavelengths of most ordinary objects are very small and thus
unnoticeable.

•
•

Matter waves predict the probability that a particle will follow a particular path
through space. The diffraction of electrons revealed these wave characteristics.

•

Electron microscopes use the principles of quantum mechanics and matter waves
to achieve very high magnifications, in some cases exceeding 2 million times.
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Section 12.2 Questions
Understanding Concepts
1. Describe one type of evidence for

(a) the wave nature of matter
(b) the particle nature of electromagnetic radiation
2. Explain how the equations for single-slit diffraction can be

used to predict the behaviour of a photon passing through
a single slit.
3. Compare and contrast a 2-eV electron and a 2-eV photon,

citing at least four properties of each.

10. In a television picture tube, electrons are accelerated

essentially from rest through an appreciable anodecathode potential difference. Just before an electron strikes
the screen, its associated de Broglie wavelength is 1.0 3
10211 m. Calculate the potential difference.
Making Connections
11. Research the use of tunnelling electron microscopes to

determine the electron distribution in atoms. Write a short
report on your findings.

4. Calculate the associated de Broglie wavelength of

(a) a neutron travelling at 1.5 3 104 m/s
(mn 5 1.67 3 10227 kg)
(b) an electron travelling at 1.2 3 106 m/s
(me 5 9.11 3 10231 kg)
(c) a proton with kinetic energy 1.0 3 109 eV
(mp 5 1.67 3 10227 kg)

GO
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12. Research electron microscopes and find out what precau-

tions are necessary to protect the sample from damage.

GO

www.science.nelson.com

5. An electron beam in a certain electron microscope has

electrons with individual kinetic energies of 5.00 3 104 eV.
Calculate the de Broglie wavelength of such electrons.
6. Calculate the momentum and the equivalent mass of a

0.20 nm X-ray photon. (This does not imply a photon has
mass!)
7. A certain microscopic object has a speed of 1.2 3 105 m/s.

Its associated de Broglie wavelength is 8.4 3 10214 m.
Calculate its mass.
8. What would the slit width have to be before the matter

wave effects would be noticeable for a 5.0-eV electron
passing through the single slit?

13. In Sections 12.1 and 12.2 you read about two significant

accomplishments by Canadian scientists: Willard Boyle and
the CCD, and James Hillier and the first commercial electron microscope. Choose one of these Canadian scientists
(or another of your choosing who has contributed to
modern physics), and prepare a summary that includes
biographical information, the technology, background to
the development of the technology, the physics behind it,
and how it contributed to the respective field(s) of science
and to society. Your summary can be in the form of a
research paper, a web site, or a pamphlet designed to sell
the technology.

9. A proton emerges from a Van de Graaff accelerator with a

speed that is 25.0% the speed of light. Assuming, contrary
to fact, that the proton can be treated nonrelativistically,
calculate
(a) the associated de Broglie wavelength
(b) the kinetic energy
(c) the potential difference through which the proton was
accelerated if it started essentially from rest
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Rutherford’s Model of the Atom
As early as 400 B.C., the Greek philosopher Democritus theorized that matter was composed of tiny, indivisible particles called atoms (atomos is Greek for “uncuttable”). His
theory was based on philosophical reasoning rather than on experiment. Laboratory
evidence for the existence of atoms was not found until much later, early in the nineteenth
century, by the British chemist John Dalton (1766–1844). Dalton proposed that atoms
are like tiny, solid, billiard balls, capable of joining together into small, whole-numbered
combinations to produce various compounds. Some clue to the internal structure of
the atom was provided around the turn of the twentieth century by J.J. Thomson, who
suggested that the atom was a sphere of positive charge with negative electrons embedded
throughout it, like raisins in a bun. By this time, physicists were convinced that the atom
did have internal structure, and they were busy finding ways to reveal it.
Our modern concept of the structure of the atom relies heavily on the detective work
of Ernest Rutherford (Figure 1) in the early years of the twentieth century, culminating
in his 1911 proposal of an atomic model.
By the end of the nineteenth century, it was known that the negative charge in an
atom is carried by its electrons, whose mass is only a very small fraction of the total
atomic mass. It followed, then, that the rest of the atom should contain an equal amount
of positive charge (the atom was known to be neutral) and most of the mass. But how
are mass and positive charge distributed within the atom?
A possible answer lay in a creative experiment proposed by Rutherford, when he was
director of the research laboratory at the University of Manchester. His associates, Hans
Geiger and Eric Marsden, performed the experiment between 1911 and 1913. The essence
of their experimental technique was to show how small, high-speed particles could be
scattered by the unknown internal structure of the atom.
A simple example illustrates the principles in a scattering experiment. Imagine that we
are given a large black box, of known size and mass, but are unable to see how mass is
distributed inside it. The box might be completely filled with some substance of uniform density, such as wood. It might, on the other hand, be filled with a mixture of
inflated balloons and steel ball bearings. How can we determine which model best represents the actual distribution of mass within the box?
We could shoot a stream of bullets into the box, all with the same speed and in the same
direction. If all the bullets were to emerge in the same direction, with only a slightly
reduced speed, we would believe the box to be filled with some uniform, low-density
substance (like wood), incapable of causing the bullets to change direction (i.e., to
scatter), but able to just slow them down slightly. On the other hand, if we found that while
most of the bullets had emerged from the box with their original speed and direction,
a few had emerged with drastic deflections, we would conclude that these few had
bounced off some small, very dense, widely dispersed material in their paths. Then, by
studying the distribution of bullets scattered by the box (in both direction and speed),
it would be possible to learn much about the distribution of mass within the box.

12.3

Figure 1
Ernest Rutherford (1871–1937). After
studying at the University of New
Zealand, Rutherford went to
Cambridge University, working
under J.J. Thomson. He began his
work on α-particle scattering while
at McGill University, Montreal
(1898–1907), and continued it when
he returned to the University of
Manchester in 1907. He received the
1908 Nobel Prize in chemistry for his
work in radioactivity and was
knighted in 1914. He returned to
Cambridge in 1919 as professor of
physics.

The Rutherford Experiment
Rutherford proposed using high-speed a particles from a radioactive polonium source
as the bullets and a very thin sheet of gold foil as the black box. Figure 2 shows his experimental setup.
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A narrow beam of a particles was created by a hole drilled in a lead shield (called a collimator) surrounding the polonium. These a particles struck a very thin sheet of gold
foil within a vacuum chamber. (The thinnest gold foil available to Rutherford was about
1027 m thick. Even such a thin foil contains about 400 layers of gold atoms.) After being
scattered by the gold foil, the a particles were detected by a scintillation counter placed
at an angle v to the beam. The scintillation counter was a screen coated with a thin zinc
sulphide film. When an a particle struck this screen, a tiny flash of light, or scintillation, is given off by the zinc sulphide and observed through a microscope. The experiment consisted of moving the scintillation counter through all possible values of v from
0° to nearly 180° and counting the number of a particles detected at each scattering
angle v (Figure 2(b)).
(a)

(b)

polonium

120°

90°

60°

foil

150°

u
0°

180°
lead

150°

30°
120°

a particles

florescent zinc
sulphide screen

90°

60°

angle of deflection
vacuum

Figure 2
Rutherford’s experimental setup
(a) When a particles strike a
metallic foil, some are deflected.
(b) The scintillation screen is
used to count the scattered
a particles.

Geiger and Marsden performed their scattering experiments with great care for nearly
two years. In 1913, they were able to report the following results:
1. The great majority of a particles passed through the gold foil with virtually no
deviation from their original path.
2. Very few a particles were scattered through sizable angles (with only 1 in 10 000
deflected by more than 10°).
3. In extremely rare cases, an a particle was deflected by nearly 180°, back along its
original path.
4. After a period of exposure to the beam, the foil acquired a positive charge.
In interpreting these results, Rutherford formulated a model of atomic structure,
using classical mechanics that includes the following features:
1. The greatest proportion of an atom’s volume is empty space.
This would account for the observation that most a particles passed through this
great volume of empty space and were undeflected.
2. The atom has a positively charged, very small but extremely dense central
region—the nucleus—containing all of the atom’s positive charge and most of
its mass.
Rutherford reasoned that the force of electric repulsion from this small, positive
nucleus deflected a positive a particle only when it very closely approached the nucleus.
Since so very few particles were deflected by any appreciable angle, the nucleus must be
so small that most a particles did not approach it closely enough to be deflected. This
would account for the observation that most a particles passed through this great volume
of empty space and were undeflected.
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3. The greatest proportion of an atom’s volume is empty space and, within this
empty space, a number of very light, negatively charged electrons move in orbits
around the nucleus.
2

As the a particles passed undeflected through the empty space of the atom, occasionally one of them would encounter an electron, capture it by the force of electrostatic attraction, and move on, essentially undeflected by the very slight mass of the
acquired electron. The gold atom, having lost an electron, would now be a positive ion.
How did the electrons in the vicinity of the nucleus, uncaptured by an incoming a particle, behave? Rutherford suggested that those electrons were moving around the positive nucleus, held in orbit by the force of electric attraction, much like planets moving
around the Sun under the influence of gravity. (If the electrons were at rest, they
would be captured by the nucleus, neutralizing it and making it incapable of deflecting
a particles.)
As a result of these assumptions, Rutherford’s model became known as the “planetary
model.” With a few modifications and additional features, it is roughly how we view the
atom today (Figure 3).

Information from a-Particle Scattering Experiments
Rutherford and his colleagues continued to analyze a-particle scattering closely and
were able to reach further conclusions regarding atomic structure.

1
10215 m

ø10210 m
Figure 3
Rutherford’s model of the atom (not
to scale). Electrons orbit a very
small positive nucleus.

1. The Trajectory of the a Particles
Rutherford started by asking what force was acting between the stationary gold nucleus
and the incoming a particle causing it to be scattered. He knew that a particles are
positively charged. His model suggested that all of the atom’s positive charge was concentrated within the nucleus. He hypothesized that the force causing the scattering was
electrostatic repulsion between the a particle and the nucleus as given by Coulomb’s
law. Thus, the magnitude of the force is inversely proportional to the square of the
kq1q2
distance between the a particle and the nucleus: F 5 }
.
r2

It was then necessary to obtain some experimental evidence that this assumption
about the Coulomb force was valid. Using mathematics beyond the scope of this book,
Rutherford showed that the path taken by any incoming a particle, in the presence of a
Coulomb force field, must be a hyperbola, with the initial and final directions of the a
particle representing its asymptotes and the nucleus at one of its foci. Figure 4 depicts
some of these hyperbolic paths, showing that the eccentricity (amount of bending) of
each hyperbola depends on the distance of the initial path to the line of direct hit.
Geiger and Marsden confirmed that, within experimental limits, their scattering force
obeyed Coulomb’s law. It is of great importance in understanding atomic structure to know
that Coulomb’s law applies to the electric force between small charged particles even at
subatomic distances.

LEARNING TIP
Simulation Software
There is software available that
can simulate a-particle scattering.

GO

www.science.nelson.com

2. The Charge on the Nucleus
The explanation we have used to account for the scattering of a particles by gold nuclei
could apply equally well to any other nucleus. Other nuclei would differ from gold nuclei
in only two respects: mass and charge. Since Rutherford assumed that the scattering
nucleus was essentially fixed in position, a nucleus of a different mass would have no
significant effect on the trajectory of the a particle. A different nuclear charge would,
however, affect the magnitude of the Coulomb force experienced by the incoming
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Figure 4
The scattering of a particles by an
atomic nucleus: the closer the
incoming a particle is to the line of
direct hit, the larger the scattering.
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v1

Z1

v2

a particle and, hence, would affect the scattering angle. Figure 5 shows how two a particles of the same energy are scattered by two different nuclei, of charges Z1 and Z2. (The
charge on a nucleus, represented by Z, is its atomic number—79 in the case of gold.)
In the example shown, Z2 is greater than Z1, causing a stronger force to be exerted on
the a particle, leading to a greater deflection. Detailed computations, based on Newton’s
laws of motion and Coulomb’s law and taking into account the geometry of the scattering
interaction, showed that the number of a particles scattered at a given angle v is proportional to the square of the nuclear charge Z 2. These results were verified experimentally by comparing the scattering data when a particles of the same energy were
fired at foils composed of different atoms.

3. The Size of the Nucleus
Z2
Z2 > Z1
Figure 5
The charge on the nucleus affects
the scattering angle of the α particle.

DID YOU KNOW

?

Working with Scattering Patterns
For scattering patterns from various
materials to be compared easily, the
thickness of the various foils must
be such that the a particles
encounter about the same number
of layers of atoms each time.

The fact that an occasional a particle can be stopped by a gold nucleus and returned
along its initial path provides us with a way of estimating an upper limit for the size of
the nucleus.
Alpha particles come closest to a nucleus when aimed directly at its centre. An a particle of mass m, charge q1, and speed v0, a very great distance away from a stationary
nucleus of mass mnucleus and charge q2, has only kinetic energy, given by
1
E K0 5 }}mv 20
2

As the particle approaches the nucleus, it encounters the electric field of the nucleus,
thereby losing kinetic energy and gaining electric potential energy EE. However, the total
energy EK0 of the particle remains constant at any point along its hyperbolic path:
Etotal 5 EK 1 EE 5 EK0

(constant)

An a particle making a direct hit will be brought to rest a distance r0 from the nucleus,
at which point all of its energy will have been momentarily converted from kinetic energy
into electric potential energy (Figure 6).
To determine that position, r0, we begin with the equation
1
Etotal 5 EE 5 EK0 5 }}mv 20
2

But for two charges, q1 and q2, a distance r0 apart, so that
k q1q2
EE 5 }r}
0
k q1q2
1
}r} 5 }}mv 20
2
0
2kq1q2
r0 5 }
mv 20

gold
nucleus

a particle
q1

q2

v=0
r0
Figure 6
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A polonium source produces a particles with a speed of 1.6 3 107 m/s. The charge and
mass of an a particle are 3.2 3 10219 C and 6.6 3 10227 kg, respectively. The charge on
a gold nucleus, of atomic number 79, is +79e, or 1.3 3 10217 C. Therefore,
2(9.0 3 109 N?m2/C2)(3.2 3 10219 C)(1.3 3 10217 C)
r0 5 }}}}}}
(6.6 3 10227 kg)(1.6 3 107 m/s)2
r0 5 4.2 3 10214 m

This represents the closest distance at which an a particle moving with an initial speed
of 1.6 3 107 m/s can approach a gold nucleus and thus serves as an upper limit for the
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radius of the gold nucleus. If the nucleus were any larger than 4.2 3 10214 m, the a particle would make a contact collision, and the scattering would not conform to the predictions based on Coulomb’s law.
Other measurements of the distance between adjacent gold atoms yield a value of
about 2.5 3 10210 m. This gives a value for the atomic radius of about 1.2 3 10210 m.
We can therefore calculate the ratio of the volume of the gold atom to the volume of its
nucleus:
Vatom
ratom
}} 5 }
rnuc}
Vnucleus
leus
5

3

2

1

1.2 3 10210 m

3

1 }}
4.2 3 10
m2
214

Vatom
}} 5 2.3 3 1010
Vnucleus

In everyday terms, if the nucleus were the size of the head of a straight pin (about
1 mm in diameter), the atom would be about the size of small car.

SUMMARY

Rutherford’s Model of the Atom

•

The a-scattering experiment revealed that the great majority of a particles
passed straight through the gold foil; only a few a particles were scattered by sizable angles; a very few were deflected by 180°.

•

Rutherford’s model proposed that the atom consists of a small, extremely dense
positive nucleus that contains most of its mass; the atom’s volume is mostly
empty space; and the Coulomb force holds the electrons in orbit.
kq1q2
, applies
Further work on a scattering revealed that Coulomb’s law, Fe 5 }
r2
to the electric force between small charged particles even at distances smaller
than the size of atoms; the positive charge on the nucleus is the same as the
atomic number.

•

Section 12.3 Questions
Understanding Concepts
1. What does the α-particle scattering pattern indicate about

the nucleus of an atom?
2. According to Rutherford’s planetary model of the atom,

what keeps electrons from flying off into space?
3. Calculate the ratio of the gravitational force between the

proton and electron of a hydrogen atom to the electrical
force between them for an orbital radius of 5.3 3 10211 m.
Are either of the forces negligible? Explain your answer.
4. Calculate the closest distance a 4.5-MeV a particle, of mass

6.6 3 10227 kg, can approach a fixed gold nucleus, of
charge 179e.
5. Calculate the ratio of the distances an a particle of a given

energy can approach an aluminum nucleus (ZAl 5 13) and
a gold nucleus (ZAu 5 79).

Applying Inquiry Skills
6. Describe how you could use disc magnets (with N-poles on

the top surface) to simulate Rutherford’s gold foil experiment in two dimensions. Describe limitations of the
simulation.
Making Connections
7. Rutherford was recognized early in his career for his out-

standing skills as an experimentalist and for his ability to
inspire and stimulate those around him. Two examples are
his relationships with Frederick Soddy while at McGill
University and with Hans Geiger while at the University of
Manchester. Research Rutherford’s life on the Internet or
using other sources, and report on how these personal
skills enabled Rutherford and his colleagues to accomplish
so much.

GO
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12.4

continuous spectrum a spectrum
showing continuous (not discrete)
changes in intensity
emission spectrum a spectrum
that a substance emits with its own
specific set of characteristic frequencies

Figure 1
(a) Schematic of a gas discharge
tube
(b) Hydrogen is the gas used in
this discharge tube.

Atomic Absorption and
Emission Spectra
Long before Rutherford proposed his planetary model for atomic structure, it was known
that matter, when heated intensely, gives off light. Solids, liquids, and very dense gases
gave off light with a continuous spectrum of wavelengths. On the other hand, the light
emitted when a high voltage was applied to a rarefied gas was quite different. The special behaviour of incandescent rarefied gases, studied for half a century before Rutherford,
was now to provide a valuable clue to the structure of the atom.
The continuous spectrum, such as that from white light, usually originates from a
heated solid and results from the interactions between each atom or molecule and its closepacked neighbours. By contrast, in a hot, rarefied gas, the atoms are far enough apart to
ensure that any light emitted comes from individual, isolated atoms. It is for this reason
that an analysis of the light emitted by a rarefied gas provides a clue to the structure of
the gas atoms themselves.
As early as the beginning of the nineteenth century, it was known that the radiation
from electrically “excited” gases was discrete rather than continuous; that is, an excited
gas gives off only specific frequencies of light. When this light is passed through a spectroscope, a bright-line emission spectrum is observed, containing lines of light of the various frequencies given off by that gas. Each gas emits its own specific set of characteristic
frequencies, called its emission spectrum, making spectroscopy a particularly accurate
method for identifying elements (Figure 1).
(a)

(b)
1 anode

2
1
high
voltage
2
2

2 cathode

slit plate

prism

screen

gas
discharge tube
Figure 2
Apparatus used to produce an
emission spectrum
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For example, if a sample of hydrogen gas under low pressure in a vacuum tube is
excited by a high electric potential applied between electrodes at the ends of the tube, a
pink-purple glow is produced. If this pink-purple light is passed through a spectroscope
(Section 10.3), it is found to consist of numerous discrete wavelengths. Four of these
are visible in the ordinary school laboratory in the red, blue–green, blue, and violet parts
of the spectrum. An additional ten or so lines in the near ultraviolet are discernible by
photography with a modest spectrograph. Figure 2 shows the formation of a typical
emission spectrum and the apparatus needed to create it. Figure 3(a) shows the visible
line spectra of three gases.
A still more extensive examination of the hydrogen emission spectrum, using photographic film sensitive to infrared and far ultraviolet radiation, would reveal that it also
contains a number of frequencies in these regions of the electromagnetic spectrum.
NEL
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It can also be shown that if white light is allowed to pass through a gas, and the transmitted light is analyzed with a spectroscope, dark lines of missing light are observed in
the continuous spectrum at exactly the same frequencies as the lines in the corresponding emission spectrum. This so-called absorption spectrum is created by light absorbed
from the continuous spectrum as it passes through the gas (Figure 3(b)).
(a)
l (nm) 400

500

600

absorption spectrum the lines of
missing colour in a continuous
spectrum, at the same frequencies
as would be emitted by an incandescent gas of the same element

700

H

Hg

Ne

(b)
H

l (nm) 400

500

600

700

Figure 3
Visible spectra
(a) Line spectra produced by emissions from hydrogen, mercury,
and neon
(b) Absorption spectrum for
hydrogen. The dark absorption
lines occur at the same wavelengths and frequencies as
the emission lines for hydrogen
in (a).

It is evident that atoms absorb light of the same frequencies as they emit. Our model
of the atom must be capable of explaining why atoms only emit and absorb certain discrete frequencies of light; in fact, it should be able to predict what these frequencies are.
Since Rutherford’s planetary model made no attempt to account for discrete emission
and absorption spectra, modifications were needed.

The Franck–Hertz Experiment
In 1914, a team of two German physicists, James Franck and Gustav Hertz (Figure 4),
provided another significant contribution to our understanding of atomic structure.
They devised an experiment to investigate how atoms absorb energy in collisions with
fast-moving electrons.
(a)

(b)

Figure 4
(a) James Franck (1882–1964) and (b) Gustav Hertz (1887–1975) received the 1925 Nobel Prize
in physics. When the Nazis came to power in Germany, Franck was forced to flee to the United
States. In order to carry his gold Nobel Prize medal with him, he dissolved it in a bottle of acid.
He later precipitated the metal and recast it.
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microammeter

mA
–
3V
+

anode
mercury vapour

screen
diaphragm

V

cathode

+
0 – 60 V
–

built-in resistor
6V
variable resistor
Figure 5
Apparatus used by Franck and Hertz
to determine how atoms absorb
energy

Franck and Hertz used an apparatus similar to that shown in Figure 5. Free electrons
emitted from a cathode were accelerated
through low-pressure mercury vapour by a
positive voltage applied to a wire screen
anode, or “grid.” Most of the electrons missed
this screen and were collected by a plate
maintained at a slightly lower voltage. These
collected electrons constituted an electric
current, measured by a sensitive ammeter.
The experiment consisted of measuring
the electric current for various accelerating
electrical potential differences. Franck and

Hertz found the following:

•

As the accelerating potential difference was increased slowly from zero, the current increased gradually as well.

•
•
•
•

At a potential of 4.9 V, the current dropped dramatically, almost to zero.
As the potential was increased further, the current once again began to increase.
Similar but minor decreases in current occurred at potentials of 6.7 V and 8.8 V.
Another significant decrease in current occurred at a potential of 9.8 V.

Figure 6
Collected current versus accelerating potential difference

Current Reaching Plate

A graph of collected current transmitted through the mercury vapour versus electron accelerating potential difference is shown in Figure 6.

0
4.0 eV

4.0 eV
electron
mercury atom
Figure 7
An incident electron with kinetic
energy less than 4.9 eV bounces off
the mercury atom with no loss of
kinetic energy.
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1.0

2.0

3.0
4.0
5.0
6.0
7.0
8.0
Accelerating Potential Difference (V)

9.0

10.0

An electron accelerated by a potential difference of 4.9 V acquires a kinetic energy of
4.9 eV. Franck and Hertz found that for certain values of bombarding-electron kinetic
energy (4.9 eV, 6.7 eV, 8.8 eV, 9.8 eV, ... ) the electrons did not pass through the mercury
vapour and contribute to the measured plate current. At these specific values, the electrons lost their kinetic energy to collisions with mercury vapour atoms.
Franck and Hertz proposed an explanation that was simple yet elegant:

•

Whenever the kinetic energy of the incident electrons was less than 4.9 eV, they
simply bounced off any mercury vapour atoms they encountered, with no loss
of kinetic energy, and continued on as part of the current (Figure 7). These were
elastic collisions with little loss of energy from the electrons, so they still passed
between the screen wires, reaching the plate.
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•

•

Those electrons with a kinetic energy of 4.9 eV that collided with a mercury
atom transferred all their kinetic energy to the mercury atom (Figure 8). With
no energy remaining, they did not reach the plate, being instead drawn to the
positive wire screen.
At kinetic energies greater than 4.9 eV, electrons colliding with mercury atoms
could give up 4.9 eV in the collision, with enough kinetic energy left over to let
them reach the plate (Figure 9).

•

At electron energies of 6.7 eV and 8.8 eV, collisions once again robbed the bombarding electrons of all their kinetic energy. However, these collisions were less
likely to occur than those at 4.9 eV, so the effect on the current was less severe.

•

At the 9.8 V accelerating potential, the electrons reached the 4.9-eV kinetic
energy at the halfway point in their flight. There was a good chance the electrons
would lose their kinetic energy in a collision with a mercury atom. The electrons
were then reaccelerated. Just before they reached the grid, they lost their energy
in a second collision, causing the current to dip at 9.8 V.

In a collision between a moving and a stationary puck (Chapter 4), the target puck can
absorb any amount of energy from the moving puck in the collision. When the mass of
the moving puck is very small in comparison with the stationary puck (as would be the
case for a moving electron and a stationary mercury atom), almost no kinetic energy is
transferred to the stationary puck, so that the moving puck bounces off with almost all
its original kinetic energy. In the electron–mercury atom collision, by contrast, the mercury atom does absorb all of the electron’s energy at certain discrete values (4.9 eV,
6.7 eV, 8.8 eV, ... ), not what we would expect from classical mechanics. This is the significance of the Franck–Hertz experiment: atoms can change their internal energy as a
result of collisions with electrons, but only by specific, discrete amounts.
A mercury atom that has not absorbed any extra internal energy as a result of a collision with an electron is normally found in its ground state. When it has absorbed
4.9 eV, the smallest amount of energy it is capable of absorbing— its first excitation
energy—we say the atom is in its first excited state. Other greater amounts of internal
energy are the second and third excitation energies, respectively. These successive values
of internal energy that an atom can possess are called its energy levels and can be
depicted on an energy-level diagram, such as the one shown in Figure 10.

Energy Above Ground State (eV)

unbound states
10.4 eV
8.8 eV

3rd excitation level

6.7 eV

2nd excitation level

4.9 eV

0 eV
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ionization level

1st excitation level

ground state

0 eV
4.9 eV
electron
mercury atom
Figure 8
An incident electron with kinetic
energy 4.9 eV collides with the mercury atom and loses all its energy.

1.1 eV

6.0 eV
electron
mercury atom
Figure 9
The incident electron with kinetic
energy greater than 4.9 eV collides
with the mercury atom, losing 4.9 eV
of kinetic energy but retaining
enough energy to be able to reach
the plate.

ground state the lowest energy
state of an atom
first excitation energy the
smallest amount of energy an atom
is capable of absorbing
energy levels the various discrete
values of internal energy that an
atom can possess

Figure 10
Energy-level diagram for mercury.
Although only three excitation levels
are shown, there are many more
above the third level, spaced progressively closer together up to the
ionization level. Beyond the ionization level, electrons are not bound
to the nucleus of an atom.
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ionization energy the energy
required to liberate an electron from
an atom

An important difference occurs, though, when the absorbed energy is 10.4 eV or
greater. The structure of the mercury atom itself changes. The 10.4 eV of internal energy
is too great to be absorbed without the ejection of an electron from the mercury atom,
leaving a positive ground-state mercury ion behind. The ejected electron can carry away
with it any excess kinetic energy not needed for its release. In this way, the atom can
absorb any value of incident energy greater than 10.4 eV. For mercury, 10.4 eV is called
its ionization energy. The energy-level diagram is a continuum above this energy, rather
than a series of discrete levels.
Other elements can be studied with similar electron-collision experiments. Each different electrically neutral element is found to have its own unique ionization energy
and set of internal energy levels.

SAMPLE problem 1
Electrons with a kinetic energy of 12.0 eV collide with atoms of metallic element X, in the
gaseous state. After the collisions, the electrons are found to emerge with energies of
4.0 eV and 7.0 eV only. What are the first and second excitation levels for atoms of
element X?

Solution
Since energy is conserved in the interaction between a free electron and an electron
bound to an atom in its ground state,
En 5 E K,initial 2 E K,final
E1 5 12.0 eV 2 7.0 eV 5 5.0 eV
E2 5 12.0 eV 2 4.0 eV 5 8.0 eV

The first and second excitation levels are 5.0 eV and 8.0 eV, respectively.

Practice
Understanding Concepts
Answers
1. 3.9 eV
2. 4.14 eV; 2.33 eV; 0.16 eV
3. 1.5 eV; 3.3 eV

1. An electron with a kinetic energy of 3.9 eV collides with a free mercury atom.

What is the kinetic energy of the electron after the collision?
2. Figure 10 is the energy-level diagram for mercury. An electron with a kinetic

energy of 9.00 eV collides with a mercury atom in the ground state. With what
energies can it scatter?
3. The following data were collected when a gaseous sample of a metallic element

was bombarded with electrons of increasing kinetic energy:
(i) Electrons with EK , 1.4 eV collided elastically with the gas atoms.
(ii) Electrons with EK 5 1.8 eV scattered with EK 5 0.3 eV.
(iii) Electrons with EK 5 5.2 eV scattered with EK 5 3.7 eV or EK 5 1.9 eV.
What are the most likely values for the first two energy levels of this element?

Analyzing Atomic Spectra
Another Franck–Hertz observation provides more information about the internal energy
levels in atoms. When bombarded with electrons whose energy is less than 4.9 eV, the mercury vapour gave off no light. But for electron energies just greater than 4.9 eV, light
was emitted. When this light was examined with a spectroscope, it was found to consist
of a single frequency of ultraviolet light, of wavelength 254 nm.
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It seems that when atoms absorb energy in collisions with electrons, they quickly emit
this excess energy in the form of light. Recall from Section 12.1 that Planck’s hypothesis
stated that light consists of photons whose energy and wavelength are related by the
equation

DID YOU KNOW

?

Cecilia Payne-Gaposchkin

hc
Ep 5 }}
λ

Thus, ultraviolet light from mercury vapour consists of photons of energy
(6.63 3 10234 J?s)(3.00 3 108 m/s)
Ep 5 }}}}
2.54 3 1027 m
Ep 5 7.83 3 10219 J 5 4.89 eV

This was a significant discovery. Atoms that will only absorb energy in 4.89-eV packages re-emit the energy in the form of photons of exactly the same energy. In other
words, mercury atoms raised to their first excitation level by collisions with electrons
de-excite, returning to their ground state by emitting a photon whose energy is equal to
the difference between the energy of the first excited state and the ground state.
What would we expect to find upon analyzing light from the same mercury atoms
when the energy of the bombarding electrons is increased above the second excitation
level, say to 7.00 eV? There should be a line in the spectrum composed of photons
emitted when the atom de-excites from its second excitation level, of 6.67 eV, to the
ground state. The expected wavelength is
hc
λ 5 }}
Ep
(6.63 3 10234 J?s)(3.00 3 108 m/s)
5 }}}}
(6.67 eV)(1.60 3 10219 J/eV)

Based on absorption spectra from
sunlight, it was assumed that all of
the elements found on Earth were
present in the Sun and other stars.
In 1925, the British-born
astronomer Cecilia PayneGaposchkin, while working at
Harvard, found that stellar atmospheres are composed primarily of
helium and hydrogen. Her discovery formed the basis of the
now-accepted theory that the
heavier elements are synthesized
from hydrogen and helium.

λ 5 1.86 3 1027 m, or 186 nm

Although this line is more difficult to observe in the spectrum of mercury, since its wavelength is too short to be detected on normal photographic film (let alone with the naked
eye), special film, sensitive to ultraviolet radiation, does confirm its presence.
There are, however, additional lines in the spectrum of mercury that do not correspond to de-excitations from the various excited states to the ground state. Apparently
there are other photons emitted as the atom gives off its excess energy in returning from
the second excited level to the ground state. A line observed at a wavelength of 697 nm
provides a clue. The energy of these photons is
hc
Ep 5 }}
λ
(6.63 3 10234 J?s)(3.00 3 108 m/s)
5 }}}}
6.97 3 1027 m
Ep 5 2.85 3 10219 J, or 1.78 eV

Since the first excitation level (and hence the lowest) in mercury is 4.89 eV, this photon
cannot correspond to a transition from any excited state to the ground state. A careful
examination of the energy levels of mercury shows the difference between the first and
second excitation levels to be
E2 2 E1 5 6.67 eV 2 4.89 eV
Ep 5 1.78 eV
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It thus appears that a mercury atom can de-excite from the second excitation level to
the ground level in two stages, first emitting a 1.78-eV photon to decrease its energy to
the first excitation level, then emitting a 4.89-eV photon to reach the ground state.
Further examination of the complete spectrum of mercury reveals other lines corresponding to downward transitions between higher excitation levels.
In general, for the emission spectrum of any element, we can write
Ep 5 Ei 2 Ef

where Ep is the energy of the emitted photon, Ei is the energy of the higher energy level,
and Ef is the energy of the lower energy level.
In terms of the wavelength of the spectral line,
hc
λ = }}
Eh 2 El

SAMPLE problem 2
An unknown substance has first and second excitation levels of 3.65 eV and 5.12 eV,
respectively. Determine the energy and wavelength of each photon found in its emission
spectrum when the atoms are bombarded with electrons of kinetic energy (a) 3.00 eV,
(b) 4.50 eV, and (c) 6.00 eV.

Solution
(a) Since the first excitation energy is 3.65 eV, no energy is absorbed, and there is no
emission spectrum.
(b) With incident electrons of energy 4.50 eV, only upward transitions to the first excitation level are possible.
Ep 5 ?
λ 5 ?
Ep 5 Ei 2 Ef
5 3.65 eV 2 0 eV
Ep 5 3.65 eV
hc
λ 5 }}
Ep
(6.63 3 10234 J?s)(3.00 3 108 m/s)
5 }}}}
(3.65 eV)(1.60 3 10219 J/eV)
λ 5 3.41 3 1027 m or 341 nm

The energy and wavelength of each photon are 3.65 eV and 341 nm, respectively.
(c) With incident electrons of energy 6.00 eV, excitation to both the first and second
levels is possible. Thus, in addition to the photon emitted in (b), we can have
Ep 5 Eh 2 El
5 5.12 eV 2 0 eV
Ep 5 5.12 eV

and

Ep 5 Eh 2 El
5 5.12 eV 2 3.65 eV
Ep 5 1.47 eV

The energies of the photons are 1.47 eV and 5.12 eV. The wavelengths, calculated with
the same equation as in (b), are 243 nm and 846 nm, respectively. (None of these
photons would be visible to the naked eye because one is infrared and the other two
are ultraviolet.)
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Practice
Understanding Concepts
4. Calculate the energy difference between the two energy levels in a sodium atom

that gives rise to the emission of a 589-nm photon.

Answers
4. 2.11 eV

5. An atom emits a photon of wavelength 684 nm, how much energy does it lose?

5. 1.82 eV

6. A substance has its second energy level at 8.25 eV. If an atom completely

6. 11.9 eV

absorbs a photon (λ 5 343 nm), putting the electron into the third energy level,
what is the energy for this level?

7. 4.9 eV; 6.7 eV; 1.8 eV

7. Electrons are accelerated in a Franck–Hertz experiment through mercury

vapour, over a potential difference of 7.0 V. Calculate the energies of all the photons that may be emitted by the mercury vapour.
8. A spectroscope is used to examine white light that has been passed through a

sample of mercury vapour. Dark lines, characteristic of the absorption spectrum
of mercury, are observed.
(a) Explain what eventually happens to the energy the mercury vapour absorbs
from the white light.
(b) Explain why the absorption lines are dark.

DID YOU KNOW

?

Energy-Level Problems
The energy levels used in some of
the problems are illustrative only
and do not necessarily correspond
to actual elements or the laws that
govern them.

Analysis of Absorption Spectra
As you learned earlier, examination of emission spectra is not the only way in which
the internal energy levels of an atom can be probed. Similar information is learned if a
beam of white light passes through a sample of the substance. Photons absorbed by the
atoms are missing from the transmitted light, causing dark lines (gaps) to appear in the
continuous spectrum.
The absorption of the photons by the atoms causes transitions from a lower internal
energy level (normally the ground state) to some higher level (an excited state), but only
if the energy of the photon is exactly equal to the difference between the two energy
levels. The relationship between the energy of the photons absorbed and the internal
energy levels of the atom is the same as for an emission spectrum, except that the order
of the process is reversed, the initial energy level being lower and the final level higher:
Ep 5 Ef 2 Ei

For example, in the absorption spectrum of sodium, dark gaps appear at (ultraviolet)
wavelengths of 259 nm, 254 nm, and 251 nm. What energy difference between internal
energy levels corresponds to each of these absorption bands?
For the 259-nm line, the energy of the absorbed photon is given by
hc
Ep 5 }}
λ
(6.63 3 10234 J?s)(3.00 3 108 m/s)
5 }}}}
2.59 3 1027 m
Ep 5 7.68 3 10219 J, or 4.80 eV

Thus, the energy levels in sodium are 4.80 eV apart. Photons of that energy are absorbed
from the incoming light, causing electrons in the sodium atoms to jump from the lower
to the higher level. Similarly, for the other two lines, the energy differences are 4.89 eV
and 4.95 eV, respectively.
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Gerhard Herzberg
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Dr. Gerhard Herzberg (1904–1999)
was born and educated in
Germany, where he studied molecular spectroscopy. There he discovered the so-called “Herzberg
bands” of oxygen in the upper
atmosphere, explaining such phenomena as the light in the night
sky and the production of ozone.
He left Germany before World War
II, settling at the University of
Saskatchewan. Although Herzberg
considered himself a physicist, his
ideas and discoveries did much to
stimulate the growth of modern
chemical development. He was
awarded the 1971 Nobel Prize in
chemistry. The Herzberg Institute
of Astrophysics in Ottawa is
named after him.
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3rd

6.00 eV

2nd

5.00 eV

1st

3.00 eV

This analysis of absorption spectra explains why most gases, including mercury vapour,
are invisible to the eye at room temperature. Even the most energetic photons in visible
light (deep violet ~3 eV) do not have sufficient energy to excite a mercury atom from the
ground state to its first excitation level (4.87 eV) and be absorbed from the white light.
Thus, all the photons in the visible light pass through the mercury vapour without being
absorbed, rendering the vapour invisible.
You may wonder why the re-emission of photons does not act to fill in the missing
spaces in the absorption spectrum. To a limited extent it does. However, the re-emitted
photons are radiated in all directions at random, with only a few travelling in the direction of the original beam. Also, for absorption to other than the first excitation level,
the de-excitation mode may result in a series of photons, different from the ones absorbed,
being emitted.
The emission spectrum of any element contains more lines than its absorption spectrum does. As we saw, lines in an emission spectrum can correspond to downward transitions between two excited states as well as to transitions from any excited state to the
ground state. On the other hand, since most atoms are normally in their ground state,
only absorptions from the ground state to an excited state are likely. Atoms do not remain
in an excited state for a sufficiently long time to make a further absorption to an even
higher excited state probable. For example, the emission and absorption spectra of
sodium vapour are shown in Figure 11.
absorption spectrum

ground
state

0 eV

Figure 12
Energy-level diagram for
hypothetical element X in
question 11

emission spectrum
ultraviolet

visible

infrared

Figure 11
The absorption and emission spectra of sodium vapour

Practice
Understanding Concepts
Answers

9. Atoms can receive energy in two different ways. Describe each way, and provide an

10. (a) 4.82 eV; 6.41 eV; 7.22 eV
(b) 518 nm; 782 nm; 152 nm
11. 1240 nm; 414 nm; 207 nm;
622 nm; 249 nm; 249 nm;
414 nm; 207 nm

example.
10. The emission spectrum of an unknown substance contains lines with the wavelengths

172 nm, 194 nm, and 258 nm, all resulting from transitions to the ground state.
(a) Calculate the energies of the first three excited states.
(b) Calculate the wavelengths of three other lines in the substance’s emission spectrum.
11. Figure 12 is the energy-level diagram for hypothetical element X. Calculate all of the

fluorescence the process of converting high-frequency radiation to
lower-frequency radiation through
absorption of photons by an atom;
when the light source is removed,
the fluorescence stops

DID YOU KNOW

?

Energy-Efficient Lighting
Fluorescent lights are four to six
times more energy-efficient than
incandescent lights of the same
radiated light intensity.
634 Chapter 12

wavelengths in both the emission and the absorption spectra.

Fluorescence and Phosphorescence
When an atom absorbs a photon and attains an excited state, it can return to the ground
state through a series of intermediate states. The emitted photons will have lower energy,
and therefore lower frequency, than the absorbed photon. The process of converting
high-frequency radiation to lower-frequency radiation by this means is called fluorescence.
The common fluorescent light applies this principle. Electrons are liberated in the
tube as a filament at the end is heated. An applied anode-cathode potential difference accelerates the electrons, which then strike atoms of gas in the tube, exciting them. When
the excited atoms return to their normal levels, they emit ultraviolet (UV) photons that
NEL
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strike a phosphor coating on the inside of the tube. The light we see is a result of this material fluorescing in response to the bombardment of UV photons. Different phosphors emit
light of different colours. “Cool white” fluorescent lights emit nearly all the visible colours,
while “warm white” fluorescent lights have a phosphor that emits more red light, thereby
producing a “warmer” light.
The wavelength for which fluorescence occurs depends on the energy levels of the
bombarded atoms or molecules. Because the de-excitation frequencies are different for
different substances, and because many substances fluoresce readily (Figure 13), fluorescence is a powerful tool for identification of compounds. Sometimes the simple observation of fluorescence is sufficient for the identification of a compound. In other cases
spectrometers must be used.
Lasers and fluorescence are often used in crime detection. The radiation from an
argon laser causes the perspiration and body oils in fingerprints to fluoresce. In this
technique a laser beam illuminates a darkened region where fingerprints are suspected.
The forensic technician wears glasses that filter the laser light but allow the fluorescence
of the fingerprints to pass through.
Another class of materials continues to glow long after light is removed. This property
is called phosphorescence. An excited atom in a fluorescent material drops to its normal
level in about 1028 s. By contrast, an excited atom of a phosphorescent material may
remain in an excited state for an interval ranging from a few seconds to as long as several hours, in a so-called metastable state. Eventually, the atom does drop to its normal
state, emitting a visible photon. Paints and dyes made from such substances are used
on the luminescent dials and hands of watches and clocks and in the luminescent paints
applied as a safety measure to doors and stairways.

(a)

(b)

Figure 13
(a) When ultraviolet light is directed
at certain rocks—in this case,
witherite attached to a piece of
barite—they fluoresce.
(b) When the light source is
removed, the fluorescence stops.

Lasers
The principle of the laser was first developed for microwave frequencies in the maser (the
“m” stands for microwaves), developed by the American physicist Charles H. Townes
in the 1950s. (Townes shared the 1964 Nobel Prize in physics with Basov and Prochorov
for this work.) The first maser used ammonia gas. Subsequently, other substances,
including ruby, carbon dioxide, argon, and a mixture of helium and neon, were found
to have “masing” or “lasing” action. Although there are several different types of lasers,
the general principles involved can be illustrated in the action of the helium–neon laser,
the type most commonly used in classroom and laboratory demonstrations.
An excited atom can emit photons either through spontaneous emission or through
stimulated emission. The absorption of a quantum of energy by a helium atom raises
an electron to a higher energy level. The electron usually moves spontaneously to a lower
energy level in a relatively short time (~1028 s), emitting a photon. There is no amplification in spontaneous emission, since the energy absorbed by the atoms is nearly equal
to what is radiated.
First predicted by Einstein, stimulated emission can produce amplification, but only
under certain conditions. If a photon passes an excited neon atom, it may stimulate the atom
to emit a photon additional to the incident photon and identical to it. Consequently,
although one photon approaches the atom, two identical photons leave. For stimulated
emission to take place, the incident photon must have exactly the same frequency as the
photon emitted by the atom. The two photons leaving the atom then not only have the same
frequency and wavelength but also travel in the same direction, exactly in phase, and with
the same polarization properties. In other words, the emitted light exhibits coherence.
Suppose there is a large group of atoms with more atoms in the excited state than in
the ground state, and suppose that the energy-level difference for the atoms is exactly the
same as the energy of the photons in the incident light beam. A first photon interacting
NEL

phosphorescence the property of
some materials that allows them to
emit light after excitation has been
removed
metastable state of sustained excitation by electrons in which they
can remain excited for comparatively
long times
laser acronym for Light
Amplification by Stimulated
Emission of Radiation; source of
monochromatic, coherent light
spontaneous emission emission
of a photon by an electron as a
result of the absorption of a
quantum of energy by an atom; the
electron moves spontaneously to a
lower energy level in a relatively
short time (~1028 s)
stimulated emission process in
which an excited atom is stimulated
to emit a photon identical to a
closely approaching photon
coherence property of light in
which photons have the same frequency and polarization, travel in
the same direction, and are in phase
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population inversion the condition in which more atoms are in a
metastable state than in the ground
state

DID YOU KNOW
John Polanyi

?

John Polanyi (1929– ) worked initially at the National Research
Council in Ottawa and then at the
University of Toronto in the early
1950s. Using an infrared spectrometer, he measured the light energy
emitted by the newly formed products of a chemical reaction. The
product molecules emitted a very
faint light (invisible to the human
eye) called infrared chemiluminescence. Polanyi’s ability to measure
the vibrational and rotational
motions in the product molecule
earned him the 1986 Nobel Prize in
chemistry. Because he understood
the source of this faint light, he was
able to propose vibrational and
chemical lasers, the most powerful
sources of infrared radiation ever
developed.

with an excited atom could produce a second photon; these two photons could stimulate the emission of two more; and those four, four more. A chain reaction would quickly
occur, amplifying the light. Unfortunately, however, the number of atoms in the ground
state is, under normal conditions, greater than in the excited state.
When more atoms are in a metastable condition than are in the ground state, we say
there is a population inversion. For laser action to take place, both population inversion
and the conditions for stimulated emission must exist in the lasing medium.
The red light of the helium–neon laser is produced in a narrow glass tube (capillary
tube) containing a mixture of 85% helium and 15% neon, at low pressure. A metal
cathode is outside the tube and an anode inside one end of the tube. A potential difference of approximately 8 kV creates a strong electric field that provides a continuous
source of energy for the laser, much like a gas discharge tube. Fused to the capillary tube
at one end is a 99.9% reflective flat mirror. At the other end, another mirror reflects
99% of the light, transmitting 1%. It is this transmitted light that is the output of the laser
(Figure 14).
capillary laser tube
2

flat mirror, 99.9% reflective
2

1
parallel laser
beam
1
2

2
anode ring

2

2

metal jacket (cathode)

Figure 14
Structure of a helium–neon laser

The strong electric field along the length of the laser tube causes free electrons to gain
kinetic energy as they are accelerated toward the positive anode. There is a high probability that an energetic electron will collide with a helium atom before reaching the
anode, putting the atom into its excited state as one of its electrons jumps to a higher
energy level. The thermal motions of the excited helium atoms result in collisions with
neon atoms in the laser tube. During such collisions, a helium atom may revert to its
ground state, passing energy to the neon atom. Conveniently, helium has exactly the
same energy in its excited state as the neon atom requires to raise it to its metastable
state. When an excited neon electron makes a downward transition (Figure 15),

Energy (eV)
636 Chapter 12

2

mixture of helium (85%) and neon (15%) at low pressure

25

Figure 15
Energy absorption, collision transfer,
and spontaneous emission of neon
light

slightly curved mirror reflects 99% and transmits 1%
2
2
2

helium

633 nm
spontaneous
emission of
a red photon

20
electrons
accelerated
10 by electric
field
2
5

neon

15

0

collision
transfer

ground state
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1.96 eV of energy is released, and a photon with a wavelength of 633 nm is created.
Since there is a population inversion in the tube, this photon stimulates the emission
of an identical photon from an adjacent neon atom that, in turn, produces more stimulations along the tube. To strengthen the output of coherent light, the mirrors at each
end of the tube reflect the light along the axis of the tube, back and forth through the laser
medium. Further reinforcement is achieved with each passage of photons along the tube
as a multitude of neon atoms are stimulated to produce 633-nm photons. The mirrors
reflect most, but not all, of the light. They transmit a small percentage of the light with
each reflection, sufficient to produce the bright laser beam emerging from the laser aperture (Figure 16).
The type of laser described above is a continuous laser. In such a laser, when the atoms
are stimulated and fall down to a lower energy level, they are soon excited back up,
making the energy output continuous. In a pulsed laser, on the other hand, the atoms are
excited by periodic inputs of energy, after which they are stimulated to fall to a lower state.
The process then recycles, with another input of excitation energy.
Lasers are used in a wide variety of medical applications: in eye surgery (Figure 17),
for the destruction of tissue, for the breaking up of gallstones and kidney stones, for
optical-fibre surgery, for the removal of plaque from clogged arteries, for cancer treatment, and for cauterization during conventional surgery. In addition, lasers are useful in
research into the functions of the cell. In industry, lasers are used for the welding and
machining of metals, for the drilling of tiny holes, for the cutting of garment cloth,
for surveying and distance measurements, for fibre-optics communication, and for
holography.

SUMMARY

Atomic Absorption and
Emission Spectra

•

A continuous spectrum given off by a heated solid is caused by the interactions
between neighbouring atoms or molecules. An emission spectrum or line spectrum is emitted from electrically “excited” gases.

•

An absorption spectrum occurs when some of the light from a continuous spectrum is absorbed upon passing through a gas. Atoms absorb light of the same
frequencies that they emit.

•

The Franck–Hertz experiment showed that the kinetic energy of incident electrons is absorbed by mercury atoms but only at discrete energy levels.

•

An atom is normally in its ground state. The excited states or energy levels are
given by the discrete amounts of energy the atom can internally absorb.

•

Ionization energy is the maximum energy that can be absorbed internally by an
atom, without triggering the loss of an electron.

•

In the emission spectrum, the energy of the emitted photon equals the change in
the internal energy level: Ep 5 Eh 2 E l.

•

When a photon is absorbed, its energy is equal to the difference between the
internal energy levels: Ep 5 Eh 2 E l.

•

Atoms can receive energy in two ways: by collisions with high-speed particles,
such as electrons, and by absorbing a photon.

•

Once raised to an excited state, an atom can emit photons either through spontaneous emission or through stimulated emission. Light amplification requires
stimulated emission.

NEL
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Figure 16
The chain-reaction effect of stimulated emissions in the laser tube

DID YOU KNOW

?

Geraldine Kenney-Wallace

Geraldine Kenney-Wallace, born
and initially educated in England,
took her Ph.D. in chemical physics
at the University of British Columbia.
In 1974, Kenney-Wallace organized
Canada’s first ultra-fast laser laboratory at the University of Toronto
where she was professor of physics
and chemistry. In 1987, she achieved
time scales of 8 3 10214 s for
research into molecular motion and
optoelectronics. After serving as
President of McMaster University in
Hamilton, she returned to research
in the U.K. She has received 13 honorary degrees.

Figure 17
Laser being used in eye surgery
Waves, Photons, and Matter

637

•

Some substances or combinations of substances have metastable excited states.
A population inversion occurs when more atoms are in a metastable condition
than in the ground state.

•

For laser action to take place, both population inversion and the conditions for
stimulated emission must exist in the lasing medium.

•

Lasers are of two types: continuous and pulsed.

Section 12.4 Questions
Understanding Concepts

9. Outline a method in which an astronomer can determine

1. Compare and contrast continuous, line, and absorption

spectra.
2. Explain why the Franck–Hertz experiment was so important

in the development of the quantum model of the atom.
3. Compare spontaneous emission with stimulated emission.
4. In what ways does laser light differ from, and in what ways

does it resemble, light from an ordinary lamp?
5. Explain how a 0.0005-W laser beam, photographed at a dis-

the approximate average temperature of the surface of a
star by analyzing its spectrum.
Making Connections
10. What can the absorption spectrum of sunlight tell you

about the composition of the gases at the Sun’s surface?
11. The emission line spectrum for hydrogen from a distant star

is shifted toward the red end of the visible spectrum. What
conclusion can be drawn about the star?

tance, can seem much stronger than a 1000-W street lamp.
6. A certain variation of a helium—neon laser produces radia-

tion involving a transition between energy levels 3.66 3
10219 J apart. Calculate the wavelength emitted by the
laser.
7. A laser suitable for holography has an average output

power of 5.0 mW. The laser beam is actually a series of
pulses of electromagnetic radiation at a wavelength of
632.8 nm, lasting 2.50 3 1022 s. Calculate
(a) the energy (in joules) radiated with each pulse
(b) the number of photons per pulse

GO

www.science.nelson.com

12. In addition to the gas lasers, there are many other types:

solid-state, excimer, dye, and semiconductor. One of the
most powerful lasers used to cut metal and other dense
surfaces is the carbon dioxide (CO2) gas laser. Research
the Internet and other sources, and find out how the CO2
gas laser works and how it has been applied. Present your
findings in a creative way.

GO

www.science.nelson.com

Applying Inquiry Skills
8. The energy-level diagram of atom X is shown Figure 18.

Assuming that atom X is in its ground state, what is likely to
occur when
(a) a 9.0-eV electron collides with the atom
(b) a 9.0-eV photon collides with the atom
(c) an 11.0-eV photon collides with the atom
(d) a 22.0-eV electron collides with the atom
ionization
20.0 eV

13. A missile shield for North America that uses lasers to knock

out incoming missiles has been researched and tested
since the 1980s. Research this technology and answer the
following questions:
(a) How would the shield work? In particular, what types
of lasers have been proposed?
(b) What are some of the major technical challenges?
(c) Why do some consider that the production of these
devices could provoke the proliferation of missiles?

GO

www.science.nelson.com

15.7 eV
11.0 eV
5.0 eV
0 eV
Figure 18
Energy levels for atom X
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The Energy Levels of Hydrogen
As early as the middle of the nineteenth century, it was known that hydrogen was the
lightest and simplest atom and thus an ideal candidate for the study of atomic structure. Its emission spectrum was of particular interest. The spacing of spectral lines in the
visible region formed a regular pattern. In 1885, this pattern attracted the attention of
J.J. Balmer, a Swiss teacher who devised a simple empirical equation from which all of
the lines in the visible spectrum of hydrogen could be computed. He found that the
wavelengths of the spectral lines obeyed the equation

2

1

1
1
1
}} 5 R }}2 2 }}
λ
2
n2

where R is a constant, later called the Rydberg constant, whose value Balmer found to be
1.097 3 107 m21, and n is a whole number greater than 2. Each successive value of n
(3, 4, 5, ... ) yields a value for the wavelength of a line in the spectrum.
Further studies of the hydrogen spectrum carried out over the next three or four
decades, using ultraviolet and infrared detection techniques, revealed that the entire
hydrogen spectrum obeyed a relationship generalizing the one devised by Balmer. By
replacing the 22 term in Balmer’s expression with the squares of other integers, a more
general expression was devised to predict the wavelengths of all possible lines in the
hydrogen spectrum:

2

1

1
1
1
}} 5 R }}2 2 }}2
λ
nu
nl

where nl is any whole number 1, 2, 3, 4, ... , and nu is any whole number greater than nl.
The choice of subscripts l for “lower” and u for “upper” reflects the idea of a transition
between energy levels.
1
This expression can be related to the energy of the emitted photons by isolating }}
λ
hc
from Ep 5 }} and substituting. Also, the energy of the emitted photon Ep is determined
λ
from the difference in energy of the energy levels involved in the transition producing
the photon, that is Ep 5 Eu 2 El . This yields
Ep
1
}} 5 }}
λ
hc
Eu 2El
1
}} 5 }}
hc
λ
Eu 2E
}}l 5 R }1}2 2 }1}2
hc

1n

l

1
1

nu

2
2
2

1
1
Eu 2 El 5 Rhc }}2 2 }}2
nu
nl
1
1
E l 2 E u 5 Rhc }}2 2 }}2
nu
nl

Now, when nu becomes very large, Eu approaches the ionization state. If we choose the
1
ionization state to have zero energy, then Eu → 0 and }}
→ 0 and the formula for the
n u2
energy levels becomes
2Rhc
El 5 } }
n l2
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LEARNING TIP
Abbreviations
Note that l stands for lower, but I,
as in E I, stands for ionization.

Rutherford’s planetary model proposed that the hydrogen atom consists of a single
proton nucleus (the Sun) and a single orbiting electron (a planet). In this model, the
Coulomb force of attraction binds the electron to its nucleus in much the way Earth is
bound to the Sun by the gravitational force. When we studied such a gravitational system
earlier (Section 6.3), we found it useful to choose the zero level of energy as the point where
the two masses are no longer bound to each other. This zero level of energy denotes the
borderline between the bound and the free condition of the system. If an object has a total
energy greater than zero, it can reach an essentially infinite distance, where its potential
energy is near zero, without coming to rest. For the hydrogen atom, this situation corresponds to ionization: the electron is no longer bound to its nucleus, as part of the
atom, but is liberated. Thus, if we choose E I 5 0 when n approaches infinity, then the
expression for the energy levels of hydrogen becomes even simpler:
Rhc
En 5 E I 2 }}
n2
(1.097 3 107 m21)(6.63 3 10234 J?s)(3.00 3 108 m/s)
5 0 2 }}}}}}
n2
2.18 3 10218
En 5 2}}
J
n2

Then, converting from joules to electron volts, we have
13.6
En 5 2 }
eV
n2

INVESTIGATION 12.5.1
The Energy Levels of Hydrogen
(p. 656)
You can measure the wavelengths
and calculate the energies for the
first four lines in the Balmer series,
then compare your results with the
theoretical values.

where n 5 1, 2, 3, …

Using this equation, we can calculate the values of all the energy levels of the hydrogen
atom, as in Table 1. The values can be represented graphically on an energy-level diagram
(Figure 1), showing both the energy above the ground state (on the right) and the energy
below ionization (on the left).
By performing Investigation 12.5.1 in the Lab Activities section at the end of this
chapter, you can measure the line spectra in hydrogen.

E (eV)
0
–0.85
–1.51

n=∞
n=4
n=3

–3.40

n=2

unbound (ionized)
electron E > 0 eV
“bound” electron
E < 0 eV (only certain
energies allowed)

Table 1 Energy Levels of Hydrogen
Level

Value of n

Energy

Energy Above
Ground State

ground state

1

213.6 eV

1st excited state

2

23.4 eV

10.2 eV

2nd excited state

3

21.51 eV

12.1 eV

3rd excited state

4

20.85 eV

12.8 eV

4th excited state

5

20.54 eV

13.1 eV

0

:
ionization state

–13.6

n=1

`

0

13.6 eV

ground state (lowest)

Figure 1
Energy levels of hydrogen

640 Chapter 12

NEL

Section 12.5

SAMPLE problem 1
Calculate the energy of the n 5 6 state for hydrogen, and state it with respect to the
ground state.

Solution
n 5 6
E 5 ?
13.6 eV
E 5 2}}
n2
13.6 eV
5 2}}
62
E 5 20.38 eV

The n 5 6 energy level is 20.38 eV, or 213.6 eV 2 (20.38 eV) 5 13.2 eV, above the
ground state.

SAMPLE problem 2
If an electron in a hydrogen atom moves from the n 5 6 to the n 5 4 state, what is the
wavelength of the emitted photon? In what region of the electromagnetic spectrum does
it reside?

Solution
λ5?

From Sample Problem 1, the energy of the n 5 6 state is 20.38 eV.
The energy of the n 5 4 state is
13.6 eV
E 5 2}}
42
E 5 20.85 eV
energy change 5 20.38 eV2 (2 0.85 eV)
energy change 5 0.47 eV
0.47 eV 5 (0.47 eV)(1.60 3 10219 J/eV) 5 7.5 3 10220 J

The wavelength is calculated from the relationship
hc
E 5 }}
λ
hc
λ 5 }}
E
(6.63 3 10234 J?s)(3.00 3 108 m/s)
5 }}}}
7.52 3 10220 J
λ 5 2.6 3 1026 m, or 2.6 3 102 nm

The wavelength of the emitted photon is 2.6 3 102 nm, in the ultraviolet region of the spectrum.
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Practice
Understanding Concepts
Answers

1. What values of n are involved in the transition that gives rise to the emission of a

388-nm photon from hydrogen gas?

1. n 5 8 to n 5 2

2. How much energy is required to ionize hydrogen when it is in

2. (a) 13.6 eV

(a) the ground state?
(b) the state for n 5 3?

(b) 1.51 eV
3. n 5 3 and n 5 2

3. A hydrogen atom emits a photon of wavelength 656 nm. Between what levels

4. (a) 0.97 eV

did the transition occur?

(b) 0.26 eV

4. What is the energy of the photon that, when absorbed by a hydrogen atom,

could cause
(a) an electron transition from the n 5 3 state to the n 5 5 state?
(b) an electron transition from the n 5 5 state to the n 5 7 state?

DID YOU KNOW

?

Collapse Time
Detailed calculations beyond the
scope of this text suggest that the
collapse of an atom would occur
within 1028 s.

Figure 2
Niels Bohr (1885–1962) received his
Ph.D. from the University of
Copenhagen in 1911 but worked at
Manchester University with
Rutherford until 1916, when he
returned to Copenhagen to take up
a professorial chair in physics. He
was awarded the 1922 Nobel Prize
in physics for his development of the
atomic model. An avid supporter of
the peaceful uses of atomic energy,
Bohr organized the first Atoms for
Peace Conference in 1955 and in
1957 was honoured with the first
Atoms for Peace Award.
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The Bohr Model
The Rutherford planetary model of the atom had negatively charged electrons moving
in orbits around a small, dense, positive nucleus, held there by the force of Coulomb
attraction between unlike charges. It was very appealing, although it did have two major
shortcomings. First, according to Maxwell’s well-established theories of electrodynamics,
any accelerating electric charge would continuously emit energy in the form of electromagnetic waves. An electron orbiting a nucleus in Rutherford’s model would be accelerating centripetally and, hence, continuously giving off energy in the form of
electromagnetic radiation. The electron would be expected to spiral in toward the nucleus
in an orbit of ever-decreasing radius, as its total energy decreased. Eventually, with all its
energy spent, it would be captured by the nucleus, and the atom would be considered to
have collapsed. On the basis of classical mechanics and electromagnetic theory, atoms
should remain stable for only a relatively short time. This is, of course, in direct contradiction to the evidence that atoms exist on a seemingly permanent basis and show no
such tendency to collapse.
Second, under certain conditions, atoms do emit radiation in the form of visible and
invisible light, but only at specific, discrete frequencies. The spiralling electron described
above would emit radiation in a continuous spectrum, with a gradually increasing frequency until the instant of arrival at the nucleus. Furthermore, the work of Franck and
Hertz plus the analysis of emission and absorption spectra had virtually confirmed the
notion of discrete, well-defined internal energy levels within the atom, a feature that
Rutherford’s model lacked.
Shortly after the publication of Rutherford’s proposals, the young Danish physicist
Niels Bohr (Figure 2), a post-doctoral student in Rutherford’s laboratory, became
intrigued with these problems inherent in the model. He realized that the laws of classical mechanics and electrodynamics might fail to apply within the confines of the atom.
Inspired by the Planck–Einstein introduction of quanta into the theory of electromagnetic radiation, Bohr proposed a quantum approach to the motion of electrons within
the atom.
His paper, released in 1913 after two years of formulation, sent shock waves through
the scientific community. In making the following three postulates about the motion
of electrons within atoms, he defied the well-established classical laws of mechanics and
electromagnetism:
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•

Of all the possible circular and elliptical orbits for electrons around a nucleus,
only a very special few orbits are physically “allowed.” Each allowed orbit is characterized by a different specific amount of electron energy.

•

When moving in an allowed orbit, an electron is exempt from the classical laws of
electromagnetism and, in particular, does not radiate energy as it moves along its
orbital path. Each such orbit is consequently called a stationary state.

•

Electrons “jump” from a higher energy orbit to a lower energy orbit, with the
energy difference between these two stationary states given off in the form of a
single photon of electromagnetic radiation. Similarly, an atom can only absorb
energy if that amount of energy is equal to the energy difference between a lower
stationary state and some higher one.

stationary state the orbit of an
electron in which it does not radiate
energy

To summarize: Bohr’s idea was that atoms only exist in certain stationary states characterized by certain allowed orbits for their electrons, which move in these orbits with
only certain amounts of total energy, the so-called energy levels of the atom. But what
made these allowed orbits different from all the other disallowed orbits?
Bohr believed, drawing on the work of Planck, that something in the model of the
atom must be quantized. Although he actually chose angular momentum, the picture is
clearer if we leap ahead a decade and borrow the concept of wave–particle duality from
de Broglie. Let us suppose that electrons can only exist in stable orbits if the length of the
orbital path is a whole number of de Broglie electron wavelengths. Recall that an electron of mass m and speed v has a de Broglie wavelength given by
h
λ 5 }
m}
v

where h is Planck’s constant (6.63 3 10234 J?s).
The standing-wave pattern for an electron in a stable orbit might then, for example,
be three wavelengths, as in Figure 3(a). Similar conditions hold for the standing-wave
interference pattern for a string fixed at both ends (Figure 3(b)).
(a)

(b)

r
B

A

λ

λ

2π r = 3λ

Figure 3
(a) The standing-wave pattern for
an electron wave in a stable
orbit of hydrogen, here chosen
to have exactly three wavelengths
(b) The standing-wave pattern for
a string fixed at both ends

If the orbits are essentially circular, and if the first allowed orbit has a radius r1 and is
occupied by an electron moving with a speed v1, the length of the orbital path will be one
wavelength:
2pr1 5 λ
h
2pr1 5 }
mv}1

Similarly, for the second allowed orbit,
2pr2 5 2λ
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More generally, for the nth allowed orbit,

1 2

h
2prn 5 nλ 5 n }
mv}n

DID YOU KNOW

?

Symbols
The expression mv0r0 represents the
angular momentum of a mass m,
moving in a circle of radius r0, at a
constant speed v0. The quantity
h
}} appears so frequently
2p
in quantum physics that it is often
abbreviated to " (“h bar”).

Thus, according to Bohr, the allowed orbits are those determined by the relationship

1 2

h
mvn rn 5 n }}
2p

(n 5 1, 2, … )

The whole number n appearing in this equation, which represents the number of
de Broglie wavelengths in the orbital path, is called the “quantum number” for the
allowed orbit (Figure 4). The equation itself, named “Bohr’s quantum condition,” provides the key to an explanation of atomic structure more complete than Rutherford’s.

The Wave-Mechanical Model of the Hydrogen Atom
With the formulation of Bohr’s quantum hypothesis about the special nature of the
allowed orbits, it became possible to combine classical mechanics with quantum wave
mechanics to produce an elegant model of atomic structure, satisfactory for hydrogen
(but overhauled a few years later to generalize the electron orbits of all elements).
A hydrogen atom consists of a stationary proton of mass mp and charge +1e and a
moving electron of mass me and charge –1e. The electron moves in a circular orbit of
radius rn at a constant speed vn in such a way that n complete de Broglie wavelengths fit
exactly into each orbital path. The Coulomb force of electrical attraction between the
proton and the electron provides the force necessary to sustain the circular orbit; that is,

(a)

Fc 5 Fe
mev 2n
ke 2
}
rn 5 }
r 2n

n=2
(b)

or more simply,
ke 2
mev 2n 5 }
rn}

Equation (1)

Applying Bohr’s quantum hypothesis,
h
mvn rn 5 n }}
2p

1 2

Equation (2)

Solving Equation (2) for vn , we have
nh
vn 5 }}
2pmern

n=5
Figure 4
Standing circular waves for (a) two
and (b) five de Broglie wavelengths.
The number of wavelengths n is also
the quantum number.

Equation (2a)

Substituting this value for vn into Equation (1), we have

1

nh
me } }
2pmern
n 2h 2

2

2

ke 2
5 }r}
n
ke 2

}
} 5 }r}
4p2mer 2n
n
n 2h 2
rn 5 }
}
4p2meke 2

Equation (3)

as an expression for the radius of the nth circular allowed orbit in the hydrogen atom.
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By substituting known values for the constants, we can evaluate this radius:
(6.63 3 10234 J?s)2
rn 5 n 2 }}}}}}
2
231
4p (9.1 3 10
kg)(9.0 3 109 N?m2/C2)(1.6 3 10219 C)2

3

rn 5 5.3 3

10211n 2

4

m

The radius of the smallest orbit in hydrogen (when n 5 1) is 5.3 3 10211 m, sometimes called the Bohr radius. It is a good estimate of the normal size of a hydrogen atom.
The radii of other orbits, given by the equation above, are
r2 5 22r1 5 4r1 5 4(5.3 3 10211 m) 5 2.1 3 10210 m
r3 5 32r1 5 9r1 5 4.8 3 10210 m

(and so on)

Recall that, according to Bohr, an electron can only exist in one of these allowed orbits,
with no other orbital radius being physically possible.
To find the speed vn with which the electron moves in its orbit, we rearrange
Equation (2a) to get
nh
vn 5 }}
n 2h 2
2pme }
}
4p2kmee 2

2

1

2pke 2
vn 5 }}
nh

Equation (4)

Again substituting known values, we have
1 2p(9.0 3 109 N?m2/C2)(1.6 3 10219 C)2
vn 5 }n} }}}}}
6.63 3 10234 J?s

3

4

1
vn 5 }n}(2.2 3 106 ) m/s

so that

v1 5 2.2 3 106 m/s
1
v2 5 }} v1 5 1.1 3 106 m/s
2
1
v3 5 }} v1 5 7.3 3 105 m/s
3

(and so on)

Just as with a satellite orbiting Earth, the electron has a definite, characteristic energy,
given by the sum of its kinetic and electrical-potential energies. Thus, in its nth orbit
the total energy of the electron is
En 5 EK + Ee
1
ke 2
En 5 }} mev 2n 1 2 }r}
2
n

2

1

Substituting values for vn from Equation (4) and for rn from Equation (3), we have
1
2pke 2
En 5 }} me }}
nh
2

1

2

2

ke 2
2 }}
n 2h 2
}
1}
4p2kmee 2 2

4p2mek 2e 4
2p2mek 2e 4
5 }}
2 }}
2
2
n h
n 2h 2
2p2mek 2e 4
En 5 2 }}
n 2h 2
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DID YOU KNOW

?

Rydberg Constant
Spectroscopists had derived the
same result for En by examining the
Rydberg constant:
Rhc
13.6 eV
En 5 2}}
5 2}}
.
n2
n2
This meant that the Rydberg constant, obtained empirically by fitting
the data for the emission lines of
hydrogen, agreed with Bohr’s predicted value to 0.02%, one of the
most accurate predictions then
known in science.

Again substituting values for the constants, we have
1 2p2(9.1 3 10231 kg)(9.0 3 109 N?m2/C2)2(1.6 3 10219 C)4
En 5 2}}2 }}}}}}}
(6.63 3 10234 J?s)2
n

3

4

2.17 3 10218
J
5 2}}
n2
13 .6
En 5 2}}
eV
n2

Thus, the energy levels for the allowed orbits of hydrogen are
13.6
E1 5 2 }
5 213.6 eV
12
13.6
E2 5 2}}
5 23.40 eV
22
13.6
E3 5 2}}
5 21.51 eV
32

(and so on)

Energy (eV)

This model verifies, exactly, the hydrogen atom energy levels previously established on
the basis of the hydrogen emission spectrum. Although all the energy levels are negative,
as is characteristic of a “bound” system, the energy of the outer orbits is less negative,
and hence greater, than the energy of the inner orbits. The orbit closest to the nucleus
(n 5 1) has the lowest energy (–13.6 eV), the smallest radius (0.53 3 10210 m), and the
greatest electron speed (2.2 3 106 m/s).
It is now possible to draw a complete and detailed energy-level diagram for the
hydrogen atom (Figure 5).

0

n=∞

–0.85
–1.51

n =4
n =3
Paschen series
E1 has n = 3

–3.40

n =2

Balmer series
E1 has n = 2

emission: E1 = E l + hc
λ

Figure 5
Energy-level diagram for the
hydrogen atom
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–13.6

n =1
Lyman series
E1 has n = 1
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The lone electron of the hydrogen atom normally resides in the ground state (n 5 1).
However, in absorbing energy from photons or during collisions with high-speed particles, it may be boosted up to any of the excited states (n 5 2, 3, 4, ... ). Once in an
excited state, the electron will typically jump down to any lower energy state, giving off
the excess energy by creating a photon. The arrows in Figure 5 represent downward
transitions giving rise to the various lines found in the hydrogen emission spectrum.
They are grouped together in series, according to their common lower state; the series
are named after famous spectroscopists whose work led to their discovery. The Lyman
series is the set of transitions from higher energy levels to the ground state (n 5 1); the
Balmer series is the set of downward transitions to n 5 2; and the Paschen series is the
set of downward transitions to n 5 3.
A sample problem illustrates how we can identify these spectral lines.

SAMPLE problem 3
Determine, with the help of Figure 5, the wavelength of light emitted when a hydrogen
atom makes a transition from the n 5 5 orbit to the n 5 2 orbit.

Solution

Lyman series series of wavelengths emitted in transitions of a
photon from higher energy levels to
the n 5 1, or ground, state
Balmer series series of wavelengths emitted in transitions of a
photon from higher energy levels to
the n 5 2 state
Paschen series series of wavelengths emitted in transitions of a
photon from higher energy levels to
the n 5 3 state

λ 5 ?
For n 5 5,

13.6
E5 5 2}}
eV 5 20.54 eV
52

For n 5 2,

13.6
E2 5 2}}
eV 5 23.40 eV
22

Ep 5 E5 2 E2
5 20.54 eV 2(23.40 eV)
Ep 5 2.86 eV

Thus,
hc
λ 5 }}
Ep
(6.63 3 10234 J?s)(3.00 3 108 m/s)
5 }}}}
(2.86 eV)(1.60 3 10219 J/eV)
λ 5 4.35 3 1027 m, or 435 nm

The wavelength of light emitted is 435 nm. (This is a violet line in the visible spectrum, the
third line in the Balmer series.)

Practice
Understanding Concepts
5. How does the de Broglie wavelength of the electron compare with the circum-

ference of the first orbit?
6. Calculate the energies of all the photons that could possibly be emitted by a

large sample of hydrogen atoms, all initially excited to the n 5 5 state.
7. In performing a Franck–Hertz type experiment, you accelerate electrons through

hydrogen gas at room temperature over a potential difference of 12.3 V. What
wavelengths of light could be emitted by the hydrogen?

Answers
6. 0.31 eV; 0.65 eV; 0.96 eV;
1.9 eV; 2.6 eV; 2.86 eV; 10.2 eV;
12.1 eV; 12.8 eV; 13.1 eV
7. 122 nm; 103 nm; 654 nm
8. 488 nm

8. Calculate the wavelength of the line in the hydrogen Balmer series for which

n 5 4.
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9. Calculate the wavelengths of (a) the most energetic and (b) the least energetic

Answers

photon that can be emitted by a hydrogen atom in the n 5 7 state.

9. (a) 93 nm

10. Calculate the energy and wavelength of the least energetic photon that can be

(b) 1.2 3 104 nm

absorbed by a hydrogen atom at room temperature.

10. 10.2 eV; 122 nm

11. Calculate the longest wavelengths in (a) the hydrogen Lyman series (n 5 1) and

11. (a) 122 nm

(b) the hydrogen Paschen series (n 5 3).

(b) 1.89 3 103 nm

12. What value of n would give a hydrogen atom a Bohr orbit of radius 1.0 mm?

12. n 5 4.3 3 103;
27.4 3 1027 eV

What would be the energy of an electron in that orbit?

Success of the Bohr Model
Although based on theoretical assumptions designed to fit the observations rather than
on direct empirical evidence, Bohr’s model was for many reasons quite successful:

•

It provided a physical model of the atom whose internal energy levels matched
those of the observed hydrogen spectrum.

•

It accounted for the stability of atoms: Once an electron had descended to the
ground state, there was no lower energy to which it could jump. Thus, it stayed
there indefinitely, and the atom was stable.

•

It applied equally well to other one-electron atoms, such as a singly ionized
helium ion.

The model was incomplete, however, and failed to stand up to closer examination:

•

It broke down when applied to many-electron atoms because it took no account
of the interactions between electrons in orbit.

•

With the development of more precise spectroscopic techniques, it became
apparent that each of the excited states was not a unique, single energy level but a
group of finely separated levels, near the Bohr level. To explain this splitting of
levels, it was necessary to introduce modifications to the shape of the Bohr orbits
as well as the concept that the electron was spinning on an axis as it moved.
Even though the Bohr model eventually had to be abandoned, it was a triumph of
original thought and one whose basic features are still useful. It first incorporated the ideas
of quantum mechanics into the inner structure of the atom and provided a basic physical model of the atom. In time, scientific thought would replace it by moving into the
less tangible realm of electron waves and probability distributions, as discussed in the next
section.

SUMMARY

•

•
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Balmer devised a simple empirical equation from which all of the lines in the
1
1
1
visible spectrum of hydrogen could be computed: }} 5 R }}2 2 }}
2 .
λ
nl
nu
His equation allowed the energy levels for hydrogen to be predicted as
13.6 eV
En 5 2}}
(n 5 1, 2, 3, … ).
n2
The work of Franck and Hertz, and the analysis of emission and absorption
spectra had confirmed that there are discrete, well-defined internal energy levels
within the atom.

1

2
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•

Bohr proposed that atoms only exist in certain stationary states with certain
allowed orbits for their electrons. Electrons move in these orbits with only certain
amounts of total energy, called energy levels of the atom.

•

Bohr made the following three postulates regarding the motion of electrons
within atoms:
1. There are a few special electron orbits that are “allowed,” each characterized by
a different specific electron energy.
2. When moving in an allowed stationary orbit, an electron does not radiate
energy.
3. Electrons may move from a higher-energy orbit to a lower-energy orbit, giving
off a single photon. Similarly, an atom can only absorb energy if that energy is
equal to the energy difference between a lower stationary state and some
higher one.

•

Bohr combined classical mechanics with quantum wave mechanics to produce a
satisfactory model of the atomic structure of hydrogen.

•

The lone electron of a hydrogen atom normally resides in the ground state
(n 5 1). By absorbing energy from photons, however, or from collisions with
high-speed particles, it may be boosted up to any of the excited states
(n 5 2, 3, 4, ... ). Once in an excited state, the electron quickly moves to any lower
state, creating a photon in the process.

•

Bohr’s model was quite successful in that it provided a physical model of the
hydrogen atom, matching the internal energy levels to those of the observed
hydrogen spectrum, while also accounting for the stability of the hydrogen atom.

•

Bohr’s model was incomplete in that it broke down when applied to manyelectron atoms.

Section 12.5 Questions
Understanding Concepts
1. In the hydrogen atom, the quantum number n can increase

without limit. Does the frequency of possible spectral lines
from hydrogen correspondingly increase without limit?
2. A hydrogen atom initially in its ground state (n 5 1)

absorbs a photon, ending up in the state for which n 5 3.
(a) Calculate the energy of the absorbed photon.
(b) If the atom eventually returns to the ground state, what
photon energies could the atom emit?
3. What energy is needed to ionize a hydrogen atom from the

n 5 2 state? How likely is such ionization to occur? Explain
your answer.
4. Determine the wavelength and frequency of the fourth

5. For which excited state, according to the Bohr theory, can

the hydrogen atom have a radius of 0.847 nm?
6. According to the Bohr theory of the atom, the speed of an

electron in the first Bohr orbit of the hydrogen atom is
2.19 3 106 m/s.
(a) Calculate the de Broglie wavelength associated with
this electron.
(b) Prove, using the de Broglie wavelength, that if the
radius of the Bohr orbit is 4.8 3 10210 m, then the
quantum number is n 5 3.
7. Calculate the Coulomb force of attraction on the

electron when it is in the ground state of the Bohr
hydrogen atom.

Balmer line (emitted in the transition from n 5 6 to n 5 2)
for hydrogen.
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12.6

Probability versus Determinism
Heisenberg’s Uncertainty Principle

Figure 1
Werner Heisenberg (1901–1976) was
awarded the 1932 Nobel Prize in
physics for developing the uncertainty principle.

Once scientists had abandoned the well-established realm of classical Newtonian
mechanics and entered the new, uncharted world of quantum mechanics, many phenomena were discovered that were both strange and difficult to visualize. In classical
mechanics, objects we identify as particles always behave like particles, and wave phenomena always exhibit pure wave properties. But the quantum hypotheses of Planck,
Einstein, and Bohr created a new dilemma: light, which had traditionally been viewed
as a wave phenomenon, was apparently composed of photons possessing distinct particle characteristics. Electrons, to this point thought of as tiny particles with a definite
charge and mass, behaved like waves with a definite wavelength, as they moved in orbits
within the atom and interacted with objects of atomic dimensions. Clearly, a new way
of looking at particle and wave phenomena was needed.
The equations in Section 12.5 suggest that we can be very precise about the properties of an electron in the hydrogen atom. We can determine an orbiting electron’s exact
location using the equation for rn and can likewise determine its exact speed and energy.
In 1927, the German physicist Werner Heisenberg (Figure 1) proposed that there was
always some inherent uncertainty in the determination of these quantities. It was not a
question of accuracy in measurements. The uncertainty was inherent and originated
from the quantum-mechanical nature of subatomic particles. Let us consider an illustration of Heisenberg’s position.
Suppose we are measuring the temperature of a cup of hot coffee with a laboratory
thermometer. When the room-temperature thermometer is immersed in the coffee, it
extracts some heat from the coffee. Therefore, the temperature registered is that of the
system and not just the original temperature of the coffee. A smaller thermometer will
disturb the temperature of the coffee less, thereby yielding a more precise reading. In the
limiting situation, an infinitely small thermometer would produce an infinitely precise
result. There is no inherent lower limit to the size of the thermometer that would limit
the precision of the temperature determination.
Imagine, next, that we are trying to determine the position of an electron within
an atom. To do this, we bombard the atom with highly energetic electromagnetic
radiation of a given wavelength (Figure 2). A photon of wavelength λ will have a
short λ photon

long λ photon

scattered photon

scattered photon

electron

electron
∆x 2

∆x1

Figure 2
The more accurately we try to locate
the electron, the less precisely we
know its momentum.
650 Chapter 12
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h
momentum }}. We know from our analysis of the Compton effect (Section 12.3) that
λ
this photon will transfer some of its momentum to the electron when they interact.
Thus, the electron will acquire a new and unknown value of momentum just as a consequence of being located by the photon. The more accurately we try to locate the electron by selecting a photon of smaller wavelength, the less precisely we know its
momentum. If we use a photon of longer wavelength to be more precise about the
momentum of the electron, we must be content with being less certain of its location.
As a result, we are unable to measure both the position and the momentum of the
electron with unlimited accuracy. Heisenberg was able to determine the limits of these
inherent uncertainties and to express them mathematically, in a formulation known as
Heisenberg’s uncertainty principle:
Heisenberg’s Uncertainty Principle
If ∆x is the uncertainty in a particle’s position, and ∆p is the
uncertainty in its momentum, then
h
DxDp $ }
} where h is Planck’s constant
2p

To appreciate the significance of Heisenberg’s principle, let us look at examples from
both the macroscopic and the microscopic worlds. For a large particle of mass 1.0 kg,
whose momentum p is given by the equation p 5 mv,
h
∆x∆p 5 ∆x m ∆v $ }}
2p
h
∆x∆v $ }}
2pm
6.63 3 10234 J?s
$ }}
2p(1.0 kg)
∆x∆v $ 1.1 3 10234 J?s/kg

Thus, if we can know the position of the particle to within an uncertainty ∆ x of
61026 m, we are permitted to know its speed to within an uncertainty ∆v
of 610228 m/s (since the product of ∆x ∆v cannot be smaller than 10234 J?s/kg). Such
small uncertainties are of no consequence when dealing with macroscopic objects.
On the other hand, for an electron of mass 9.1 3 10231 kg,
h
∆x∆v $ }}
2pm
6.63 3 10234 J?s
$ }}}
2p(9.1 3 10231 kg)
∆x∆v $ 1.2 3 1024 J?s/kg

If we confine the uncertainty in the location of the electron to 610210 m (about the
size of an atom), we cannot know its speed within an uncertainty of less than 6106 m/s.
These uncertainties are significant enough to invalidate Bohr’s picture of a finite electron moving in a well-defined orbit. Clearly, a new look is needed at just what an electron is. We will leave this discussion to Chapter 13.
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Probability and Determinism
LEARNING TIP
Determinism
Determinism is the philosophical doctrine that every event,
act, or decision is the inevitable
consequence of antecedents
that are independent of the
human will.
Nelson Canadian Dictionary

The Newtonian view of mechanics was deterministic. If the position and speed of an
object at a particular time were known, its position and speed for all future time could
be determined simply by knowing the forces acting on it. More than two centuries of success in describing the macroscopic world had made the deterministic view of nature
convincing. Bohr had no reason to believe that the motion of electrons within atoms
would be any different.
However, because of the uncertainty in measuring an electron’s position and speed,
it becomes impossible to say, for any individual electron, where it is now or where it will
be at any future time. Because of its inherent wave properties, an electron in an atom
cannot be visualized as a Newtonian particle. Rather than saying where it is, we must be
satisfied with describing its location by stating the probability that it will be found near
any point.
One way of visualizing this situation is to think of the electron existing as a cloud of
negative charge distributed around the atom rather than as a particle moving in a circular orbit (Figure 3). The cloud is denser in areas of high probability and less dense in
areas where the electron is less likely to be found. For the first Bohr orbit of the hydrogen
atom (n 5 1), the cloud is most dense in a spherical shell of radius 5.3 3 10211 m, the
first Bohr radius. Even though this is where the electron is most likely to be, it does have
a small statistical probability of being anywhere else.
high probability
of finding electron

Figure 3
The electron cloud, or probability
distribution, for the ground state of
the hydrogen atom. The cloud is
most dense—corresponding to the
highest probability—at a distance
from the nucleus of 5.3 3 10211 m,
which is what the Bohr model predicts for the radius of the first orbit.
But modern quantum mechanics
departs from the Bohr model in
telling us that the electron can be
within or beyond that distance at
any given time.

nucleus

low probability
of finding electron

The “probability cloud” for other allowed Bohr orbits takes on different shapes and
dimensions in ways that can be determined mathematically. In 1925, working independently, Heisenberg and Erwin Schrödinger devised equivalent mathematical equations whose solutions gave the probability distributions for virtually any problem in
quantum mechanics. The expressions became known as the Schrödinger equations and
have been immensely successful in solving atomic structure problems. They provide a
mathematical interpretation of the physical situation, yielding the values of all measurable quantities such as momentum and energy, as well as the probability for all positions that the particle can occupy. Physicists have spent countless hours applying these
techniques to a seemingly endless array of problems, with success in almost every instance.
One example is the whole field of solid-state physics, from which semiconductors, the
backbone of modern electronics, have developed.
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SUMMARY

•

Probability versus Determinism

In classical mechanics, the objects we identify as particles always behave like particles, while wave phenomena always exhibit pure wave properties.

•

In quantum mechanics, light is composed of photons possessing distinct particle
characteristics, and electrons behave like waves with a definite wavelength.

•

Heisenberg proposed that an inherent uncertainty exists in the simultaneous
determination of any measured quantity due to the quantum-mechanical wave
aspect of particles.

•

We are unable to measure both the position and the momentum of the electron
with unlimited accuracy. Heisenberg was able to determine the limits of these
h
inherent uncertainties and to express them mathematically as ∆x∆p $ }}.
2p
Physics now considers the electron in an atom as a probability cloud of negative
charge distributed around the nucleus rather than as a particle moving in a circular orbit. The cloud is denser in areas of high probability and less dense in
areas where the electron is less likely to be found.

•

•

DID YOU KNOW

?

Uncertainty
Einstein, who had trouble
accepting the uncertainty principle, was quoted as saying: “God
does not play dice with the
Universe.” The contemporary cosmologist Steven Hawking, on the
other hand, has said: “Not only
does God play dice with the
Universe, he sometimes throws
them where they can’t be seen.”
(in A Brief History of Time, with reference to black holes)

An electron’s position and velocity are impossible to predict; we only know the
probability that the electron will be found near any point. The shapes and dimensions of these probability distributions can be determined mathematically.

Section 12.6 Questions
Understanding Concepts
1. In what sense does Bohr’s model of the atom violate the

uncertainty principle?
2. How accurately can the position and speed of a particle be

known, simultaneously?
3. A 12.0-g bullet leaves a rifle with a speed of 1.80 3

102 m/s.

(a) Calculate the de Broglie wavelength associated with
the bullet.

NEL

(b) If the position of the bullet is known to an accuracy of
0.60 cm (radius of the rifle barrel), what is the minimum uncertainty in momentum?
4. If Planck’s constant were very large, what would be the

effect on shooting an arrow at a stationary target?
What would be the effect with a moving target, such
as a deer?
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Chapter 12 SUMMARY
scanning electron
microscope

metastable

the present-day understanding of the nature of the
atom including quantum theory, photoelectric effect,
matter waves, wave–matter duality, energy levels in the
atom, and uncertainty (12.1, 12.2, 12.3, 12.4, 12.5,
12.6)

scanning tunnelling
electron microscope

spontaneous emission

describe the photoelectric effect in terms of the
quantum energy concept, and outline the experimental evidence that supports a particle model of light
(12.1)

ground state

describe and explain in qualitative terms the Bohr
model of the hydrogen atom as a synthesis of classical
and early quantum mechanics (12.5)

ionization energy

Key Expectations
• define and describe the concepts and units related to

•

•
•

collect and interpret experimental data in support of the
photoelectric effect and, in the case of the Bohr model of
the atom, an analysis of the emission spectrum of
hydrogen (12.1, 12.5)

•

outline the historical development of scientific views
and models of matter and energy that led up to Bohr’s
model of the hydrogen atom (12.1, 12.3, 12.5, 12.6)

•
•

describe how the development of the quantum theory
has led to scientific and technological advances that
have benefited society (12.1, 12.2, 12.4)
describe examples of contributions of Canadians to
the development of modern physics (12.1, 12.2)

Key Terms
blackbody

charge-coupled device

blackbody radiation

Compton effect

quanta
Planck’s constant

momentum of a
photon

photoelectric effect

pair production

photoelectrons

wave–particle duality

cutoff potential

principle of complementarity

threshold frequency
photon
Einstein’s photoelectric
equation
work function
photodiode
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de Broglie wavelength
matter waves
quantum mechanics
transmission electron
microscope

laser
stimulated emission

continuous spectrum

coherence

emission spectrum

population inversion

absorption spectrum

stationary state
Lyman series

first excitation energy

Balmer series

energy levels

Paschen series
Heisenberg’s
uncertainty
principle

fluorescence
phosphorescence

Key Equations
• E 5 hf
• h 5 6.63 3 10234 J?s
• E K 5 Ephoton 2 W

(12.1)
Planck’s constant

(12.1)

Einstein’s photoelectric
equation

(12.1)

•
•

E K 5 hf 2 W

(12.1)

h
p 5 }}
λ

(12.1)

•
•
•
•
•

h
h
λ 5 }} 5 }}
p
mv

de Broglie wavelength

(12.2)

Ep 5 Ei 2 Ef

photon emission

(12.4)

Ep 5 Ef 2 Ei

photon absorption

(12.4)

13.6
E n 5 2}}
eV
n2
h
∆x∆p ≥ }}
2p

hydrogen
Heisenberg’s uncertainty
principle

(12.5)
(12.6)

MAKE a summary
Construct a concept map of the scientific ideas that contributed to the development of the quantum theory and its
application to the hydrogen atom, beginning with Planck
and ending with Bohr. Include as many key terms, equations,
and concepts from this chapter as possible.

NEL

Chapter 12 SELF QUIZ
Write numbers 1 to 11 in your notebook. Indicate beside
each number whether the corresponding statement is true
( T) or false (F). If it is false, write a corrected version.

1. Planck proposed that energy is radiated in bundles he
called quanta. The energy of a single quantum is
directly proportional to its wavelength.
2. At the cutoff potential, even the most energetic photoelectrons are prevented from reaching the anode.
3. For a given photoelectric surface, the longer the wavelength of light incident on it, the higher the cutoff
potential.

Unit 5

(d) increases the kinetic energy of the most energetic
photoelectrons
(e) does not affect the kinetic energy of the photoelectrons
Use Figure 1 to answer questions 13 to 15. Figure 1 shows
the results of an experiment involving the photoelectric effect.
The graph shows the currents observed in the photocell circuit as a function of the potential difference between the
plates of the photocell when light beams A, B, C, and D, each
with its own wavelength, were each directed at the photocell.

5. Photons have momentum whose value is given by
hc
p 5 }}.
λ
6. When light passes through a medium, its behaviour is
best explained using its particle properties, whereas
when light interacts with matter, its behaviour is best
explained using its wave properties.
7. The diffraction of electrons revealed that particles
have wave characteristics.
8. Electrically “excited” gases produce a continuous
spectrum, while an emission spectrum or line spectrum is emitted from a heated solid.
9. An atom is normally in its ground state. The excited
states or energy levels are the amounts of energy the
atom can internally absorb.
10. The analysis of emission and absorption spectra confirmed that there are discrete, well-defined internal
energy levels within the atom.
11. In the atom we think of the electron as a particle
moving in a circular orbit whose wave properties predict its exact position and velocity.
Write numbers 12 to 24 in your notebook. Beside each
number, write the letter corresponding to the best choice.

12. In the photoelectric effect, increasing the frequency of
the light incident on a metal surface
(a) decreases the threshold frequency for the emission of photoelectrons
(b) decreases the number of photoelectrons emitted
(c) increases the threshold frequency for the emission of photoelectrons

Current

4. In the Compton effect, high-energy photons strike a
surface, ejecting electrons with kinetic energy and
lower-energy photons.

B
C
D

2

1
0
Potential Difference

An interactive version of the quiz is available online.
GO

www.science.nelson.com

Figure 1
Graph of current versus
potential difference for
four different beams of
light (for questions 13,
14, 15)

13. Which of the beams of light had the highest
frequency?
(a) A
(c) C
(e) They all had the same
(b) B
(d) D
frequency.
14. Which of the beams of light had the longest
wavelength?
(a) A
(c) C
(e) They all had the same
(b) B
(d) D
wavelength.
15. Which of the beams of light ejected photoelectrons
having the greatest momentum?
(a) A
(d) D
(b) B
(e) They all ejected photoelectrons
having the same momentum.
(c) C
Use Figure 2 to answer questions 16 and 17. Here, electrons
of a single energy are focused into a thin pencil-like beam
incident at 90° on a very thin crystalline film of gold. On the
other side of the film, a pattern of circular rings is observed
on a fluorescent screen.

electrons

vacuum

gold film
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screen

Figure 2
For questions 16 and 17
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16. This experiment provides evidence for
(a) the wave nature of matter
(b) the high speed of electrons
(c) circular electron orbits around nuclei
(d) the spherical shape of the gold atom
(e) none of these
17. If the energy of the electrons were increased, the rings
would
(a) assume the shape of an increasingly eccentric
ellipse
(b) remain essentially unchanged
(c) become less intense
(d) increase in width
(e) decrease in size
Use Figure 3 to answer questions 18 to 20. Figure 3 shows a
Franck–Hertz experiment performed using an accelerating
potential of 8.00 V in a tube containing mercury vapour.
ionization
10.40 eV
8.84 eV
6.67 eV
4.86 eV

0.00 eV
Figure 3
Energy levels for mercury (for questions 18, 19, 20)

18. After passing through the gas, the electrons can have
energies
(a) of 4.86 eV and 6.67 eV only
(b) of 1.33 eV and 8.00 eV only
(c) of 0.84 eV, 2.40 eV, and 8.00 eV only
(d) of 3.14 eV, 1.33 eV, and 8.00 eV only
(e) in a continuum of values from 0 to 8.00 eV
19. An electron of kinetic energy 9.00 eV collides with a
mercury atom that is in the ground state. The mercury atom
(a) can only be excited to an energy of 8.84 eV
(b) can only be excited to an energy of 1.40 eV
(c) can only be excited to an energy of 0.16 eV
(d) can be excited to any of the 4.86 eV, 6.67 eV,
or 8.84 eV energy levels
(e) cannot be excited by this electron
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20. A photon of energy 9.00 eV collides with a mercury
atom in the ground state. The mercury atom
(a) can only be excited to an energy of 8.84 eV
(b) can only be excited to an energy of 1.40 eV
(c) can only be excited to an energy of 0.16 eV
(d) can be excited to any of the 4.86 eV, 6.67 eV, or
8.84 eV energy levels
(e) cannot be excited by this photon
21. Consider the following predictions made on the basis
of the Rutherford model of the atom:
I. Electrons in an atom spiral into the nucleus.
II. The nuclei of atoms scatter a particles in a
Coulomb interaction.
III. De-exciting atoms will emit light in a continuous
spectrum, rather than in a discrete set of colours.
Of these predictions,
(a) only I is contradicted by observation
(b) only II is contradicted by observation
(c) only I and II are contradicted by observation
(d) only I and III are contradicted by observation
(e) none are consistent with observations
For questions 22 to 24, recall that c 5 3.00 3 108 m/s,
h 5 6.63 3 10234 J⋅s, and 1 eV 5 1.6 3 10219 J, and assume
further that the following are energy levels for a hydrogen-like
atom:
n 5 ` ...
18 eV
n 5 5 ...
17 eV
n 5 4 ...
15 eV
n 5 3 ...
12 eV
n 5 2 ...
8 eV
n 5 1 ...
0 eV
22. The ionization potential of this atom is
(a) 0 V
(b) 8 V
(c) 10 V
(d) 18 V
(e) impossible to compute from the data given
23. The energy of the photon emitted when this atom deexcites from the state n 5 3 to the state n 5 2 is
(a) 4 eV
(c) 8 eV
(e) 12 eV
(b) 6 eV
(d) 10 eV
24. An electron of kinetic energy 10 eV bombards this
atom in its ground state. A possible value for the
kinetic energy of this electron after this interaction is
(a) 0 eV
(c) 8 eV
(e) 28 eV
(b) 2 eV
(d) 18 eV

NEL

Chapter 12 REVIEW
Understanding Concepts
1. Explain, using the photon theory, why we cannot see
in the dark.
2. In a photographer’s darkroom light is very damaging
to the sensitive film emulsions, ruining photographs.
However, we may use red light bulbs when working
with some types of film. Using the photon theory,
explain why red light does not affect the photographic film.
3. When monochromatic light illuminates a photoelectric surface, photoelectrons with many different
speeds, up to some maximum value, are ejected.
Explain why there is a variation in the speeds.
4. Calculate the longest wavelength of light that can
eject electrons from a surface with a work function of
2.46 eV.
5. Light with the wavelength 6.0 3 102 nm strikes a
metal having a work function of 2.3 3 10219 J.
Calculate the maximum kinetic energy, in joules, of
the emitted electrons and the potential difference
required to stop them.
102

6. Light with wavelength 4.30 3
nm falls onto a
photoelectric surface. The maximum kinetic energy
of the photoelectrons is 1.21 eV. Calculate the work
function of the surface.
7. Calculate the momentum of a 4.10 3 102-nm photon
of violet light.
8. Calculate the energy, in electron volts, required to
give an electron an associated de Broglie wavelength
of 7.5 3 10210 m.
9. An electron is accelerated from rest through a potential difference of 1.50 3 104 V. Calculate its associated
de Broglie wavelength.
10. An electron is fired at a metal target, reaching a speed
of 1.00 3 106 m/s. On impact, it rapidly decelerates to
half that speed, emitting a photon in the process.
Calculate the wavelength of the photon.
11. (a) Calculate the wavelength of a photon that has the
same magnitude of momentum as an electron
moving with a speed of 2.52 3 106 m/s.
(b) Calculate the de Broglie wavelength associated
with the electron.
12. How does the diffraction of electrons by a thin nickel
foil illustrate the concept of wave–particle duality?
13. Identify the major discrepancies between observation
and Rutherford’s explanations of the emission of light
by atoms.
NEL
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14. Why is it difficult for an observer on Earth to determine by spectral analysis whether the atmospheres of
Venus and Mars contain oxygen? Briefly explain your
reasoning.
15. When light of a continuous mix of wavelengths,
ranging from the deep ultraviolet to the deep
infrared, passes through hydrogen gas at room temperature, only the Lyman series of absorption lines is
observed. Explain why we do not observe any of the
other series.
16. Suppose the electron in a hydrogen atom obeyed classical mechanics rather than quantum mechanics.
Explain why such a hypothetical atom should emit a
continuous spectrum.
17. Explain why deep ultraviolet and X rays are called
ionizing radiation.
18. State the principle of complementarity.
19. Explain the differences and similarities between the
interference of water waves and the interference of
electrons.
20. Compare how particles are viewed in quantum
mechanics versus how they are viewed in classical
mechanics.
21. Assuming that the hydrogen atom is spherical, by
what factor is its volume greater when in its first
excited state than when in its ground state?
22. What experimental evidence supported Bohr’s postulate concerning the existence of discrete energy levels
in the hydrogen atom?
23. Describe the change in each of the following quantities as an electron passes from one Bohr orbit to the
next higher energy orbit:
(a) speed
(c) energy
(b) orbital radius
(d) de Broglie wavelength
24. According to the Bohr theory, what is the radius of
the second excited state of the hydrogen atom?
25. The average solar power received at ground level in
Toronto and Montreal is about 1.0 kW/m2.
(a) If the average wavelength of sunlight is 5.50 3
102 nm, how many photons per second strike an
area of 1.0 cm2? Assume that the light rays strike
the surface at 90°.
(b) Calculate how many photons you would find in a
thimble with a volume of 1 cm3.
26. How does the principle of uncertainty apply to an
electron orbiting a nucleus?
27. Can an object ever be truly at rest? Use the uncertainty principle to explain.
Waves, Photons, and Matter
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30. You used a spectroscope with a 5000-line/cm grating
to determine the wavelength of the green line of mercury. Figure 2 gives your measurements. Calculate the
wavelength of the first-order green line of mercury.

Applying Inquiry Skills
28. Create a graph of electric current versus accelerating
potential that represents the findings of the Franck–
Hertz experiment.
29. The graph in Figure 1 shows the kinetic energy of the
most energetic photoelectrons as a function of the
frequency of light falling on the cathode in a photoelectric cell.
(a) According to the graph, what potential difference
would be required to stop all the emitted electrons if the incident light had a frequency of
7.5 3 1014 Hz?
(b) What is the physical significance of the intercept
of the graph with the frequency axis (x-axis)?
(c) What is the physical significance of the intercept
obtained when the graph is extrapolated back to
the kinetic energy axis (y-axis)?
(d) Use the graph to determine a value for Planck’s
constant.

A
slit

grating

light source

B
r

r = 30.0 cm
AB = 16.4 cm

Figure 2

Kinetic Energy (eV)

3

2

1

Frequency (3 1014 Hz)

0
1

2

3

4

5

6

7

8

9

10

Figure 1
Maximum kinetic energy versus frequency (for question 29)
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Making Connections
31. One of the most important applications of the photoelectric effect is the solar cell (Figure 3). Research the
Internet and other sources and answer the following
questions:
(a) How do solar cells use the photoelectric effect?
(b) Comment on their efficiency, identifying measures taken to enhance it.
(c) List the significant advantages and disadvantages
of solar cells in comparison with other forms of
electrical generation.
(d) Describe three applications of the solar cell on
Earth and two in space.
(e) Suggest how solar cells may be used in the future.
GO
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energy), the neutron tends to diffract around it. For
this reason, a moderator, such as heavy water or
graphite, slows the neutrons down to approximately
2 3 103 m/s, making fission-producing collisions
more likely. Using your knowledge of matter waves,
explain why a moderator is necessary to enhance the
probability of fission. Using your knowledge of elastic
collisions, explain how the moderator achieves its
design objective.
33. Some of the vocabulary of physics has found its way
into the vernacular. For example, “quantum leap” is
used to describe significant changes in anything, and
“polarization” is used with reference to opinions,
political views, and philosophies. Describe the use of
two or more other words from the world of physics
that have become part of the vernacular.

Extension

Figure 3
The Hubble Space Telescope uses solar cells to generate power.

32. A high-speed neutron liberated in a nuclear reactor
has a speed of approximately 4 3 106 m/s. When such
a neutron approaches a uranium nucleus, instead of
hitting the nucleus and causing fission (splitting the
atom into two relatively equal parts, with a release of
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34. In a Young’s double-slit experiment performed with
electrons in place of photons, the angle locating the
first-order bright fringes is v1 5 1.6 3 1024° when
the magnitude of the electron momentum is
p1 5 1.2 3 10222 kg·m/s. What momentum magnitude p2 is necessary with this same pair of slits if an
angle v2 5 4.0 3 1024° is to locate the first-order
bright fringe?
35. An electron and a proton are accelerated to equal
kinetic energies, attaining speeds low enough to keep
relativistic effects negligible. Find the ratio of their
de Broglie wavelengths.
36. The neutrons in a parallel beam, each having a speed
of 8.75 3 106 m/s, are directed through two slits
5.0 3 1026 apart. How far apart will the interference
maxima be on a screen 1.0 m away?
37. The kinetic energy of a certain particle is equal to the
energy of a photon. The particle moves at 5.0% the
speed of light. Find the ratio of the photon wavelength to the de Broglie wavelength of the particle.
38. The total number of protons in the known universe is
estimated to be about 1081; the radius of a proton is
about 10215 m. What is the order of magnitude of the
radius of the sphere, in metres, that would contain all
these protons if they were tightly packed together?
Sir Isaac Newton Contest Question
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13
In this chapter,
you will be able to

•

describe three types of
radioactive decay

•

use equations to model
radioactive decay processes

•

describe how particles
interact

•

explain the work of particle
accelerators and particle
detectors and analyze
bubble chamber
photographs

•

outline the discoveries that
led to our current
understanding of the four
fundamental forces of nature

•

describe the developments
that led to the classification
of particles into the two
families of bosons and
fermions, and explain how
the families are divided into
the hadrons and leptons

•

show how the concept of a
new, fundamental particle,
the quark, helped simplify
and systematize particle
theory

•

follow some current
research, including work at
the Sudbury Neutrino
Observatory, and understand
the development of the
standard model and grand
unified and superstring
theories

Radioactivity and
Elementary Particles
Curiosity drives scientific research. At the heart of every scientific investigation is a question that usually begins with how or why. How do stars like the Sun produce the enormous amounts of heat and light that radiate through space? Why will a sample of
uranium expose photographic film in the dark? Why does the universe appear to be
expanding? Ultimately, scientists would like to know how all of the matter and energy
in the universe came to be.
In their search for answers to the great questions of science, scientists have constructed
grand theories that attempt to explain the nature of very large entities, such as planets,
stars, and galaxies, and very small things, such as atoms, protons, and electrons. Two of
the most fundamental theories of science—the theory of relativity and quantum
mechanics—stand in stark contrast to one another. Einstein’s general theory of relativity explains the nature of gravity and its effects on very large objects and the quantum
theory describes the nature of very small objects. Since protons, electrons, planets, and
galaxies are all forms of matter that interact through the four fundamental forces of
nature, it seems reasonable that a single theory should exist that explains the nature of
everything.
For the last thirty years of his life, Einstein tried—and failed—to devise an all-encompassing view of the universe by attempting to unify relativity and quantum mechanics.
It almost seems as if the universe obeys two sets of rules: one for the very large and one
for the very small.
How much progress has been made since Einstein’s death in 1955? We now have
steadily improving models that describe what happens at the level of the fundamental
building blocks of matter. This, in turn, may shed light on the more fundamental question of why matter behaves as it does. It is possible that physics will, in your lifetime,
discover a theory that unites everything.

REFLECT on your learning
1. Define or describe radioactivity.
2. Many discoveries in archaeology depend on radiocarbon dating. How is this related

to radioactivity?
3. (a) What are the four fundamental forces of nature?

(b) Which of these forces causes a stationary golf ball to move when it is hit with a
club?
(c) Which of these forces hold the neutrons and protons together in a nucleus?
4. (a) What is antimatter?

(b) What happens when antimatter collides with matter?
5. If a substance has a half-life of two days, what percentage of a sample of the material

will there be after four days?
6. What are elementary particles and how are they classified?
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Figure 1
The Sudbury Neutrino Observatory (SNO) is a
vital component of Canada’s contribution to the
universal quest for knowledge about the nature
of the universe. By probing the “inner space” of
the subatomic world, the SNO has already provided insights into the nature of the neutrino,
one of the most elusive—and abundant—particles
in the universe. Here, far underground and well
shielded from the effects of radiation, a unique
detection system is quietly adding to our knowledge of these fundamental building blocks of
matter and of the Sun, the source of the solar
neutrinos the SNO sees.

rubber
bulb
pipet

TRY THIS activity

wax or
silicone
sealer

Radiation

•
•

Place several millilitres of alcohol in a 1-L flask (Figure 2).

•

Use the pump to increase the pressure inside the flask. Hold the pressure
for about one minute, then release it suddenly.

•
•

Look for ionized trails in the cloud that results.

wire
hanger
flask

Suspend a watch with a luminous dial in the flask. Cover the flask with a
rubber bulb pump fitted to a rubber stopper.

If available, use dry ice to cool the alcohol to enhance the effect.

watch

alcohol
dry ice (optional)

The trails are caused by the radiation from the luminous watch dial.
Figure 2
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13.1
DID YOU KNOW

?

Discovery of X rays
Becquerel’s discovery wasn’t the
only important accidental one. In the
previous year W.C. Roentgen unexpectedly discovered X rays while
studying the behaviour of electrons
in a high-voltage vacuum tube. In
that instance, a nearby material was
made to fluoresce. Within twenty
years of this discovery, diffraction
patterns produced using X rays on
crystal structures had begun to
show the finer structure of crystals
while, at the same time, giving evidence that X rays had a wave nature.
Since then, X-ray radiation has
become an indispensable imaging
tool in medical science.
radioactivity the spontaneous
emission of electromagnetic
(gamma) radiation or particles of
nonzero mass by a nucleus

LEARNING TIP
Isotopes
An isotope is a form of an element in which the atoms have
the same number of protons as
all other forms of that element
but a different number of neutrons. The designation 42He is a
way of representing an atom, in
this case, helium; 4 is the
atomic mass number (equal to
the number of protons and neutrons), and 2 is the atomic
number (equal to the number of
protons). The following symbols
are all accepted ways of representing the isotope of helium
containing two protons and two
neutrons: 42He, helium-4, He-4,
and 4He.

Radiation and Radioactive Decay
Radioactivity
Unexpected observations tend to trigger flurries of research. These, in turn, can lead
science into new and exciting directions. The discovery by Henri Becquerel (1852–1908)
in 1896 is a fascinating example: while studying phosphorescence, Becquerel noticed
that an ore containing uranium had the ability to darken a photographic plate even
when the plate was completely covered and protected from light. Shortly afterward,
other scientists, including Pierre (1859–1906) and Marie (1867–1934) Curie, isolated
other substances exhibiting this property.
Unlike other properties, such as magnetism and electrical conductivity, this new property was different. It was unaffected by physical treatments, such as heating and cooling,
and it remained even after the strongest chemical treatment. Clearly, radioactivity, as it
was eventually named, appeared to be a fundamental property of the atom. The nucleus
of a radioactive atom emits radiation as it decomposes (decays).
New discoveries were imminent. Intense research by Rutherford and his colleagues, most
of it done at McGill University in Montreal, revealed radioactive emissions to be of three
types, initially referred to as alpha particles, beta particles, and gamma rays.
In alpha (a) decay, nuclei emit positively charged objects, a particles, at speeds perhaps as high as 1.6 3 107 m/s (Figure 1). An a-particle beam from a typical natural
source, such as pitchblende, a source of uranium, can penetrate only about 5 cm of air
and is stopped with just a few sheets of paper.
γ rays

α particles

β particles

collimator

dense, lead shield

Figure 1
Alpha particles, beta particles, and gamma rays in a
magnetic field. The collimator acts like a gun barrel to
ensure that the particles are initially travelling in a
straight line. The crosses indicate that the direction of
the magnetic field is into the page of this book.

The particles emitted in beta (b) decay are primarily negatively charged particles
(Figure 1). In some cases, the particles may be positively charged. Beta particles from a
typical radioactive source travel at less than the speed of light but faster than a particles.
A b particle beam can pass through 3 mm to 6 mm of aluminum.
Unlike a and b particles, gamma (g) decay produces a form of electromagnetic
radiation called g rays. These are photons that travel at the speed of light (Figure 1).
A beam of g rays from a typical radioactive source can pass through a lead barrier as
thick as 30 cm. Photons do not have an electric charge.

Alpha Decay
alpha (a) particle a form of radiation consisting of two protons and
two neutrons, emitted during a decay
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The alpha (a) particles detected by Rutherford were found to consist of two protons and
two neutrons. Since the nucleus of the most abundant isotope of helium consists of
these particles, the a particle is often designated 42 He and may be viewed as equivalent
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to a helium nucleus. When a radioactive material emits an a particle, the nucleus of one
if its atoms loses two protons and two neutrons. The loss of two protons changes the atom
from one type of element to another. This process is called transmutation. The nucleus of
the new atom is called the daughter nucleus. Alpha particles are put to work in a smoke
detector (Figure 2). Here, a small quantity of americium dioxide emits a particles that
ionize air molecules, causing a small current to flow between two plates in a circurt. Smoke
interferes with the ionization process, reducing the current between the plates. This activates the alarm circuit which sounds the alarm.
If an atom of element X transmutes into element Y by emitting an a particle, we say
that a nuclear reaction has occurred. The total number of protons and neutrons is conserved. The nuclear reaction can be represented symbolically in an equation as
A
Z

transmutation the process of
changing an atom of one element
into another as a result of radioactive
decay
daughter nucleus the nucleus of
an atom created as a result of
radioactive decay

(a) Normal operation

X → 42 He 1 A24
Z22 Y

where A is the atomic mass number (the number of particles, or nucleons, in the nucleus)
and Z is the atomic number (the number of protons).

SAMPLE problem 1

radioactive
source

alarm
circuit

alarm

(b) Smoke present

An unstable polonium atom spontaneously emits an a particle and transmutes into an
atom of some other element. Show the process, including the new element, in standard
nuclear-reaction notation.

Solution
radioactive
source

X 5 new element
218 Po
84

→ 42 He 1
4
2

A24
Z22

X

21824
8422

218 Po
84

→ He 1

218 Po
84

→ 42 He 1 214
82 X

X

Every element has a unique atomic number. The periodic table shows the new element to
be lead (Pb). The finalized equation can now be written:
218 Po
84

→ 42 He 1 214
82 Pb

In the nuclear reaction, polonium transmutes into lead by a decay.

Recall that a particles emitted in nuclear decay have the ability to penetrate 5 cm of
air and to penetrate a few sheets of paper. They must therefore possess some kinetic
energy. Since energy is a conserved quantity, we may ask where the kinetic energy comes
from. The theory of binding energy and the strong nuclear force give a satisfactory answer.
The protons within the nucleus repel one another through the electric force. A stable
nucleus must therefore be held together by a force that is—at least over short distances—
stronger than the electric force. This force is called the strong nuclear force. The strong
nuclear force is only effective over distances on the order of about 1.5 3 10–15 m, which
is about the radius of a small nucleus. Since the strong nuclear force is attractive, work
must be done to break the nucleus apart.

alarm
circuit

alarm

Figure 2
A smoke detector is a life-saving
device that uses a radioactive material in part of its circuitry.
(a) A tiny quantity of radioactive
americium dioxide emits a particles, which ionize air molecules
and, consequently, permit a
small current to flow between
the plates.
(b) Smoke particles absorb the
radiation and cause the current
to drop significantly, thus activating an alarm circuit.

strong nuclear force the force that
binds the nucleus of a stable atom

Binding Energy
Studies have shown that the mass of an atomic nucleus is always less than the sum of the
masses of its constituent neutrons and protons. The energy equivalent of the mass difference
is the binding energy, or (positive) work that would have to be done to break a nucleus apart.
NEL

binding energy the energy
required to break up the nucleus
into protons and neutrons
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Recall that the relation E 5 mc 2 relates the mass of an object in kilograms to the
energy of the object in joules. If the mass is given in atomic mass units (u), then the following conversion to electron volts can be made:
1 u 5 1.66054 3 10227 kg
E 5 mc 2
5 (1.66054 3 10227 kg) (2.9979 3 108 m/s)2
E 5 1.4923 3 10210 J
1 eV 5 1.6022 3 10219 J
1 eV
E 5 1.4923 3 10–10 J 3 }}
1.6022 3 10219 J
5 9.315 3 108 eV
E 5 931.5 MeV
E 5 mc 2
E
m 5 }}
c2
E 5 931.5 MeV/c 2

Since m 5 u,
u 5 931.5 MeV/c 2

Therefore, 1 u 5 931.5 MeV/c 2.

SAMPLE problem 2
LEARNING TIP
The Meaning of MeV/c 2
MeV/c 2 is a unit of mass
commonly used in physics.
1 MeV/c 2 5 1.782 663 3 10230 kg

Molecules of “heavy water,” used both in CANDU nuclear reactors and in the Sudbury
Neutrino Observatory, contain an oxygen atom, an ordinary hydrogen atom, and an atom
of the rare hydrogen isotope deuterium. A deuteron is the name given to the nucleus of a
deuterium atom. It is composed of a proton and a neutron. Calculate the binding energy
per nucleon in a deuteron.

Solution
md 5 2.013553 u (from Appendix C)
mp 5 1.007276 u
mn 5 1.008665 u
E 5 ((mp 1 mn) 2 md)c 2
5 ((1.007276 u + 1.008665 u) 2 2.013553 u)c 2
E 5 (0.002388 u)c 2

Since 1 u 5 931.5 MeV/c 2,
@2
931.5 MeV/c
E 5 (0.002338 u)c@2 1}}2
1u
5 2.18 MeV
E 5 2.18 3 106 eV

The deuteron has two nucleons (a proton and a neutron; therefore,
E
En 5 }}
2
2.18 3 106 eV
5 }}
2
En 5 1.09 3 106 eV

The binding energy per nucleon is 1.09 3 106 eV.
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10
Average Binding Energy per Nucleon (MeV)

Figure 3 is a graph of the average binding energies per nucleon for all the elements.
The average binding energy per nucleon is a maximum when the mass number is 56
(which is the case for iron) and decreases steadily afterward. Nuclei near the middle of
the periodic table are thus held together more strongly than other nuclei.
Why is it that the middle elements have the highest binding energies? The nucleus is
a battleground between the strong nuclear and electromagnetic forces. As we move in the
periodic table toward iron, we find the nuclei have more nucleons, all pulling inward
on each other. The binding energy therefore rises. As we move farther away from the
middle elements, we have still more nucleons. Now, however, some pairs of nucleons
are so widely separated that they can no longer experience the mutual attraction due to
the (short-range) strong nuclear force. The proton pairs among these nucleon pairs
continue to feel the repulsion of the infinite-range electromagnetic force. For the really
massive elements, for example, radium, polonium, and uranium, the binding energy is
so low that the nucleus is not stable at all. Once in a while, two protons and two neutrons
get together and form an a particle inside the nucleus. The a particle has kinetic energy
and is released in its creation.
When we compare the mass of the parent nucleus with the sum of the masses of the
daughter nucleus and an a particle, we find that the products of the nuclear decay are
less massive (Figure 4). This missing mass appears as the increased kinetic energy of
the products.

9
8
7
6
5
4
3
2
1
0

50 100 150 200 250
Mass Number
(number of nucleons)

Figure 3
Average binding energy per nucleon
versus mass number

SAMPLE problem 3
Calculate the total kinetic energy, in electron volts, of the products when 236
92 U undergoes
a decay to 232
90 Th.

parent
mp

Solution
mU 5 236.045562 u (from Appendix C)
mTh 5 232.038051 u
mHe 5 4.002602 u
EK 5 ?

mass of daughters

236 U 5 236.045562 u
92
232 Th 5 232.038051 u
90
4 H 5 4.002602 u
2

total mass of daughters

232.038051 u 1 4.002602 u 5 236.040653 u

mass difference

236.045562 u 2 236.040653 u 5 0.004909 u

energy equivalence

0.004909 u 3 931.5 MeV/u 5 4.572 MeV

mass of parent

a
ma

daughter
md

Figure 4
According to conservation of mass,
we should have mp 5 ma + md.
However, mp . ma 1 md. The
missing mass is converted into
kinetic energy according to the relationship E 5 mc 2.

The total kinetic energy of the products is 4.572 MeV.

Although both products share the liberated kinetic energy, they do not share it equally.
Recall that momentum is a conserved quantity. If an object, stationary in some inertial
frame, breaks into two fragments, conservation of momentum requires that the two
fragments fly off in opposite directions in that frame, with the vector sum of their
momenta equalling zero. The recoil velocities of the fragments depend on their relative
masses. When you jump from a small boat stationary with respect to the shore, you and
the boat move in opposite directions relative to the shore. Because you are much less
massive than the boat, you move faster than the boat does, making your momentum, m1$v1,
equal and opposite to the momentum m2v$2 of the boat.
NEL
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We can apply this analysis to the a decay of uranium into thorium. Consider a thorium nucleus at rest in an inertial frame of reference. Since mTh .. ma , after emitting
an a particle, the thorium atom’s recoil velocity will be much smaller than the speed of
the emitted a particle since momentum and energy are conserved.

Beta Decay
beta (b) particle negatively
charged particles emitted during b–
decay (electrons); positively charged
electrons ( positrons) emitted in b+
decay
positron a particle identical to an
electron but with a positive charge;
also called an antielectron

LEARNING TIP
Beta Decay
Some like to understand b decay
by assuming that a neutron is the
combination of a proton and an
electron. However, this model is
incorrect for several reasons. We
will revisit b decay after we have
considered the elementary particles called quarks in Section 13.5.
At that time, you will be able to
formulate a better model for
b decay.

The beta (b) particles emitted in some forms of radioactive decay may be negatively
charged electrons or positively charged electrons, called positrons. A positron is a particle like an electron in every way except that it is positively charged. When the b decay
releases electrons, it is called b2 decay; when it releases positrons, it is called b+ decay.
The b particle is symbolized as –10 e if it is an electron and +10 e if it is a positron. b2
decay is much more common than b+ decay.
It is important to note that the electron released in b2 decay is not one of the electrons
in the orbitals of an atom that participates in chemical bonding. The b2 particle is produced in the nucleus of the radioactive atom. Although the mechanism of its production is complex, it can be likened to the conversion of a neutron into a proton and an
electron:
1
0

n → 11 p 1 210 e

b+ decay can be considered the equivalent of a proton changing into a neutron and
a positron:
1
1

p → 10 n 1 +10 e

Notice that in each case, a nucleon changes identity. In the case of b2 decay, the
nucleus gains a proton; in the case of b+ decay, the nucleus loses a proton. The mass of
the nucleus does not change since a proton and neutron have approximately equal mass.
A typical b2 decay occurs when carbon-14 decays into nitrogen-14:
14
6

C → 147 N 1 210 e

We may represent b2 decay by the following general equation:
A
Z

AY 1 0 e
X → Z2(21)
21

which reduces to
A
Z

AY 1 0 e
X → Z11
21

A typical b+ decay event occurs when nitrogen-12 decays into carbon-12:
12
7

N → 126 C 1 +10 e

In general,
A
Z

A
Y 1 210 e
X → Z2(11)

which reduces to
A
Z

X → Z21A Y 1 110 e

b+ decay occurs in isotopes that have too few neutrons in comparison with their
number of protons.
670 Chapter 13
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SAMPLE problem 4
An atom of sodium-24 can transmute into an atom of some other element by emitting a
b2 particle. Represent this reaction in symbols, and identify the daughter element.

Solution
24
11
24
11
24
11

AY 1 0 e
Na → Z11
21
24 Y 1 0 e
Na → 1111
21
0
Na → 24
12 Y 1 21 e

The periodic table reveals the new element to be magnesium:
24
11

0
Na → 24
12 Mg 1 21 e

When sodium-24 undergoes b– decay, magnesium-24 is produced.

As was the case for a decay, an understanding of the equation E 5 mc 2 helps us calculate a theoretical value for the energy released in a single b decay.
LEARNING TIP

SAMPLE problem 5

Masses
Sample Problem 5 illustrates that
you can use the mass of the neutral
atom since it contains the same
components as the products of the
interaction.

Calculate the energy released by the reaction in Sample Problem 4.

Solution
m Na 5 23.990961 u

(from Appendix C)

m Mg 5 23.985042 u
Dm 5 mNa 2 mMg
5 (23.990961 u 2 23.985042 u)
Dm 5 0.005937 u

Since 1 u 5 931.5 MeV,
DE 5 (0.005937 u)(931.4 MeV/u)
DE 5 5.5297 MeV

The energy released is 5.5297 MeV.

Recall that the mass of the electron is approximately 2000 times less than that of the
proton. The mass of the b particle is therefore much, much less than that of the daughter
nucleus. Due to the law of conservation of momentum, the recoil velocity of the daughter
nucleus should be practically zero. Based on this, you would expect almost 100% of the
energy released in the reaction to be found in the b particle.
Unfortunately this was found not to be the case. When experiments were done with
atoms that decayed by releasing a particles, the a particles produced all had the same
kinetic energy (as measured by their penetrating power), and this energy agreed closely
with its calculated value. The b particles, on the other hand, tended to have a range of
kinetic energies, all of them less than the law of conservation of energy required. (Typical
kinetic energies were just one-third of the value predicted.)
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Further, the law of conservation of momentum appeared to be violated. If the reaction really produced just two particles—the daughter nucleus and the b particle—the
law of conservation of momentum would require that the decay products move off in
opposite directions (in a given inertial frame of reference). This did not occur. Instead,
the two particles were found to be ejected at angles other than 180°. Compounding
this was the notion that angular momentum also did not seem to be conserved. Recall
from Chapter 5 that linear momentum is a quantity of motion, calculated as the product
mv$. Like energy, momentum is a conserved quantity. In a similar way, rotating objects
also have a quantity of motion called angular momentum, which is also a conserved
quantity. On the quantum scale, this quantity is called spin. (You will learn more about
spin in Section 13.5.) Interestingly, the calculations based on the emitted b particles
seemed to indicate that this quantity was not conserved.
In 1930, Wolfgang Pauli (1900–1958) suggested an explanation. Perhaps there was
another product in the reaction. The third particle would have zero charge and zero, or
nearly zero, mass. This particle could carry off the unaccounted kinetic energy,
momentum, and angular momentum. Enrico Fermi (1901–1954), who devised a comprehensive theory of b decay, called the particle the “little neutral one,” or neutrino. The
neutrino is represented by the Greek letter nu (n). When the conservation laws for
b decay were recalculated, it was discovered that this particular reaction required an
antineutrino (nw), an “antiparticle” related to the neutrino as the positron (an antielectron),
0
0
+1 e, is related to the electron, –1 e . (These are two instances of the distinction between
matter and “antimatter,” which we shall examine later in this section.) Neutrinos are
extremely difficult to detect. The existence of the neutrino was not confirmed until 1956,
when some indirect evidence was found. Even today, this particle remains an elusive
entity since it has an extremely small probability of reacting with matter.

TRY THIS activity

Neutrinos

1. Place your hand on this page.
2. Look at your hand and count to 3.
3. About 1.5 3 1015 neutrinos just went through your hand.

A more correct equation for the decay process in Sample Problem 4 is thus
24
11

0
Na → 24
n
12 Mg 1 21 e 1 w

A more correct equation for b+ decay includes the production of a neutrino as in the
following example of the decay of chromium-46 into vanadium-46:
46
24

Cr →

46 V
23

1 +10 e 1 n

Therefore, the general equations representing b2 decay and b+ decay are
A
Z
A
Z

A
X → Z11
Y 1 210 e 1 wn

X→

A
Z21 Y

1

0
11

e1n

(b2 decay)
(b1 decay)

Recall that a decay was explained with reference to the strong nuclear force, which binds
nucleons together. Neither this force nor the two more familiar fundamental forces—
gravity and the electromagnetic force—give a satisfactory explanation of b decay. It was
therefore necessary to acknowledge the presence of a fourth force, the weak nuclear force,
which we will consider later in this chapter. Altogether, we recognize four fundamental
forces in nature: the force of gravity, the electromagnetic force, and the strong and weak
nuclear forces.
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Gamma Decay
Unlike a and b decay, g decay results in the production of photons that have zero mass
and no electric charge. This type of decay occurs when a highly excited nucleus—probably the product of another nuclear reaction—drops to a lower energy state while emitting a photon of energy. If an atom of material Y emits a g ray (g photon), then the
nuclear reaction can be represented symbolically as
AY
Z

→ AZ Y 1 g

Notice that a transmutation does not occur. Gamma decays frequently occur simultaneously with a or b decays. For example, the b– decay process by which lead-211 transmutes to bismuth-211 is usually accompanied by g decay as the excited bismuth-211
nucleus drops to a lower state. The reaction is correctly written as follows:
211
82

0
Pb → 211
n1g
83 Bi 1 21 e 1 w

In reality, gamma (g) rays are similar to X rays. Typical g rays are of a higher frequency and thus higher energy than X rays; however, the range of frequencies for both
types of rays overlaps. For most practical purposes physicists distinguish between the two
based on how they are produced. The rays produced when high-energy electrons interact
with matter are normally called X rays, while those produced from within the nucleus
are usually called g rays.

gamma (g) ray high-frequency
emission of (massless, chargeless)
photons during g decay

SAMPLE problem 6
Give the value of x and y in each reaction. Classify each as a, b, or g decay.
(a)
(b)
(c)
(d)

212 Pb → 212 Bi 1 0 e
82
x
21
210 Po → y Pb 1 4 He
84
x
2
227 Ac → 227 Th 1 x
89
90
226 Ra → y Ra 1 g
88
x

Solution
(a) x 5 83. Since 210 e is by definition a b2 particle, the reaction is b2 decay.
(b) x 5 82, y 5 206. The reaction is a decay since 2 protons and 2 neutrons are emitted
as one particle.
(c) x 5 210 e. The increase by 1 in the atomic number and the lack of change in the mass
number together indicate that a proton appeared; therefore this is b2 decay.
(d) x 5 88, y 5 226. Since the process is g decay, neither the atomic number nor the
atomic mass number is changed.

Practice
Understanding Concepts
1. Give the values of x and y in each of the following equations:

(a)
(b)
(c)
(d)
(e)

NEL

212 Pb → 212 Bi 1 y
x
83
214 Bi → x Po 1 0 e
83
y
21
x Ra → 222 Rn 1 4 He
y
86
2
215 Po → 211 Pb 1 x
84
82
3H→x1g
1

Answers
1. (a) x 5 82; y 5 210 e
(b) x 5 214; y 5 84
(c) x 5 226; y 5 88
(d) x 5 42 He
(e) x 5 31 H
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Radiation Detectors

Geiger-Mueller tube an instrument that detects and measures the
ionization from a and b particles

When decay particles pass through a gas, they cause extensive ionization. The a and b
particles are charged and have very high kinetic energy (of the order of 1 MeV, compared with the 10 eV or so required for ionization). Consequently, they have little difficulty pulling or knocking orbital electrons loose. The uncharged g particles can also cause
some ionization through either the photoelectric effect or the Compton effect.
A Geiger-Mueller tube (Geiger counter) takes advantage of ionization to detect radiation. The device consists of a partially evacuated tube containing a copper cylindrical
cathode (negatively charged electrode) and a thin wire anode (positively charged electrode) inside the copper cylinder (Figure 5). The potential difference across the electrodes is barely below the point at which a spark will jump across.

thin glass envelope

fine tungsten
wire anode

scintillation tube an instrument
that detects and measures the
energy delivered to a crystal by
incoming g photons

incoming photon
photon
light-sensitive
cathode

scintillation
crystal
+200 V

+400 V
+600 V
+800 V
+1000 V
+1200 V
+1400 V
+1600 V
photomultiplier
tube
output pulse
Figure 6
A scintillation tube
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cylindrical copper
cathode

electrical connections
( potential difference
usually > 900 V)

Figure 5
A Geiger-Mueller tube

When a particle enters the tube, it ionizes many gas molecules. The electrons accelerate
toward the anode, the positive ions toward the cathode. The ions collide with neutral molecules in their path and cause even more ionization. The net result is a cascade of negative charge into the anode and positive charge into the cathode, producing a short-lived
current. The pulse is then amplified. A resistor in the circuit dissipates the current. The
tube then stabilizes until another a or b particle causes another cascade.
Since g rays do not cause nearly as much ionization as a and b particles, they are difficult to detect with a Geiger-Mueller tube. In their case, the scintillation tube (Figure 6)
is used. The incoming g photon strikes a scintillation crystal in the tube, giving up much
of its energy. The crystal emits this captured energy as a lower-energy photon. When the
photon strikes the first of several electrodes, several electrons are released. These, in turn,
accelerate toward the second electrode. Each of the impinging, newly liberated electrons
causes further releases. The net result is a cascade of electrons striking a final electrode.
This small current pulse is amplified and can be used to drive a counter as in some GeigerMueller detectors. Since the pulses are proportional to the amount of energy originally
deposited by the g photon in the crystal, they can be used to measure g-ray energy.
A third type of detector, in common use, uses a semiconductor diode. The semiconductor allows a transient current to flow when a particle strikes it.

Pair Production and Pair Annihilation
In the early 1930s, Carl Anderson (1905–1991) made an intriguing observation. When
high-energy radiation from deep space passed through a detector, pairs of particles were
produced spontaneously. The incoming radiation (for the most part high-energy X rays)
seemed to disappear. In its place pairs of particles appeared. The motion of the particles
indicated that they had equal masses and speeds; therefore, they had momenta of equal
magnitude and opposite charges of the same magnitude. One of the particles was the
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familiar electron; the other was called an antielectron, or positron (Figure 7). Anderson’s
observation was in agreement with the mass–energy equivalence from special relativity.
The opposite of this process has also been observed. When electrons and positrons
interact, they annihilate one another, usually producing a pair of photons, each with an
energy of 0.511 MeV (the rest-mass energy of an electron). The production of two photons, rather than one, is in accordance with conservation of momentum (Figure 8).

Antimatter
We have seen that sodium undergoes b– decay according to the reaction 24
11 Na →
24 Mg 1 0 e 1 n and that the reaction products include an antineutrino. Current theory
12
–1
w
holds that every particle has its own antiparticle. In a few cases, the particle is its own
antiparticle. Most notably, a photon is its own antiparticle. Think of an antiparticle as
a sort of opposite or mirror image of the given particle; for example, the particle and
antiparticle are opposite in charge, if they happen to be charged.
The existence of antimatter was first proposed because of the fact that equations with
even exponents have more than one root. In the late 1920s the brilliant theoretician Paul
Dirac proposed a theory that combined the concepts of special relativity with those of
quantum mechanics. Dirac’s equation incorporated the wave nature of electrons and
the relativity of motion; however there was one peculiarity. With Dirac’s new theory the
relation between mass and energy was expressed as E 2 5 m2c 4. This, in turn, yielded
two separate relationships: the now-familiar E 5 mc 2 and a second equation, E 5 –mc 2.
The second equation indicates that the energy of the electron could be negative.
Because most physical systems tend to seek the lowest possible energy, the idea has a
disturbing consequence: the energy of the electron could, in theory, continue to become
more and more negative, without lower bound. This does not make sense.
Dirac’s solution to this impossibility called upon the Pauli exclusion principle, which
says that no more than one particle can occupy any one quantum state. He reasoned
that the negative energy states might already be occupied by electrons. Since they had never
been observed, Dirac’s reasoning asserted that they were invisible.
He went on to contend that if one of the invisible electrons absorbed sufficient energy,
it could make a transition to a positive energy state, entering the observable realm. The
transition would, in turn, leave behind a “hole” in the realm of particles with negative
energy. If the negative-energy particles were invisible, the hole left by the absence of
such a particle must be visible. This new particle would resemble an electron in almost
all respects, except in being positively charged. This means, overall, that when an electron appeared, it would be accompanied by its opposite, an antielectron, or (as it became
known) a positron.
The presence of these particles was confirmed in the early 1930s through studies of radiation from deep space. Some particles, which resembled electrons in all other ways,
curved the wrong way in a magnetic field. These had to be the elusive positrons. Many
other types of antiparticles, such as antiprotons, antineutrons, and antineutrinos, have
since been observed, produced, and even stored.
Later developments in quantum theory solved the problem of preventing electrons from
falling into ever-increasing negative energy states. The “negative energy” portion of
Dirac’s mass–energy relation is still accepted, however. This part of the equation predicts that all types of particles should have a corresponding antiparticle. The holes in the
negative energy spectrum were later reinterpreted as positive energy antiparticles.
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Positron Production
The husband-and-wife team of
Frédéric and Irène Joliot–Curie
produced positrons from the
decay of phosphorus-30, an artificially produced isotope of an element that is not radioactive in its
commonly found forms.
positron
photon

nucleus

electron

Figure 7
Pair production
electron
photon

photon
positron
Figure 8
Pair annihilation
Pauli exclusion principle states
that no more than one particle can
occupy any one quantum state

DID YOU KNOW

?

Serendipity
Many important discoveries in science are sparked by chance
observations or just plain good
luck. This is likely because important discoveries often require
novel thinking, of the kind that can
be sparked by an unexpected
event.
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SUMMARY

Radiation and Radioactive Decay

•

Alpha decay occurs when an unstable nucleus emits a particle, often denoted as
4 He, which consists of two protons and two neutrons. The resulting daughter
2
nucleus is of a different element and has two protons and two neutrons fewer
than the parent.

•

Beta decay assumes two forms. In b2 decay, a neutron is replaced with a proton
and a b2 particle (a high-speed electron). In b1 decay, a proton is replaced with
a neutron and a b1 particle (a high-speed positron).

•

The analysis of b decays reveals that additional particles, either antineutrinos or
neutrinos, must be produced to satisfy the conservation of energy and linear and
angular momentum.

•

Gamma decay is the result of an excited nucleus that has emitted a photon and
dropped to a lower state.

•

The twin phenomena of pair production and pair annihilation demonstrate
mass–energy equivalence.

Section 13.1 Questions
Understanding Concepts

5. The particles produced when any given isotope undergoes

emission. Classify each type under the following headings:
Type of Emission, Mass, Charge, Speed, Penetrating Power,
Ionization Ability.

a decay all have the same kinetic energy. The particles produced when a given isotope undergoes b decay, on the
other hand, can have a range of values of kinetic energy.
Explain the differences.

2. In each of the following equations, identify the missing par-

6. Calculate the total binding energy and the average binding

1. Prepare a table comparing the three types of radioactive

ticle and state whether the element has undergone a
or b decay. (Do not include g emissions.)
218
141
(a) 222
(b) 141
86 Rn → 84 Po 1 ?
57 La → 58 Ce 1 ?
(c)
(e)
(g)

238 U → 234 Th 1 ?
92
90
35 Cl → 35 Ar 1 ?
18
17
226 Ra → 222 Rn 1 ?
88
86

(d)
(f)
(h)

141 Ba
56
212 Pb
82
215 Po
84

→ 141
57 La 1 ?
→
→

212 Bi 1 ?
83
211 Pb 1 ?
82

3. Give the value of x and y in each of the following equations:

(a)
(c)
(e)

212 Pb → 212 Bi 1 y
x
83
x Ra → 222 Rn 1 4 He
y
86
2
3H→x1n
1

(b)
(d)
(f)

214 Bi → x Po 1 0 e
83
y
21
215 Po → 211 Pb 1 x
84
82
141 Ce → x Pr 1 0 e
58
59
21

4. (a) Generally speaking, which tend to be more unstable,

small or large nuclei? Explain your answer.
(b) What implication does this have for elements with
large atomic mass numbers?
(a)

(b)

energy per nucleon of carbon-14. See Appendix C for the
atomic masses of carbon-14, the neutron, and the proton.
7. Carbon-14 decays by b2 emission.

(a) Express the reaction in symbols.
(b) The daughter nucleus produced in the reaction has an
atomic mass of 14.003074 u. Calculate the energy
released in one decay.
8. Explain why a sample of radioactive material is always

slightly warmer than its surroundings.
Making Connections
9. Make an inventory of all of the devices in your home that

contain a radioactive substance. Explain the purpose of the
radioactive material in the device. Then search the Internet
to find out how the consumer products in Figure 9 use
radiation in their manufacture.
(c)
Figure 9
(a) Cosmetics are sterilized with
radiation to remove allergens.
(b) Nonstick pans are treated
with radiation to fix the
nonstick coating to the pan.
(c) Computer disks “remember”
data better when they are
treated with radioactive
materials.

676 Chapter 13

NEL

Rate of Radioactive Decay

13.2

Half-Life
The probability that any given nucleus will undergo decay depends on the nature of the
nucleus. Some nuclei are more unstable than others and are therefore more likely to
decay in any given period of time. It is not possible to determine the exact time that any
particular nucleus will undergo radioactive decay.
Because atoms are so small, any significant
quantity of material will contain an enormous
number of them. When viewed on this scale,
Modelling Radioactive
TRY THIS activity
probabilistic determinations of the behaviour
Decay
of the material can be made with great accuracy.
Assume that 40 coins represent 40 unstable atoms and that they have two
Consider this analogy: if a coin is tossed, you
states: decayed or not. Place all the coins in a jar, shake the jar, and empty
have no way to predict, with accuracy, whether
the coins onto a paper plate. Assume that the coins showing tails have not
the outcome will be heads or tails. On the other
yet decayed. Record this number and remove these coins from the plate.
hand, if one billion coins were tossed, you could
Discard the coins that came up heads. Place the nondecayed (tails) coins
predict, with almost full accuracy, that 50% of
back in the jar and repeat the process. Again, record the number of coins that
have not decayed. Continue until all of the coins have decayed. Graph the
the outcomes would be heads. In a similar way,
results and compare the shape of the line to the one shown in Figure 1.
if you have a measurable quantity of a given
Comment on the similarity.
radioactive substance, you can make an accurate prediction, on the macroscopic scale, about
the level of radioactivity at any future instant.
The concept of half-life, first used by Rutherford, is a useful mathematical tool for
half-life a measure of the radioactivity of an isotope; the time t1/2
modelling radioactive decay. This is based on the premise that the rate at which nuclei
needed
for half the atoms in any
decay is related to the number of unstable nuclei present. This reasoning has a powersample of that isotope, prepared at
fully simple outcome: the time needed for one-half of the unstable nuclei to decay will
any instant, to decay
always be a constant.
900

SAMPLE problem 1

Solution
m 5 800 mg
t 1/2 5 half-life 5 5730 a

After 5730 a, the amount of carbon-14 remaining will be one-half the original amount, or
400 mg. In another 5730 a, it will be one-half as much again. This reasoning allows you to
make the calculations summarized in Table 1 and construct a plot (Figure 1).
Table 1

700
600
500
400
300
200

17 190

22 920

28 650

Amount Remaining ( mg) 800

400

200

100

50

25

0

60
17
190
22
92
0
28
65
0

11 460

57

5730

30

100
0

11
4

Time (a)

800
Amount Remaining (mg)

The half-life of carbon-14 is 5730 a. The mass of a certain sample of this isotope is 800 mg.
Graph the activity for the first 5 half-lives.

Time (a)
Figure 1
For Sample Problem 1
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Practice
Understanding Concepts
Answers
1. (a) 240 mg
(b) 8000 a
2. (b) 5.7 3 1024 g
(c) 3.7 3 103 a

1. Using the information in Sample Problem 1,

(a) estimate the amount remaining after 1.00 3 104 a
(b) predict the time at which the amount remaining will be 3.00 3 103 mg
2. A small sample has 5.0 3 1023 g of radium, the half-life of which is 1600 a.

(a) Prepare a graph showing the amount remaining for the first 6 half-lives.
(b) Determine, from your graph, the amount remaining after 5.00 3 103 a.
(c) At what time will the amount remaining be 1.0 3 103 g?
Applying Inquiry Skills
3. According to Figure 1, when will the amount of carbon-14 be zero? Explain

whether you think the model is reasonable.

Using an Equation to Model Radioactive Decay
The level of radioactivity in a substance can be thought of as the number of nuclear
decays per unit time. A highly radioactive substance is thus one in which the decay is rapid;
the half-life would be correspondingly short.
DN
If a sample initially has N unstable nuclei, then the rate of decay can be written as }}.
Dt
This quantity is normally called the activity, A, stated in decays per second. As we have
already noted, the rate of decay is proportional to the number N of unstable nuclei (A ∝ N):
DN
A 5 }} 5 2λN
Dt

decay constant the proportionality
constant that relates the rate of
decay of a radioactive isotope to the
total number of nuclei of that isotope

where A is the activity of the sample (SI, s–1), and λ is the decay constant of the isotope
(also s21). Each isotope has its own decay constant.
Quantities whose rate of decay depends upon the amount of substance present are said
to undergo exponential decay. In this instance, the amount N of radioactive substance left
after some time t has elapsed is given by
1 }t}
N 5 N01}}2 t1/2
2

where N0 is the initial quantity, and t1/2 is the half-life. In a similar way, the activity A of
a sample after some time t is given by
1 }t}
A 5 A0 1}}2 t1/2
2

becquerel (Bq) the SI unit for
radioactivity; 1 Bq 5 1 s21

where A0 is the initial activity.
The SI unit for radioactivity is the becquerel, Bq. In SI base units, 1 Bq 5 1 s21. This
is a very small unit. For example, 1.0 g of radium has an activity of 3.7 3 1010 Bq.
Therefore, the kilobecquerel (kBq) and the megabecquerel (MBq) are commonly used,
so we would say that the activity of 1.0 g of radium is 3.7 3 104 MBq.

SAMPLE problem 2
The half-life for carbon-14 is 5730 a. A specimen of peat from an ancient bog presently
contains 800 mg of carbon-14.
(a) What will be the amount of carbon-14 remaining after 10 000 a?
(b) At what time will the amount remaining be 300 mg?

Solution
(a) N0 5 800.0 mg
t1/2 5 5730 a
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t 5 10 000 a
N 5 ?
NEL

Section 13.2

1 }t}
N 5 N01}}2 t1/2
2
10 000
1 }}
5 8001}}2 5730
2
N 5 240

After 10 000 a, the amount remaining will be 240 mg.
(b) N0 5 400 mg

t1/2 5 5730 a

N 5 300 mg

t 5 ?

1 }t}
N 5 N01}}2 t1/2
2
t
1 }}
300 5 800.0 1}}2 5730
2
t
}
3
1 }
57
30
}} 5 1}}2
8
2
t
1 }}
3
log1}}2 5 log1}}2 5730
(where we arbitrarily choose logarithms of any
8
2

desired base)

3
t
1
log1}}2 5 }} log1}}2
8
5730
2
3
log1}}2
8
t 5 5730 }
1
log1}}2
2
t 5 8100 a

LEARNING TIP
Logarithms
Recall the following property of
logarithms: log x y 5 y log x.

After 8100 a, the amount of radioactive material remaining will be 300 mg.

SAMPLE problem 3
The half-life of cobalt-60 is 5.2714 a. At a certain medical-supply house specializing in
radiotherapy, a particular sample of this isotope currently has an activity of 400.00 kBq.
How much time will have passed before the activity drops to 40.000 kBq?

Solution
t1/2 5 5.2714 a

A 5 40.000 kBq

A0 5 400.00 kBq

t 5 ?

1 }t}
A 5 A01}}2 t1/2
2
t
1 }}
40.000 5 400.001}}2 5.2714
2
t
}
40.000
1 }
}} 5 1}}2 5.2714
400.00
2
t
1 }}
40.000
log }} 5 log1}}2 5.2714
400.00
2

1

2

t
1
log(0.1) 5 }} log1}}2
5.2714
2
log(0.1)
}
t 5 5.2714 log }1}
122
t 5 17.511 a

The radioactivity will drop to 40.000 kBq after 17.511 a.
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Practice
Understanding Concepts
Answers

4. A mass of contaminated soil from the site of a 1950s nuclear-weapons test con-

tains 5.0 mg of strontium-90. This radioactive isotope has a half-life of 29.1 a.
(a) Calculate the quantity of radioactive material remaining after 5.00 a.
(b) Calculate the time needed for the quantity to decay to 0.100 mg.

4. (a) 4.4 mg
(b) 164 a
5. (a) 496 mg
(b) 2245, or ≈ 2.8 3 10214
(c) 1280 h

5. The thyroid gland gathers and concentrates iodine from the bloodstream. The

radioactive isotope I-131, with a half-life of 193 h, can consequently be used as
a marker in determining how well the thyroid gland is functioning. An initial
amount of 5.00 3 102 mg is given to a patient.
(a) The patient is tested 2.00 h after the I-131 is taken. How much of the material is left in the patient’s body?
(b) What fraction of the original quantity is left after one year?
1
(c) How much time is required for the amount to fall to }} of the original
100
quantity?
6. A Geiger-Mueller tube is irradiated by a gram of C-14 (t1/2 5 5730 a). An iden-

tical tube is irradiated by a gram of I-131 (t1/2 5 8.04 d). The two sources are the
same distance from their respective detectors. Which detector gives the higher
reading? Explain your answer.

Radioactive Dating
radioactive dating a technique
using known properties of radioactive materials to estimate the age of
old objects

DID YOU KNOW

?

Radiocarbon Dating
In its simplest form, radiocarbon
dating assumes that the proportion
of the total amount of carbon that is
carbon-14 has been stable for many
thousands of years, yielding a
simple decay process. For most
practical purposes, this assumption
works well. However, fluctuations in
the ratio of carbon-14 to stable
carbon-12 must be taken into
account where highly accurate calculations are needed. These fluctuations can be determined, and the
necessary corrections made to our
calibrations, by taking samples from
very old living trees.

Archaeologists and geologists use radioactive dating to estimate the age of ancient
objects. One common procedure uses carbon-14.
Neutrons in the constant stream of high-energy particles from deep space react with
atmospheric nitrogen atoms, knocking one proton from the nucleus of 147N. The neutron
is absorbed, resulting in the creation of a 146C atom (Figure 2). This carbon atom can combine with oxygen in the atmosphere to produce a CO2 molecule. Plants can thus absorb
some of this radioactive carbon in the normal photosynthetic process by which they
produce their food. Likewise, the animals that eat those plants can ingest radioactive
carbon (Figure 3).
The proportion of the total amount of carbon that is carbon-14 is very small, about
1.3 3 10–12. Nonetheless the amount is measurable. As long as the creature is alive, it will
continue to absorb and collect this radioactive material. Once the creature dies, no further carbon-14 will be ingested, and the proportion of carbon-14 will start to decline.
A measurement of the activity present can therefore be used to estimate the age of the
specimen. Carbon-14 is most useful for dating materials less than 60 000 a old. After
1
about four half-lives have elapsed, the fraction, }}, of the remaining C-14 is too small
16
to be measured accurately.

14
7N

14
6C

proton
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neutron

Figure 2
An interaction with a high-speed
neutron can cause a nitrogen atom
to transmute to a carbon-14 atom.
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Cosmic rays, passing through atmosphere,
produce fast neutrons.
Neutrons strike nitrogen in the atmosphere,
producing carbon-14 and hydrogen.

nitrogen atom

neutron
hydrogen
carbon-14 atom
Carbon-14 mixes with oxygen to
form radioactive carbon dioxide.
Vegetation absorbs
radioactive carbon dioxide.

Figure 3
Radiocarbon dating is possible
because plant and animal life
absorb radioactive carbon-14
through their intake of CO2. When
an organism dies, the carbon-14,
disintegrating at a rate determined
by the carbon-14 half-life of 5730 a,
is not replaced. At any stage, the
proportion of carbon-14 that is left
in a specimen indicates its age.

Animals, feeding on
vegetation, absorb
carbon-14.

When animals and plants
die, carbon-14 disintegrates
at a known rate.
at death

5730 a: 12 of carbon-14 remains

11 460 a: 14 of carbon-14 remains

17 190 a: 18 of carbon-14 remains

70 000 a: almost no carbon-14 remains
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SAMPLE problem 4
A piece of wood from an ancient burial site has an activity of 3.00 3 101 Bq. The original
activity is estimated to be 2.4 3 102 Bq. What is the estimated age of the wood?

Solution
A 5 3.00 3 101 Bq

t1/2 5 5730 a

A0 5 2.4 3 102 Bq

t 5 ?
1 }t}
A 5 A01}}2 t1/2
2

1 }t}
3.00 3 101 5 2.4 3 1021}}2 5730
2
t}
3.00 3 101
1 }
}}
5 1}}2 5730
2.4 3 102
2
3.00 3 101
1 }t}
log1 }}
5 log1}}2 5730
2
2
2.4 3 10
2
3.00 3 101
t
1
log1 }}
5 }} log1}}2
2.4 3 102 2
5730
2
3.00 3 10 1
log1}}
2
2.4 3 10 2
t 5 5730 }}
1
log1}}2
2
t 5 1.7 3 104 a

The sample is estimated to be 1.7 3 104 a old.

DID YOU KNOW

?

Keeping Earth Warm
The most abundant radioactive
isotopes in Earth’s crust and mantle
are potassium-40, uranium-235,
uranium-238, and thorium-238.
Their half-lives are long, and they
generate enough heat to keep the
interior of Earth quite hot.

Materials with relatively longer half-lives can be used to determine the absolute age of
geologic formations. Uranium-238, for example, with a half-life of 4.5 3 109 a, can be
used to date even the oldest deposits on Earth. Since U-238 decays several times, eventually becoming Pb-206, several types of daughter nuclei are to be expected. To date a rock,
the geochemist measures the contained mass of U-238 as well as the contained masses
of the expected daughter isotopes. The relative amounts of U-238 and daughter isotopes can then be used to estimate the age of the rock. Samples found near Sudbury
have been determined with this method to be in excess of 3.5 3 109 years old, making
them among the oldest rocks in the world.
Table 2 lists some of the isotopes commonly used in radioactive dating.
Table 2 Some Isotopes Commonly Used in Radioactive Dating
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Radioactive Substance

Material Tested

Half-Life
(a)

Potential Range
(a)

carbon-14

wood, charcoal, shell

protactinium-231

deep sea sediment

thorium-230

deep sea sediment, coral shell

uranium-234

coral

chlorine-36

igneous and volcanic rocks

300 000

500 000

beryllium-10

deep-sea sediment

2.5 billion

800 000

5 730

70 000

32 000

120 000

75 000

400 000

250 000

106

helium-4

coral shell

4.5 billion

—

potassium-40

volcanic ash (containing
decay product argon-40)

1.3 billion

—
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Practice
Understanding Concepts
7. An ancient piece of bark is estimated to have originally contained 2.00 mg of carbon-14.

Answers

Measurements reveal that it currently has 0.25 mg of carbon-14. Estimate its age.

7. 1.7 3 104 a

8. L’Anse Aux Meadows, in Northern Newfoundland, is the only confirmed viking

8. 9.5 3 102 a

settlement in North America. Suppose that a sample of charcoal (a form of pure
carbon) is found at the site and the measured activity is currently 7.13 Bq. The original
activity is estimated to be 8.00 Bq. Estimate the age of the settlement.

9. 5.9 3 108 a

9. A sample of a uranium ore is estimated to have originally contained 772 mg of

uranium-238. Analysis reveals the sample to contain 705 mg of uranium-238. What is
its estimated age? (Refer to Appendix C for the half-life of U-238.)
10. An ancient burial site contains a piece of parchment and the blade of a knife. Can

carbon-14 dating determine the date of both items, of neither, or of just one? Explain
your answer.

Decay Series
Uranium-238 decays by emitting an a particle. The daughter isotope, Th-234, being
itself unstable, decays to Pa-234 by emitting a b2 particle. In fact, as many as 14 transmutations can occur before a stable daughter, Pb-206, is created. Figure 4 shows several series of transmutations by which U-238 can decay. The decay yields unstable
isotopes (such as radium-226, with a half-life of 1600 a) that would have long disappeared from Earth if they were present only when Earth was formed, 4 or 5 billion years
ago, and were not somehow replenished in recent times.
Uranium (U)

92
91

b2

α

Protactinium (Pa)

α
b2

Thorium ( Th)

90

Atomic Number

89

α
α

Radium (Ra)

88
87

emission
of an
alpha
particle

α
Radon (Rn)

86
85

α

84

Polonium (Po)

83

Bismuth (Bi)

82

Lead (Pb)

81
238

Thallium ( Tl)
226
222

234

230

b2

b2

emission
of a beta
particle

b2 α

α

α
b2
α

b2
b2

218

214

210

206

Mass Number
Figure 4
A nuclide chart shows all the decay products of a given radioisotope. In nuclear physics, nuclide
charts are more useful than the periodic table. The last isotope in a nuclide chart is usually
stable. This is illustrated in the chart for uranium-238, where lead-206 is not radioactive and
thus stable.
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Practice
Understanding Concepts
11. Express in symbols the first four decay reactions in the decay series of U-238.
12. Using Figure 4, determine the number of possible unique ways by which a stable

daughter can be produced.

Medical Applications of Radioactivity

Figure 5
The white dots on this X-ray are
radioactive implants used to treat
prostate cancer.
684 Chapter 13

Recall from Section 13.1 that the a and b particles released in nuclear decays ionize the
molecules of the substances they pass through. For example, fast-moving b particles
can knock electrons in the air molecules from their orbitals. This is even more so the case
for a particles, which carry twice the charge. The particles emitted in radioactive decay
processes have relatively high kinetic energies, on the order of 104 eV to 107 eV. Since a
kinetic energy on the order of 10 eV is enough to ionize an atom or a molecule, a single
particle can produce a very large number of ionizations. In addition, photons produced
by g decay can ionize atoms and molecules, through Compton scattering and the photoelectric effect.
Ionization is a disadvantage for any living tissue bombarded by a particles, b particles, or g rays . The ionized molecules can cause harmful chemical reactions within the
cells harbouring them. Damage to DNA can cause even more serious harm. If the radiation is sufficiently intense, it will destroy molecules faster than replacement copies can
be made, killing the cell. Even worse, the damage to the cell’s DNA might be such that
altered cells could survive and continue to divide. Such a condition could lead to one of
many forms of cancer.
Fortunately, the damaging effects of radiation on living tissue can be put to good use,
since the processes that kill healthy cells are even more liable to kill the rapidly growing
cancerous cells. Radiotherapists concentrate the radiation on the place where it is needed,
minimizing the effect on the healthy surrounding tissue. One process localizes the damage
by moving the source of the radiation around the body while directing a thin beam of
particles at the cancerous tissue. A second process localizes the effect by using very small,
rice-like radioactive particles, embedded close to the cancer (Figure 5).
Radiation has applications in diagnosis as
well. Sodium-24, for example, which is soluble
in blood, is injected into the body to measure
kidney function. The isotope 99
43 Tc (technetium), with a half-life of 6 h, is a vital part
of many of the more popular radioactive
tracers in current use. Because the isotope
can combine with many other materials,
tracer compounds can be designed that are
tailored to many different body systems and
functions. These advanced tracers can then
be coupled with equally advanced detectors—
gamma cameras—to produce real-time data
for studies.
Gamma cameras can also be used with
chemicals containing positron emitters to
help form three-dimensional scans in positron
emission tomography (PET). When the emitters undergo b+ decay within the body, the
NEL
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resulting positron typically travels only a short distance before colliding with an electron.
Two g photons of opposite momenta are emitted and recorded by gamma camera detectors on opposite sides of the patient. The location of the annihilations, which are along
the line between the two g photons, can be traced once the differences in arrival times
are calculated (Figure 6).

DID YOU KNOW
The Cobalt Bomb

?

electronics and computer
photomultiplier tubes
detection crystal
collimator
The “cobalt bomb,” used to treat
cancer, directs very high-energy g
and b radiation, produced from the
decay of cobalt-60, onto affected
areas. The apparatus is designed
and marketed by Atomic Energy of
Canada Limited (AECL).

Figure 6
A gamma camera assembly. The photons emitted in the patient’s body are detected
by the photomultiplier tubes. A computer monitor displays the image computed from
the photomultiplier signals.

Continuous advances in the speed and sophistication of PET electronics have produced a steady improvement in image resolution (Figure 7). In addition, PET imaging
makes use of a much higher percentage of the nuclear decays than do most other such
techniques. This allows the administered dose of radiation to be much lower, making the
devices inherently safer than the alternatives, such as the X-ray-based CAT (computerized axial tomography) scanners.
(a)

(b)

Figure 7
PET imaging helps identify
problems such as tumours and
damage to organs.
(a) A healthy heart
(b) A heart that has suffered a
myocardial infarction
NEL
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SUMMARY

Rate of Radioactive Decay

•

The half-life, which is unique to any given isotope, is the time required for onehalf of the original to decay.

•

The activity A, in decays per second (Bq), is proportional to the number N of
unstable nuclei present.

•

The amount of radioactive substance N left after some time t is given by
1 }t}
N 5 N01}}2 t1/2 , where N0 is the initial quantity and t1/2 is the half-life.
2
1 }t}
The activity, A, in becquerels, after some time t is given by A 5 A01}}2 t1/2 , where
2
A0 is the original activity.

•
•

If the half-life of a radioactive isotope, the level of radioactivity, and the original
activity or amount are known, then the age of a material can be estimated.

Section 13.2 Questions
Understanding Concepts
1. Uranium-238 has a half-life of 4.5 3

6. You have unearthed a clay tablet in your back yard. Why

109

a. A material specimen presently containing 1.00 mg of U-238 has an activity
of 3.8 3 108 Bq.
(a) Calculate the activity of the specimen after 1.00 3 106 a.
(b) How many years will pass before the amount of U-238
remaining is 0.100 mg?

2. The activity of a specimen containing some hypothetical

radioactive isotope X is initially measured to be 1.20 3
103 Bq. One hour later, the activity has fallen to a value of
1.00 3 103 Bq. Calculate the half-life of X.
3. Mass spectrometry of a mineral specimen originally com-

posed mainly of U-238 reveals that 9.55% of the metallic
content is consistent with daughter products from the
decay of this isotope. Estimate the age of the specimen.
4. A bone fragment of carbon is found to have an activity of

4.00 Bq. The initial activity is estimated to be 18.0 Bq.
Estimate the age of the fragment.
5. It is quite likely that transuranium elements (elements with

atomic numbers greater than 92) were present in Earth’s
crust shortly after the planet formed. Suggest reasons why
these elements are not presently found in minerals.

686 Chapter 13

would C-14 dating be inappropriate? Suggest a reasonable
alternative.
Applying Inquiry Skills
7. Thorium-232 undergoes the following series of decays

before a stable daughter is produced: b2, b2, a, a, a, a,
b2, b2, a. Construct a graph similar to Figure 4 to depict
the series.
Making Connections
8. Radioactive dating has helped determine that life first

appeared on Earth approximately 3 billion years ago.
Suggest how this estimate could have been made.
9. Research the costs of purchasing and maintaining a PET

scanner. Draw conclusions about the cost-effectiveness of
such a purchase.
10. Research the methods used in mining radioactive sub-

stances, such as uranium. Briefly describe some of the
safeguards taken to protect the health of the miners.

GO

www.science.nelson.com
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Working with Particles

13.3

Suppose you challenge two friends to identify an object concealed from their view, a golf
ball. You allow your friends to fire a large number of probing particles, from any angle,
and to measure the trajectories upon rebound, as in Rutherford’s a-scattering investigation. You equip your friends with two sizes of probe, one much smaller than the
other (Figure 1). Which friend will get more precise information about the object being
bombarded?
(a)

(b)

Figure 1
(a) A golf ball appears spherical
when probed with steel balls
4 mm in diameter.
(b) With steel balls 1 mm in diameter, some of its dimples are
revealed.

The friend using the smaller probing particles would be able to resolve the surface
dimples. In a similar way, physicists probe the atom with particle beams of the highest
possible resolving power, as determined by the de Broglie wavelength.
Recall from Chapter 12 that the de Broglie wavelength associated with any moving
h
object of nonzero mass is λ 5 }}. It follows that the wavelength associated with a
mv
particle decreases when the speed increases (disregarding relativistic effects), being
inversely proportional to the square root of the kinetic energy. Therefore, high-energy
particles are preferred for probing unknown nuclei.
In Chapter 12 we saw that the probing of the nucleus began in Rutherford’s laboratory with a particles from a natural radioactive source. By the 1930s, experimentalists
began constructing accelerating machines, in search of higher energies. This search continues into the twenty-first century.

The Cyclotron and Synchrocyclotron
It is evident that charged particles can be accelerated through high potentials, such as are
achievable with a Van de Graaff machine. However, in the 1930s, problems in working
with very high voltages stimulated the American, Ernest Lawrence, to consider accelerating particles by means of a large number of small increases in electrical potential rather
than with one large increase. Lawrence suggested magnetically deflecting the particles into
a circular orbit. The key to the operation of his device, the cyclotron (Figure 2), is the fact
that the orbits of charged particles in a uniform magnetic field are isochronous: the
time taken for particles with the same mass and charge to make one complete cycle is the
NEL

Figure 2
Ernest O. Lawrence holding
his first cyclotron
isochronous recurring at regular
intervals even when some variable
changes; for example, the period of
a pendulum is isochronous with
respect to variations in the mass of
the bob
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beam

B

B
S

B

B
E

Figure 3
A cyclotron. The crosses indicate
that the magnetic field is downward,
through the dees. The oscillating
electric field across the gap between
the dees gives the particle a small
boost of energy each time it crosses
the gap. The magnetic field, acting
down through the dees, keeps the
particle moving in a circular path but
with increasing radius. What would
happen if the direction of the magnetic field were reversed?

DID YOU KNOW

?

Let’s See What This Does ...
The experimental side of particle
physics has often been described as
the act of bombarding the target
with high-energy particles to “see
what comes out.”
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same at any speed. Since the radius of the circular path increases exactly as the speed, the
time for any orbit stays constant. This makes it possible for a modest potential difference,
reversing in polarity at constant frequency, to accelerate a charged particle many times.
The most obvious feature of the cyclotron is a pair of “dees,” hollow, D-shaped electrodes that cause the accelerating particles (usually protons) to move in a spiral path.
Figure 3 shows that a magnetic field is directed downward through the dees to cause
the deflection. An AC potential is applied to opposite dees. The period of the variation
in potential is timed to coincide with the period of the circular motion of the particles.
In this way, the strong electric field in the gap between the dees causes the particles to accelerate each time they jump over.
The increased speed results in ever-increasing radii for the circular motion. After
some number of revolutions, the particles are so energetic they miss the second dee
when they cross the gap, leaving the apparatus in a high-energy beam that can be used
in collision experiments.
At nonrelativistic speeds the mechanics are simple. The design task is to find the right
AC frequency, given the charge on the particles and the strength of the magnetic field.
This is straightforward, since the charge of the proton and the a particle is precisely
known, and the magnetic field strength can be calculated from the geometry and current load of the electromagnet.
The kinetic energy of the emitted particles is independent of the potential difference
across the dees. A very high voltage causes an enormous acceleration across the gap,
leading to a spiral pattern that grows quickly, with the particle exiting after only a few
cycles. A lower voltage, on the other hand, produces less acceleration across the gap,
leading to a spiral pattern that grows slowly, with the particle exiting after many cycles.
The same total work is done in both cases, ensuring that the charged particle exits with
the same kinetic energy in both cases.
However, at relativistic speeds the mechanics of the cyclotron are not simple. Like duration and length, momentum is affected by high speeds. As the speed of the particle
approaches the speed of light, the momentum approaches infinity. This steady relativistic
increase in momentum causes the cyclotron frequency to lose synchronization with the
circling particles at high energies and therefore sets an upper limit on the energy that can
be imparted.
A synchrocyclotron, or frequency-modulated (FM) cyclotron, is a modified classic
cyclotron in which the frequency of the alternation in electric potential is changed during
the accelerating cycle. This allows the particles to stay in phase with the alternating electrical field even when the relativistic momentum increase becomes significant. As a
result, relativity does not impose as low a limit on the energy of the accelerated particles
as with the classic cyclotron.
We can illustrate this concept with protons. In the early part of the acceleration, when
the speed is lower, a conceivable frequency for proton acceleration is 32 MHz. By the
time the proton has acquired an energy of 400 MeV, the required frequency has fallen to
20 MHz. This change in frequency takes approximately 10 ms. As a result, the accelerated protons are delivered in bunches, one for each frequency-modulation cycle. After
the delivery of a bunch of protons, the frequency must return to 32 MHz so that the
machine can pick up another batch of protons.
Since the beam is not continuous but comes in bursts, its intensity is much lower than
in a classic cyclotron. To compensate, there are now very large synchrocyclotrons, with
huge magnets, in many countries. The size and cost of the magnets presently set an
upper limit of 1 GeV to the energy achievable in a synchrocyclotron. Superconducting
magnets may, however, increase this limit by making smaller magnets feasible.
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The TRIUMF Cyclotron
In the 1970s, several new versions of the synchrocyclotron appeared, designed to improve both the intensity of the proton beam and the length of the duration
of the bursts. In these machines, it is the magnetic field
rather than the frequency of the alternation in potential difference that is varied to compensate for the relativistic momentum effect. Adjustments had to be
made in the magnetic field as problems in focusing
developed. It was found that if the electromagnets were
segmented, this problem was partially resolved. The
TRIUMF cyclotron at the University of British
Columbia is an example of a synchrocyclotron with
segmented magnets, or, as they are now called, sectorfocused cyclotrons (Figure 4).
The TRIUMF cyclotron is of a type often called a “meson factory.” It is so named
because it is particularly well-suited to the production of short-lived particles called
pions, which belong to a class of particles called mesons.
The negatively charged hydrogen ions accelerated by the TRIUMF reach speeds of
about 0.75c. At this point, the ions have energies of about 520 MeV and are directed out
of the cyclotron into areas where they are used for research. Using a stripping foil inside
the cyclotron, electrons can be removed from the ions, thus leaving proton beams with
varying energies, which can also be used for research. The proton beams can be directed
into pipes called beam lines, where electromagnets guide them to where they are needed,
either in the proton hall, where the beam can be used directly, or the meson hall. The protons then collide with targets, producing the short-lived pions.

Figure 4
The TRIUMF is the world’s largest
cyclotron. (TRIUMF stands for triuniversity meson facility, although
now there are 11 universities
involved.)

Linear Accelerators
Cyclotrons and synchrocyclotrons have a number of disadvantages. Since the particles
are contained by a magnetic field, the ejection of a high-energy beam is difficult and
inefficient. Therefore, using internal targets limits the kinds of experiments that can be
performed. Also, in the case of high-energy electrons, there are severe losses of energy
through synchrotron radiation.
The linear accelerator, or linac, is designed to overcome some of these limitations. The
linac is a long, evacuated tube containing a large number of drift tubes. Alternate drift
tubes are connected to opposite sides of a high-frequency generator through transmission lines running the length of the accelerator (Figure 5(a)). If a negatively charged

Figure 5
(a) A linear accelerator. Charged
particles accelerate as they are
attracted by the alternately
charged drift tubes.
(b) The Stanford Linear Accelerator

(a)

(b)
AC source

drift tubes

source of charged particles
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DID YOU KNOW

?

Magnet Technology
The currents required to give an
ordinary electromagnet the field
strength specified for contemporary
cyclotrons would melt the coils.
There is thus no alternative to
superconducting electromagnets.
The massive international funding
devoted to magnet technology has
had useful spinoffs. For example, the
increased production of superconducting magnets made possible the
commercial manufacturing of magnetic resonance imaging (MRI)
devices.

from initial linear
accelerator

Synchrotrons

accelerating
cavities

electromagnets
to target
Figure 6
A simplified schematic of a
synchrotron

to next
accelerating cavity
beam of
protons
curls to
the right

magnetic
field points
upward
Figure 7
Segmented bending magnet
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particle is injected when the potential of the first drift tube is positive, the particle accelerates to it, acquiring kinetic energy. Once it is in the first tube, it does not accelerate
further but moves at a constant “drift” velocity. (Inside a drift tube, as inside any container
with walls at a spatially constant potential, the electric field is zero at all times, even if the
potential of the walls happens to vary over time.) If, by the time the particle reaches the
end of the first drift tube the electrical potential difference between alternate drift tubes
has reversed, the particle accelerates between the tubes. The particle drifts more quickly
through the second tube, which is longer. It is further accelerated in the space between
the second and third tubes, since the potential difference has reversed again. The process
continues through a succession of progressively longer drift tubes, with the kinetic energy
of the particles increasing upon each transition.
The Stanford Linear Accelerator (SLAC), completed in 1961, is 3.2 km long and contains 240 drift tubes (Figure 5(b)). It is designed to accelerate electrons to energies of
approximately 20 GeV. At this energy, the relativistic momentum increase gives the electron a mass 40 000 times its rest mass. The highest-energy proton linac is located at Los
Alamos, New Mexico. Completed in 1973, it accelerates protons to 800 MeV.
The intense pulses of high-energy protons from proton linacs make these devices
ideal as injectors for proton synchrotrons. Used on their own, however, they serve primarily to produce mesons in the bombardment of targets.

Strong progress in nuclear research was made possible by raising the energies of protons
in successively larger accelerators of the designs we have considered so far. This had to
stop, however, because of the rising cost of the magnets, some of which had to have
masses as great as 40 000 t.
Higher energies are reached by combining some design ideas from the linac and the
synchrocyclotron. In a synchrotron, in place of one large magnet a series of smaller magnets keeps the accelerated beam in a circular path. Between successive electromagnets are
radio-frequency accelerating devices called cavities, which work much like the short sections of a linear accelerator. Protons are first accelerated by a linear accelerator, then
directed into a circular vacuum chamber running through a succession of electromagnets (Figure 6). The electromagnets are designed in such a way that the field increases
with increasing radius, confining the beam of protons to a relatively small cross-section.
This beam can be used directly to strike targets outside the ring. Alternatively, a target
can be placed in the beam, so that secondary particles are ejected from it. In either case,
special magnets direct the particles out of the ring.
While electrons are sometimes used in synchrotrons (e.g., the Canadian Light Source,
discussed later), usually protons are the particles used. Why? Charged particles emit photons—synchrotron radiation—when accelerated. Since the particles in the synchrotron
undergo circular motion, they are constantly accelerated not only by the accelerating
cavities but also by the bending magnets (Figure 7). The net result is that much of the work
done on the particles is radiated away, without increasing the kinetic energy. Because the
amount and intensity of the synchrotron radiation depend on the speed of the particles
and the magnetic field strength, the emission increases enormously at relativistic speeds.
Specifically, the output of synchrotron radiation increases with the cube of the ratio of
a particle’s energy to its rest-mass energy (the product of rest mass and c 2). Because this
ratio tends to be much higher for lighter particles, heavier particles are preferred. The
energy of the protons is increased by a series of accelerators before the protons are injected
into a “main ring” in a synchrotron. The so-called Tevatron, the synchrotron at the Fermi
National Accelerator Laboratory (Fermilab) in Batavia, Illinois, illustrates this arrangement.
In the Tevatron main ring are 1000 superconducting magnets (each costing $40 000),
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with coils of niobium and titanium cooled to –268° by liquid helium. At this temperature,
the coils lose nearly all their electrical resistance, minimizing power demands.
Accelerated particles are stored in a second ring, ready for collision with accelerated
particles in the first ring. When a moving particle strikes a target, which in the inertial
frame of the laboratory is essentially at rest, only a small portion of the resulting energy
is available for interaction with another particle. For particles moving at close to the speed
of light the effect is significant. For example, if a proton with an energy of 400 GeV
strikes a proton in a target at rest, only 27.4 GeV is available for the interaction. If, on
the other hand, the two particles are moving in opposite directions and collide, then all
the energy is available for the interaction (Figure 8). For example, if two 31.4 GeV protons collide, 62.8 GeV is available for the interaction.
A similar arrangement is available with the Large Electron-Positron Collider (LEP) at
CERN (European Organisation for Nuclear Research) in Geneva, Switzerland. Beams
of particles are accelerated in two rings, moving clockwise in one, counterclockwise in
the other. When the beams meet, some of the particles interact. A team under the direction of Carlo Rubbia used colliding beams of protons and antiprotons in a CERN accelerator to confirm the existence of three particles, the W+, W–, and Z particles, known as
bosons. (We will return to bosons later in this chapter.)
Synchrotrons are enormous in size and cost. The synchrotron at Fermilab has a circumference of 6.3 km. The LEP has a circumference of 27 km. A giant superconducting
supercollider was planned for Waxahachie, Texas. The device would have used a ring
87 km in circumference and could have produced collisions with energies of 40 TeV.
Nicknamed the Desertron, since its huge size could only be accommodated in a large
expanse like the American desert, it was cancelled in 1993 because of its cost. Apparently
the magnitude and costs of high-energy particle research have reached levels exceeding
what can be accommodated by national governments acting alone.
Despite the challenges in funding, several large-scale projects are underway. Upgrades
are constantly in progress at Fermilab’s Tevatron. There are also plans for the construction of a very large hadron collider near Fermilab. This device will collide muons (heavy
cousins of the electron) with about 50 times the energy available at the Tevatron. The
promising outlook for international cooperation in particle physics is illustrated by the
Large Hadron Collider (LHC) at CERN, expected to enter production, using the existing
LEP tunnel, in the first decade of this century. Energies as high as 7 TeV should be possible (Figure 9).
(a)
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Figure 8
Colliding beams of particles

Figure 9
(a) CERN’s new Large Hadron
Collider
(b) The giant Collider Detector at
Fermilab

(b)
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EXPLORE an issue

Decision-Making Skills
Define the Issue
Defend the Position

Funding Research on
Elementary Particles
Progress in particle physics goes hand in hand with particleaccelerator technology. The rapid but expensive process
through which the atomic bomb was developed suggested to
the policy-makers of the day that the new physics, if coupled
with sufficient funding, could readily be put to military use. After
World War II, physics enjoyed lavish funding, particularly in the
United States. The funding climate soon produced the hydrogen
bomb and encouraged the development of increasingly powerful particle accelerators. Thanks to the accelerators, the zoo of
known particles expanded greatly, and theoretical predictions
were put to effective test.
By the end of the 1980s, however, the easing of Cold War tensions reduced the perceived need in the West to invest in
physics as a guarantor of national security. One of the first
major projects affected was the Desertron, cancelled in 1993. At
the same time, construction of the international LHC at CERN
went ahead. The message was clear: the future of large-budget
particle physics lay in international cooperation.

Analyze the Issue
Identify Alternatives

Research
Evaluate

Brookhaven, CERN, Fermilab, TRIUMF, and Stanford to get
an idea of the megaprojects currently underway.

GO

www.science.nelson.com

2. Imagine that you are in charge of building the next genera-

tion of superaccelerator. You have settled on a synchrotron
100 km in circumference.
(a) From which organizations would you seek funding?
What would be the basis for your proposal?
(b) What opposition would you expect to encounter? How
would you deal with it?
3. What recommendations regarding future directions for ele-

mentary particle research would you make to the international research community?
Form an Opinion
4. On the strength of your research and your answers to the

Understanding the Issue

above questions, form an opinion on the appropriate level
of public funding for research in particle physics. Present
your opinion verbally to the class.

1. Search the Internet using key words such as “particle

physics” and “particle accelerators.” Visit the Web sites at

Synchrotron Radiation: The Canadian Light Source
Table 1 Relative Brightness of
Various Light Sources
Source

Intensity
photons/s
}
1}
mm2 2

CLS synchrotron

1019

sunlight

1013

candle

10 9

medical X ray

10 7

funding

conventional
construction

1999

2000

Synchrotron radiation, more commonly known in Canada as synchrotron light, can be
put to good use as a tool used in microscopy. The Canadian Light Source (CLS) synchrotron, located in Saskatoon, has been specifically designed to produce intense beams
of light at various wavelengths, particularly those in the X-ray range. The extremely
small wavelength of the light, coupled with its great intensity (Table 1), makes it an ideal
probe with which to examine the most minute of structures.
Initiated in 1999, the majority of the CLS’s beam lines are expected to be in operation
by 2007 (Figure 10). The total funding in the amount of $173.5 million for the CLS
comes from a variety of sources, both public and private (Table 2).

2001

equipment
assembly

commissioning
of six
beamlines

open for
business

phase II
beamlines

2002

2003

2004

2005

phase III
beamlines
2006

2007

Figure 10
Timeline for completion of the CLS beam lines
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The CLS is actually a series of integrated systems. First, the combination of an electron gun and a linac accelerates electrons to close
to the speed of light, where they attain a kinetic energy of approximately 0.3 GeV. Next, the particles are injected into the booster
ring where their kinetic energy is increased, by a factor of approximately 10, to 2.9 GeV. From here, the high-energy electrons are
transferred to the 54 m diameter storage ring, where the synchrotron light is produced.
Beam lines then direct the synchrotron light to an area called the
optics hutch where the full spectrum is separated into several discrete
bands, including infrared and soft and hard X rays. These beams
are then available for research at the experimental hutch and at various stations in the facility (Figure 11).
There are many uses for synchrotron light (Table 3). Medical science, for example, can benefit from the extremely detailed images
that the light can produce. In particular, researchers expect to use
the facility to study the finer structures of the heart and brain. In
addition, chemical researchers can also benefit from the intensity of
the light by using it to produce nanosecond-by-nanosecond representations of molecular interactions. This information can then
be put to use in the design of pharmaceuticals that have much more
predictable results. Other applications to chemistry will include the
design of advanced materials.

(a)

Table 2 Funding for the CLS
Source

Millions of
Dollars

“In kind” contributions

32.6

Canada Foundation for Innovation

56.4

Federal Government

28.3

Saskatchewan Provincial Government

25

Ontario Synchrotron Consortium

9.4

University of Saskatchewan

7.3

City of Saskatoon

2.4

SaskPower

2.0

University of Alberta
University of Western Ontario
Other

0.3
0.3 +
in kind
9.5

Table 3 Research Applications
Type

Sample Applications

infrared

Studying the behaviour of biological
molecules
advanced materials design

soft X rays

Studying the chemical structure
of materials

hard X rays

Studying materials at the molecular level

(b)

(c)

Figure 11
(a) In the optics hutch, the synchrotron light is separated into portions of the
electromagnetic spectrum, then focused with specially curved mirror systems.
(b) In the experimental hutch, the selected wavelength of synchrotron light is
directed onto the sample to be analyzed and the data stored.
(c) The data are transferred to work stations for analysis.
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Practice
Understanding Concepts
1. Simple mathematical models can only be applied to particle accelerators when the

energies and speeds are relatively low. Why does the situation become so much more
complicated in practice?
2. Why is TRIUMF called a “meson factory”?
3. TRIUMF uses hydrogen ions or protons. Suggest a reason why the electron is the par-

ticle of choice for the CLS synchrotron.
4. Suggest reasons why the operators of the CLS refer to synchrotron light rather than

the conventional term, synchrotron radiation.

Particle Detectors
Subatomic particles are far too small and move far too quickly to be observed and measured directly. Further, most elementary particles are exceedingly short-lived, typically
decaying into other particles within a nanosecond. The particle detectors used to observe
the subtle products of high-energy accelerators are in some ways as impressive as the
accelerators themselves. For example, we must be able to photograph the effects of a
subatomic particle that remains in the detector for just 10–11 s.
For a detector to sense a particle, there must be an interaction between the particle and
the detector material. The interaction is typically the emission of light, the ionization of
the medium, or a phase or chemical change in the medium. Table 4 summarizes the
various devices used to detect subatomic particles. We will first examine two of the
detectors traditionally used in high-energy research, the cloud chamber and the bubble
chamber, and then briefly consider more contemporary instrumentation.
Table 4 Some Properties of Particle Detectors
Primary
Response

Type of Device

Sensitive
Material

ionization

solid-state detector

solid

ionization chamber
proportional counter
Geiger counter

gas

Time
Resolution
1026 to 1027 s

spark chamber
light
emission

phase or
chemical change
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Space
Resolution
size of detector

1 mm
1029

scintillation counter

gas, liquid,

Cerenkov counter

or solid

s

size of detector

scintillation chamber

solid

1028 s

1 mm

cloud chamber

gas

none

0.1 mm

bubble chamber

liquid

nuclear emulsion

gel

solid-state track
detectors

solid

1 mm
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Cloud Chambers
The cloud chamber was devised in 1911 by Charles Wilson (1869–1959) in England.
Wilson found that in a gas supersaturated with a vapour, condensation forms along the
trajectories of charged ions, leaving trails of droplets, which can be photographed.
A simple cloud chamber can be made with a glass or plastic cylindrical container,
open at one end. A piece of black cloth saturated with alcohol is placed onto a block of
dry ice and then covered by the container. The container soon fills with alcohol vapour.
A supersaturated layer of alcohol forms just above the black cloth. If a radioactive source,
emitting a or b particles, is put into the container, the moving particles leave behind
vapour trails, reminiscent of jet-airplane sky trails, as they condense the alcohol vapour.
(A strong source of light from the side, such as the beam from a 35-mm slide projector,
helps make the trails visible.)
Argon and ethyl alcohol are common in the more sophisticated cloud chambers used
in serious research. In the detector in Figure 12, compressed air forces a piston forward
when valve A is opened. When valve B is opened to the atmosphere, the piston is forced
backward, the pressure decreases, and the vapour expands to a supersaturated state,
making droplet growth possible. When charged particles pass through the chamber, they
attract nearby molecules, creating tiny droplets that form small vapour trails in the
chamber. A high-speed strobe camera, triggered by the passage of a particle, records any
trails present in the chamber, including any trails representing collisions.

strobe light

window

valve A

vapour

valve B

cameras

piston

strobe light

window

Figure 12
Schematic of a cloud chamber
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Bubble Chambers
Bubble chambers (Figure 13) use liquefied gas, for example, propane, hydrogen, helium,
or xenon, with liquid hydrogen the most common choice. The hydrogen must be kept
diffusing surface

incident

liquid

particles
Figure 13
The bubble chamber holds a liquefied gas close to its boiling point for
the particular pressure applied. The
liquid is then superheated by
allowing the pressure to drop
slightly. The bubbles that form are
made visible on the diffusing surface
and are photographed in stereo.

piston

window
strobe light

camera

camera

below –252.8°C to remain liquid at a typical operating pressure. If the pressure is suddenly lowered, the liquid boils. If a high-speed charged particle passes through the hydrogen
as the pressure is lowered, hydrogen ions form. The hydrogen boils a few thousandths of
a second sooner around these ions than in the rest of the container. Carefully timed photographs record the resulting bubble trails. A magnetic field is frequently applied across the
chamber, causing the paths of positively charged particles to curve in one direction, the paths
of negatively charged particles to curve in the other. By measuring the curvature of their
paths and knowing the strength of the magnetic field, we can determine the ratio of the
momentum to the charge (as a useful first step in working out the mass). Further, since a
hydrogen atom is simply a proton and an electron, if the chosen medium is hydrogen,
collisions between accelerated protons and the protons in the tank could occur and be
recorded. One such collision can be clearly seen at the bottom left of the bubble chamber
photograph in Figure 14(a). Bubble chambers are quite large and complex (Figure 14(b)).
Figure 14
(a) A bubble chamber photograph
(b) A hydrogen bubble chamber

(a)

(b)

Tracking Detectors and Calorimeters

Figure 15
Tracking detector

The detectors at supercolliders consist of several devices, each testing for different events
caused by a collision.
The tracking detector uses a series of wire grids (Figure 15). Particles pass through
each grid and produce an electrical signal. The pattern through many grids can be used
to reconstruct the trajectory through the detector. If a magnetic field has been applied
and the incoming particle is charged, the shape of the trajectory supplies clues regarding
the type of particle and its energy. Photons are invisible to this detector.
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Electromagnetic calorimeters are usually constructed of slabs of absorbent material
sandwiched between light-sensitive detectors (Figure 16). These detectors give an indication of the kinetic energy possessed by the incoming particles, since both the degree
to which the particles penetrate the material and the amount of light produced are determined by the energy. Typically, photons and electrons, which lose energy quickly, are
stopped in the inner layers of the detectors. Jets produced by particles descended from
protons and neutrons travel farther. Muons (high-energy particles produced by collisions in accelerators) penetrate the farthest.
These various types of detectors are often combined into one unit. Figure 17 depicts
one such device. But one key component of the contemporary detector is not pictured.
Any given experiment will produce several million particle interactions per second. The
detector produces data at a rate of 20 Mb/s. The computer is therefore an essential part
of the detection system. Data are typically analyzed with hundreds of PCs “clustered” into
a supercomputer.

SUMMARY

Working with Particles

•

We gain much of our information about the atom through collision experiments
in which high-energy particles are made to collide with stationary atoms or with
one another.

•

Particle accelerators are used to accelerate charged particles, such as protons and
electrons, to very high kinetic energies.

•

The cyclotron, an early high-energy accelerator, operates by accelerating particles
as they cross the gap between two hollow electrodes.

•

Synchrocyclotrons impart higher kinetic energies than the classic cyclotron by
varying the frequency of the accelerating voltage in compensation for relativistic
mass increase.

•

Linear accelerators use electric fields to accelerate charged particles on a straight
path through many sets of oppositely charged electrodes.

•

Synchrotrons accelerate objects in a circle with constant radius. Both the frequency of the radio-frequency accelerating cavity and the strength of the bending
magnets are adjusted to compensate for the relativistic mass increase.

•
•

e.m. calorimeter
hadron calorimeter
muon chamber
Figure 16
Particle detector. Particles and
antiparticles are made to collide in
the tube at the centre. Collision
products, whether photons of electromagnetic radiation, hadrons (a
family of particle we will examine
shortly), or muons, are detected in
the surrounding cylinders.

tracking

Synchrotrons typically collide oppositely moving particles, thereby greatly
increasing the energies of the collisions.

e.m. calorimeter

High-energy particles in synchrotrons such as the CLS emit a full spectrum of
electromagnetic waves. This synchrotron light is well suited to the task of probing
the fine structure of matter.

muon chamber

hadron calorimeter

•

Particle detectors work in tandem with accelerators to provide information about
elementary particles.

•

Cloud chambers and bubble chambers display the trajectories of charged particles as trails of vapour. Strong electromagnetic fields can be applied to deflect the
charged particles, which provide clues to masses and kinetic energies.

•

The detectors in contemporary accelerators are often integrated units, comprising a tracking detector and electromagnetic calorimeters.
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tracking

Figure 17
Cross-section of a complex particle
detector. The forked-lightning
appearance of some trajectories tells
us that particles decay into daughter
particles, with the daughters themselves liable to decay. The lines that
seem to appear from nowhere represent photons, visible to the electromagnetic calorimeter but invisible to
the tracking detector deeper in the
interior of the apparatus.
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Section 13.3 Questions
Understanding Concepts
1. Explain why there is an upper limit on the amount of energy

that a cyclotron can impart to a particle. How do circularpath accelerators, more sophisticated than the cyclotron,
overcome this limitation?
2. Explain why a neutron inside the Stanford linac would not

be accelerated.
3. Protons enter a hypothetical synchrotron, 1.0 km in radius,

with an initial energy of 8.0 GeV. The protons gain 2.5 MeV
with each revolution. Assume that although the protons
complete each revolution at essentially the speed of light,
the relativistic mass increase can be neglected.
(a) Calculate the distance travelled by the protons before
reaching 1.0 TeV.
(b) Calculate the time it takes the protons to travel this
distance.
Applying Inquiry Skills
4. You have constructed a simple cloud chamber from a side-

illuminated viewing cylinder resting on dry ice. You have
placed a radioactive source in your chamber. How could
you now determine whether the particles you are observing
are neutral or charged, and if charged, whether charged
positively or negatively?
5. You are working with a radioactive source emitting parti-

cles of several kinds, all positively charged, not necessarily
of the same mass. How could you determine whether all
the particles have the same charge?
Making Connections
6. Some microwave communications dishes are not formed

from sheet metal but from steel mesh. ( The mesh reduces
low-velocity wind loading.) Use your understanding of particle energy and resolving power to help explain why these
dishes reflect microwaves just as effectively as ones fashioned from sheet metal.

Table 5
Name

Method for
Particles
Energies
Accelerating Accelerated Achieved
Particles

cyclotron

?

?

?

synchrocyclotron

?

?

?

linac

?

?

?

synchrotron

?

?

?

9. Table 6 summarizes some of the basic research that can

be done using various types of particle accelerators. Copy
the table and complete the missing entries. For “Resolving
Ability,” make an estimate based on the de Broglie
wavelength.
Table 6
Experiment

Typical
Particle
Energies

Resolving
Ability

Types of
Questions
Addressed
by Experiment

gold-foil a
scattering

?

?

?

early experiments
with cyclotrons

?

?

?

experiments with
synchrocyclotrons

?

?

?

experiments with
linacs

?

?

?

Tevatron
experiments

?

?

?

CERN LHC
experiments

?

?

?

7. Recall from Chapter 12 that every object of nonzero mass

m, moving at nonzero speed v, has an associated de Broglie
h
wavelength λ 5 }} . Consider a proton that has been
mv
accelerated to 1 TeV. Neglecting the relativistic mass
increase and comparing the de Broglie wavelength of the
proton under this assumption with the wavelength of visible
light, explain why high-energy particles are promising tools
for resolving the finer details of the workings of atoms.

10. In this section, you learned that sophisticated computers

are needed to process the data from particle experiments.
Visit the TRIUMF Web site and learn about new microchips
created for this purpose. Briefly report on your findings.

GO
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8. Table 5 compares some of the particle accelerators dis-

cussed in this section. Copy and complete the table.
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The idea that matter is composed of elementary building blocks originated with
Democritus, around 500 B.C. By the early 1800s, with the acceptance of Dalton’s atomic
theory, the atom was considered elementary. By the early part of the twentieth century,
the discovery of the electron and the basic subatomic structure of the atom suggested that
the electron, proton, and neutron were the elementary particles. By the mid-1930s, the
photon, positron, and neutrino were also considered elementary. Since that time, hundreds of additional particles have been discovered and are still being discovered. The
question arises then, What particles are elementary? It is this question that challenges participants in the field of physics known as elementary particle physics.

The Electromagnetic Force
British theoretician Paul Dirac (Figure 1) laid much of the foundation for elementary
particle physics. In 1927, Dirac worked out the quantum mechanics of electromagnetic
fields, explaining the formation and absorption of photons in the atom and, as we saw
in Section 13.1, postulating the existence of the positron.
As previously discussed, it is the electromagnetic force that attracts the electron to
the positive nucleus and in fact holds matter together. In studies of objects in collision,
certain interactions are often described as involving forces that act at a distance, whereby
two objects interact without physical contact, with an interchange of energy and
momentum. How, then, is the transfer of energy and momentum achieved?
In examining wave–particle duality, we saw that an electromagnetic wave (such as g radiation or visible light) can be considered a stream of photons, each photon having energy
and momentum. Using the work of Dirac, this quantum approach can be applied to the
effects caused when one particle’s electromagnetic field acts on the electromagnetic field
of another particle. In a sense, we consider an electromagnetic field to be composed of particles. When one electromagnetic field acts on another, the two fields exchange photons
with each other during the interaction. In other words, photons are the carriers, or transfer
agents, that carry the electromagnetic force from one charged particle to another.
As an analogy, consider a girl and a boy standing facing each other on a nearly frictionless ice surface, each holding a hockey puck. If the girl throws her puck to the boy,
the girl will move backward (action–reaction and impulse). The boy will also move
backward when he catches the puck. Their movements demonstrate repulsive force. On
the other hand, if they exchange pucks by grabbing them from each other, they will be
pulled together—the equivalent of an attractive force.
Another way is to say that the particles exchanged in this manner convey messages.
Typically the message will be “come closer” or “move away.” In fact, physics often refers
to particles like the photon as messenger particles.
Because of the uncertainties inherent in quantum mechanics, it is impossible to directly
observe the types of exchanges we have outlined. It is possible, however, to describe
them. In the 1940s, Richard Feynman (Figure 2) and Julian Schwinger developed a complete theory of the exchanges, called quantum electrodynamics (QED). Since then,
numerous experiments have demonstrated the ability of QED to describe, in detail, the
subtle interactions possible between particles in terms of virtual photons.
Feynman also developed the concept of a particular kind of space-time diagram, the
Feynman diagram, to illustrate such electrodynamic interactions. The simplest case
occurs when only one photon is exchanged. Consider the interaction of two electrons.

NEL

Figure 1
Paul Dirac (1902–1984)

Figure 2
Richard Feynman (1918–1988)

quantum electrodynamics the
study of interactions of charged particles in terms of virtual photons
Feynman diagram a space-time
diagram that depicts the interactions of charged particles
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virtual photon the exchange
photon in an electromagnetic interaction; virtual in the sense of being
unobservable

One electron may be considered to create a photon, the other to absorb the photon.
Each electron undergoes changes in energy and momentum because of the exchange. Since
a change in momentum is caused by a force, the electrons repel each other (Figure 3).
This concept was applied to many other electromagnetic interactions, and it was concluded
that the exchange of a photon, or photons, is responsible for all electromagnetic interactions between charged particles. The exchange photon, being for a variety of reasons
unobservable, is called a virtual photon to distinguish it from a real photon.

Heisenberg Uncertainty
Principle
Recall that according to the
Heisenberg uncertainty principle, we cannot measure the
momentum and position of an
object simultaneously to better
than an uncertainty given by
h
DxDp $ }}. Note that, in a
2p
similar way, the energy of an
object can be uncertain, even
not conserved, for a very short
period of time, according to
h
h
DEDt $ }}. The quantity }},
2p
2p
often denoted " (h-bar), equals
1.055 3 10–34 J?s.

meson the elementary particle
originally predicted to be responsible for the strong nuclear force;
now a class of particles

Time

LEARNING TIP

photon

electron

Space

electron

Figure 3
A Feynman diagram depicting the electromagnetic
force. The vertical axis represents time and the horizontal axis represents position (Feynman diagrams can
be drawn with or without the time/space axes.) The red
wavy line represents a virtual photon exchanged
between the two electrons. The photon transmits
momentum and energy from one electron to the other.
Since the transfer is not quite instantaneous (the speed
of the photon, c, is finite), the line is not quite horizontal.

We have just considered the exchange of a single virtual photon. Alternatively, two or
more photons may be exchanged. The probability of these more elaborate situations,
however, decreases with the number of exchanges, as does the strength of the interaction.

The Strong Nuclear Force
In the nucleus of a stable atom, protons and neutrons are bound together by the strong
nuclear force. In 1935, the Japanese physicist Hideki Yukawa (1907–1981) proposed that
just as the photon is the particle transferring the electromagnetic force, some particle transfers the strong nuclear force between the nucleons in the nucleus. Yukawa predicted that
this new particle would have a rest mass midway between the electron and the proton.
The postulated particle was consequently called the meson, which means “in the middle.”
Let us consider the hypothetical interaction in Figure 4. The particle that carries the
interaction must have been created from the quantum vacuum. According to the uncertainty principle, the apparent violation of mass conservation implies that
h
(DE )(Dt) < }}
2p
h
(DE ) < }}
2p(Dt)
h
mc 2 < }
d
2p1}}2
c
hc
2
mc < }}
2pd

meson

neutron

proton

Figure 4
The strong nuclear force. The virtual
particle exchanged this time is the
carrier of the strong nuclear force
rather than the photon, which carries the electromagnetic force.
700 Chapter 13

Using the known values of h and c as well as the value d 5 1.5 3 10–15 m (a typical
diameter of the nucleus of a small atom), we obtain an estimate for DE of 2.2 3 10–11 J,
or approximately 130 MeV. Comparing this with the energy equivalent of the electron rest
mass, 0.511 MeV, we estimate the meson to be a little over 250 times more massive than
the electron (250me).
Using similar reasoning, Yukawa calculated that the meson would have a rest mass of
270me. He further theorized that just as photons not only are the unseen participants in
electromagnetic interactions but can also be observed as free particles, so too a free
meson is observable. At the time, the most obvious place to look for this particle was the
sky, through an examination of the particles created by collisions resulting from incoming
NEL
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cosmic rays from deep space. In 1936, a new particle was discovered, of mass 207me. At
first it was thought to be the elusive meson, but closer study revealed otherwise: not
only was its mass too low; its interactions with matter were too weak. For instance, these
particles were found in deep mines, having passed unaffected through several kilometres of earth. But the meson, as the carrier of the strong force, would have to interact
strongly with matter. The new particles were called mu (m) mesons, or muons. They
exist in two forms: positive and negative.
Finally, in 1947, Yukawa’s particle was found by British physicist Patrick Blackett
(1897–1974). The observations were made from cosmic rays, which typically contain
very few mesons. Blackett therefore only observed a small number of the sought-after particles, so he could not be sure whether his observations were simply due to chance.
Fortunately, a 4.7-m cyclotron had just been completed at the Lawrence Berkeley
Laboratory. This instrument, coupled with a photographic method developed by British
physicist Cecil Powell (1903–1969), confirmed the observations. Blackett’s particle was
later found to be one of a family of mesons and was named the pi (p) meson, or pion.
Pions were also found to exist in two varieties, p+ and p– (positive and negative), and to
have a rest mass of 274me , as Yukawa had predicted. Later, a third p meson, the neutral
p0, was discovered, with a slightly smaller mass of 264me .
The p mesons exhibited strong interactions with matter. It was generally accepted
that mesons transmit, or mediate, the strong nuclear force in much the same way as
photons transmit the electromagnetic force. Free p mesons (pions) are unstable and
quickly decay (in 10–8 s) into m mesons (muons). In fact, the muons observed in cosmic
radiation are probably produced from the decay of pions. Since the discovery of the
pion, a number of other mesons have been discovered, and these also appear to mediate
the strong nuclear force (Figure 5).
Recent developments in physics have greatly enhanced this picture. Today, the carriers of the strong nuclear force are thought to be the gluons (see Section 13.5).

muon an elementary particle; a mu
meson
pion an elementary particle; a pi
meson

p

(a)

n

p−

n

p
n

(b)

p

p+

p

n

Practice

p

(c)

Understanding Concepts

p

1. A positron and an electron can annihilate one another, producing g photons. Draw a

Feynman diagram showing this process.

p0

2. Recall from Chapter 12 that in the photoelectric effect, a photon striking a metal sur-

face with sufficient energy can liberate electrons from that surface. Draw a Feynman
diagram showing the interaction.
p

The Weak Nuclear Force
We have already seen that the process of b decay cannot be explained in terms of the
electromagnetic force or the strong nuclear force. A reasonable theory of this process
required a third force, which came to be known as the weak nuclear force.
A modern explanation of the b decay process assumes that the proton and the neutron are not elementary particles. Instead, each is composed of combinations of smaller
elementary particles called quarks. There are several types of quarks including the up
quarks and down quarks. Protons are assumed to be composed of two up quarks and one
down quark, and neutrons are assumed to be composed of one up quark and two down
quarks. (We will examine quarks in detail in Section 13.5.)
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Figure 5
Feynman diagrams of nucleon–
nucleon interactions through the
exchange of virtual pions
(a) neutron–proton interaction
(b) proton–neutron interaction
(c) proton–proton interaction
weak nuclear force the weak
force in a nucleus thought to be
associated with b decay
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W boson short-lived elementary
particle; one of the carriers of the
weak nuclear force
Z boson short-lived elementary
particle; one of the carriers of the
weak nuclear force
graviton the hypothetical particle
predicted to carry the gravitational
force

In the process of b2 decay, a neutron disappears and is replaced by a proton, a b particle, and an antineutrino. The theory of quarks offers the following description of the
process: a particle consisting of one up quark and two down quarks is changed when one
of the down quarks disappears and is replaced with an up quark and a quite massive particle, a virtual W boson. This virtual W boson, like any virtual particle, has an exceedingly short life, decaying almost at once to produce the more familiar b-decay products:
the b particle and the antineutrino (Figure 6). It is one of the carriers of the weak force.
The electroweak theory, which sought to unite the electromagnetic force with the weak
force, predicted a second particle, later called the Z boson. These particles are difficult
to observe directly. However, careful examination of many interactions revealed some
events that could not be explained without their existence. Direct evidence was later
found in 1983, when very high-energy particle accelerators caused collisions that produced both W and Z bosons.

Gravity: The Odd One Out

up
down
up
down
W

e−

n
Figure 6
A Feynman diagram depicting b
decay. Only one quark is affected. The
result is a particle with two up quarks
and one down (a proton) as well as a
b particle and an antineutrino.

DID YOU KNOW

?

The Weakest Force
The gravitational force is by far the
weakest of the forces between
pairs of elementary particles: it is
1030 times weaker than the weak
force. We feel its effects so much
because the force is always attractive and its effect is always additive.
Gravity feels strong because so
many particles are acting on so
many other particles. The weight
you feel right now is due to every
particle in Earth acting on every
particle in your body.
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Since the other forces can be explained in terms of particle exchange, it makes sense to assume
that the same can be done with gravity. In recent years, much work has been done on the
graviton, the hypothetical carrier of the gravitational force. The particle is as yet unseen;
many think it will never be seen. Therefore, theory will have to provide clues about its nature.
It is assumed that, like photons, gravitons travel at the speed of light. Unlike photons,
however, which do not directly interact with one another, gravitons can interact. Two intersecting beams of photons, for example, will pass through one another unscathed.
Gravitons, on the other hand, will scatter when they interact. This self-interaction is
perhaps the chief barrier preventing scientists from formulating a quantum theory of
gravity. This implies that two gravitons can exchange a third graviton while simultaneously interacting with particles. These multiple exchanges make the interactions much
too complicated and uncertain to describe.
Despite these challenges, work is ongoing on the theory of quantum gravity, for it
will be necessary to complete this before we can completely understand the big bang
theory. At the Big Bang, when it is thought that the whole universe was an unbelievably
dense object, the strength of the gravitational force was comparable to that of the other
types of interactions.
Table 1 summarizes the four fundamental forces and their carriers.
Table 1 Forces and Their Carriers
Force

Carriers

electromagnetic
strong
weak

gravitational

Symbol

Charge

Mass

photon

g

0

0

gluon

g

0

0

W+
W2

+
2

80.1 GeV
80.6 GeV

Z boson

Z

0

91.2 GeV

graviton

G

0

W boson

0

Presently the most promising research in this area views particles as closed loops, or
strings, rather than as point-like entities. Some important features of the emerging string
theories will be described in Section 13.7.
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DID YOU KNOW

Practice
Understanding Concepts
3. Briefly describe the process by which the mass of the meson can be estimated.
4. How was it determined that the muon, discovered in 1936, was not the much-sought

meson?

The Sudbury Neutrino Observatory
In a way, you can consider the accelerators and detectors discussed in Section 13.3 as
active observatories in which scientists probe elementary particles. The observatories
are active in the sense that they produce their own particles that are used for observation. This is not the only possible approach. The earlier observatories made use of cosmic
rays. These observatories could therefore be considered passive because they worked
using particles that had been created elsewhere.
Several passive observatories exist today. One of the most recent, and exciting, is the
Sudbury Neutrino Observatory (SNO), operated by an 80-member collaboration of scientists from Canada, the United States, and Great Britain. Located 2 km underground,
near Sudbury, Ontario, in the deepest section of Inco’s Creighton Mine, the SNO measures neutrinos that come from the energy-releasing core of the Sun. The observatory,
begun in 1990 and completed in 1998 at a cost of $78 million, has been in almost continuous use since 1999.
The heart of the observatory is located in a ten-storey-high cavern where a 12-m
spherical acrylic container holds 1000 t of deuterium oxide, D2O, or “heavy water.” This
is placed in a water-filled cavity measuring 22 m in diameter and 34 m high. Outside the
acrylic sphere is a geodesic sphere containing 9456 light sensors or phototubes capable
of detecting the tiny amounts of the blue-violet Cerenkov light that is formed when
neutrinos are stopped or scattered by the D2O molecules (Figure 7). The D2O is ideal for
the detection of neutrinos because all three types react with it, and with three separate
reactions, the SNO is unique in its ability to look for a conversion, or “oscillation,” of the
one type of neutrino produced in the Sun’s core into the other two types. Several thousand interactions per year are recorded at the observatory.
Previous neutrino detectors have recorded far fewer interactions than expected, based
on models that explain the energy production in the Sun, so one of the purposes of the
SNO is to try and determine why. One explanation that has been put forward centres on
the neutrino’s possible ability to transmute from one type to another. This, in turn, suggests that the particle has mass. Unlike the other operating observatories, which see a single
neutrino reaction, the SNO sees three types of neutrino interactions and can determine
the presence of neutrinos of all three types.
In 2001, SNO scientists announced that they had found the cause of a 30-year old
mystery—why only about one-third of the neutrinos expected from solar models had been
detected in previous neutrino detectors. SNO has found that the other two-thirds of
the neutrinos had indeed been changed to the other two types of neutrinos not seen by
the other labs. From these results, a small mass can be assigned to the neutrino (previously thought to be massless), and its effect on the expansion of the universe could be
estimated. The results attracted world-wide attention and were rated among the top
discoveries in 2001.
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Nobel Prize Winners
Patrick Blackett, Hideki Yukawa,
and Cecil Powell each won a
Nobel Prize for their work in
nuclear physics: Blackett, in 1948,
for his development of a cloud
chamber and associated discoveries in nuclear physics; Yukawa,
in 1949, for predicting the existence of mesons; and Powell, in
1950, for his development of a
photographic method to study
nuclear processes and for his work
on mesons.

Figure 7
The SNO detectors are held in place
on an 18-m sphere, which surrounds
the container of heavy water.

DID YOU KNOW

?

Expensive Water
The D2O, on loan from Atomic
Energy of Canada, is valued at
$300 million. It is material that has
been produced and stockpiled for
use in the CANDU nuclear reactors. Heavy water is similar to
ordinary water; however, the
hydrogen from which it is formed
is deuterium, which has a neutron
in its nucleus besides the proton.
Canada, the only country in the
world with stockpiled D2O, is the
only country capable of building
an observatory like the SNO.
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SUMMARY
DID YOU KNOW

?

Nobel Prize Winners
In recognition of their development
of the CERN facility and of their
leadership in the discovery process
that eventually produced and
detected the W and Z bosons, Simon
van der Meer and Carlo Rubbia
were awarded the 1984 Nobel Prize
in physics.

Particle Interactions

•

The electromagnetic force can be seen as a particle exchange. The particle, a virtual photon, is invisible.

•

The theory of quantum electrodynamics describes interactions in terms of the
exchange of particles.

•

A Feynman diagram is a shorthand way of depicting particle interactions. The
two-dimensional diagrams can be seen in terms of space and time.

•

The meson, originally thought to be the carrier of the strong nuclear force, was
predicted in 1935 by Yukawa and finally detected in 1947 by Blackett.

•

The weak nuclear force can be explained in terms of an exchange of particles.
The carriers of this force, the W and Z bosons, though difficult to observe, were
detected in 1983.

•

Gravitons are the hypothetical carriers of the gravitational force; they are capable
of self-interaction, so the formulation of a theory of quantum gravity is proving
difficult.

•

The Sudbury Neutrino Observatory detects the three types of neutrinos; it is able
to accomplish this by detecting the radiation emitted when a neutrino is scattered or stopped by a D2O molecule.

Section 13.4 Questions
Understanding Concepts
1. In what sense is “element” now an outdated term?
2. Explain how an interaction can be attractive when particles

exchange particles.
3. Explain why we call the photon involved in the electromag-

netic force virtual.
4. Some electromagnetic interactions involve the exchange of

more than one photon. How do these typically differ from
interactions involving the exchange of one photon?
5. (a) What nuclear process made it clear that there was a

force in addition to the electromagnetic, gravitational,
and strong nuclear forces?
(b) Name the carriers of this fourth force.
6. (a) Draw a Feynman diagram depicting b decay.

(b) A proton and an antiproton can annihilate one another,
in a process producing two pions. Draw a Feynman
diagram showing the process.
7. (a) In what ways is it true that gravity is “the odd one

out”?
(b) Explain why it is difficult to formulate a quantum
theory of gravity.
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8. In which of the four force interactions does each of the fol-

lowing particles play a role?
(a) electron
(c) proton
(b) positron
(d) neutron

(e) neutrino

9. Recall that the description of the process that could esti-

mate the mass of the Yukawa particle resulted in the
hc
approximation mc 2 < }} . The masses of the W and Z
2pd
bosons are assumed to be 80.3 GeV/c 2 and 91.2 GeV/c 2.
Use the approximation equation to estimate the range of
the weak force.
Making Connections
10. Visit the SNO Web site and answer the following questions:

(a) Approximately how many people were involved in constructing the facility?
(b) How has the facility been funded?
(c) Briefly describe one of the three ways in which neutrinos are detected in the SNO.
(d) Briefly describe some research results from the facility.

GO

www.science.nelson.com
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The Particle Zoo

13.5

Particle Classification
More than 150 years ago, scientists recognized that elements could be arranged in groups
according to their chemical properties. The periodic table of elements resulted. As more
and more subatomic particles were discovered, it was found that they too could be organized into groupings according to their properties. A table of subatomic particles was
first proposed by Murray Gell-Mann (Figure 1) and the Japanese physicist Kazuhiko
Nishijima (1912– ), working independently.
The original tables were based chiefly on mass, but as more particles were discovered,
investigators discovered other properties.
Many puzzling observations about light emitted and absorbed by matter could be
explained if electrons were assumed to have some magnetic properties. Remember that
a charged particle that moves about some axis forms an electric current loop and therefore forms a magnetic dipole. It appeared as if rotational motion could account for these
magnetic properties. Based on this, in 1925 the Dutch physicists G.E. Uhlenbeck and
S. Goudsmit stated that the electron must revolve and rotate. This resulted in a realization that a new quantum number, spin, was needed.
Subsequent work by other scientists revealed that all elementary particles have a spin
number attached. There are two things to be pointed out about this quantity. First, since
it is a quantum number, it cannot take a range of values; only certain discrete amounts
are possible. Second, spin is a property that is intrinsic to the particle; that is, any given
1
type of particle has one unique value of spin. All electrons, for example, have spin }}. It
2
is impossible for the electron to have any other value of spin.
This new quantum number is best understood as a representation of the angular
1
momentum that the object has. For example, when we say that the electron has spin }},
2
1
h
what we are really saying is that its angular momentum is }} ", where " 5 }}.
2
2p
Spin and mass are two of the keys to the grouping of particles. Table 1 presents the current major classifications. In simple terms, the current scheme first distinguishes gauge
bosons, leptons, and hadrons and then makes subdivisions among the hadrons.

•

Gauge bosons are so named because gauge theory makes them mediators of
interactions. (We will see later that this theory unites the electromagnetic force
with the weak force into a single electroweak force.) The particles in the gauge
boson category include the photon, which carries the electromagnetic force, and
the W and Z bosons, which carry the weak nuclear force.

•

Leptons are particles that interact through the weak nuclear force and do not

•

interact through the strong nuclear force. The leptons comprise three charged
particles, each existing in both a positive and a negative form—the electron, the
muon, the tau (also called the tauon)—and neutrinos of three corresponding
types—the electron neutrino, the muo neutrino, and the tau neutrino.
Hadrons are particles that interact chiefly through the strong nuclear force. They

include the neutron, the proton, the pion, and other particles with larger rest
masses. Hadrons are further divided by mass and spin into the mesons and the
heavier baryons.

So many particles had been discovered that by the 1950s some physicists referred to
the collection as a particle zoo. The well-known nuclear physicist Enrico Fermi remarked
that he would have been like a botanist had he the ability to remember all the names.
Fortunately, simplification was on the way.
NEL

Figure 1
Murray Gell-Mann (1929– )
spin the quantum property of particles denoting rotational motion;
each particle has its own spin
number
gauge bosons the class of particles that interact through the electroweak force; contains the photon
and the W and Z bosons
leptons the class of particles that
interact through the weak nuclear
force; contains the electron, the
muon, the tauon, and the three
types of neutrino
hadrons the class of particles that
chiefly interact through the strong
nuclear force; contains the neutron,
the proton, the pion, and other particles of large mass

DID YOU KNOW

?

Magnetism and Spin
A modern theory of magnetism
proposes that electron spin is
responsible for the magnetism we
see in macroscopic pieces of
matter. If the electrons of a substance are equally divided in spin,
the magnetic fields around the
electrons cancel each other and the
substance is unmagnetized. When
the division is unequal, the macroscopic specimen is magnetized.
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LEARNING TIP
Spin
Be careful in how you interpret
spin. Normally when you see
something undergoing rotational motion the various parts
all have a certain tangential
velocity that is a function of
their distance from the centre.
The elementary particles—
electrons and quarks—to which
the concept of spin is applied
are assumed to be point-like.
This means that there are no
parts to be undergoing that
tangential velocity. All the
motion is rotational.

Table 1 Some Subatomic Particles
Name

Symbol

Antiparticle

Rest Mass

Spin

(MeV/c 2)

Lifetime
(s)

Gauge Bosons
photon

g

self

0

1

stable

W

W+

W–

80.3 3 103

1

3 3 10225

Z

Z0

Z0

91.2 3 103

1

3 3 10225

stable

Leptons
electron

e2

e+

0.511

1
}}
2

muon

m

m
w

105.7

1
}}
2

2.2 3 1026

tau

t

tw

1777

1
}}
2

2.91 3 10213

neutrino (e)

ne

wnew

< 7.0 3 1026

1
}}
2

stable

neutrino ( m )

nm

nwwm

< 0.17

neutrino (t)

nt

nwtw

< 24

1
}}
2
1
}}
2

stable
stable

Hadrons
Some Mesons
pion

kaon

p+

p2

139.6

p0

self

135.0

K+

K2

493.7

0

2.60 3 1028
0.84 3 10216

0

1.24 3 1028
0.89 3 10210

KS

0

w
KS

0

497.7

KL

0

wL
K

0

497.7

h0

self

547.5

proton

p

p
w

938.3

neutron

n

n
w

939.6

lambda

L0

L
w0

1115.7

sigma

S+

S
w2

1189.4

S0

S0
w

1192.6

S2

w+
S

1197.4

J0

self

1314.9

J2

J
w+

1321.3

V2

V+

1672.5

eta

0

5.17 3 1028

0

5 3 10219

Some Baryons

xi

omega
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1
}}
2
1
}}
2
1
}}
2
1
}}
2
1
}}
2
1
}}
2
1
}}
2
1
}}
2
3
}}
2

stable
stable
2.63 3 10210
0.80 3 10210
7.4 3 10220
1.48 3 10210
2.90 3 10210
1.64 3 10210
0.82 3 10210
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Strangeness and the Eightfold Way

DID YOU KNOW

At the start of the 1960s, Murray Gell-Mann, in the United States, drew conclusions
from the unusual behaviour of certain hadrons, including the kaon, the lambda, and
the sigma. For one thing, the decay rates of these particles were unexpectedly long, as would
be expected for particles interacting through the weak rather than the strong nuclear
force. Further, it appeared that reactions always produced these particles in pairs, so that
if, for example, a certain reaction produced a kaon particle, it could be guaranteed to produce some variant of another kaon, or perhaps a lambda or sigma.
Gell-Mann explained many of the unexpected observations by assigning a new quantum
number, appropriately called strangeness. The unusually long decay times were explained
by making a further imaginative leap. The strangeness number was not exactly conserved. Instead, the strange particles, which primarily interacted through the strong
nuclear force, were postulated to decay through the relatively slower weak nuclear force.
Gell-Mann then went on to prepare another classification scheme for the hadrons,
based on octets (eight-member groupings) of baryons, mesons, and spin numbers. Not
all the slots in the scheme could be filled immediately, since they described unknown particles. With characteristic self-confidence, Gell-Mann suggested that research would fill
the missing slots.
Gell-Mann’s eightfold classification scheme was particularly well accepted in the 1960s
(Table 2). Later findings, however, such as the discovery of a family of hadrons with 10,
not 8, members, cast some doubt on its overall usefulness. His fame was unblemished, however; he again rose to prominence for his work with quarks, which are discussed next.

?

Nobel Prize Winner
In 1969, Gell-Mann received the
Nobel Prize for his work with the
concept of strangeness and the
development of the eightfold way
of classification.

strangeness a property of certain
particles that chiefly interact through
the strong nuclear force yet decay
through the weak nuclear force

Table 2 The Hadrons Classified According to Gell-Mann’s Eightfold Way
Mesons
Spin

Baryons

0

Name
Charge

1
}}
2

1

pion

kaon

antikaon

eta

rho

hyperkaon

antihyperkaon

omega

sigma

proton/
neutron

xi

lambda

1, 0, 21

1, 0

0, 21

0

1, 0, 21

1, 0

0, 21

0

1, 0, 21

1, 0

0, 21

0

0

1

21

0

0

1

21

0

21

0

22

–1

Strangeness

Practice
Understanding Concepts
1. On what basis is a particle called (a) a gauge boson, (b) a lepton, and (c) a baryon?
2. Explain what is meant by the property “strange.”
3. Consider what Gell-Mann did to organize the hadrons according to strangeness.

Would you say that his work was entirely logical, entirely imaginative, or both? Explain
your answer.

Three Quarks …
The particles discovered in the 1960s and 1970s were all hadrons. It became apparent that
the four then-known leptons (the electron, the muon, and the two corresponding neutrinos) were truly elementary particles, since they did not appear to break down into
smaller particles. Hadrons, on the other hand, did.
Evidence that hadrons were not fundamental began to mount in the late 1960s. Jerome
Friedman, Henry Kendall, and Canadian-born Richard Taylor found evidence that the
particles within the nucleus were, themselves, composed of subparticles.
NEL
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DID YOU KNOW

?

Three Quarks for Muster Mark!
“Quark” is a nonsense word, found
in the James Joyce novel Finnegan’s
Wake (which, conveniently for the
actual structure of Gell-Mann’s
theory, refers to three of these
items). Much of the terminology in
contemporary particle physics is in
a similar way whimsical, not literal.

At this time Gell-Mann, at the California Institute of Technology, was attempting to
classify all known particles, seeking a general substructure. He proposed that a pattern
he discerned in the hadrons could be explained by building hadrons up from six subparticles (organized into three particle–antiparticle pairs), which he called quarks.
Gell-Mann distinguished his three quarks (Table 3) on the basis of a property he
called their flavour: up, down, and sideways (abbreviated u, d, and s). Later on it became
apparent that sideways had to do with strangeness, so the term “strange” became more
common than “sideways.”
Table 3 Quarks, As Originally Conceived
Name

Symbol

Charge

Spin

Baryon
Number

Strangeness

Quarks

quarks elementary particles
making up hadrons
flavours categories of quarks: up,
down, and strange
baryon number a property of an
elementary particle; quarks have a
1
baryon number of }}
3
law of conservation of baryon
number the total baryon number
before a particle interaction equals
the total baryon number after

Table 4 Baryon Numbers
Particle

Baryon
Number

baryon

+1

antibaryon

–1

mesons

0

leptons

0

gauge bosons
quarks
antiquarks
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0
1
}}
3
1
2}}
3

up

u

down

d

strange

s

2
1}}
3
1
2 }}
3
1
2 }}
3

1
}}
2
1
}}
2
1
}}
2

1
}}
3
1
}}
3
1
}}
3

0
0
21

Antiquarks
up

u
w

down

d
w

strange

sw

2
2 }}
3
1
1}}
3
1
1}}
3

1
}}
2
1
}}
2
1
}}
2

1
2 }}
3
1
2 }}
3
1
2 }}
3

0
0
+1

Particle interactions have been observed to conserve the number of baryons present;
hence the introduction of another quantum number, the baryon number, and the law
1
of conservation of baryon number. Quarks are assigned a baryon number of }}, since
3
three quarks are required to construct a baryon. Table 4 gives the baryon numbers of
other particles.
As Table 3 indicates, quark theory makes the imaginative proposal that the charge of
a quark is not an integer but a fractional multiple of the elementary charge (with the up
2
1
quark having charge +}} and the down and strange each having – }}). These fractional
3
3
assignments allow combinations of two or three quarks to have charge values of 61 or 0.
Each hadron was pictured as being composed of three quarks. For example, a neutron
would consist of the three quarks u, d, and d. The charges on these three quarks add to
zero, the baryon numbers to 1, and the strangenesses to 0. The spins of up and down
1
quarks were postulated to be opposite, giving the neutron a total spin of }}. In other
2
words, the properties of the quarks added up to those of the neutron (Figure 2).

u

1
2—
3

1
2—
3

2
1—
3

d

d

Figure 2
Quark model of a neutron. The three charges add
up to 0, making the particle neutral. The baryon
numbers, strangenesses, and spins likewise add
up to the values expected of a neutron.

NEL

Section 13.5

LEARNING TIP

SAMPLE problem 1

Quarks and Spin
As you can see in Table 3, the
spin numbers of the u and d
quarks are not distinguished with
signs but are nevertheless
assumed opposite. The combination of u and d consequently has
spin zero.

Construct and draw a quark model of a proton.

Solution

1
The charge of a proton is +1. Table 1 shows the proton’s spin to be }} , and Table 2
2
shows the proton’s strangeness to be 0. Since the proton is composed of three quarks,
1
each having baryon number }}, the baryon number is 1. To satisfy these constraints, we
3
need three quarks, in some combination of u and d. Table 3 shows that the combination
uud has a total charge of +1. We may therefore proceed to check the other quantum
numbers:
1 1 1
baryon number: }} + }} + }} 5 1 (correct)
3 3 3
1
spin: one up and one down cancel, leaving }}
2
strangeness: 0 + 0 + 0 = 0
(correct)

u

u

1
2—
3

2
1—
3

2
1—
3

d

(correct)

Since the sums for the other quantum numbers are correct, the combination uud is
correct (Figure 3).

With this system, Gell-Mann was able to show the makeup of each baryon by using its
three quarks; he was also able to construct each meson by pairing a quark with an antiquark.

Figure 3
Quark model of a proton. The
charges have a sum of +1. Baryon
number, spin, and strangeness likewise add up to the values expected
of a proton.

SAMPLE problem 2
Construct and draw a quark model of a p+ pion.
u

Solution
From Table 1 we see that the p+ pion has spin 0; from Table 2 we see that the p+ pion
has charge +1 and strangeness 0. Since the p+ pion is a meson, the baryon number is 0.
To obtain all the properties of a p+, we need a quark and an antiquark. Table 3 shows
that we cannot include the strange quark: if we included it, we would have to pair it with
its antiparticle to obtain a spin of 0. But this would yield charge 0, which is incorrect. The
remaining possibilities are then uu
w, dd
w, ud
w, and du
w. The first two possibilities are excluded
because they yield the charge 0. The combination du
w is excluded because it also yields an
1
2
w as the only candidate.
incorrect charge 2}} + 2}} 5 –1. This leaves the combination ud
3
3
To confirm the correctness of this combination, we check the other quantum numbers:

1 2 1 2

2
1—
3

1
1—
3
—
d

Figure 4
Quark model of a p+ pion. The net
charge is +1, and the other quantum
numbers likewise have the values
expected of a p+. Because the
meson is composed of a particle
and an antiparticle, it decays rapidly.

1 2

1
1
baryon: }} 1 2}} 5 0 (correct)
3
3
spin: u and d have opposite spins, yielding a sum of 0
strangeness: 0 1 0 5 0

(correct)

(correct)

The quark model of the p+ pion is ud
w (Figure 4).

Practice
Understanding Concepts
4. Using Table 3, calculate the charge of each of the following hypothetical particles:

(a) uuu

(b) uu
w

(c) d
wd
wu

(d) dsw

5. Construct quark models for each of the following hadrons:

(a) antiproton

NEL

(b) antineutron

(c) neutral pion (p0)

(d) K– kaon
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LEARNING TIP

The Colour Force

“Colour”
The “colour charge” has nothing
to do with colour in the ordinary
sense of the word.

There was one problem with Gell-Mann’s original model. According to the Pauli exclusion principle, two identical particles with identical sets of quantum numbers cannot occur
together in the same atomic or subatomic system. Each quark, however, has a half-spin,
and quarks with identical flavours exist in the same particle. For example, the proton has
two u quarks and one d quark, and an omega (V) particle (a baryon) has three s quarks.
To solve this problem, the Danish-American physicist Sheldon Glashow suggested that
quarks had another property, which he called colour (Figure 5). He proposed that every
quark and antiquark had one of three possible values of this property, which he called red,
green, and blue. He further proposed that the three quarks making up baryons all have a
different colour, making each baryon colourless. In particular, the three s quarks in the
V particle were of different colours, consistent with the Pauli exclusion principle.
How does colour work with mesons? They are made up of a quark and an antiquark. Since
the quark and the antiquark already have different quantum states, they do not need to be
of different colour. Instead, the theory proposes that they rapidly change colour from red
to green to blue, with the change in colour so rapid that the colours balance out, making
the meson colourless.

(a)
u
2
1—
3

u
2
1—
3

u
2
1—
3

1
2—
3
d

1
2—
3

s

1
2—
3
d

1
2—
3

s

1
2—
3
d

1
2—
3

s

(b)

Figure 5
(a) Sheldon Glashow proposed
that quarks had another property, which he called colour.
The result was then 9 quarks
and 9 corresponding antiquarks. The antiquarks, which
are not pictured, are assumed
to have opposite colour:
antired, antigreen, and antiblue.
(b) Sheldon Glashow
colour property assigned to
quarks, keeping them in different
quantum states to avoid violation of
the Pauli exclusion principle
gluons hypothetical chargeless,
massless particles believed to carry
the strong nuclear force
quantum chromodynamics (QCD)
theory that describes the strong interaction in terms of gluon exchanges on
the part of quarks and antiquarks
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The Strong Nuclear Force Revisited
Taylor’s observations that nucleons were composed of subparticles could not be completely explained in terms of quarks. Nuclei also seemed to contain uncharged particles—not quarks, which all have some fractional charge. Glashow believed that the quark
colour had to do with the strong nuclear force and that quarks exchanged particles,
gluons. According to this theory, it was the exchange of gluons (of colour) in the interactions between quarks, and not (as previously proposed) the exchange of mesons, that
was the origin of the strong force.
The theory of the colour force and the interactions of particles due to gluons is quantum
chromodynamics, or QCD. Quantum chromodynamics is similar to Feynman’s quantum
electrodynamics, with colour analogous to electric charge and the gluon analogous to the
photon.
We can illustrate QCD by considering how quarks behave in the neutron, which has
quark composition udd. According to Glashow, all three particles must have different
colours to maintain the white quality of the colour force. Six of the eight possible gluons
that are exchanged have colour charge, giving them the ability to change the colours of
quarks and keeping the constituent quarks together while ensuring that the entire threequark assemblage remains colourless (Figure 6).
(a)
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Figure 6
Three states of the same neutron
(a) The neutron prior to a gluon exchange
(b) The u quark has exchanged a gluon with the adjacent d quark, causing the colours to be permuted.
(c) The first and second d quarks have exchanged a
gluon. Once again, the colours have been permuted.
One quark of each colour is present at all times.
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u ( green)

Practice

d (red)

Understanding Concepts
6. In Figure 6(a), suppose that the u quark exchanges a colour-charged gluon with the

gluon

rightmost d quark. Sketch the result.
7. Recall that the root word chromos refers to colour. Explain why, in light of this, the

term “quantum chromodynamics” is appropriate.
8. Figure 7 is a Feynman diagram depicting the gluon exchange that produces (b) from

u (red)

(a) in Figure 6. Draw the Feynman diagram depicting the exchange that produces (c)
from (b).

Figure 7
A Feynman diagram depicting the
colour-force exchange in the transition from (a) to (b) in Figure 6.

The Full Quark Family Tree
In the years leading up to 1970, Glashow as well as Steven Weinberg and Abdus Salam
completed the work of unifying the electromagnetic and weak nuclear forces. The
electroweak, or gauge, theory showed that the two forces became one at extremely
high temperatures and pressures. (Gauge theories are theories in which forces arise from
underlying symmetries.) As expected, the theory was successful in making predictions about the behaviour of leptons, the particles one would expect to be acted on.
There was a startling addition, however, in that the theory predicted a fourth quark—
postulated because the hadrons were also, to some degree, subject to the weak force.
Since the electroweak force was derived from four particles, symmetry suggested that
the family of leptons should likewise be constructed from four particles. Glashow
accordingly predicted a fourth quark, charm (symbol c). To the great surprise of the
physics community, who seriously doubted the work of Glashow, Weinberg, and Salam,
Samuel Ting and Burton Richter discovered the particle in 1974.
In 1975, Martin Perl and his associates started a third family of leptons by discovering a fifth lepton, the tau (also known as the taon). Symmetry now required that the
hadrons have a third family, with two new quarks. Perl’s team accordingly proposed a fifth
and sixth quark, which came to be known as top and bottom in North America (and as
truth and beauty in Europe). The bottom quark was discovered at Fermilab in 1977 in
a composite quark–antiquark (bb
w) particle called upsilon, Y.
The sixth quark, top, was the most elusive. Although its presence was long expected,
it remained undiscovered until 1995, when a team using the high-energy collider at
Fermilab found conclusive, even if indirect, evidence of its existence. Top decays rapidly, producing bottom and a W boson. The W, in turn, decays to pairs of quarks or into
a lepton and a neutrino. Specialized detectors showed evidence of the descendants from
top and of the particles that subsequently evolve from them, supporting the conclusion
that a top had been present originally (Figure 8).
In the 1970s and early 1980s, physics arrived at the conviction that the fundamental,
or elementary, particles are the quarks and the leptons. Of the three taken as fundamental earlier in the twentieth century—the proton, the neutron, the electron—only
the electron survives as fundamental.
The question arises: “What importance do quarks have to the materials we use in the
everyday world?” The only leptons needed to explain commonplace weak interactions
are the electron and its companion neutrino. The up and down quarks are needed to form
the two commonplace nucleons, the proton and the neutron. The muon, its neutrino,
and the strange quark, on the other hand, only appear in the high-energy world of
cosmic rays, high above Earth. Similarly, the charm, bottom, and top quarks only appear
in the explorations of particle accelerators. It seems that quarks do not have much relevance for us. Yet these phantom particles apparently have a purpose in nature’s scheme.
The problem remains to determine just what this purpose is.
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electroweak (gauge) theory
theory that unifies the electromagnetic and weak nuclear forces
charm the fourth type of quark
top the fifth type of quark
bottom the sixth type of quark

Figure 8
The discovery of the top quark was
an international process involving
almost 1000 scientists in 22 countries. The “b jet” in the photograph
means “bottom jet”; quarks (and
gluons) appear as a narrow spray of
particles called a jet.
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SUMMARY
DID YOU KNOW

?

Nobel Prize Winners
In 1979, Sheldon Glashow, Abdus
Salam, and Steven Weinberg
received the Nobel Prize for their
work with the electroweak (or
gauge) theory.

DID YOU KNOW

?

Top Heavy
Top is quite unusual in that its mass
is huge. At 174 300 MeV, it is much,
much heavier than all of the other
quarks, even the extremely massive
bottom, itself almost 300 times more
massive than u, d, and s put together.

The Particle Zoo

•

Elementary particles have been organized into groups according to their fundamental properties, including mass and spin.

•

One classification scheme treated particles as gauge bosons, leptons, and
hadrons.

•

The hadrons are further divided, by mass and spin, into two subclasses: the
mesons and the baryons.

•

When some hadrons were observed to behave strangely, in having unexpectedly
long decay times, the spin quantum number was supplemented with a number
for strangeness.

•

Gell-Mann used the new quantum number to organize the hadrons into three
distinct groups, each with eight particles, based on spin.

•

Hadrons were found not to be elementary particles. Three new fundamental
2 1
1
particles called quarks—up, down and strange, with charges +}}, – }}, and – }},
3 3
3
and strangenesses 0, 0, and 21—were accordingly proposed.

•

Baryons are assumed to consist of three quarks, and mesons to consist of a quark
and an antiquark. The various quantum numbers of a complex particle are the
sums of the quantum numbers of its constituents.

•

The colour force was devised as a possible solution to the problem of applying
the Pauli exclusion principle to quarks. It is assumed that each flavour of quark
comes in three different colours. Baryons contain all three colours. Mesons cycle
rapidly through the colours.

•

The strong force carrier is no longer believed to be the meson. Instead, the mediators of the strong force are believed to be gluons.

•

The original three quarks have been supplemented with an additional three:
charm, bottom, and top.

Section 13.5 Questions
Understanding Concepts
1. Identify the particle corresponding to each of the following

quark combinations:
#
(a) su
(c) uds
#
(b) du
(d) uus
1
2. Since quarks each have spin }}, explain how a combination
2
of three of them can still result in a particle—a baryon—
1
with spin }}.
2
3. Is it possible to produce a proton using two red up quarks
and one blue down quark? Explain your answer.
4. Explain how mesons can be colour-neutral and yet com-

posed of two quarks.

6. (a) Briefly describe each of the types of quark.

(b) Explain why scientists are now confident that all the
possible quarks have been observed.
7. Identify the quark combination that would produce each of

the following particles:
(a) kaon +
(b) sigma 0
Applying Inquiry Skills
8. Draw a Feynman diagram depicting a gluon interaction

between any two quarks in a proton.
Making Connections
9. How many different elementary particles are there in a CO2

molecule?

5. What is the role of a gluon in contemporary theory? What

particle was previously thought to play the role?
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Case Study: Analyzing Elementary
Particle Trajectories

13.6

The Bubble Chamber
The bubble chamber was developed in 1952 by Donald Glaser (Figure 1), who won the
Nobel Prize in physics in 1960 for his invention. It was the most commonly used particle
detector from about 1955 to the early 1980s. Although they are incompatible with the
functions of modern particle accelerator systems, bubble chambers have provided physicists with a wealth of information regarding the nature of elementary particles and their
interactions.
Many of the properties of fundamental particles may be determined by analyzing the
trails they create in a bubble chamber. Using measurements made directly on bubble
chamber photographs (like the one on the front cover of this textbook), we can often identify the particles by their tracks and calculate properties such as mass, momentum, and
kinetic energy. In a typical experiment, a beam of a particular type of particle leaves an
accelerator and enters a bubble chamber, which is a large, liquid hydrogen-filled vessel,
as described in Section 13.3. Figure 2 shows a bubble chamber apparatus.
The liquid hydrogen is in a “superheated” state and boils in response to the slightest
disturbance. As fast-moving subatomic particles stream through the liquid hydrogen,
they leave characteristic “bubble trails” that can be photographed for analysis. The
chamber is placed in a strong magnetic field, which causes charged particles to travel
in curved trajectories.
In the bubble chamber photographs we will examine, the magnetic field points out of
the page so positively charged particles curve to the right (clockwise), and negatively
charged particles curve to the left (counterclockwise) (Figure 3).

Figure 1
Donald Glaser

Figure 2
Bubble chamber apparatus

Figure 3
The particles enter the chamber from
the bottom of the photograph. This
will be true of all bubble chamber
photos that appear in this case
study. Note that to determine the
sign of a particle’s charge, it is necessary to know in which direction
the particle travelled along the track.
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In this case study, we will be analyzing the following four subatomic particles: proton
(p), kaon (K), pion (p), and sigma (S). Of these, the proton is positively charged and is
a stable component of ordinary matter. The other three are short-lived and may be positive, negative, or neutral (Table 1).
Table 1 Some Elementary Particles and Their Charges
Particle Name

Charge
Positive

Negative

Neutral

proton

p1

no particle

no particle

kaon

K1

K2

K0

pion

p1

p2

p0

sigma

S1

S2

S0

Particle Reactions
When a beam of one type of particle collides with a target, various interactions are
observed. The photograph in Figure 4 shows a number of kaons entering the chamber
from the bottom. Since the magnetic field #$
B points out of the page, the counterclockwise
curvature of the tracks indicates that the particles are negatively charged. If we follow a K–
track, we will notice that many of these particles pass through the chamber without
incident. However, some interact with a hydrogen nucleus (a proton) and start a number
of reactions. The simplest type of interaction between two particles is called elastic scattering, and can be considered analogous to a billiard ball collision. We represent the
elastic scattering of a K– particle and a proton (p+) symbolically as follows:
K2 1 p1 → K2 1 p1

Notice that in this case, no change occurs in the identities of the interacting particles—
they collide and bounce off each other unaffected. However, in some cases, an incident
K– particle reacts in such a way that new particles are created. In many cases, the created
particles live for only 10210 s or less and then disintegrate (decay) into other particles which
may themselves undergo further decay. We will focus on the S2 production reaction,
which may be symbolized as follows:
K2 1 p1 → S2 1 p1

Notice in the above equation that the K– particle and the proton disappear, and a sigma
minus particle (S2) and a pi plus particle (p1) are created. The S2 particle is the most
unstable product of the interaction and, in about 10210 s, disintegrates into a p2 particle and a neutral particle we will call X0, which leaves no trail in the bubble chamber.
(Note that unlike S2 and p1, X0 is not the symbol of a known subatomic particle; it is
a generic symbol we are using to denote an invisible, uncharged particle produced in
this event.) We symbolize the S2 decay reaction as follows:
S2 → p2 1 X0

The overall interaction can be shown as a two-step process:
(1)
K2 1 p1 → S2 1 p1
(2)→ p2 1 X0

where (1) represents S2 production and (2) symbolizes S2 decay.
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Recognizing Events On a Bubble Chamber
Photograph
Bubble chamber photographs may appear confusing at first; however, they become easier
to understand when you know what to look for. It is relatively easy to locate events in the
photograph. An event is a change in a particle’s characteristics or a particle interaction
that is visible in the photograph.
K2 mesons travel with sufficiently low energy that many of them slow down and
come to rest. For a S2 production reaction to take place, the K2 meson and the proton
must be approximately 10215 m apart. Although there is a force of attraction between
the positively charged proton and the negatively charged K2 meson, the interaction is
more likely to occur when the K2 particle is moving slowly or is at rest. We know that
the initial momentum of the K2/p1 system is zero. Thus, the law of conservation of
momentum requires that the S2 and p1 particles have equal and opposite momenta.
This makes the S2 and p+ tracks appear to be a single track. The S2 production reaction liberates energy because the combined rest mass of the K2/p1 system is greater
than the combined rest mass of the S2/p1 system. Figure 4 is a bubble chamber photograph that contains a S2 production/decay event; the event is circled.

2
S

2

p2

1
K2

p1

Figure 5
Schematic diagram of the K2 /p1
interaction in Figure 4

Figure 4
A bubble chamber photograph showing a K2 /p1 interaction (circled event)

Figure 5 is a schematic drawing of this event; it shows the particle identities and
directions of motion. Notice how the S2 and p1 tracks appear to be a single track. We
interpret this to mean that the S2 production reaction occurred after the K2 came to
rest (at point 1). You will also notice a sharp bend in the S2 track less than 1.0 cm
from where it was created (point 2). It is at this sharp bend that the S2 particle decayed
into a p2 meson and the invisible (neutral) X0 particle. The length of the S2 track will
be short due to the S particle’s relatively short lifetime. Look at each of the photographs
in Figures 6 and 7 and see if you can identify individual events; each photograph has one
or more events.
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Figure 6
There is an obvious event near the top left-hand corner. Do you see any less
obvious events?

Figure 7
Another obvious event is near the bottom of the photograph.
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Quantitative Analysis of Bubble Chamber Events
Careful measurements made of the length, direction, and curvature of the tracks in
bubble chamber photographs reveal much more information about the particles and
their interactions than a simple visual inspection of the photographs provides. Quantitative
analysis of the particles that are seen in the photographs can also lead to the discovery
of invisible particles such as X0.
This case study will be divided into parts A and B. In part A you will analyze the trajectory of a π2 particle (pπ2) and determine its charge-to-mass ratio and rest mass. You
will then evaluate the calculated rest mass by comparing its value to the accepted value
as given in a standard reference table (Table 2). In part B, you will determine the rest mass
of the invisible X0 particle that is formed in the S2 event.

Table 2 Rest Masses for p2 and S2
Particle

Rest Mass
m
(MeV/c 2 )

p2

139.6

2

1197.4

S

Part A: Determination of the Charge-to-Mass Ratio and the
Rest Mass of the p2 Particle Formed in S2 Decay
Recall that a particle of charge q and mass m, moving perpendicular to a uniform magnetic
q
q
v
field of magnitude B, has a charge-to-mass ratio }} given by }} 5 }} .
m
m
Br
Assuming that charged (long-lived) subatomic particles travel at the speed of light
(c 5 3.0 3 108 m/s) through a bubble chamber, we can determine the charge-tomass ratio by measuring the radius of curvature r of the tracks. In the bubble chamber
photographs we will examine, the magnetic field points out of the page and has a
magnitude B equal to 1.43 T. Therefore,
q
c
}} 5 }}
m
Br
3.00 3 10 8 m/s
5 }}
(1.43 T)r

(1 T 5 1 kg/C?s)

LEARNING TIP
The charge-to-mass ratio equation,
q
v
}} = }}, was first introduced in
m Br
Chapter 8, Section 8.2 in the form
e
v
}} = }} . In this case, e represents
m Br
the charge on an electron,
1.6 3 10219 C (the elementary
charge). The form of the equation
being used here uses the symbol q
to represent the charge on the
particle being analyzed.

q
1.98 3 108 C?m/kg
}} 5 }}
m
r

If the radius of curvature of the particle track is measured in metres, the charge-to-mass
ratio will be calculated in coulombs per kilogram (C/kg). If the charge of the particle is
known, then its mass can also be calculated. Since all known (long-lived) subatomic
particles possess a charge q that is the same as that of an electron (e 5 1.6 3 10219 C),
we can use this value to calculate the rest mass of the p – particle.
Calculating the Radius of Curvature by the Sagitta Method
For a curved track, the radius of curvature r cannot be measured directly since the centre
of the circular arc is not known. However, if we draw a chord on the track and measure
both the length of the chord l and the length of the sagitta s (the sagitta is the distance
from the midpoint of an arc to the midpoint of its chord), the radius r can then be found
in terms of l and s (Figure 8). As you can see in Figure 8, the Pythagorean theorem gives
the following relation between the radius r, chord length l, and sagitta s:
l

2

r 2 5 (r 2 s)2 1 1}}2
2

Solving for r :
l2

r 2 5 r 2 2 2r s 1 s 2 1 }}
4

l2

2r s 5 s 2 1 }}
4
l2
s
r 5 } } 1 }}
2
8s
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It is best to draw the longest possible chord subtending the track arc in order to
obtain the greatest possible accuracy for the value of r.

s

r

l
C

Figure 8
The sagitta method for calculating
the radius of curvature r

Summary: Part A
To determine the charge-to-mass ratio of the p2 particle in S2 decay, we use the following
steps:

1. Identify a S2 event on the bubble chamber photograph and isolate the p2 track.
2. Determine the radius of curvature r by measuring the chord length l and sagitta s
l2
s
and substituting into the equation r 5 }} 1 }}.
8s
2
3. Calculate the charge-to-mass ratio by substituting the value of r into the equation
q
1.98 3 108 C?m/kg
}} 5 }}.
m
r
4. Since the charge q of the p2 particle equals the elementary charge, 1.6 3 10219 C,
this value can be used to calculate the mass of the p2 particle in kilograms from
the charge-to-mass ratio.

SAMPLE problem 1
A sigma decay event is identified in the bubble chamber photograph in Figure 9.
(a) Calculate the rest mass of the p2 particle.
(b) Evaluate your answer in (a) by comparing this calculated rest mass with the accepted
value (m p2 5 2.48 3 10228 kg). Calculate the percent difference.

Solution
(a) Measurements taken from the schematic ( Figure 10):

lp 2 5 6.8 cm
sp 2 5 0.20 cm
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lS2
K2

sp2

p1
p2

lp2

Figure 9
Figure 10
First, calculate the radius of curvature r for the p2 particle:

l2 2
s 2
r 5 }p} 1 }p}
2
8sp2
(6.8 cm)2
0.20 cm
5 }} 1 }}
8(0.20 cm)
2

r 5 29 cm, or 0.29 m
Now to calculate the charge-to-mass ratio of the p2 particle, substitute the value of r
into the equation:
q
1.98 3 108 C?m/kg
}} 5 }}
m
r
1.98 3 108 C?m/kg
5 }}
0. 2 9 m
q
}} 5 6.6 3 108 C/kg
m

Notice that the charge-to-mass ratio of the p2 particle (6.6 3 108 C/kg) is smaller
than that of the electron (1.76 3 1011 C/kg). Since the two particles carry the same
charge, we may predict that the p2 particle has a larger mass.
We calculate the mass of the p2 particle by substituting the value of the elementary
charge (e 5 1.6 3 10219 C) for q:
Since q 5 1.6 3 10219 C, then
q
}} 5 6.6 3 108 C/kg
m
q
m 5 }}
6.6 3 108 C/kg
1.6 3 10219 C
5 }}
6.6 3 10 8 C/kg
m 5 2.42 3 10228 kg

The calculated mass of the p2 particle is 2.42 3 10228 kg. The mass is indeed
larger than the mass of the electron (9.1 3 10231 kg).
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(b) Now calculate the percent difference between the calculated value and the
accepted value:
calculated value 2 accepted value
% difference 5 }}}} 3 100%
accepted value
(2.42 3 10228 kg) 2 (2.48 3 10228 kg)
5 }}}}}
3 100%
2.48 3 10228 kg
% difference 5 2.3%

Practice
Understanding Concepts
Answers
1. (a) 7.9 3 108 C/kg

1. Given the bubble chamber photograph of a beam of kaons in Figure 11, calcu-

late (a) the charge-to-mass ratio and (b) the rest mass of the p2particle.

(b) 2.0 3 10228 kg

Figure 11
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Part B: Determination of the Identity of the X0 Particle
To determine the identity of the invisible X0 particle, we must calculate the following
values:
A. the momentum of the p2 particle (pp2)
B. the momentum of the S2 particle (pS2)
C. the angle v between the p2 and S2 momentum vectors at the point of decay
D. the rest mass of the X0 particle
We can use these values to compare the calculated rest mass to the rest masses of known
(neutral) subatomic particles as they appear in a standard table, such as Table 3.
We will now describe each of the four calculations that need to be performed.

Table 3 Rest Masses of Several
Known (Neutral)
Subatomic Particles
Particle

Rest Mass
(MeV/c 2 )

p0

135.0

K0

497.7

p2

A. Calculating the Momentum of the
Particle
A particle of charge q and momentum of magnitude p, moving perpendicular to a uniform
magnetic field of magnitude B, travels in a circular arc of radius r, given by the equation
p
r 5 }}
qB

We can rearrange the equation to solve for the magnitude of the momentum of a p2
particle:

n0

939.6

L0

1115.7

S0

1192.6

Y0

1314.9

p 5 qBr

The charge q on all known long-lived subatomic particles is constant (q 5 1.6 3
10219 C) and the value of B is also constant for a particular bubble chamber setting. If
the radius of curvature r is measured in centimetres, the momentum equation becomes:
(6.86 MeV/c ? cm)r

This equation may be used to calculate the momentum of the p – particle using the
bubble chamber photographs in this case study.
B. Calculating the Momentum of the S2 Particle
The momentum of the S2 particle cannot be determined from its radius of curvature
because the track is much too short. Instead, we make use of the known way that a particle loses momentum as a function of the distance it travels. In each event in which the
K2 particle comes to rest before interacting, the law of conservation of energy requires
that the S2 particle have a specific momentum of 174 MeV/c. The relatively massive S2
particle loses energy rapidly, so its momentum at the point of its decay is significantly
less than 174 MeV/c, even though it travels only a short distance.
It is known that a charged particle’s range d, which is the distance it travelled before
coming to rest, is approximately proportional to the fourth power of its initial momentum,
(i.e., d ∝ p4). For a S2 particle travelling in liquid hydrogen, the constant of proportionality is such that a particle of initial momentum 174 MeV/c has a maximum range
of 0.597 cm, before it decays and becomes invisible. However, in most cases, the S2 particle decays before it comes to rest, so the distance it travels, l S2, is less than its maximum range, d0 = 0.597 cm. Therefore, the equation
pS2
4
}
d 5 0.597 cm 1}
174 MeV/c 2

will give the correct range for the S2 particle.
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The difference between the maximum range d0 and the actual S2 particle track
length l S2 is called the residual range. Thus, the relationship between the residual range
(d0 2 l S2) and the momentum of the S2 particle is
pS2
d 0 5 0.597 }}
174 MeV/c

1

pS2 5 174 MeV/c

2

4

l
d
}
}
!}
§
§2 §
§
0.597}
cm
0.5 97}
cm
4

S2

0

Since d0 5 0.597 cm

u

pS2 5 174 MeV/c

K2

p2
p1
Figure 12
Measuring the angle v between the
p2 and S2 momentum vectors

LEARNING TIP
The relativistic equation E 2 5
p 2c 2 1 m2c 4 was introduced in
mv
Chapter 11 as, p 5 }} .
v2
1 2 }}2
c
With a little effort, you should be
able to convert one into the
other. Assume that m0 5 m in
this case.

!§

12}
0.§
597}
cm
!§
4

l S2

Note that when l S 2 5 0.597 cm, pS2 5 0 as would be expected.
C. Measuring the Angle v between the p2 and S2 Momentum Vectors
at the Point of Decay
The angle v between the p2 and S2 momentum vectors at the point of decay can be measured directly by drawing tangents to the p2 and S2 tracks at the point where the S2decay
occurs (Figure 12). We then measure the angle between the tangents using a protractor.
Calculating the Mass of the Invisible X0 Particle
Although we cannot see bubble chamber tracks left by the X0 particle, its mass can be calculated from measurements made directly on bubble chamber photographs. To do this,
we use the values of pp2, p S2, and angle v, determined in the previous three parts, to calculate the energy and momentum of the particles that participate in the S decay process
(p2 and S2). We then use the law of conservation of energy and the law of conservation of momentum to calculate the energy and momentum of the invisible X0 particle.
These values are used to calculate the mass of the invisible particle. Finally, the identity
of the particle can be determined by comparing the calculated mass to a table that lists
the masses of known particles.
Since the particles that participate in the S decay event travel at speeds close to the speed
of light c , all calculations must be done using relativistic equations. The two equations
we will use are
E 5 mc 2

and

E 2 5 p 2c 2 + m 2c 4

where E is the total energy of the particle in MeV, m is the rest mass of the particle in
MeV/c 2, and p is the momentum of the particle in MeV/c.
When performing calculations, use the values for the rest masses of the S2 and p2 particles shown in Table 2.
Remember that the invisible particle X0, whose mass we want to find, is produced in
the S2 decay process according to the equation
S2 → p2 1 Xo

The law of conservation of momentum requires the X0 particle to have a momentum
$p 0 given by the equation
X
$
pX0 5 $
pS2 2 $
pp2
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The law of conservation of energy requires the Xo particle to have energy E X0 given by
EX0 5 ES2 2 Ep2

Since E 2 5 p 2c 2 + m2c 4, then
2 2 p2
c2
mc 2 5 ÏE
w
w

Therefore, we calculate the rest mass m of the X0 particle as follows:
mX0 5

2 2
Ïw
(ES2 2w
Ep2)2 w
2 ( p S2w
c 2 2 ppw
2c )

Expanding the (pS2c 2 2 pp2c 2)2 term we obtain
mX0c 2 5

2 4
c4 2 2w
Ï(E
w
Ep2)2 w
2 ( p S22w
pS2pp2w
c4 1 pw
p2 c )
S2 2w

This equation can be used to calculate the rest mass of the invisible X0 particle from
measurements made on a bubble chamber photograph. The X0 particle can be identified by comparing its calculated rest mass with the masses of known particles in a reference table such as Table 3.
Summary: Part B
To measure the rest mass of the invisible X0 particle formed in a S decay event, you will
need to use all of the concepts and equations discussed in part B of this case study. Here
are the steps you should follow:

1. Analyze the bubble chamber tracks on a bubble chamber photograph and iden2
tify a S decay event.
2. (a) Identify the p2 track.
(b) Draw the longest chord possible subtending the p2 track arc.
(c) Measure the length of the arc lp2 and the saggita sp2 in centimetres. Use
these values to calculate the radius of curvature rp2 of the p2 track, and
then substitute this value into the equation pp2 5 (6.86 MeV/c?cm)r to
calculate the momentum of the p2 particle in MeV/c.
(d) Substitute the value of pp2 and the value of mp2 (140.0 MeV/c 2) into the
equation Ep22 5 pp22c 2 1 mp22c 4 to calculate the total energy Ep2 of the
p2 particle in MeV.
2

3. (a) Identify the S track.
2
(b) Measure the S particle track length, l S2, in centimetres, and substitute this
4
p2
S
}
value into the equation d 5 0.597 cm }
174 MeV/c to calculate the

1

2

2

S particle’s momentum in MeV/c.
(c) Substitute the value of pS2 and the value of mS2 (1197.0 MeV/c 2) into the
equation E S22 5 pS22c 2 1 mS22c 4 to calculate the total energy E S2 of the
2
S particle in MeV.
2

4. Draw tangents to the p2 and S trajectories and use a protractor to measure
the angle v.
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5. Substitute the values for pp2, Ep2, pS2, E S2, and v into the equation
2 4
mX0 c 4 5 Ïw
(E S2 2w
Ep2)2 w
2 (pS22w
c 4 2 2w
pS 2pp2w
c 4 1 pw
p2 c ) to calculate the
mass of X0 in MeV/c 2.

6. Determine the identity of particle X0 by comparing its calculated rest mass with
the masses of known particles in a reference table such as Table 3.

SAMPLE problem 2
The bubble chamber photograph in Figure 13 shows a circled S2 decay event.

Figure 13
Bubble chamber photograph
(a) Calculate the rest mass of the invisible X0 particle formed in the interaction.
(b) Identify the X0 particle by comparing its calculated rest mass with the masses of the
known particles in Table 3.

Solution
(a) To calculate the rest mass of the X0 particle, we will have to measure lp 2, sp 2, lS2,
and v directly on the bubble chamber photograph. See the schematic diagram of the
S2 event in Figure 14.
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Case Study 13.6

u

K2
sp2

p2

lp2

p1

Figure 14
Schematic of the event
in Figure 13
Measurements taken from the schematic ( Figure 14):

lp 2 5 8.0 cm

mp 2 5 140.0 MeV/c 2

sp 2 5 0.30 cm

mS2 5 1197.0 MeV/c 2

lS2 5 0.6 cm

v 5 137°

1. Calculate the radius of curvature of the p2 trajectory.

lp22
sp2
rp 2 5 }} 1 }}
8sp2
2
0.30 cm
(8.0 cm)2
5 }} 1 }}
8(0.30 cm)
2
rp 2 5 26.8 cm

2. Calculate the momentum of the p2 particle.
pp 2 5 6.86 rp 2
@)(26.8 cm
@)
5 (6.86 MeV/c?cm
pp 2 5 184 MeV/c

3. Calculate the energy of the p2 particle.
Ep 22 5 pp 22c 2 1 mp 22c 4
5 (184 MeV/c)2c 2 + (140.0 MeV/c 2 )c 4
5 (3.4 3 104 MeV 2 /c 2 )c 2 + (1.96 3 104 MeV 2 /c 4)c 4
2

Ep 2 5 5.4 3 104 MeV
Ep 2 5 2.3 3 102 MeV
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4. Calculate the momentum of the S2 particle.
pS2 5 174 MeV/c

5 174 MeV/c

l
}
}
!§
§
4

12

S2

0.5 97 cm

0.6 cm
}
!§}
0.5§
97 cm
4

12

8 174 MeV/c Ïw
121
4

pS2 8 0 MeV/c

5. Calculate the energy of the S2 particle.
ES22 5 pS22 c 2 1 m S2 2c 4
ES22 5 0 MeV2 + (1197.0 MeV2 /c 4)c 4
ES2 5 1.197 3 103 MeV

6. Measure the angle between the p2 and S2 trajectories (p2 and S2 momentum
vectors) v = 137o
7. Calculate the rest mass of the invisible X0 particle.
4 2 2p w
4 1p w
2 4
mX0 c 2 5 Ï(E
w
Ep 2)2 2w
( pS22c w
p2 c )
S2 2w
S2pp 2 c w

5 Ï(1.1970
ww
MeV 2w
eV )2 2w
MeV2w
/c 4)c 42w
3 103w
2.3 3w
102 Mw
10 2 0w
1 (3.4w
3 104w
2)
5 Ïw
(9.7 3weV
102 Mw
)2 2w
(3.4 3weV
104 Mw
2) 2w
2)
5 Ïw
(9.4 3weV
105 Mw
(3.4 3weV
104 Mw

mX0c 2 5 9.5 3 102 MeV
mX0 5 9.5 3 102 MeV/c 2

(b) The X0 particle’s rest mass (9.5 3 10 2 MeV/c 2 ) corresponds best with the rest mass
of the n0 (nu) particle (940 MeV/c 2 ). Therefore, we assume that the invisible neutral
particle produced in the sigma event is the n0 particle

SUMMARY
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Case Study: Analyzing Elementary
Particle Trajectories

•

Some properties of fundamental particles can be identified by analyzing bubble
chamber photographs.

•

In the analysis of the p and S particles, we determine the momenta of the two
particles and the angle v between the momentum vectors at the point of decay.
This leads to calculation of the mass of the invisible particle, which can then be
compared with a table of known masses to identify the particle.
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The Standard Model and
Grand Unified Theories

13.7

The Standard Model
The standard model, which has evolved from the work begun in particle physics in the
early part of the twentieth century, unites quantum chromodynamic (QCD) theory
with the electroweak theory. The model is a complete and sophisticated theory that sees
the universe as composed of two essential types of particles: fermions and bosons. The
1
fermions, which all have spin }}, are assumed to be the fundamental particles from which
2
matter is composed. These particles, in turn, are subdivided into the leptons and the quarks.
The bosons are assumed to be the particles that carry interactions and to be responsible
for the fundamental forces of nature.
Table 1 summarizes the particles of the standard model. Because quarks are assumed
to exist in three colours, there are 18 quarks, not 6. This gives a total of 24 fermions.
When you add each fermion and its antiparticle, you can account for no fewer than 48
fundamental particles from which matter is formed.

standard model the theory that
unites quantum chromodynamics
with the electroweak theory; it holds
that all matter is composed of
fermions and bosons
fermions according to the standard model, the particles from
which all matter is composed; subdivided into leptons and quarks
bosons according to the standard
model, the particles responsible for
the fundamental forces of nature

Table 1 The Standard Model
Fermions
1
building blocks of matter; spin 5 }}
2
Leptons
Name

Charge

Quarks
Mass

Name

Charge

Mass

(me )
electron

21

1

0

,0

down

21

200

charm

0

,0

strange

21

3 600

0

,0

electron neutrino
muon
muon neutrino
tau

(me )

tau neutrino

up

top
bottom

2
}}
3
1
2 }}
3
2
}}
3
1
2 }}
3
2
}}
3
1
2 }}
3

20
20
3 000
300
350 000
11 000

Bosons
carriers of forces
Name

Spin

Force

photon

1

electromagnetic force

W+, W0, and Z bosons

1

weak nuclear force

gluons (8 different types)

1

strong nuclear force

graviton

2

gravitational force

The fermions are organized into three distinct families, each containing two leptons
and two quarks. The first family, consisting of the electron, its neutrino, and the u and
d quarks, composes the matter that exists at everyday energies. The other two families
are assumed to be more prevalent at very high energies.
NEL
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LEARNING TIP
The Standard Model
In many ways, the standard
model is more a law, which
describes an interaction, than a
theory, which gives causes for
an interaction.

DID YOU KNOW

?

Symmetry in Physics
Symmetry has frequently been used in
the formulation of physical principles:
• Galileo visualized the laws of
physics as symmetrical in the
sense of remaining unchanged
when we transform ourselves
mathematically from one frame
to another, provided the frames
have a constant relative velocity.
• Einstein used special relativity to
generalize Galileo’s idea,
exhibiting even electrical phenomena as the same in all inertial frames (with a magnetic field
analyzed as an electric field in a
moving frame).
• Mathematician Emmy Noether
showed that the conservation
laws can be seen as symmetric
with respect to time.
• Feynman suggested that the
electron and positron could be
viewed as symmetric with respect
to time, with the positron actually
moving backward in time.

grand unified theory (GUT) a
theory that attempts to combine the
strong, weak, and electromagnetic
forces into a single theory
unification scale the limit
(10230 m) specified by the GUT
below which only one force is predicted to exist, in place of the separate electromagnetic and strong and
weak nuclear forces
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The standard model has been called the most sophisticated and complete theory ever
developed. It is the culmination of over a century of research and experimentation by many
thousands of individuals. With the exception of the graviton, every particle predicted by
the model has been discovered.
Despite this, the model has sometimes been described as crude in that it lacks the
simplicity of Newton’s idea of universal gravitation and the mathematical elegance of
Maxwell’s and Einstein’s field equations. Because it is so tied to experimental results, it
tends to concentrate more on the “what” than on the “why,” leaving questions such as the
following unanswered:

•

What is so special about the number three? (For instance, why are there three
families of leptons and quarks?)

•

If the number three is so special, then why are there only two types of matter particles?

•

Why do the masses increase so much from family to family, without any precise
ratio?

•

What is the underlying feature whose presence endows a particle with mass and
whose absence makes the particle massless?

•

How do the four forces fit together? (In particular, how does gravity interact with
the other three forces at the quantum level?)

•

Why do the various parameters, such as the masses of the particles, have to be
decided by experiment? Why can they not be predicted?

Grand Unified Theories
For decades physics has been seeking a standpoint more comprehensive than the theoretical unification of the weak and electromagnetic forces into the electroweak force.
We may distinguish two enterprises, one more ambitious than the other: there is the
attempt to unite the strong, weak, and electromagnetic forces as aspects of a single force;
this is called the quest for a grand unified theory (GUT). There is also the attempt to find
a still higher abstraction based on the idea that all the laws of nature flow from one fundamental law. This is the search for unification of the strong, weak, electromagnetic,
and gravitational forces, sometimes described as a theory of everything (TOE).
Let us begin by considering the current status of the quest for a GUT. A successful
unification must account for all the various force-mediating bosons. The task is made
difficult by the fact that the three forces behave in radically different ways. In particular,
the strong nuclear force actually increases with distance.
Sheldon Glashow and his associates tackled the GUT problem by applying symmetry
to the conservation of charge and spin. For example, the electron and the positron are
symmetric with respect to charge. Figure 1 shows that if the first-family fermions are seen
as vertices on a cube, the various particles become symmetric with respect to one another.
The GUTs extended the symmetries already in the standard model by unifying the three
forces and the particles that they acted upon. At the so-called unification scale, with
distances shorter than 10–30 m, the three forces were assumed to be one superforce, symmetrical and incapable of distinguishing between charge and spin. At distances greater
than the unification scale, the symmetry was held to break, with distinctions appearing
between the three forces.
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A Disturbing Consequence of Unification
Because of quantum uncertainty, it is possible that the Higgs boson can spontaneously
appear for a very short time inside a proton. This raises an issue that must be dealt with
if GUTs are to survive the test of experiment. Suppose that, during its brief appearance
inside the proton, the Higgs boson encounters one of the three quarks. Suppose, further, that this quark subsequently makes a close approach to a second of the three. The
Higgs boson in this scenario may be exchanged, causing the two quarks to change into
two new particles: an antiquark and a positron. The positron will be ejected. The antiquark, for its part, will unite with the remaining (third) quark to form a pion. The pion
will subsequently decay into photons.
Given an enormous period of time, it is possible that all the protons in the universe
could decay in this way, leaving only photons, positrons, and electrons. The latter two,
being mutual antiparticles, will also annihilate one another, leaving only photons.
This chain of events—possible, according to GUTs, although of exceedingly low probability—has a radical effect on our conception of matter, since it means that the proton,
and hence every atom, is inherently unstable. But these events are so unlikely that the
expected life of a proton is around 1032 years.
Quantum uncertainty, the cause of proton decay, is taken advantage of in the search
for evidence for it. Because the decay is described in terms of probabilities, there is a
tiny probability that any given proton will decay in a finite period of time. Experiments
have therefore been initiated to take advantage of this. The methodology is simple.
Massive quantities of a nonradioactive substance are examined over long periods of
time to see if proton decay can be detected. To date, no such decay has been detected. This
lack of evidence, although not sufficient to discredit the unified theories, has sparked the
development of other creative theoretical avenues, for example, string theory.
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1
Electric Charge

Using symmetry, several things were accomplished. The unification of the strong,
weak, and electromagnetic forces was achieved not only on the unification scale but also
at very high energies. An explanation was reached for the arrangement of quarks and leptons in the three great fermion families and for the quantization of charge.
The unification predicted a new fundamental force field. The mediating particle for
the field, X, the Higgs boson, is massive, perhaps as much as 1014 times more massive
than the proton. Recall that force-mediating particles are virtual, not real; that they arise,
in an apparent creation from nothing, out of the “quantum vacuum” because Heisenberg
DEDt uncertainty allows very short-lived violations of conservation of energy; and that
the same DEDt uncertainty that allows them to live makes their existence so fleeting
they cannot be observed. It follows from these ideas that the life of a virtual particle is
inversely proportional to its mass. Therefore, the life of the massive Higgs particle is
very fleeting indeed, about 10–35 s, or sufficient time for travelling at most 10–23 m.
According to GUTs, if elementary particles approach one another at distances of about
10–30 m, it will be possible for them to exchange an X particle. At these distances, the
X particle would allow radical transmutations, perhaps even making quarks and leptons
interchangeable. In accordance with the assumed conservation of baryon number, the
probability of this happening is unlikely. Because of their huge mass, X particles have an
extremely small probability of spontaneously appearing from the quantum vacuum, even
at the tremendously high energies that can be achieved in particle accelerators.

2/3

u

1/3

d

u

u

d

0

d

v

Figure 1
A cube showing the symmetry of the
first family of quarks and leptons.
There are three of each type of
quark, since each is assumed to
have three colours.

Higgs boson the theoretical particle X predicted to carry a fourth
fundamental force field in the GUT
unification of the electromagnetic
and strong and weak nuclear forces

DID YOU KNOW

?

String Theory
String theory, like Dirac’s positron,
may have arisen for the wrong
reason. A 1968 publication, which
was later found to be incorrect,
treated hadrons as one-dimensional strings. Although the rest of
the theory was abandoned, the
idea of the one-dimensional
vibrating string stayed and eventually evolved into present-day string
theory.
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Physics on a String

Space

Figure 2
A hypertube. A hose is really a
cylinder. When viewed from a distance, however, a cross-section
looks like a point on a line. Similarly,
a particle may be a tiny circle in the
fourth dimension.

Time
Figure 3
Closed-loop string. When viewed in
space-time, such a string appears
as a tube.

DID YOU KNOW

?

Supersymmetry Particles
The names of the partner particles
in supersymmetry are also whimsical: under the heading of sparticles we find squarks and sleptons,
while under the heading of bosinos
we find gluinos, photinos, winos,
and gravitinos.
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Shortly after Einstein published his general relativity theory, the German mathematician
Theodor Kaluza developed a geometrical representation of electromagnetism. His theory
envisioned the electromagnetic field as a warp or ripple in a fourth spatial dimension. If
Einstein’s theory of gravitation is formulated in Kaluza’s framework, the result is a fivedimensional universe, incorporating four-dimensional gravity with Maxwell’s equations.
The Swedish-born Oskar Klein extended upon Kaluza’s theory by suggesting that the
extra spatial dimension was invisible, being curled up in the manner of a coil of rope.
According to Klein, particles are, in fact, tiny circles moving in four-dimensional space
(Figure 2). The circles were calculated to be incredibly small—approximately onebillionth the size of the nucleus—and therefore invisible for all practical purposes.
The Kaluza-Klein theory faded from prominence, since it failed to incorporate the
two newcomers to dynamics: the strong and weak nuclear forces. In the 1980s, however,
the theory resurfaced and was regarded as appropriate for some complexities in the two
newcomers. In its reformulation, string theory dealt with the complications of the strong
and weak nuclear forces by putting strings into many extra dimensions rather than into
the single extra dimension originally introduced for the electromagnetic force.
The new theory saw fundamental particles as strings that could be open or closed
(Figure 3). Each fundamental particle was assumed to be a different vibrating mode on
the same string.
As in the original Kaluza-Klein model, the strings were assumed to be small (on the
order of 10–33 m) and therefore appear as pointlike particles even from the perspective
of giant accelerators. Since the strings were assumed to obey Einstein’s equations in
space-time, there was a prospect of their uniting quantum mechanics with general relativity.
Initial work with strings caused great interest. The fact that the graviton would emerge
as the lowest form of energy for a string gave some indication that gravity might soon
be united with the other three forces. Unfortunately, the mathematics soon became
much too complicated, since the model had to place the strings into 26 dimensions.
This, coupled with strong developments in GUTs, caused research to slow down.
In 1984, Michael Green and John Schwartz simplified the mathematical model to
10 dimensions. Of these, 6 are “curled up,” making them invisible and leaving 4 for
inspection. The resulting superstring theory rekindled interest, by accommodating supersymmetry, allowing fermions and bosons to be rotated into one another. Each fermion
was now paired with a boson called a sparticle, and each boson paired with a fermion
called a bosino.
Around the time the work of Green and Schwartz was becoming noticed, there was
another favourable development. String theory unexpectedly suggested the existence of
a particle not known to exist in the nucleus. The particle was massless and travelled at
the speed c. Furthermore its spin number was 2. It was suggested that the particle was
one already known to theory but not known in the nucleus: the graviton. In this way, string
theory started to become a theory that also described gravity.
The extra dimensions intrinsic to string theory continue to raise possibilities that are
intriguing but difficult to test. String sizes are typically one billion-billion times smaller
than the nucleus. As we saw in Chapter 12, quantum theory associates distance (or the
de Broglie wavelength associated with the particle probing that distance) with energy.
Examining those minuscule distances will therefore require probing particles with enormous energies, beyond the capability of any conceivable accelerator.
In fact, the only event involving these types of energies is the theoretical big bang. If
superstring theory is correct, then the extra dimensions may have been fundamental to
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that event. In fact, it may well have been that at the time of the big bang, all the dimensions existed as equal partners, with three of the dimensions then greatly expanding,
drawing the remainder out of sight. Although still in existence, the extra dimensions
are only seen through their effects on the internal processes at the subnuclear level.
Gravity, still the “odd one out,” therefore remains as the only force that can be associated with the space-time we perceive.
Strange as all of this may seem, the symmetry inherent in the theory suggests an even
stranger consequence. The full theory expects the full unification of all interactions
twice over. This, in turn, hints at the possible existence of a parallel, shadow universe, able
to interact with ours only through gravity. A low-mass object from that universe would
appear invisible to objects in this one because the only interaction would be through
gravity. A massive object from that universe (say, with the mass of a planet or star)
would, on the other hand, be noticeable from its gravitational effects. Such an object, if
it came into close contact with a body in our universe, would cause the body to behave
erratically, suffering a strong gravitational pull without a detectable source.
We may now speculate that stars, planets, and other large objects could form from
this invisible matter. When observed from Earth, they would be indistinguishable from
black holes formed from the inward collapse of large quantities of matter in the universe to which we have spatial access. Perhaps this would account for some of the so-called
dark matter evidently existing in our universe and betraying its existence through gravitational effects.
Of course, superstring theory is speculative, perhaps destined to rise eventually to the
eminence now enjoyed by quantum theory or to go the route of the ether.

Conclusion
Many see science as a quest for understanding the nature of the universe. While this
may well be true, most then take this reasonable observation to a naive conclusion. They
assume that, at some time in the not-too-distant future, all will be known. This is not just
true today. Near the end of the nineteenth century, after Maxwell’s equations had been
published, many scientists assumed that most of the truths about the physical world
had been revealed. All that remained was to fill in some pieces here and there.
Now more than one hundred years later, we can look back and see how naive this idea
was. Quantum theory demolished the concept that the nature of the everyday world
was scalable down to the sizes of the atom. Logical laws describing behaviour were soon
replaced with individual quirkiness that could only be understood statistically. Through
the twentieth century the situation grew increasingly more complex as interaction after
interaction was discovered.
Today, in the early part of the twenty-first century, the best theories that we have—and
the standard model is very good—leave us with more questions than answers. When
one begins to develop an appreciation for all of this, one is forced to conclude that we
may never find the truth that we seek. It may be forever beyond our grasp.
In your study of physics, you have seen theories proposed, tested, and refined or abandoned. Through this continual upheaval, one thing has remained constant. We constantly crave a physical understanding of the universe and use all our tools to this end.
Perhaps this is the greatest lesson of all. Science, and indeed life, should be seen as an
unceasing interplay between need, technological innovation, and theory. If our craving
for physical insight is destined never to be fully satisfied, we may still experience a selfless joy in directing our finite intellects to a reality exceeding our intellectual limitations. Perhaps it’s the process that counts, not the end result.
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SUMMARY

The Standard Model and
Grand Unified Theories

•

The standard model, sometimes referred to as the most complete and welldeveloped model in the history of science, describes the universe in terms of two
classes of particles: fermions, the matter makers, and bosons, the force carriers.
Fermions are further divided into two subclasses: the leptons and the quarks.

•

The standard model, although well developed, is not mathematically elegant and
leaves several important questions unanswered.

•

Grand unified theories have generally exploited symmetry in an attempt to reconcile the electroweak and strong nuclear forces. At very small distances, the carrier
of this unified force is thought to be the extremely massive X, the Higgs boson.

•

The interactions of the X boson, when coupled with concepts of quantum
mechanics, result in a small, but not zero, probability that a proton will decay and
so lead to a view of matter as inherently unstable.

•

Attempts to observe proton decay have been unsuccessful. This, in turn, has
increased interest in other types of theories, particularly those relating to strings.

•

The currently preferred version of string theory, superstring theory, takes the
fundamental entities in the universe to be extremely tiny, multi-dimensional
strings. Although strings are regarded as composed of 10, or perhaps more,
dimensions, only 3 of the spatial dimensions are visible.

•

According to superstring theory, the three currently observed dimensions
increased in importance immediately after the theoretical big bang, causing the
remainder to be hidden from view.

Section 13.7 Questions
Understanding Concepts
1. Table 1 lists 16 fundamental particles according to the

standard model.
(a) Explain how you can say that there are 48 different
fermions.
(b) How many different particles exist in the standard
model?
2. Construct a table similar to Table 1 but include only the

particles that would be relevant to the first family, that is,
the particles thought to constitute the matter that exists in
the everyday world that we live in.
3. In what way(s) is the standard model crude?
4. (a) What is unified by the GUTs?

(b) Briefly describe the typical means of achieving this
unification.
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5. Explain why the X particle is difficult to observe.
6. How does the nature of the X particle suggest that matter

may be unstable?
7. Why are many scientists and other thinkers still developing

alternatives to GUTs?
8. Why do strings, in superstring theory, appear as particles?
9. If there is only one type of string, then how can the large

variety of observed particles be accounted for?
10. Estimate the particle energies that would typically have to

be produced to observe strings and the X boson.
11. Use either the uncertainty principle or de Broglie’s equation

to show that the unification distance corresponds to an
energy level of about 1017 MeV.
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leptons

present-day understanding of the atom and elementary
particles (13.1, 13.2, 13.3, 13.4, 13.5, 13.6, 13.7)

•

•
•

strangeness

analyze images of the trajectories of elementary particles to determine the mass-versus-charge ratio (13.6)

baryon number

•

describe examples of Canadian contributions to
modern physics. (13.3, 13.4, 13.7)

Key Terms
radioactivity

becquerel

alpha (a) particles

radioactive dating

transmutation

isochronous

daughter nucleus

quantum electrodynamics

strong nuclear force
binding energy
beta (b) particles
positron
gamma (g) rays
Geiger-Mueller tube
scintillation tube
Pauli exclusion
principle

standard model
fermions

law of conservation of
baryon number
colour

bosons
grand unified theory
(GUT)
unification scale

gluons

Higgs boson

quantum chromodynamics

Key Equations
• E 5 mc 2
• E 5 931.5 MeV/c2 3 m
a decay
• AZ X → 42 He 1 A24
Z22 Y
b2 decay
• AZ X → Z11A Y 1 210 e 1 wn
b1 decay
• AZ X → Z21A Y 1 110 e 1 n
g decay
• AZ Y → AZ Y 1 g
•

1 }t}
N 5 N01}}2 t1/2
2

•

1 }t}
A 5 A0 1}}2 t1/2
2

(13.1)
(13.1)
(13.1)
(13.1)
(13.1)
(13.1)

amount of radioactive
substance remaining

(13.2)

radioactivity level

(13.2)

meson
muon
pion

MAKE a summary

weak nuclear force
W boson
Z boson

half-life

graviton

decay constant

spin
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bottom

flavours

Feynman diagram
virtual photon

top

quarks

describe the standard model of elementary particles in
terms of the characteristic properties of quarks, leptons, and bosons, and identify the quarks that form
familiar particles such as the proton and the neutron
(13.4, 13.5, 13.7)
compile, organize, and display data related to the
nature of the atom and elementary particles, using
appropriate formats and treatments (13.2, 13.6, 13.7)

charm

hadrons

describe the principal forms of nuclear decay and
compare the properties of alpha particles, beta particles, and gamma rays in terms of mass, charge, speed,
penetrating power, and ionizing ability (13.1, 13.2)

•

electroweak (gauge)
theory

gauge bosons

Key Expectations
• define and describe the concepts and units related to the

Construct a concept map of the scientific ideas that contributed to the development of the quantum theory, beginning with Planck and ending with the standard model. If you
completed the concept map in the Chapter 12 Make A
Summary, make it the basis of your present map, adding
appropriate concepts from this chapter.
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Chapter 13 SELF QUIZ
Write numbers 1 to 9 in your notebook. Indicate beside
each number whether the corresponding statement is true
(T) or false (F). If it is false, write a corrected version.

1. The amount of energy released in a particular a or b
decay is found by determining the mass difference
between the products and the parent. A mass–energy
equivalence calculation then gives the energy.
2. The average binding energy per nucleon decreases
with increasing atomic mass number.
3. The half-life for the decay shown in Figure 1 is 250 a.
900

Activity (Bq)

800
600
500
400
300
200
100
500 1000 1500
Time (a)

Figure 1

4. Both a and b decay can be explained in terms of the
strong nuclear force.
5. The fact that gravitons can interact with one another
is one of the principal obstacles impeding the development of a quantum theory of gravity.
6. In Murray Gell-Mann’s eightfold way of classification,
each of the three sets of eight particles has a unique
spin number.
1
7. Electrons, which normally have a spin of }}, can take
2
on other values of spin if they acquire enough energy.
8. According to quark theory, two quarks are needed to
form a hadron, and two quarks are needed to form a
meson.
9. When a quark absorbs or emits a gluon, its mass
changes.
Write numbers 10 to 16 in your notebook. Beside each
number, write the letter corresponding to the best choice.

10. The process represented by the nuclear equation
230 Th → 226 Ra 1 4 He is
90
88
2
(a) annihilation
(d) g decay
(b) a decay
(e) pair production
(c) b decay
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11. The values of x and y that correctly complete the
x
0
equation 214
n are
82 Pb →y Bi 1 –1 e 1 w
(a) x 5 214, y 5 81
(b) x 5 214, y 5 82
(c) x 5 214, y 5 83
(d) x 5 215, y 5 83
(e) x 5 212, y 5 81
12. A sample of coal initially contains 10.0 mg of carbon14. This isotope has a half-life of 5730 a. The amount
of carbon-14 remaining in the sample after 573 a is
(a) 0.00 mg
(d) 9.30 mg
(b) 1.00 mg
(e) 9.99 mg
(c) 5.00 mg
13. If the mass of the particle being accelerated in a
cyclotron were to double, the cyclotron frequency
would have to
(a) decrease by a factor of 2
(b) decrease by a factor of 4
(c) increase by a factor of 2
(d) increase by a factor of 4
(e) undergo no change, since the frequency is
independent of mass
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14. Modern synchrotrons perform colliding-beam experiments because
(a) the resulting collisions are more energetic
(b) it is easier to contain the resulting particles
(c) only colliding-beam arrangements conserve
momentum
(d) collisions with stationary targets do not produce
particles
(e) none of the above
15. The need to bring quark theory into agreement with
the Pauli exclusion principle prompted existing ideas
to be modified by
(a) postulating the s quark
(b) postulating a second family of quarks
(c) postulating a third family of quarks
(d) endowing quarks with a fractional charge
(e) introducing a quantum number for colour
16. Attempts to develop a grand unified theory have
encountered particularly grave difficulties in uniting
(a) the strong nuclear force with the weak and electromagnetic forces
(b) the weak nuclear force with the electromagnetic
force
(c) the strong nuclear force with gravity
(d) the strong nuclear force with the electromagnetic
force
(e) the weak nuclear force with the strong nuclear force
Radioactivity and Elementary Particles 735

Chapter 13 REVIEW
Understanding Concepts
1. Summarize the properties of a, b, and g radiation in
a table under the following headings: composition,
penetrating ability, and charge.
2. Give the values for x and y in each of the following
equations:
0
(a) xy Pb → 212
83 Bi 1 –1 e
(b)
(c)
(d)
(e)
(f)

238 U → x Th 1 4 He
92
y
2
215 Po → 211 Pb 1 4 He
84
x
2
116 In → y In → g
49
x
30 P → 30 Si 1 y z 1 n
15
14
x
13 N → y z 1 0 e 1 n
7
x
+1

3. Compare and contrast the strong nuclear force and
the electric force.
4. Is it possible for 21 H to undergo a decay? Explain
your reasoning.
5. Plutonium-239 decays to uranium-235 by a emission.
(a) Express the reaction in a balanced nuclear
equation.
(b) Calculate the amount of energy released by one
decay. (Refer to Appendix C for atomic masses of
plutonium-239, uranium-235, and an a particle.)
6. A sample initially contains 22.0 mg of lead-212.
(a) How much lead-212 will remain after 24 hours?
(b) How much time will elapse before the amount of
lead-212 left is 5.0 mg?
7. A chunk of carbon, assumed to be ashes from an ancient
fire, has an activity of 89 Bq. The initial activity is estimated to be 105.4 Bq. Estimate the age of the sample.
8. Briefly describe two medical applications of radioactivity.
9. (a) Explain why there is an upper limit on the
amount of energy that a cyclotron can impart to
a particle.
(b) How do synchrocyclotrons and synchrotrons
overcome this upper limit?
10. Why is it easier for a synchrotron to accelerate protons to very high energies than to accelerate electrons
to very high energies?
11. You are designing a very high-energy particle accelerator. Why would you be more likely to obtain
extremely high energies from a synchrotron than
from a linear accelerator?
12. Why do the detectors used in modern particle accelerators typically have several integrated parts?
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13. Two sufficiently energetic colliding protons can produce a neutral pion (p0) from the released kinetic
energy, in the process p + p → p + p + p0. Draw a
Feynman diagram for this interaction.
14. Two protons moving with equal speeds and in opposite directions collide. The collision produces a neutral pion (p0). Use the masses of the particles to
calculate the minimum kinetic energy required of
each proton.
15. Identify the particles associated with each of the following quark combinations:
(a) uss
(b) uu
w
16. In what sense is it appropriate to call a boson a “messenger” particle?
17. Distinguish between
(a) fermions and bosons
(b) leptons and hadrons
(c) mesons and baryons
18. Fermions are organized into families (groupings distinct from those that appear in the previous question).
(a) Explain what is meant by a “family” of fermions.
(b) Prepare a table that organizes the particles of
each family.
19. Briefly explain what is meant by each of the following
quantum variables:
(a) spin
(b) strangeness
20. A S2 event was identified on a bubble chamber
photograph in which the values of s and l for the
p2 track are measured to be 0.6 cm and 11 cm,
respectively. Calculate
(a) the charge-to-mass ratio of the p2 particle
(b) the mass of the particle
21. Sketch a helium atom, assuming with quark theory
that its constituents are u, d, and e–.
22. (a) Identify the respect(s) in which the standard
model is a sophisticated and complete theory.
(b) Identify the respect(s) in which the standard
model is crude.
23. How does the X boson attempt to reconcile all the
fundamental particles into one particle?
24. Copy Figure 1 into your notebook. Complete the diagram by filling in the names of the fundamental
forces and the names of the unification theories.
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?
________
force
electrostatic force
electromagnetic force
magnetic force

(name of theory)
?
________
force

?
________
force

Figure 1
For question 24. Which
theories aim to unite
which forces?

(name of theory)

?
________
force

Making Connections

Applying Inquiry Skills
25. The initial activity of a sample of cobalt-60 is 240 Bq.
Graph the activity over a one-year period. (See
Appendix C for the half-life.)
26. Table 1 gives the activity levels of a sample of a
radioactive substance at various times.
Table 1
t (h)

A (Bq)

0

1000.0

12

786.6

24

618.8

36

486.8

48

382.9

60

301.2

72

236.9

84

186.4

96

146.6

108

115.3

(a) Construct a graph with a curve of best fit.
(b) Calculate the half-life.
(c) Write an equation giving the activity at any time.
27. Place a Geiger-Mueller counter on a stand far away
from any radioactive sources. Record the number of
counts for a 5-min period. Cover the Geiger-Mueller
counter with some aluminum foil and place it back
on the stand. Record the number of counts for a 5-min
period.
(a) What change did you note in the rate at which
radioactive emissions were detected?
(b) Propose a hypothesis to account for the observed
differences.

NEL

28. Technological breakthroughs often enable corresponding breakthroughs in science.
(a) Give an example of where this is demonstrated in
the science of elementary particles.
(b) The technological breakthroughs also have
spinoff applications that can be of great social
benefit. Give an example of where this is demonstrated by a technology that was developed initially for elementary particle research.
29. Suggest some reasons why one might be reluctant to
accept string theory over the standard model.
30. Recall from previous quantum theory work in this
text that particles can appear spontaneously from the
“quantum vacuum” under appropriate conditions.
Recall also that virtual particles, such as virtual photons, can mediate forces.
(a) What are the special conditions that apply to the
creation and properties of virtual particles?
(b) How do these special conditions govern the relation between the mass of a virtual particle and
the distance over which it can act?
(c) If a virtual particle were massless, what conclusion might reasonably be drawn about the range
over which the consequent force can act?
GO
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Extension
31. Two protons collide, travelling at equal speeds in
opposite directions, in the interaction p + p →
n + p + p+.
(a) Determine the total mass of the particles existing
before the reaction. Use Table 1 in Section 13.5.
(b) Determine the total mass of the particles existing
after the reaction.
(c) Determine the mass difference. Use this answer
to calculate the minimum kinetic energy that the
protons need to have to produce the reaction.
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SELF QUIZ

Write numbers 1 to 16 in your notebook. Indicate beside
each number whether the corresponding statement is true
(T) or false (F). If it is false, write a corrected version.

1. The time interval separating two events is not
absolute but relative to the choice of inertial frame.
2. It is possible for a particle with a nonzero rest mass to
be accelerated to the speed of light.
c2

3. Rest energy, the product of and rest mass, can be
converted into other forms of energy.
4. Photoelectrons are emitted from a photoelectric
material when the frequency of the incident light
exceeds the threshold frequency of the material.
5. In the photoelectric effect, the intensity of the incident light does not affect the threshold frequency.
6. The cutoff potential measures the maximum kinetic
energy with which photoelectrons are emitted.
kq q2
7. Coulomb’s law, Fe 5 }1}
, does not apply to the
r2
forces between charged particles at distances smaller
than the size of atoms.
8. The Franck–Hertz experiment revealed that the
energy of incident electrons is absorbed by mercury
atoms only at discrete energy levels.
9. An a particle is also called a hydrogen nucleus.
10. The neutrino was suggested to resolve the problem of
conserving energy and momentum in b decay.
11. For any given energy, less synchrotron radiation
results in an accelerator when less massive particles
are used.
12. The strong nuclear force can be attractive or repulsive.
13. Because the particles that mediate the weak force are
relatively massive, the force acts over a relatively short
distance.
14. All hadrons are leptons or mesons.
15. The standard model accounts for every observed
particle.
16. Symmetry is frequently applied to scientific theories
to predict previously unobserved events.
Write numbers 17 to 25 in your notebook. Beside each
number, write the letter corresponding to the best choice.

17. You and your friend are in separate spaceships. In the
inertial frame of your ship, your friend recedes from
you at 0.9999c. If you point a laser beam at your friend,
and your friend points a laser beam at you, then
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(a)
(b)
(c)
(d)

each of you sees laser light arrive at a speed of c
each of you sees laser light arrive at a speed of 2c
neither of you sees light from the other’s laser
one of you sees laser light arrive at a speed of c,
while the other sees laser light arrive at a speed of 2c
(e) none of these propositions is true

18. A clock, designed to tick once a second, is in a spaceship moving at a constant speed of 0.5c through an
inertial frame. You find that the clock is
(a) ticking once a second
(b) ticking at a rate faster than once a second
(c) ticking at a rate slower than once a second
(d) running backward
(e) none of these
19. Classical physics offered a satisfactory explanation for
(a) the deflection of charged particles in an electric
field
(b) the diffraction of electrons by crystals
(c) the intensity spectrum of blackbody radiation
(d) the photoelectric effect
(e) matter waves
20. When investigating b decay, the neutrino was postulated to explain
(a) conservation of energy and momentum
(b) conservation of the number of nucleons
(c) counteracting the ionizing effect of radiation
(d) the production of antiparticles
(e) the energy to carry away the b particle
21. Gamma radiation differs from a and b emissions in
that
(a) it consists of photons rather than particles having
nonzero rest mass
(b) it has almost no penetrating ability
(c) energy is not conserved in the nuclear decays
producing it
(d) momentum is not conserved in the nuclear
decays producing it
(e) it is not produced in the nucleus
22. How could you distinguish between a and b particles
in a cloud chamber?
(a) It would be trivial since only a particles produce
visible tracks.
(b) It would be trivial since only b particles produce
visible tracks.
(c) It would be impossible to do.
(d) The a particles tend to produce double trails.
(e) The particles bend in opposite directions in a
magnetic field.

An interactive version of the quiz is available online.
GO
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Figure 1

24. The quantum quantity called strangeness was postulated because observation revealed
(a) opposite charges and production in pairs
(b) unexpectedly long decay times and production in
pairs
(c) unexpectedly long decay times and opposite
charges
(d) unexpectedly high spin numbers and opposite
charges
(e) unexpectedly low spin numbers and unexpectedly long decay times
25. An example of an impossible quark combination is
(a) uud
(c) uuu
(e) us
(b) udd
(d) ud
Write the numbers 26 to 40 in your notebook. Beside each
number place the expression or expressions, equation or
equations, required to complete the text.

26. Any frame of reference in which the law of inertia
? frame. Any frame in which
holds is called a(n) _______
?
the law of inertia does not hold is called a(n) _______
frame.
27. Michelson and Morley’s interferometer experiment
? .
showed that _______
28. According to the effects of length contraction, a body
? .
contracts along the direction of its _______
29. The only mass that can be measured directly is
? .
_______
30. Planck proposed that energy is radiated in discrete
? .
bundles called _______
31. The threshold frequency for photoelectron emission
? (the same,
from a photoelectric material is _______
different) for different metals.
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?
32. The higher the frequency of the light, the _______
(higher, lower) the cutoff potential.
? that a particle will
33. Matter waves predict the _______
follow a particular path.
34. A 4.0-eV photon is absorbed by a metal surface with
threshold energy 3.0 eV. An electron can be emitted
? eV to
with a kinetic energy in the range of _______
? eV.
_______
? .
35. A continuous spectrum is produced by _______
? .
An emission spectrum is produced by _______
36. In the Rutherford scattering experiment, particles
were beamed at a thin gold foil. After encountering
? .
the gold foil, most of the particles were _______
37. As the electron in a hydrogen atom passes from a
?
higher to a lower orbital, its orbital radius _______
? (increases,
(increases, decreases), its speed _______
? (increases,
decreases), and its energy _______
decreases).
38. The half-life, in years, for the decay represented by the
? .
graph in Figure 2 is _______

Activity (Bq)

23. The Feynman diagram in Figure 1 illustrates
(d) pair production
(a) b+ decay
(B) b– decay
(e) annihilation
(c) a decay
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Figure 2

39. We can determine whether a given particle is a meson
? .
or a baryon once we know its _______
40. Match the scientist to the discovery or innovation.
a-scattering experiment
Rutherford
radioactivity
Davisson
diffraction of particle
Bohr
energy levels and orbitals in
Compton
the hydrogen atom
Becquerel
energy levels in an excited gas
de Broglie
matter waves
Planck
particle classification
Einstein
momentum of a photon
Franck
photoelectric effect
Heisenberg
planetary model of the atom
Gell-Mann
quanta
uncertainty
Matter-Energy Interface
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REVIEW

Understanding Concepts
1. While stopped at a red light, you notice the car beside
you creep forward. You instinctively step on the brake
pedal, thinking that your car is rolling backward.
What does this say about absolute and relative
motion?
2. To whom does the duration of a process seem longer:
an observer moving relative to the process or an
observer moving with the process? Which observer
measures proper time?
3. Explain how the length-contraction and time-dilation
equations might be used to indicate that c is the limiting speed in the universe.
4. Give a physical argument that shows that it is impossible to accelerate an object with a nonzero mass to the
speed of light, even with continuous force acting on it.
5. A beam of a certain type of elementary particle
travels at the speed of 2.80 3 108 m/s relative to
Earth. At this speed, the average lifetime of the particles is measured to be 4.86 3 1026 s. Calculate the
lifetime of the particle at rest.
6. You leave Earth for Jupiter, 5.9 3 108 km away. You and
mission control synchronize your watches at launch
and agree the local time is 12:00 noon. The spaceship’s
average speed for the trip is 0.67c relative to Earth.
(a) What time do you and mission control claim it is
when you reach Jupiter?
(b) What is the distance from Earth to Jupiter, in the
inertial frame of your ship?
(c) Your ship meets part of its power requirement by
collecting hydrogen, at the rate of 1.0 3 10–3 kg/s,
from space and converting the mass to usable
energy at an efficiency of 10%. What usable power
does this system generate?
7. A spaceship passes you at a speed of 0.850c relative to
Earth. On Earth you measure its length to be 52.2 m.
How long would it be when at rest on Earth?
8. A proton is moving at a speed of 0.60c with respect to
some inertial frame. Calculate its relativistic
momentum as measured by an observer in that frame.
9. An electron is travelling at 0.866c relative to the face
of a television picture tube. Calculate its relativistic
momentum with respect to the tube.
10. An electron is accelerated to the speed 2.8 3 108 m/s
in a particle accelerator. The accelerator is 3.0 km
long according to the physicists using it.
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(a) In the frame of reference of the electron, how
long does it take to reach the target at the end of
the accelerator?
(b) Calculate the electron’s momentum when it hits
the target.
11. Explain why it is easier to accelerate an electron than
a proton to a speed approaching c.
12. Calculate the amount of mass that must be converted
to produce 2.3 3 108 J of energy.
13. Calculate the amount of mass that must be converted
in order to continuously run a 60-W desk lamp for
one year.
14. Calculate the energy associated with a single
quantum of X radiation with a frequency of
2.15 3 1018 Hz.
15. In tables listing the properties of elementary particles,
sometimes the masses are represented in units of
mega electron volts rather than kilograms. What does
this mean?
16. Compare the energy of a quantum of “soft” ultraviolet radiation (λ 5 3.80 3 1027 m) with a quantum
of “hard” ultraviolet radiation (λ 5 1.14 3 1027 m).
Express your answer as a ratio.
17. Calculate the wavelength, in nanometres, of a photon
with an energy of 3.20 3 10219 J.
18. Using Planck’s hypothesis, suggest a reason why no
photoelectrons are released from a photoelectric surface until light of sufficiently short wavelength is
directed at the surface.
19. Explain the following:
(a) The threshold frequency is different for different
metals.
(b) Extremely intense red light might fail to liberate
any photoelectrons from a surface, but a weakly
intense blue light might.
(c) The photocurrent increases with the intensity of
the illumination once the threshold frequency is
reached.
20. Barium has a work function of 2.48 eV. What colours
of the visible spectrum liberate photoelectrons from a
barium surface?
21. Nickel has a work function of 5.01 eV.
(a) Calculate the threshold frequency for the photoelectric effect.
(b) Calculate the cutoff potential for radiation of
wavelength 1.50 3 10–7 m.
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22. Barium has a work function of 2.48 eV. Calculate the
maximum kinetic energy of the ejected photons when
barium is illuminated by a 452-nm source.
23. When 355-nm light strikes a certain metal, the maximum kinetic energy of the photoelectrons is 1.20 eV.
Calculate the work function of the metal.
24. Light of frequency 8.0 3 1014 Hz illuminates a photoelectric surface whose work function is 1.2 eV. Calculate
the maximum speed with which an electron reaches the
collector, given a retarding potential of 1.0 V.
25. Using the questions below as a guide, compare and
contrast the photoelectric effect and the Compton
effect.
(a) What is required to initiate the effect?
(b) What is the result of the interaction?
(c) Why does each effect have a significant implication for the nature of light?
26. A thin metal foil is bombarded with X rays in a
vacuum. A Compton collision occurs between an
X ray photon and an electron in the foil, causing an
electron to emerge at some angle to the trajectory of
the incident photon, with some kinetic energy and
momentum. Describe two characteristics of the
emerging photon.
27. Calculate the momentum of a photon whose wavelength is 525 nm.
28. Calculate the momentum of a photon whose frequency is 4.5 3 1015 Hz.
29. Calculate the momentum of a 136-eV photon.
30. An incident photon, of energy 6.0 3 104 eV, initiates
a Compton-effect event where the scattered electron
has 5.6 3 104 eV of kinetic energy.
(a) Calculate the energy of the scattered photon.
(b) Calculate the speed of the electron involved in
the event.
(c) Calculate the momentum of the electron.
31. Calculate the wavelength of a photon having the same
momentum as an electron moving at 1.0 3 106 m/s
(assume nonrelativistic).
32. In a Franck–Hertz experiment, electrons were accelerated through a potential difference DV and then
introduced into mercury vapour. After passing
through the mercury vapour, the remaining energy
of the electrons was measured. Consider only the
following prominent energy levels for mercury above
the ground state: 4.9 eV, 6.7 eV, 8.8 eV, and 10.4 eV.
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(a) If an electron entered the vapour with energy of
3.0 eV, how much energy might it have after
passing through the vapour?
(b) If an electron entered the vapour with energy of
8.0 eV, how much energy might it have after
passing through the vapour?
33. Can an electron in the ground state of hydrogen
absorb a photon of energy less than 13.6 eV or greater
than 13.6 eV? Explain your reasoning in each case.
34. Figure 1 in Section 12.5 depicts the energy levels for
hydrogen.
(a) Calculate the wavelengths of the photons emitted
in the second Lyman transition and the second
Balmer transition.
(b) Calculate the energy that the atom must absorb if
it is to make a transition from n 5 2 to n 5 4.
35. A photon has zero rest mass. If a photon is reflected
from a surface, does it exert a force on the surface?
Explain your answer.
36. Prepare a table comparing the three types of radioactive decay we examined in Section 13.1. Include a
description of the particle emitted, how it affects the
N and Z numbers of the parent substance, and an
example of a material that undergoes that type of
radioactive decay.
37. Complete each specification of a nuclear equation.
Classify each as an a, b, or g decay.
(a) 158 O → xy Z 1 110e 1 n
4
y
(b) 226
88 Ra → x Z 1 2 He
227
y
(c) 231
91 Pa → 89 Ac 1 x Z
0
214
y
(d) 82 Pb → x Z 1 21e 1 wn
0
y
(e) 239
n
92 U → x Z 1 21e 1 w
38. Use the information in Table 1 to calculate the
average binding energy per nucleon in copper-65.
Table 1
Name

Rest Mass (u)

electron

0.00055

proton

1.00728

neutron

1.00867

copper-65

64.92779
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39. (a) Complete the following equation, which depicts
a decay in polonium-214:
214 Po → y Z 1 r S
84
x
q

(b) The mass difference between parent and daughters reveals that the decay releases 7.82 MeV.
Explain the origin of this energy.
(c) This energy is released as kinetic energy, shared
between the two daughters. Look carefully at
your reaction and suggest a reason why this is so.
40. (a) Explain why Geiger-Mueller tubes are less sensitive
to g radiation than they are to a and b particles.
(b) Identify one device appropriate for detecting
weak g radiation. Explain why this device is more
successful than the Geiger-Mueller tube.
41. Figure 1 depicts the activity of a radioactive sample.
Estimate the half-life.

Activity (Bq)

3000

49. Describe the function of the following parts in a contemporary particle detector, such as could be used
with a high-energy accelerator: tracking detector,
calorimeters, muon chamber.
50. What is the minimum energy of a photon that spontaneously produces a neutron–antineutron pair?
51. Briefly describe b1 decay using a quark model of the
nucleus.
52. What is the quark composition of L0?
53. Gravity is sometimes referred to as “the odd one out.”
In what sense is the description true?
54. Identify the particle associated with each quark combination:
(a) udd
(b) sdd
55. Explain how the strong nuclear force is explained in
an atomic model that assumes the nucleons are composed of quarks.
56. The Feynman diagram in Figure 2 shows the result of
an interaction between a neutrino and a neutron. The
process is a weak interaction, mediated by a W1
boson. The process gives an electron and another particle. Name the other particle produced in the reaction. Explain your reasoning.
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100

electron

42. A sample of strontium-90 (with a half-life of 28.8 a) is
estimated to have an initial activity of 2.50 3 1012 Bq.
(a) Determine the activity after one half-life.
(b) Calculate the activity after 5.0 a.
43. A sample of Ra-226 (with a half-life of 1600 a) has an
initial mass of 2.50 mg. How much time will elapse
before only 1.00 mg remains?
44. A charcoal sample is estimated to have had an initial
activity of 2.99 Bq. The present activity is measured
to be 1.93 Bq. Estimate the age of the sample.
45. The half-life of a sample is 3.7 a. With initial activity
of 450.0 Bq, calculate the activity after 10.0 a.
46. A grand unified theory seeks to unify three forces.
Which force is left out?
47. Explain how a synchrocyclotron differs from a
cyclotron.
48. Briefly describe how a synchrotron and a linear accelerator respectively accelerate particles. Name two
major synchrotrons and one major linear accelerator.

744 Unit 5

?

Figure 1

W+

neutrino

neutron

Figure 2

57. Determine which of the following are conserved in
each of the reactions specified below: baryon number,
lepton number, spin, charge.
(a) e+ → n 1 g
(b) p 1 p → p 1 n
w1n
(c) K → m 1 wnm
58. Use your answers to question 58 to determine which,
if any, of the specified reactions can actually occur.
Explain your answers.
59. Use conservation of mass, charge, baryon number,
and lepton number to determine which, if any, of the
following reactions can actually occur:
(a) p 1 e– → n 1 n
(b) n → p+ 1 p–
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60. (a) List several reasons why the standard model is
not considered adequate by some members of the
research community.
(b) What alternatives to the standard model are being
contemplated? Briefly describe one such model.

Applying Inquiry Skills
61. Some television remote controls use an infrared beam
to send signals to a photodetector on the television.
Research the Internet and other sources, and find out
how the remote control can send a variety of signals
using a single wavelength of light. Present your findings to the class.
GO

68. Research time-dilation effects for a voyager crossing
the event horizon around a black hole and for distant
observers monitoring the progress of the voyager.
Record your findings in a brief report.
69. A S2 event was recorded on the bubble chamber
photograph in Figure 3.
(a) Identify the event.
(b) Calculate the rest mass of the invisible X0 particle
formed in the interaction.
(c) Identify the X0 particle by comparing its calculated rest mass with the masses of the known
particles in Table 3 of Section 13.6.
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62. Obtain a watch or clock with a luminous dial. Stop the
clock so that the hands do not move. In a darkened
room, place some undeveloped photographic film
over the clock and cover the apparatus to protect it
from surrounding light. Retrieve the film after several
days have passed and have it developed. Comment on
what you see.

Making Connections
63. What implications does the special theory of relativity have for space travel?
64. A photovoltaic solar cell generates electricity. The best
cells currently operate at approximately 25% efficiency. How many photons of average wavelength
550 nm would have to be incident on a solar cell each
second to supply adequate power to a 60-W bulb?
65. It has been proposed that the momentum of photons
could be used in a propulsion system for interstellar
spaceships. Calculate the number of photons of
average wavelength 5.0 3 10–7 m required to accelerate a spaceship of mass 4.0 3 105 t from rest to a
speed of 1.5 3 108 m/s. (Assume that the momentum
of all the photons is applied at once. Ignore any relativistic effects.)

Extension
66. Research to find out how the speed of light was first
measured with some accuracy. For fun, present a
dramatization to the class.

Figure 3

67. Research the work of Stephen Hawking and report on
how it builds on the work of Einstein. Record your
findings in a brief summary.
NEL
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SKILLS HANDBOOK

A1 Math Skills
Significant Digits and Rounding Off
Numbers
Two types of quantities are used in science: exact values and
measurements. Exact values include defined quantities (e.g.,
1 kg 5 1000 g) and counted values (e.g., 23 students in a
classroom). Measurements, however, are not exact because
they always include some degree of uncertainty.
In any measurement, the
are the digits that
are known reliably, or for certain, and include the single last
digit that is estimated or uncertain. Thus, if the width of a
piece of paper is measured as 21.6 cm, there are three significant digits in the measurement and the last digit (6) is estimated or uncertain.
The following rules are used to determine if a digit is significant in a measurement:
• All non-zero digits are significant: 345.6 N has four
significant digits.
• In a measurement with a decimal point, zeroes placed
before other digits are not significant: 0.0056 m has
two significant digits.
• Zeroes placed between other digits are always significant: 7003 s has four significant digits.
• Zeroes placed after other digits behind a decimal are
significant: 9.100 km and 802.0 kg each has four significant digits.
• Scientific notation is used to indicate if zeroes at the end
of a measurement are significant: 4.50 3 107 km has
three significant digits and 4.500 3 107 km has four
significant digits. The same number written as
45 000 000 km has at least two significant digits, but the
total number is unknown unless the measurement is
written in scientific notation. (An exception to this last
statement is found if the number of significant digits
can be assessed by inspection: a reading of 1250 km on
a car’s odometer has four significant digits.)
Measurements made in scientific experiments or given in
problems are often used in calculations. In a calculation, the
final answer must take into consideration the number of significant digits of each measurement, and may have to be
rounded off according to the following rules:
• When adding or subtracting measured quantities, the
final answer should have no more than one estimated
digit; in other words, the answer should be rounded
off to the least number of decimals in the original
measurements.
significant digits
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• When multiplying or dividing measured quantities,
the final answer should have the same number of significant digits as the original measurement with the
least number of significant digits.
Example
A piece of paper is 48.5 cm long, 8.44 cm wide, and
0.095 mm thick.
(a) Determine the perimeter of the piece of paper.
(b) Determine the volume of the piece of paper.

Solution
(a) L 5 48.5 cm (The 5 is estimated.)
w 5 8.44 cm (The last 4 is estimated.)
P 5 ?
P 5 2L 1 2w
5 2(48.5 cm) 1 2(8.44 cm)
P 5 113.88 cm
Both digits after the decimal are estimated, so the
answer must be rounded off to only one estimated digit.
Thus, the perimeter is 113.9 cm.
(b) h 5 0.095 mm 5 9.5 3 1023 cm (two significant digits)
V5?
V 5 Lwh
5 (48.5 cm)(8.44 cm)(9.5 3 1023 cm)
5 3.88873 cm3
V 5 3.9 cm3
The answer is rounded off to two significant digits,
which is the least number of significant digits of any of
the original measurements.

Other rules must be taken into consideration in some situations. Suppose that after calculations are complete, the
answer to a problem must be rounded off to three significant digits. Apply the following rules of rounding:
• If the first digit to be dropped is 4 or less, the preceding digit is not changed; for example, 8.674 is
rounded to 8.67.
• If the first digit to be dropped is greater than 5, or if it
is a 5 followed by at least one non-zero digit, the preceding digit is increased by 1; for example, 8.675 123 is
rounded up to 8.68.

NEL
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• If the first digit to be dropped is a lone 5 or a 5 followed by zeroes, the preceding digit is not changed if it
is even, but is increased by 1 if it is odd; for example,
8.675 is rounded up to 8.68 and 8.665 is rounded to
8.66. (This rule exists to avoid the accumulated error
that would occur if the 5 were always to round up. It is
followed in this text, but not in all situations, such as
in the use of your calculator or some computer software. This rule is not crucial in your success in solving
problems.)
When solving multi-step problems, round-off error occurs
if you use the rounded off answer from the first part of the
question in subsequent parts. Thus, when doing calculations,
record all the digits or store them in your calculator until the
final answer is determined, and then round off the answer to
the correct number of significant digits. For example, in a
multi-step sample problem that involves parts (a) and (b),
the answer for part (a) is written to the correct number of
significant digits, but all the digits of the answer are used to
solve part (b).

Scientific Notation
Extremely large and extremely small numbers are awkward
to write in common decimal notation, and do not always
convey the number of significant digits of a measured quantity. It is possible to accommodate such numbers by changing
the metric prefix so that the number falls between 0.1 and
1000; for example, 0.000 000 906 kg can be expressed as
0.906 mg. However, a prefix change is not always possible,
either because an appropriate prefix does not exist or because
it is essential to use a particular unit of measurement. In these
cases, it is best to use
, also called standard
form. Scientific notation expresses a number by writing it in
the form 3 10 , where 1# ,10 and the digits in the
coefficient are all significant. For example, the Sun’s mass is
1.99 3 1030 kg and the period of vibration of a cesium-133
atom (used to define the second) is 1.087 827 757 3 1028 s.
Calculations involving very large and small numbers are
simpler using scientific notation. The following rules must
be applied when performing mathematical operations.
• For addition and subtraction of numbers in scientific
notation:
Change all the factors to a common factor, that is the
same power of 10, and add or subtract the numbers. In
general, 1 5 ( 1 ) .
scientific notation

n

a

a

a

ax

NEL
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Example
1.234 3 105 1 4.2 3 104 5 1.234 3 105 1 0.42 3 105

A

5 (1.234 1 0.42) 3 105
5 1.654 3 105

This answer is rounded off to 1.65 3 105 so the answer has
only one estimated digit, in this case two digits after the
decimal.

• For multiplication and division of numbers in scientific notation:
Multiply or divide the coefficients, add or subtract the
exponents, and express the result in scientific notation.
Example

11.36 3 10

4

kg
}}3 (3.76 3 103 m3) 5 5.11 3 107 kg
m

2

Example
(4.51 3 105 N)
}}
5 0.572 3 109 N/m
(7.89 3 1024 m)
5 5.72 3 108 N/m

When working with exponents, recall that the following rules
apply:
x a?x b 5 x a1b
xa
}}
5 x a2b
xb
(x a )b 5 x ab
(xy)b 5 x by b

1}y}2
x

b

xb
5 }
yb

alogx 5 logx a

On many calculators, scientific notation is entered using the
EXP or the EE key. This key includes the “310” from the scientific notation, so you need only enter the exponent. For
example, to enter 6.51 3 1024, press 6.51 EXP 1/24.

Mathematical Equations
Several mathematical equations involving geometry, algebra,
and trigonometry can be applied in physics.

b x
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Trigonometry

Geometry

Trigonometric functions for the angle v shown in Figure 1(a)
are

For a rectangle of length L and width w, the perimeter P and
the area A are

y
sin v = }}
r
x
cos v = }}
r
y
tan v = }}
x

P 5 2L 1 2w
A 5 Lw

For a triangle of base b and altitude h, the area is
1
A 5 }}bh
2

Law of Pythagoras: For the right-angled triangle in
Figure 1(b), c 2 5 a2 1 b 2, where c is the hypotenuse and a
and b are the other sides.
For the obtuse triangle in Figure 1(c) with angles A, B, and C,
and opposite sides a, b, and c :
Sum of the angles: A 1 B 1 C 5 180°

For a circle of radius r, the circumference C and the area are
C 5 2pr
A 5 pr 2

For a sphere of radius r, the area and volume V are
A 5 4pr 2

sin A
sin B
sin C
Sine law: }
} 5 }} 5 }}
a
b
c

4
V 5 }} pr 3
3

To use the sine law, two sides and an opposite angle (SSA) or
two angles and one side (AAS) must be known.

For a right circular cylinder of height h and radius r, the area
and volume are

LEARNING TIP

A 5 2pr 2 + 2prh

Sine Law Caution
The sine law can yield an acute angle rather than the correct
obtuse angle when solving for an angle greater than 90°. This
problem occurs because for an angle A between 0° and 90°,
sin A 5 sin (A 1 90°). To avoid this problem, always check the
validity of the angle opposite the largest side of a triangle.

V 5 pr 2h

Algebra

Quadratic formula:
Given a quadratic equation in the form ax 2 1 bx 1 c 5 0,
2b 6 Ïw
b 2 2 4w
ac
x 5 }}
2a

Cosine law: c 2 5 a 2 + b 2 22ab cos C
To use the cosine law, three sides (SSS), or two sides and the
contained angle (SAS) must be known. Notice in the cosine
law that if C = 90°, the equation reduces to the law of
Pythagoras.

In this equation, the discriminant b 2 2 4ac indicates the
number of real roots of the equation. If b 2 2 4ac , 0,
the quadratic function has no real roots. If b 2 2 4ac 5 0, the
quadratic function has one real root. If b 2 2 4ac . 0,
the quadratic function has two real roots.
(b)

(a)

(c)

y

B
a
r

c

a
y

b

u
x

c

x

C

b

A

Figure 1
(a) Defining trigonometric ratios
(b) A right-angled triangle
(c) An obtuse triangle
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The following trigonometric identities may be useful:
cos v 5 sin(90° 2 v)
sin v 5 cos(90° 2 v)
sin v
tan v 5 }}
cos v
sin2 v 1 cos2 v 5 1
sin 2v 5 2sin v cos v
cos 2v 5 cos2 v 2 sin2 v

Dimensional and Unit Analysis
Most physical quantities have dimensions that can be
expressed in terms of five basic dimensions: mass [M], length
[L], time [T], electric current [I], and temperature [v]. The SI
units that correspond to these basic dimensions are kilogram
[kg], metre [m], second [s], ampere [A], and kelvin [K]. The
square brackets are a convention used to denote the dimension or unit of a quantity.
The process of using dimensions to analyze a problem or
an equation is called dimensional analysis, and the corresponding process of using units is called unit analysis.
Although this discussion focuses on dimensions only, the
same process can be applied to unit analysis. Both dimensional analysis and unit analysis are tools used to determine
whether an equation has been written correctly and to convert units.
Example
Show that the equation for the displacement of an object
undergoing constant acceleration is dimensionally correct.
#$ 5 #v$iDt 1 }1}a
#$Dt 2
Dd
2
L
? L
[L] 5 }} [T] 1 }}2 [T2]
T
T

34

3 4

?

[L] 5 [L] 1 [L]

The dimension of each term is the same.

Notice that in the previous example, we can ignore the
number }1} because it has no dimensions. Dimensionless
2
quantities include:
• all plain numbers (4, p, etc.)
• counted quantities (12 people, 5 cars, etc.)
• angles (although angles have units)
• cycles
• trigonometric functions
• exponential functions
• logarithms
NEL

Derived units can be written in terms of base SI units and,
thus, base dimensions. For example, the newton has base
units of kg?m/s2 or dimensions of [M][L][T22]. Can you A
write the dimensions of the joule and the watt? (A list of
derived units is found in Appendix C.)

Analyzing Experimental Data
Controlled physics experiments are conducted to determine
the relationship between variables. The experimental data
can be analyzed in a variety of ways to determine how the
dependent variable depends on the independent variable(s).
Often the resulting derived relationship can be expressed as
an equation.
Proportionality Statements and Graphing

The statement of how one quantity varies in relation to
another is called a proportionality statement. (It can also be
called a variation statement.) Typical proportionality statements are:
y∝x

(direct proportion)

1
y ∝ }}
x

(inverse proportion)

y ∝ x2

(square proportion)

1
y ∝ }}
x2

(inverse square proportion)

A proportionality statement can be converted into an equation by replacing the proportionality sign with an equal sign
and including a proportionality constant. Using k to represent
this constant, the proportionality statements become the following equations:
y 5 kx
k
y5 }
x
y 5 kx 2
k
y 5 }}
x2

The constant of proportionality can be determined by using
graphing software or by applying regular graphing techniques
as outlined in the following steps:
1. Plot a graph of the dependent variable as a function
of the independent variable. If the resulting line of
best fit is straight, the relationship is a direct variation. Proceed to step 3.
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2. If the line of best fit is curved, replot the graph to try
to get a straight line as shown in Figure 2. If the first
replotting results in a new curved line, draw yet
another graph to obtain a straight line.
3. Determine the slope and y-intercept of the straight
line on the graph. Substitute the values into the
slope/y-intercept form of the equation that corresponds to the variables plotted on the graph with the
straight line.
4. Check the equation by substituting original data points.
5. If required, use the equation (or the straight-line
graph) to give examples of interpolation and
extrapolation.

Solution
Figure 3 is the graph that corresponds to the data in
Table 1. The line is straight and has the following slope:
D#v$
slope 5 }}
Dt
25.0 m/s [E] 2 10.0 m/s [E]
5 }}}
6.00 s 2 0.00 s
slope 5 2.50 m/s2 [E]

The y-intercept is 10.0 m/s [E].
Using y 5 mx 1 b, the equation is
#v$ 5 2.50 m/s2 [E] (t ) 1 10.0 m/s [E]

Verify the equation by substituting t = 4.00 s:

Example
Use regular graphing techniques to derive the equation
relating the data given in Table 1.

#v$ 5 2.50 m/s2 [E] (4.00 s) 1 10.0 m/s [E]

5 10.0 m/s [E] 1 10.0 m/s [E]
#v$ 5 20.0 m/s [E]

Table 1 Velocity-Time Data
0.00

t (s)
v#$ (m/s [E])

2.00

10.0

15.0

Original graph
and variation
y

4.00
20.0

6.00

The equation is valid.

25.0

First choice
to obtain
a straight line

Second choice
to obtain
a straight line

y∝x

x
y

y ∝ x2

x2

x
y

√y

y

y2

y ∝ √x

x

x
1
y

y

y

30

x

√x

1
y∝
x

v (m/s [E])

y

20

10

0

2

4

6

t (s)
x

1
x

x

Figure 3
Velocity-time graph

Figure 2
Replotting graphs to try to obtain a straight line
752 Appendix A
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Using t 5 3.20 s as an example of interpolation

(a)

A

4

#v$ 5 2.50 m/s2 [E] (3.20 s) 1 10.0 m/s [E]

5 8.00 m/s [E] 1 10.0 m/s [E]

Example
Use regular graphing techniques to derive the equation for
the data in the first two rows of Table 2.

3

a (m/s2 [E])

#v$ 5 18.0 m/s [E]

2
1

Table 2 Acceleration-Mass Data

#a$

(m/s2

[E])

1
}} (kg21)*
m

2.0

4.0

6.0

8.0

4.0

2.0

1.3

1.0

0.50

0.25

0.167

0.125

* The third row is for the redrawn graph of the relationship.
Figure 4(a) is the graph of the data given in the first two
rows of the table. Figure 4(b) shows the replotted graph
1
with m replaced with }}, which produces a straight line. The
m
slope of the straight line is
slope 5

Da#$
}
1
D }m}

1 2

3.2 m/s2 [E] 2 1.6 m/s2 [E]
5 }}}
0.40 kg21 2 0.20 kg21

0

2

4
m (kg)

6

8

(b)
4
a (m/s2 [E])

m (kg)

3

∆a

2
1
0

1
∆ m

( )

0.1 0.2 0.3 0.4 0.5
1
–1
m (kg )

Figure 4
(a) Acceleration-mass graph
1
(b) Acceleration - }} graph
ma ss

slope 5 8.0 kg?m/s2 [E]

The slope is 8.0 kg?m/s2 [E], which can also be written 8.0 N [E].
The y-intercept is 0.0. Using y 5 mx 1 b, the equation is

or

#a$ 5 8.0 kg?m/s2 [E] 3 }1}
m
8.0 N [E]
#a$ 5 }
m

Verify the equation by substituting m 5 6.0 kg:
8.0 kg?m/s2 [E]
#a$ 5 }}
6.0 kg
#a$ 5 1.333 m/s2 [E]

This value rounds off to 1.3 m/s2 [E], so the equation is valid.
We can use this equation to illustrate extrapolation; for
example, the acceleration when the mass is 9.6 kg the
acceleration is
8.0 kg?m/s2 [E]
#a$ 5 }}
9.6 kg
#a$ 5 0.83 m/s2 [E]

Logarithms
Many relationships in physics can be expressed as y 5 kxn.
As with other mathematical relationships, this type of equation can be analyzed using graphing software. However,
another method that provides good results involves log-log
graphing. If the relationship is plotted on a log-log graph, a
straight line results and the equation of the line can be determined. A log-log graph has logarithmic scales on both axes.
The axes can have one or more cycles, and the graph chosen
depends on the domain and range of the variables to be
plotted. For example, a typical log-log graph may have three
cycles horizontally and two cycles vertically.
The steps in deriving an equation involving two variables
using log-log graphing techniques are as follows:
1. Label the numbers on the axes of the graph starting
with any power of 10, such as 1023, 1022, 1021, 100,
101, 102, 103, or 104. (There is no zero on a log-log
graph.)

The acceleration is 0.83 m/s2 [E].
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2. Plot the data on the graph and use an independent
scale, such as a millimetre ruler, to determine the
slope of the line. This yields the exponent n in the
equation y 5 kxn.
3. Substitute data points into the equation y 5 kxn to
determine the k value, include its units, and write the
final equation.
4. Check the equation by substituting original data points.

1 × 105

1

2

3

4

5

6

9 × 104
8 × 104
7 × 104
6 × 104
5 × 104

40 mm
4 × 104

Example
Use log-log graphing techniques to determine the equation
for the data in Table 3.

3 × 104

10 mm

Table 3 Energy-Temperature Data
2.00

T (K)

4.80 3

E (J)

3.00
103

2.43 3

4.00
104

7.68 3 104

2 × 104

Figure 5 shows the log-log graph of the data in Table 3.
The slope of the line is
Dy
slope 5 }}
Dx
40 mm
5 }
10 mm
slope 5 4

E (J)

1 × 104
9 × 103
8 × 103
7 × 103

LEARNING TIP
The Exponent n and the Constant k
Always round off the number found when calculating the slope
of a line on a log-log graph. The slope represents the exponent,
1 1 1
n, and will have values such as 1, 2, 3, 4, }}, }}, }}, etc.
2 3 4
When two variables are involved in log-log graphing, you
can find the constant k by determining the y-intercept where
x 5 1 on the graph. However, the substitution method is
usually more accurate and has the advantage of providing the
units of k.

6 × 103
5 × 103
4 × 103

1 × 103
1

2

3

4

5

6

T (K)
Using the form of the equation y 5 kx n, where n 5 4:
E5

kT 4

To determine k, we use the original data:
E
k 5 }}
T4
103 J

4.80 3
5 }}
(2.00 K)4
k 5 3.00 3 102 J/K4

The final equation is
E 5 3.00 3 102 J/K4( T)4
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Figure 5
Log-log graph (with a portion removed to save space)

Check the equation using T 5 4.00 K:
E 5 3.00 3 102 J/K4(4.00 K)4
E 5 7.68 3 104 J

The equation is valid.

In the previous example, the values of n and k were calculated once. In student experimentation, the values should be
calculated at least three times to improve accuracy.
NEL
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The log-log graphing technique is particularly useful if
three or more variables are involved in an experiment, such
as in the centripetal acceleration investigation. The following
steps can be applied to obtain the equation relating the
variables.
1. Plot the data on log-log graph paper.
2. Find the slope n of each line on the graph, and use
the slopes to write the proportionality statements.
For example, assume that a depends on b and c such
that the slopes are 13 and 24 respectively. The
proportionality statements are a ∝ b 3 and a ∝ c24,
or a ∝ }1}4 .
c

3. Combine the proportionality statements
b3
a
∝ }}4 .
e.g.,
2
1
c

4. Convert the proportionality statement into an equation by inserting an equal sign and a constant
kb 3
1e.g., a 5 }}4 2.
c

5. Solve for the constant k by taking an average of three
4
substitutions 1e.g., k 5 }ac}3 2.
b

6. Write the equation and include the units for k.
7. Check the equation by substitution.

Error Analysis in Experimentation
In experiments involving measurement, there is always some
degree of uncertainty. This uncertainty can be attributed to
the instrument used, the experimental procedure, the theory
related to the experiment, and/or the experimenter.
In all experiments involving measurements, the measurements and subsequent calculations should be recorded to the
correct number of significant digits. However, a formal report
of an experiment involving measurements should include an
analysis of uncertainty, percent uncertainty, and percent error
or percent difference.
Uncertainty is the amount by which a measurement may
deviate from an average of several readings of the same measurement. This uncertainty can be estimated, so it is called the
estimated uncertainty. Often it is assumed to be plus or minus
half of the smallest division of the scale on the instrument; for
example, the estimated uncertainty of 15.8 cm is 60.05 cm or
60.5 mm. The same applies to the assumed uncertainty, which
is the uncertainty in a written measurement; for example, the
assumed uncertainty of the Sun’s mass of 1.99 3 1030 kg is
60.005 3 1030 kg or 65 3 1027 kg.
Whenever calculations involving addition or subtraction are
performed, the uncertainties accumulate. Thus, to find the
NEL

LEARNING TIP
Possible Error
Uncertainty can also be called possible error. Thus, estimated
uncertainty is estimated possible error, assumed uncertainty is
assumed possible error, and percent uncertainty is percent
possible error.

total uncertainty, the individual uncertainties must be added.
For example,
(34.7 cm 6 0.05 cm) 2 (18.4 cm 6 0.05 cm) 5 16.3 cm 6 0.10 cm

Percent uncertainty is found by dividing the uncertainty by

the measured quantity and multiplying by 100%. Use your
calculator to prove that 28.0 cm 6 0.05 cm has a percent
uncertainty of 60.18%.
Whenever calculations involving multiplication or division are
performed, the percent uncertainties must be added. If desired,
the total percent uncertainty can be converted back to uncertainty. For example, consider the area of a certain rectangle:
A 5 Lw
5 (28.0 cm 60.18%)(21.5 cm 60.23%)
5 602 cm2 60.41%
A 5 602 cm2 62.5 cm2

Percent error can be found only if it is possible to compare
an experimental value with that of the most commonly
accepted value. The equation is
measured value 2 accepted value
% error 5 }}}} 3 100%
accepted value

Percent difference is useful for comparing measurements
when the true measurement is not known or for comparing
an experimental value to a predicted value. The equation is
difference in values
% difference 5 }}} 3 100%
average of values

Accuracy is a comparison of how close a measured value
is to the true or accepted value. An accurate measurement
has a low uncertainty.
Precision is an indication of the smallest unit provided by
an instrument. A highly precise instrument provides several
significant digits.
Random error occurs in measurements when the last significant digit is estimated. Random error results from variation about an average value. Such errors can be reduced by
taking the average of several readings.
Parallax is the apparent shift in an object’s position when
the observer’s position changes. This source of error can be
reduced by looking straight at an instrument or dial.
Skills Handbook
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Systematic error results from a consistent problem with a

measuring device or the person using it. Such errors are
reduced by adding or subtracting the known error, calibrating
the instrument, or performing a more complex investigation.

Vectors
Several quantities in physics are vector quantities—quantities that
have both magnitude and direction.Understanding and working
with vectors is crucial in solving many physics problems.
LEARNING TIP

[forward], [11.5° below the horizontal], [toward Earth’s
centre], and [24° N of W] (refer to
).
Directions used in computers and calculators are measured counterclockwise from the 1x-axis in an x-y coordinate
system. Using this convention, the direction [24° N of W] is
simply 156°.
Figure 7

N

E
W

Geometric and Cartesian Vectors
The vectors in this text are geometric vectors in one and two
dimensions, which are represented as directed line segments
or arrows. Cartesian vectors are represented as sets of ordered
pairs in one and two dimensions. The properties of both
geometric and Cartesian vectors can be extended to three
dimensions.

Vector Symbols

A vector is represented in a diagram by an arrow or a directed
line segment. The length of the arrow is proportional to the
magnitude of the vector, and the direction is the same as the
direction of the vector. The tail of the arrow is the initial
point, and the head of the arrow is the final point. If the vector
is drawn to scale, the scale should be indicated on the diagram (
).
Figure 6

24°

Figure 7
Locating the direction 24° N of W

Multiplying a Vector by a Scalar
(Scalar Multiplication)

The product of a vector and a scalar is a vector with the same
direction as the original vector, but with a different magnitude (unless the scalar is 1). Thus, 8.5v#$ is a vector 8.5 times
as long as v#$ and in the same direction. Multiplying a vector
by a negative scalar results in a vector in the opposite direction
(
).
Figure 8

N
E
p = 12 kg . m/s [15ºN of E]

(b)

(a)

a= 14 m/s2

Figure 6
Examples of vector quantities
(a) Displacement vector (scale: 1 cm 5 10 m)
(b) Acceleration vector (scale: 1 cm 5 5 m/s2)

– p = 12 kg . m/s [15ºS of W]
15º

15º

d= 32 m

N

scale: 1 cm = 5 kg . m/s
Figure 8
#$ by 21 results in the
Multiplying the momentum vector p
#$.
momentum vector 2p

Components of Vectors

In this text, a vector quantity is indicated by an arrow above
the letter representing the vector (e.g., #A$, #a$, S#F$, #p$, etc.). The
manitude of a vector is indicated either by the absolute value
symbol #A$ or simply A. The magnitude is always positive
(unless it is zero).
Directions of Vectors

The directions of vectors are indicated in square brackets following the magnitude and units of the measurement. The
four compass directions east, west, north, and south are indicated as [E], [W], [N], and [S]. Other examples are [down],
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The component of a vector is the projection of a vector along
an axis of a rectangular coordinate system. Any vector can be
described by its rectangular components. In this text, we use
two rectangular components because the situations are twodimensional; three rectangular components are required for
three-dimensional situations. Rectangular components are
always perpendicular to each other, and can be called orthogonal components. (Orthogonal stems from the Greek word
orthos which means “right” and gonia which means “angle.”)
Consider the force vector #F$ shown in
in which
the 1x direction is to the left and the 1y direction is upward.
The projection of #F$ along the x-axis is Fx and the projection
Figure 9
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Vector Addition

y

In arithmetic, 3 1 3 always equals 6. But if these quantities are A
vectors, #3$ 1 #3$ can have any value between 0 and #6$, depending
on their orientation. Thus, vector addition must take into
consideration the directions of the vectors.
To add vector quantities, the arrows representing the vectors are joined head-to-tail, with the vector representing the
resultant vector joined from the tail of the first vector to the
head of the last vector added (
). In drawing vector
diagrams, the vectors can be moved around so that they are
head-to-tail. When shifting a vector on a diagram, it is important that the redrawn vector have the same magnitude and
direction as the original vector.

1y
1x
F
Fy 5 F sin φ or F cos b

b
φ

Figure 11

x
Fx 5 F cos φ or F sin b
Figure 9
The force vector #$
F and its components

B

along the y-axis is Fy . Notice that although #F$ is a vector, its

components, Fx and Fy , are not vectors; rather they are positive or negative numbers with the same units as #F$. In diagrams, components are often shown as broken or dashed line
segments.
Notice that in
there are two angles that indicate
each component in terms of the magnitude and direction of
the vector. These angles always form a right angle (i.e., in this
case f 1 b 5 90°).
It is often convenient to choose a coordinate system other
than a horizontal/vertical system or an east-west/north-south
system. For example, consider the situation in which a skier
is accelerating down a hillside inclined at an angle v to the
horizontal (
). Solving problems related to acceleration and forces is most convenient if the 1x direction is the
direction of the acceleration, in this case downhill; this means
that the 1y direction must be perpendicular to the hillside.
The corresponding FBD of the skier is shown in
.
Figure 9

Figure 10(a)

Figure 10(b)

(a)

(b)

FN
+y

+y

direction of
acceleration

C

R5A1B1C
Figure 11
Adding three vectors

The result of adding vectors can be called the vector addition, resultant vector, resultant, net vector, or vector sum. This
text uses these terms interchangeably; in diagrams, the resultant
vector is a different colour or a different type of line (such as
a broken line) to distinguish it from the original vectors.
Vector addition has the following properties:
the order of addition
• Vector addition is#$commutative;
#
$
#
$
#
$
does not matter: A 1 B 5 B 1 A.
• Vector addition is associative. If more than two vectors
are added, it does not matter how they are grouped:
(#A$ 1 #B$) 1 #C$ 5 #A$ 1 (B#$ 1 #C$).
Example

FK
+x

+x
Fg cos θ

A

θ

Fg

u
Fg sin θ

Use a vector scale diagram to add the following displacements and show that the addition is commutative:
#$
A 5 24 km [32°N of E]
#$
B 5 18 km [E]
#$
C 5 38 km [25°E of S]

Figure 10
(a) A skier accelerating downhill
(b) The FBD of the skier
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Solution

N

Figure 12 shows the solution using the scale 1 cm 5 10 km.
The resultant displacement #$
R is the same whether we use
#$
R = #$
A 1 #$
B 1 #$
C or #$
R = #$
A 1 #$
C 1 #$
B , thus showing that
vector addition is commutative. How would you use this
example to show that vector addition is associative?
scale: 1 cm = 10 km

(a)

E

oF

u

F1 5 10.5 N [S]

N

B

F2 5 14.0 N [W]

E

A
32°

25°

21°

N

(b)

25°
C

C

E

B
R5A1B1C
5A1C1B
R 5 59 km [21° S of E]

c F3 5 10.5 N [S]

B

Figure 12
Vector addition using a vector scale diagram

oF

u A

a

25.5°

The accuracy of vector addition can be improved by
applying trigonometry. If two perpendicular vectors are added,
the law of Pythagoras can be used to determine the magnitude
of the resultant vector. A trigonometric ratio (sine, cosine,
or tangent) can be used to determine the direction of the
resultant vector. If the vectors are at some angle different
from 90° to each other, the cosine law and the sine law can be
used to determine the magnitude and direction of the resultant
vector.
Example

b
F4 5 14.0 N [25.5° W of S]
C
Figure 13
(a) Forces acting on the object
(b) Determining the net force

The angle v is found using trigonometry:

Two forces act on a single object. Determine the net force if
the individual forces are
(a) #$
F 1 5 10.5 N [S] and #$
F 2 5 14.0 N [W]
(b) #$
F 3 = 10.5 N [S] and #$
F 4 5 14.0 N [25.5° W of S]

Solution
(a) Refer to Figure 13(a). Applying the law of Pythagoras:

o#$F 5 #$F1 1 #$F2
2
#$ 2 w
#$ w
o#$
F  5 Ïw
F
1 F
1
2
o#$
F  5 17.5 N

F#$2
v 5 tan21 }
F#$1
14.0 N
5 tan21 }
10.5 N
v 5 53.1°
The net force is 17.5 N [53.1° W of S].

5 Ïw
(10.5 w
1 (1w
4.0 w
N)2

F#$2
tan v 5 }
F#$1

N)2

(b) Refer to Figure 13(b). Applying the cosine law:
a 2 5 b 2 1 c 2 2 2bc cos A
a 2 5 (14.0 N)2 1 (10.5 N)2 2 2(14.0 N)(10.5 N)(cos 154.5°)
a 5 23.9 N
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Applying the sine law:
sin B
sin A
}} 5 }}
b
a

W

S

(a)

(14.0 N)(sin154.5°)
sin B 5 }}
23.9 N
B 5 14.6°

Determine the resultant displacement of a dog that runs
with the following displacements:
#$
A 5 10.5 m [E]
#$
B 5 14.0 m [21.5° E of S]
#$
C 5 25.6 m [18.9° S of W]

Solution
The sketch of the motion in Figure 14(a) indicates that the
resultant displacement is west and south of the initial position. For convenience, we choose 1x as west and 1y as
south. The x-components of the vectors are
Ax 5 210.5 m
Bx 5 214.0 m (sin 21.5°) 5 25.13 m
Cx 5 25.6 m (cos 18.9°) 5 24.2 m

The y-components of the vectors are
Ay 5 0 m
By 5 14.0 m (cos 21.5°) 5 13.0 m
Cy 5 25.6 m (sin 18.9°) 5 8.29 m

NEL

B 5 14.0 m [21.5° E of S]

21.5°

u
R

The net force is 23.9 N [14.6° W of S].

Example

A

1y

A 5 10.5 m [E]

b sin A
sin B 5 }}
a

Another accurate method of vector addition is to use the
components of the vectors. This method is recommended
when adding three or more vectors. To add any number of
vectors by components, use the following steps:
1. Define an x-y coordinate system, and indicate the 1x
and 1y directions.
2. Determine the x- and y-components of all the vectors
to be added.
3. Determine the net x-component by adding all the
individual x-components.
4. Determine the net y-component by adding all the
individual y-components.
5. Determine the magnitude and direction of the net
vector by applying the law of Pythagoras and/or
trigonometric ratios.

1x

18.9°

C 5 25.6 m [18.9° S of W]
1x

(b)

1y

u
R
Ry

Rx
Figure 14
(a) Motion of the dog
(b) Determining the components of the displacements

The net x-component is
Rx 5 Ax 1 Bx 1 Cx
5 210.5 m 2 5.13 m 1 24.2 m
Rx 5 8.6 m

The net y-component is
Ry 5 A y 1 By 1 Cy
5 0 m 1 13.0 m 1 8.29 m
Ry 5 21.3 m

As shown in Figure 14(b), the magnitude of the resultant
displacement is
R 5 Ïw
Rx2 1 w
Ry2
5 Ïw
(8.6 mw
)2 1 (2w
1.3 m)2w
R 5 23 m
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To find the direction of the resultant displacement:

1x

(a)

Rx
tan v 5 }}
Ry

1y

Rx
v 5 tan21 }}
Ry

2B

8.6 m
5 tan21 }}
21.3 m
v 5 22°

C

45°
27°

A

The resultant displacement is 23 m [22° W of S].
C5A2B
C 5 23 m [45° W of N]

Vector Subtraction

The vector subtraction #A$ 2 #B$ is defined as the vector addition of #A$ and 2#B$, where 2#B$ has the same magnitude as #B$,
but is opposite in direction. Thus,
.
You should be able to show that #A$ 2 #B$ does not equal #B$ 2 #A$;
in fact, the two vector subtractions are equal in magnitude, but
opposite in direction.
Components can be used for vector subtraction. For
example, if #C$ 5 #A$ 2 #B$ then
#$
#$)
A 2 #$
B 5 #$
A 1 (2B

(b)

Cx
1x
C

u

Cy

1y

Figure 15
(a) Vector subtraction
(b) Determining the net change in velocity

The net x-component is

and

Cx 5 Ax 2 Bx
Cy 5 Ay 2 By

Just as in vector addition, the subtraction of two vectors
can be found using a vector scale diagram, trigonometry, or
components.
Example

Given that #$
A 5 35 m/s [27° N of E] and #$
B 5 47 m/s [E],
determine the change in velocity #$
C 5 #$
A 2 #$
B using a vector
scale diagram and components of the vectors.

Solution
The vector scale diagram in Figure 15(a) shows that
#$
#$) where the vector 2B
#$ is added with the tail
C 5 #$
A 1 (2B
#$
touching the head of A. In this case, #$
C = 23 m/s [45° W of N].
The x-components of the vectors are
Ax 5 235 m/s (cos 27°) 5 231 m/s
Bx 5 247 m/s

The y-components of the vectors are
Ay 5 35 m/s (sin 27°) 5 16 m/s
By 5 0 m/s

Cx 5 Ax 2 Bx
= 231 m/s 2 (247 m/s)
Cx 5 16 m/s

The net y-component is
Cy 5 Ay 2 By
5 16 m/s 2 0 m/s
Cy 5 16 m/s

As shown in Figure 15(b), the magnitude of the net change
in velocity is
C 5 Ïw
Cx2 1 w
Cy2
5 Ïw
(16 m/w
s)2 1 1w
6 m/s)2w
C 5 23 m/s

Find the direction of the net change in velocity:
Cx
tan v 5 }}
Cy
Cx
v 5 tan21 }}
Cy
16 m
5 tan21 }
16 m
v 5 45°
The net change in velocity is 23 m/s [45° W of N].
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The Scalar or Dot Product of Two Vectors

The scalar product of two vectors is equal to the product of
their magnitudes and the cosine of the angle between the
vectors. The scalar product is also called the dot product
because a dot can be used to represent the product symbol.
An example of a scalar product is the equation for the work
W done by a net force S#F$ that causes an object to move by a
displacement D#d$ (Section 4.1).
W 5
5

or

W 5

o#$F ?Dd#$
oFDd cos v
1oF cos v2 Dd

where the magnitude is given by C 5 #C$ 5 AB sin v, and
the direction is perpendicular to the plane formed by #A$ and
#B$. However, there are two distinct directions that are per- A
pendicular to the plane formed by #A$ and #B$; to determine the
correct direction you can use the following rule, illustrated in
:
When the fin• Right-hand rule for the vector product:
gers of the right hand move from #A$ toward #B$, the outstretched thumb points in the direction of #C$.
Figure 17

C=A×B

Thus, the defining equation of the scalar (or dot) product of
vectors #A$ and #B$ is
B

#$
#$ = AB cos v
A ?B

where v is the angle between #A$ and #B$, A is the magnitude of
#A$, and B is the magnitude of #B$. Notice that #A$ and #B$ do not
represent the same quantities.
A scalar product can be represented in a diagram as shown
in
in which an applied force #F$A is at an angle v to
the displacement of the object being pulled (with negligible
friction).
Figure 16

+y
FA
+x
θ

FA cos θ

∆d
Figure 16
Assuming that there is negligible friction, the work done by #$
F A on
#$ is the scalar product,
the cart in moving it a displacement Dd
FA cos vDd.

The Vector or Cross Product of Two Vectors

The vector product of two vectors has a magnitude equal to the
product of the magnitudes of the two vectors and the sine of
the angle between the vectors. The vector product is also
called the cross product because a “3” is used to represent
the product symbol. Thus, for vectors #A$ and #B$, the vector
product #C$ is defined by the following equation:

Figure 17
The right-hand rule to determine the direction of the vector
resulting from the vector product #$
C 5 #$
A 3 #$
B

The vector (or cross) product has the following
properties:
the vectors are multiplied matters
• The order#$ in which
because A 3 #B$ 5 2#B$ 3 #A$. (Use the right-hand rule to
verify this.)
• If #A$ and #B$ are parallel, v 5 0° or 180°#$and#$#A$ 3 #B$ 5 0
because sin 0° 5 sin 180° 5 0. Thus, A 3A 5 0.
• If #A$ —| #B$ (v 5 90°) then #A$ 3 #B$ 5 AB because
sin 90° 5 1.
vector product obeys the distributive law; i.e.,
• #The
A$ 3 (#B$ 1 #C$ ) 5 #A$ 3 #B$ 1 #A$ 3 #C$ .
LEARNING TIP
Alternative Notation
In advanced physics textbooks, vectors are often written using
boldface rather than with an arrow above the quantity. Thus,
you may find the dot product and the cross product written
as follows:
A ? B 5 AB cos v
A 3 B 5 AB sin v

#$
A 3 #$
B
C 5 #$
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Using Graphing Calculators or
Computer Programs
You can use a graphing calculator or a computer-graphing
program for several purposes, including finding the roots of
an equation or analyzing linear functions, quadratic functions, trigonometric functions, and conic functions. You can
also create a graph of given or measured data, and determine
the equation relating the variables plotted or solve two simultaneous equations with two unknowns.
Graphing Calculators

Example
Graph the function y 5 cos x for 0° # x # 360°.

Solution
1. Put the calculator in degree mode:

• z → “Degree” → u.
2. Enter y 5 cos x into the equation editor:
• Y 5 b4§.

3. Adjust the window so that it corresponds to the given
domain:

•

e → Xmin 5 0, Xmax 5 360, Xsel 5 90 (for an
interval of 90° on the x-axis), Ymin 5 21, and Ymax 5 1.

4. Graph the function using the ZoomFit:

Example
A ball is tossed vertically upward with an initial speed of
9.0 m/s. At what times after its release will the ball pass a
position 3.0 m above the position where it is released?
(Neglect air resistance.)

Solution
Note: The solution given here is for the TI-83 Plus calculator.
If you have a different computing calculator, refer to its
instruction manual for detailed information about solving
equations.
Defining upward as the positive direction and using
magnitudes only, the given quantities are Dd 5 3.0 m,
vi 5 9.0 m/s, and a 5 29.8 m/s2. The constant acceleration
equation for displacement is

•

qA.

Consider an ellipse, which is important in physics because
it is the shape of the orbits of planets and satellites. The standard form of the equation of an ellipse where the centre is
the origin and the major axis is along the x-axis is
x2
y2
}}
1 }}
5 1,
a2
b2

where a . b.

The vertexes of the ellipse are at (a, 0) and (2a, 0), as shown
in
.
Figure 18

(0, b)

ellipse

y
P

1
Dd 5 viDt 1 }}aDt 2
2
3.0 5 9.0Dt 2 4.9Dt 2
4.9Dt 2

x
F1

2 9.0Dt 1 3.0 5 0

0

F2

(2a, 0)
To solve for Dt, we can use the quadratic formula and
enter the data into the calculator. The equation is in the form
Ax 2 1 Bx 1 C 5 0, where A 5 4.9, B 5 29.0, and C 5 3.0.

(a, 0)

(0, 2b)

1. Store the coefficients A and B, and the constant C in

the calculator:

•
•
•
•
•
•

4.9 øZ5
Z[:]
29 øZ5
B
Z[:]
3øZ5
C
u

2. Enter the expression for the quadratic formula:

2b 6 Ïw
b 2 2 4w
ac
}} :
2a

•

£πZ51ya£Z5°π
B
B
Ïw
4Z5Z5§§•£2Z5§
C

3. Press u to find one solution to the time. To find

the other solution, the negative must be used in
front of the disciminant. The answers are 1.4 s and
0.44 s.
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such that PF1 1 PF2 5 constant
Figure 18
An ellipse

Example
Use the “Zap-a-Graph” feature to plot an ellipse centred on
the origin of an x-y graph and determine the effect of
changing the parameters of the ellipse.

Solution
1. Choose ellipse from the Zap-a-Graph menu:

•

[DEFINE] → Ellipse.

2. Enter the parameters of the ellipse (e.g., a 5 6 and
b 5 4), then plot the graph.
3. Alter the ellipse by choosing Scale from the Grid menu
and entering different values.
NEL
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Graphing on a Spreadsheet

A spreadsheet is a computer program that can be used to create
a table of data and a graph of the data. It is composed of cells
indicated by a column letter (A, B, C, etc.) and a row number
(1, 2, 3, etc.); thus, B1 and C3 are examples of cells (
).
Each cell can hold a number, a label, or an equation.
Figure 19

1
2
3

A
A1
A2
A3

B
B1
B2

C
C1

D

A spreadsheet can be used to solve a system of two simultaneous equations, which can occur, for example, when analyzing elastic collisions (discussed in Section 5.3). In a A
one-dimensional elastic collision, the two equations involved
simultaneously are
m1#$v 1 1 m2#$v 2 5 m1#$v 19 1 m2#$v 29

E

Figure 19
Spreadsheet cells

To create a data table and plot the corresponding graph,
you can follow the steps outlined in the next example.
Example
For an initial velocity of 5.0 m/s [E] and a constant acceleration of 4.0 m/s2 [E], set up a spreadsheet for the relationship
#$ 5 #$v Dt 1 }1}a#$Dt 2 Plot a graph of the data from t 5 0 s to
Dd
i
2
t = 8.0 s at intervals of 1.0 s.

.

Solution

and

1
1
1
1
}} mv12 1 }} mv22 5 }} mv192 1 }} mv292
2
2
2
2

from the law of
conservation of
momentum
from the law of
conservation of
energy

If the known quantities are m1, m2, v1, and v2, then the
unknown quantities are v19 and v29. To find the solution to
these unknowns, rewrite the equations so that one unknown
is isolated and written in terms of all the other variables. In
this example, enter v29 in cell A1, enter the first v19 based on the
equation for the law of conservation of momentum in cell
B1, and enter the second v19 (call it v10) based on the equation
for the law of conservation of energy in cell C1. Then proceed to enter the data according to the previous example,
using reasonable values for the variables. Plot the data on a
graph and determine the intersection of the two resulting
lines. That intersection is the solution to the two simultaneous equations.

1. Access the spreadsheet and label cell A1 the
independent variable, in this case t, and cell B1 the
dependent variable, in this case Dd.
2. Enter the values of t from 0 to 8.0 in cells A2 to A10. In
cell B2 enter the right side of the equation in the
1
following form: vi*t 1 }}*a*t *t where “ * ” represents
2
multiplication.
3. Use the cursor to select B2 down to B10 and choose the
Fill Down command or right drag cell B1 down to B10 to
copy the equation to each cell.
4. Command the program to graph the values in the data
table (e.g., choose Make Chart, depending on the
program).
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A2 Planning an Investigation
In our attempts to further our understanding of the natural
world, we encounter questions, mysteries, or events that are
not readily explainable. To develop explanations, we investigate using scientific inquiry. The methods used in scientific
inquiry depend, to a large degree, on the purpose of the
inquiry.

Controlled Experiments
A controlled experiment is an example of scientific inquiry in
which an independent variable is purposefully and steadily
changed to determine its effect on a second dependent variable. All other variables are controlled or kept constant.
Controlled experiments are performed when the purpose of
the inquiry is to create, test, or use a scientific concept.
The common components of controlled experiments are
outlined below. Even though the presentation is linear, there
are normally many cycles through the steps during an actual
experiment.

Stating the Purpose

Every investigation in science has a purpose; for example,
• to develop a scientific concept (a theory, law, generalization, or definition);
• to test a scientific concept;
• to determine a scientific constant; or
• to test an experimental design, a procedure, or a skill.
Determine which of these is the purpose of your investigation.
Indicate your decision in a statement of the purpose.
Asking the Question

Your question forms the basis for your investigation: the investigation is designed to answer the question. Controlled experiments are about relationships, so the question could be about
the effects on variable A when variable B is changed.
Predicting/Hypothesizing

A prediction is a tentative answer to the question you are
investigating. In the prediction you state what outcome you
expect from your experiment.
A hypothesis is a tentative explanation. To be scientific, a
hypothesis must be testable. Hypotheses can range in certainty from an educated guess to a concept that is widely
accepted in the scientific community.
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Designing the Investigation

The design of a controlled experiment identifies how you
plan to manipulate the independent variable, measure the
response of the dependent variable, and control all the other
variables in pursuit of an answer to your question. It is a summary of your plan for the experiment.
Gathering, Recording, and Organizing
Observations

There are many ways to gather and record observations during
your investigation. It is helpful to plan ahead and think about
what data you will need to answer the question and how best
to record them. This helps to clarify your thinking about the
question posed at the beginning, the variables, the number of
trials, the procedure, the materials, and your skills. It will also
help you organize your evidence for easier analysis.
Analyzing the Observations

After thoroughly analyzing your observations, you may have
sufficient and appropriate evidence to enable you to answer
the question posed at the beginning of the investigation.
Evaluating the Evidence and the
Prediction/Hypothesis

At this stage of the investigation, you evaluate the processes
that you followed to plan and perform the investigation.
You will also evaluate the outcome of the investigation,
which involves evaluating any prediction you made, and the
hypothesis or more established concept (“authority”) the prediction was based on.You must identify and take into account
any sources of error and uncertainty in your measurements.
Finally, compare the answer you predicted with the answer
generated by analyzing the evidence. Is your hypothesis, or
the authority, acceptable or not?
Reporting on the Investigation

In preparing your report, your objectives should be to describe
your planning process and procedure clearly and in sufficient
detail that the reader could repeat the experiment exactly as
you performed it, and to report your observations, your
analysis, and your evaluation of your experiment accurately
and honestly.
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A3 Decision Making
Modern life is filled with environmental and social issues that
have scientific and technological dimensions. An issue is
defined as a problem that has at least two possible solutions
rather than a single answer. There can be many positions,
generally determined by the values that an individual or a
society holds, on a single issue. Which solution is “best” is a
matter of opinion; ideally, the solution that is implemented
is the one that is most appropriate for society as a whole.
The common processes involved in the decision-making
process are outlined below. Even though the sequence is presented as linear, you may go through several cycles before deciding
you are ready to defend a decision.

Defining the Issue
The first step in understanding an issue is to explain why it is
an issue, describe the problems associated with the issue, and
identify the individuals or groups, called stakeholders, involved
in the issue. You could brainstorm the following questions
to research the issue: Who? What? Where? When? Why? How?
Develop background information on the issue by clarifying
facts and concepts, and identifying relevant attributes, features, or characteristics of the problem.
Identifying Alternatives/Positions
Examine the issue and think of as many alternative solutions
as you can. At this point it does not matter if the solutions
seem unrealistic. To analyze the alternatives, you should
examine the issue from a variety of perspectives. Stakeholders
may bring different viewpoints to an issue and these may

influence their position on the issue. Brainstorm or hypothesize how different stakeholders would feel about your alternatives. Perspectives that stakeholders may adopt while
approaching an issue are listed in
.
Table 1

Researching the Issue
Formulate a research question that helps to limit, narrow, or
define the issue. Then develop a plan to identify and find reliable and relevant sources of information. Outline the stages
of your information search: gathering, sorting, evaluating,
selecting, and integrating relevant information.You may consider using a flow chart, concept map, or other graphic organizer to outline the stages of your information search. Gather
information from many sources, including newspapers, magazines, scientific journals, the Internet, and the library.
Analyzing the Issue
In this stage, you will analyze the issue in an attempt to clarify
where you stand. First, you should establish criteria for evaluating your information to determine its relevance and significance.You can then evaluate your sources, determine what
assumptions may have been made, and assess whether you
have enough information to make your decision.
There are five steps that must be completed to effectively
analyze the issue:
1. Establish criteria for determining the relevance and
significance of the data you have gathered.
2. Evaluate the sources of information.

Table 1 Some Possible Perspectives on an Issue
Cultural

focused on customs and practices of a particular group

Environmental

focused on effects on natural processes and other living things

Economic

focused on the production, distribution, and consumption of wealth

Educational

focused on the effects on learning

Emotional

focused on feelings and emotions

Aesthetic

focused on what is artistic, tasteful, beautiful

Moral/Ethical

focused on what is good/bad, right/wrong

Legal

focused on rights and responsibilities

Spiritual

focused on the effects on personal beliefs

Political

focused on the aims of an identifiable group or party

Scientific

focused on logic or the results of relevant inquiry

Social

focused on effects on human relationships, the community

Technological

focused on the use of machines and processes
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A

3. Identify and determine what assumptions have been
made. Challenge unsupported evidence.
4. Determine any causal, sequential, or structural relationships associated with the issue.
5. Evaluate the alternative solutions, possibly by conducting a risk-benefit analysis.

Defending the Decision
After analyzing your information, you can answer your research
question and take an informed position on the issue. You
should be able to defend your preferred solution in an appropriate format—debate, class discussion, speech, position paper,
multimedia presentation (e.g., computer slide show), brochure,
poster, video …
Your position on the issue must be justified using the supporting information that you have discovered in your research
and tested in your analysis.You should be able to defend your
position to people with different perspectives. In preparing for
your defence, ask yourself the following questions:
• Do I have supporting evidence from a variety of
sources?
• Can I state my position clearly?
• Do I have solid arguments (with solid evidence) supporting my position?
• Have I considered arguments against my position, and
identified their faults?
• Have I analyzed the strong and weak points of each
perspective?
Evaluating the Process
The final phase of decision making includes evaluating the
decision the group reached, the process used to reach the
decision, and the part you played in decision making. After a
decision has been reached, carefully examine the thinking
that led to the decision. Some questions to guide your evaluation follow:
• What was my initial perspective on the issue? How has
my perspective changed since I first began to explore
the issue?
• How did we make our decision? What process did we
use? What steps did we follow?
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• In what ways does our decision resolve the issue?
• What are the likely short- and long-term effects of our
decision?
• To what extent am I satisfied with our decision?
• What reasons would I give to explain our decision?
• If we had to make this decision again, what would I do
differently?

A Risk–Benefit Analysis Model
Risk–benefit analysis is a tool used to organize and analyze
information gathered in research. A thorough analysis of the
risks and benefits associated with each alternative solution
can help you decide on the best alternative.
• Research as many aspects of the proposal as possible.
Look at it from different perspectives.
• Collect as much evidence as you can, including reasonable projections of likely outcomes if the proposal
is adopted.
• Classify every individual potential result as being
either a benefit or a risk.
• Quantify the size of the potential benefit or risk (perhaps as a dollar figure, or a number of lives affected, or
in severity on a scale of 1 to 5).
• Estimate the probability (percentage) of that event
occurring.
• By multiplying the size of a benefit (or risk) by the
probability of its happening, you can assign a significance value for each potential result.
• Total the significance values of all the potential risks,
and all the potential benefits and compare the sums to
help you decide whether to accept the proposed
action.
Note that although you should try to be objective in your
assessment, your beliefs will have an effect on the outcome—
two people, even if using the same information and the same
tools, could come to a different conclusion about the balance
of risk and benefit for any proposed solution to an issue.
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A4 Technological Problem Solving
There is a difference between scientific and technological
processes. The goal of science is to understand the natural
world. The goal of technological problem solving is to develop
or revise a product or a process in response to a human need.
The product or process must fulfill its function but, in contrast with scientific problem solving, it is not essential to
understand why or how it works. Technological solutions are
evaluated based on such criteria as simplicity, reliability, efficiency, cost, and ecological and political ramifications.

Although the sequence below is linear, there are normally
many cycles through the steps in any problem-solving attempt.

Defining the Problem
This process involves recognizing and identifying the need
for a technological solution. You need to clearly state both
the question(s) that you want to investigate and the criteria
you will use as guidelines to solve the problem and to evaluate
your solution. In any design, some criteria may be more
important than others. For example, if the product solution
measures accurately and is economical, but is not safe, then
it is clearly unacceptable.
Identifying Possible Solutions
Use your knowledge and experience to propose possible solutions. Creativity is also important in suggesting novel solutions.
You should generate as many ideas as possible about the functioning of your solution and about potential designs. During
brainstorming,the goal is to generate many ideas without judging
them. They can be evaluated and accepted or rejected later.
To visualize the possible solutions it is helpful to draw
sketches. Sketches are often better than verbal descriptions
to communicate an idea.
Planning
Planning is the heart of the entire process.Your plan will outline your processes, identify potential sources of information
and materials, define your resource parameters, and establish evaluation criteria.
Seven types of resources are generally used in developing
technological solutions to problems—people, information,
materials, tools, energy, capital, and time.
Constructing/Testing Solutions
In this phase, you will construct and test your prototype using
systematic trial and error. Try to manipulate only one variable
at a time. Use failures to inform the decisions you make before
your next trial. You may also complete a cost-benefit analysis
on the prototype.
NEL

To help you decide on the best solution, you can rate each
potential solution on each of the design criteria using a fivepoint rating scale, with 1 being poor, 2 fair, 3 good, 4 very
good, and 5 excellent. You can then compare your proposed
solutions by totalling the scores.
Once you have made the choice among the possible solutions, you need to produce and test a prototype.While making
the prototype you may need to experiment with the characteristics of different components. A model, on a smaller scale,
might help you decide whether the product will be functional.
The test of your prototype should answer three basic questions:
• Does the prototype solve the problem?
• Does it satisfy the design criteria?
• Are there any unanticipated problems with the design?
If these questions cannot be answered satisfactorily, you
may have to modify the design or select another solution.

Presenting the Preferred Solution
In presenting your solution, you will communicate your solution, identify potential applications, and put your solution
to use.
Once the prototype has been produced and tested, the best
presentation of the solution is a demonstration of its use—
a test under actual conditions. This demonstration can also
serve as a further test of the design. Any feedback should be
considered for future redesign. Remember that no solution
should be considered the absolute final solution.
Evaluating the Solution and Process
The technological problem-solving process is cyclical. At this
stage, evaluating your solution and the process you used to
arrive at your solution may lead to a revision of the solution.
Evaluation is not restricted to the final step, however, it is
important to evaluate the final product using the criteria
established earlier, and to evaluate the processes used while
arriving at the solution. Consider the following questions:
• To what degree does the final product meet the design
criteria?
• Did you have to make any compromises in the design?
If so, are there ways to minimize the effects of the
compromises?
• Are there other possible solutions that deserve future
consideration?
• Did you exceed any of the resource parameters?
• How did your group work as a team?
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A5 Lab Reports
When carrying out investigations, it is important that scientists keep records of their plans and results, and share their
findings. In order to have their investigations repeated (replicated) and accepted by the scientific community, scientists
generally share their work by publishing papers in which
details of their design, materials, procedure, evidence, analysis,
and evaluation are given.
Lab reports are prepared after an investigation is completed. To ensure that you can accurately describe the investigation, it is important to keep thorough and accurate records
of your activities as you carry out the investigation.
Investigators use a similar format in their final reports or
lab books, although the headings and order may vary.Your lab
book or report should reflect the type of scientific inquiry
that you used in the investigation and should be based on
the following headings, as appropriate.

Title
At the beginning of your report, write the number and title
of your investigation. In this course the title is usually given,
but if you are designing your own investigation, create a title
that suggests what the investigation is about. Include the date
the investigation was conducted and the names of all lab partners (if you worked as a team).
Purpose
State the purpose of the investigation. Why are you doing
this investigation?
Question
This is the question that you attempted to answer in the investigation. If it is appropriate to do so, state the question in
terms of independent and dependent variables.
Prediction/Hypothesis
A prediction is a tentative answer to the question you are
investigating. In the prediction you state what outcome you
expect from your experiment.
A hypothesis is a tentative explanation. To be scientific, a
hypothesis must be testable. Hypotheses can range in certainty from an educated guess to a concept that is widely
accepted in the scientific community. Depending on the nature
of your investigation, you may or may not have a hypothesis
or a prediction.
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Experimental Design
If you designed your own investigation, this is a brief general overview (one to three sentences) of what was done. If
your investigation involved independent, dependent, and
controlled variables, list them. Identify any control or control group that was used in the investigation.
Materials
This is a detailed list of all materials used, including sizes and
quantities where appropriate. Be sure to include safety equipment and any special precautions when using the equipment
or performing the investigation. Draw a diagram to show any
complicated setup of apparatus.
Procedure
Describe, in detailed, numbered steps, the procedure you followed in carrying out your investigation. Include steps to
clean up and dispose of waste materials.
Observations
This includes all qualitative and quantitative observations
that you made. Be as precise as appropriate when describing
quantitative observations, include any unexpected observations, and present your information in a form that is easily
understood. If you have only a few observations, this could be
a list; for controlled experiments and for many observations,
a table will be more appropriate.
Analysis
Interpret your observations and present the evidence in the
form of tables, graphs, or illustrations, each with a title. Include
any calculations, the results of which can be shown in a table.
Make statements about any patterns or trends you observed.
Conclude the analysis with a statement based only on the evidence you have gathered, answering the question that initiated
the investigation.
Evaluation
The evaluation is your judgment about the quality of evidence obtained and about the validity of the prediction and
hypothesis (if present). This section can be divided into two
parts:
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• Did your observations provide reliable and valid

evidence to enable you to answer the question? Are
you confident enough in the evidence to use it to evaluate any prediction and/or hypothesis you made?
• Was the prediction you made before the investigation
supported or falsified by the evidence? Based on your
evaluation of the evidence and prediction, is your
hypothesis or the authority you used to make your
prediction supported, or should it be rejected?
The leading questions that follow should help you through
the process of evaluation.
Evaluation of the Experiment

1. Were you able to answer the question using the
chosen experimental design? Are there any obvious
flaws in the design? What alternative designs (better
or worse) are available? As far as you know, is this
design the best available in terms of controls, efficiency, and cost? How great is your confidence in the
chosen design?
You may sum up your conclusions about the
design in a statement like: “The experimental design
[name or describe in a few words] is judged to be
adequate/inadequate because … ”
2. Were the steps that you used in the laboratory correctly
sequenced, and adequate to gather sufficient evidence?
What improvements could be made to the procedure?
What steps, if not done correctly, would have significantly affected the results?
Sum up your conclusions about the procedure in a
statement like: “The procedure is judged to be adequate/inadequate because … ”
3. Which specialized skills, if any, might have the
greatest effect on the experimental results? Was the
evidence from repeated trials reasonably similar? Can
the measurements be made more precise?
Sum up your conclusions: “The technological skills
are judged to be adequate/inadequate because … ”
4. You should now be ready to sum up your evaluation
of the experiment. Do you have enough confidence in
your experimental results to proceed with your evaluation of the authority being tested? Based on uncertainties and errors you have identified in the course of
your evaluation, what would be an acceptable percent
difference for this experiment (1%, 5%, or 10%)?
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State your confidence level in a summary statement: “Based upon my evaluation of the experiment,
A
I am not certain/I am moderately certain/I am very
certain of my experimental results. The major sources
of uncertainty or error are … ”
Evaluation of the Prediction and Authority

1. Calculate the percent difference for your experiment.
difference in values
% difference 5 }}} 3 100%
average of values

How does the percent difference compare with
your estimated total uncertainty (i.e., is the percent
difference greater or smaller than the difference
you’ve judged acceptable for this experiment)? Does
the predicted answer clearly agree with the experimental answer in your analysis? Can the percent difference be accounted for by the sources of uncertainty
listed earlier in the evaluation?
Sum up your evalution of the prediction: “The
prediction is judged to be verified/inconclusive/
falsified because … ”
2. If the prediction was verified, the hypothesis or the
authority behind it is supported by the experiment. If
the results of the experiment were inconclusive or the
prediction was falsified, then doubt is cast upon the
hypothesis or authority. How confident do you feel
about any judgment you can make based on the
experiment? Is there a need for a new or revised
hypothesis, or to restrict, reverse, or replace the
authority being tested?
Sum up your evaluation of the authority: “[The
hypothesis or authority] being tested is judged to be
acceptable/unacceptable because … ”

Synthesis
You can synthesize your knowledge and understanding in the
following ways:
• Relate what you discovered in the experiment to
theories and concepts studied previously.
• Apply your observations and conclusions to practical
situations.
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SAFETY SKILLS

B1 Safety Conventions and Symbols
Although every effort is undertaken to make the science experience a safe one, there are inherent risks associated with some
scientific investigations. These risks are generally associated
with the materials and equipment used, and the disregard of
safety instructions that accompany investigations and activities. However, there may also be risks associated with the
location of the investigation, whether in the science laboratory, at home, or outdoors. Most of these risks pose no more
danger than one would normally experience in everyday life.
With an awareness of the possible hazards, knowledge of the
rules, appropriate behaviour, and a little common sense, these
risks can be practically eliminated.
Remember, you share the responsibility not only for your
own safety, but also for the safety of those around you. Always
alert the teacher in case of an accident.
In this text, chemicals, equipment, and procedures that are
hazardous are highlighted in red and are preceded by the
appropriate Workplace Hazardous Materials Information
System (WHMIS) symbol or by .

WHMIS Symbols and HHPS
The Workplace Hazardous Materials Information System
(WHMIS) provides workers and students with complete and
accurate information regarding hazardous products.All chemical products supplied to schools, businesses, and industries
must contain standardized labels and be accompanied by
Material Safety Data Sheets (MSDS) providing detailed information about the product. Clear and standardized labelling
is an important component of WHMIS (
). These labels
must be present on the product’s original container or be
added to other containers if the product is transferred.
The Canadian Hazardous Products Act requires manufacturers of consumer products containing chemicals to include
a symbol specifying both the nature of the primary hazard
and the degree of this hazard. In addition, any secondary hazards, first aid treatment, storage, and disposal must be noted.
Household Hazardous Product Symbols (HHPS) are used to
show the hazard and the degree of the hazard by the type of
border surrounding the illustration (
).

Corrosive
This material can burn your skin and eyes.
If you swallow it, it will damage your throat
and stomach.
Flammable
This product or the gas (or vapour) from
it can catch fire quickly. Keep this product
away from heat, flames, and sparks.
Explosive
Container will explode if it is heated or if a
hole is punched in it. Metal or plastic can
fly out and hurt your eyes and other parts
of your body.
Poisonous
If you swallow or lick this product, you
could become very sick or die. Some
products with this symbol on the label can
hurt you even if you breathe (or inhale)
them.

Danger

Table 1

Figure 1
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Warning

Caution
Figure 1
Household Hazardous Product Symbols (HHPS)
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Table 1 The Workplace Hazardous Materials Information System (WHMIS)
Class and Type of Compounds

Risks

Precautions

•
•
•

could explode due to pressure
could explode if heated or dropped
possible hazard from both the
force of explosion and the release
of contents

•
•
•

ensure container is always secured
store in designated areas
do not drop or allow to fall

•
•

may ignite spontaneously
may release flammable products
if allowed to degrade or when
exposed to water

•
•
•
•
•

store in properly designated areas
work in well-ventilated areas
avoid heating
avoid sparks and flames
ensure that electrical sources are safe

•
•
•

can cause skin or eye burns
increase fire and explosion hazards
may cause combustibles to
explode or react violently

•
•
•

store away from combustibles
wear body, hand, face, and eye protection
store in proper container that will not rust
or oxidize

•
•
•

may be fatal if ingested or inhaled
may be absorbed through the skin
small volumes have a toxic effect

•
•
•
•

avoid breathing dust or vapours
avoid contact with skin or eyes
wear protective clothing, and face and
eye protection
work in well-ventilated areas and wear
breathing protection

Materials that have a harmful
effect after repeated exposures
or over a long period

•
•
•
•

may cause death or permanent
injury
may cause birth defects or sterility
may cause cancer
may be sensitizers causing allergies

•
•
•
•
•
•

wear appropriate personal protection
work in a well-ventilated area
store in appropriate designated areas
avoid direct contact
use hand, body, face, and eye protection
ensure respiratory and body protection is
appropriate for the specific hazard

Class D Biohazardous
Infectious Materials

•
•
•
•

may cause anaphylactic shock
includes viruses, yeasts, moulds,
bacteria, and parasites that affect
humans
includes fluids containing toxic
products
includes cellular components

•
•
•
•
•
•

special training is required to handle
materials
work in designated biological areas with
appropriate engineering controls
avoid forming aerosols
avoid breathing vapours
avoid contamination of people and/or area
store in special designated areas

•
•
•
•
•

eye and skin irritation on exposure
severe burns/tissue damage on
longer exposure
lung damage if inhaled
may cause blindness if contacts
eyes
environmental damage from fumes

•
•
•
•
•
•

wear body, hand, face, and eye protection
use breathing apparatus
ensure protective equipment is appropriate
work in a well-ventilated area
avoid all direct body contact
use appropriate storage containers and
ensure proper non-venting closures

•
•
•
•
•
•

may react with water
may be chemically unstable
may explode if exposed to shock
or heat
may release toxic or flammable
vapours
may vigorously polymerize
may burn unexpectedly

•
•
•
•

handle with care avoiding vibration,
shocks, and sudden temperature changes
store in appropriate containers
ensure storage containers are sealed
store and work in designated areas

Class A Compressed Gas
Material that is normally
gaseous and kept in a
pressurized container
Class B Flammable and
Combustible Materials

WHMIS Symbol

Materials that will continue to
burn after being exposed to a
flame or other ignition source
Class C Oxidizing Materials
Materials that can cause other
materials to burn or support
combustion
Class D Toxic Materials
Immediate and Severe
Poisons and potentially fatal
materials that cause immediate
and severe harm
Class D Toxic Materials
Long Term Concealed

Infectious agents or a biological
toxin causing a serious disease
or death

Class E Corrosive Materials
Materials that react with metals
and living tissue

Class F Dangerously Reactive
Materials
Materials that may have
unexpected reactions
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B2 Safety in the Laboratory
General Safety Rules
Safety in the laboratory is an attitude and a habit more than
it is a set of rules. It is easier to prevent accidents than to deal
with the consequences of an accident. Most of the following
rules are common sense.
• Do not enter a laboratory or prep room unless a
teacher or other supervisor is present, or you have permission to do so.
• Familiarize yourself with your school’s safety regulations.
• Make your teacher aware of any allergies or other
health problems you may have.
• Listen carefully to any instructions given by your
teacher, and follow them closely.
• Wear eye protection, lab aprons or coats, and protective gloves when appropriate.
• Wear closed shoes (not sandals) when working in the
laboratory.
• Place your books and bags away from the work area.
Keep your work area clear of all materials except those
that you will use in the investigation.
• Do not chew gum, eat, or drink in the laboratory. Food
should not be stored in refrigerators in laboratories.
• Know the location of MSDS information, exits, and all
safety equipment, such as the fire blanket, fire extinguisher, and eyewash station.
• Use stands, clamps, and holders to secure any potentially dangerous or fragile equipment that could be
tipped over.
• Avoid sudden or rapid motion in the laboratory that
may interfere with someone carrying or working with
chemicals or using sharp instruments.
• Never engage in horseplay or practical jokes in the
laboratory.
• Ask for assistance when you are not sure how to do a
procedural step.
• Never attempt unauthorized experiments.
• Never work in a crowded area or alone in the laboratory.
• Report all accidents.
• Clean up all spills, even spills of water, immediately.
• Always wash your hands with soap and water before or
immediately after you leave the laboratory. Wash your
hands before you touch any food.
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• Do not forget safety procedures when you leave the
laboratory. Accidents can also occur outdoors, at
home, or at work.

Eye and Face Safety
• Wear approved eye protection in a laboratory, no
matter how simple or safe the task appears to be. Keep
the eye protection over your eyes, not on top of your
head. For certain experiments, full face protection
(safety goggles or a face shield) may be necessary.
• Never look directly into the opening of flasks or test
tubes.
• If, in spite of all precautions, you get a chemical in
your eye, quickly use the eyewash or nearest cold running water. Continue to rinse the eye with water for at
least 15 min. This is a very long time—have someone
time you. Have another student inform your teacher of
the accident. The injured eye should be examined by a
doctor.
• If you must wear contact lenses in the laboratory, be
extra careful; whether or not you wear contact lenses,
do not touch your eyes without first washing your
hands. If you do wear contact lenses, make sure that
your teacher is aware of it. Carry your lens case and a
pair of glasses with you.
• If a piece of glass or other foreign object enters your
eye, seek immediate medical attention.
• Do not stare directly at any bright source of light (e.g.,
a piece of burning magnesium ribbon, lasers, or the
Sun). You will not feel any pain if your retina is being
damaged by intense radiation. You cannot rely on the
sensation of pain to protect you.
• When working with lasers, be aware that a reflected
laser beam can act like a direct beam on the eye.
Handling Glassware Safely
• Never use glassware that is cracked or chipped. Give
such glassware to your teacher or dispose of it as
directed. Do not put the item back into circulation.
• Never pick up broken glassware with your fingers. Use
a broom and dustpan.
• Do not put broken glassware into garbage containers.
Dispose of glass fragments in special containers
marked “Broken Glass.”
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• Heat glassware only if it is approved for heating. Check
with your teacher before heating any glassware.
• If you cut yourself, inform your teacher immediately.
•

•
•

Embedded glass or continued bleeding requires medical attention.
If you need to insert glass tubing or a thermometer
into a rubber stopper, get a cork borer of a suitable size.
Insert the borer in the hole of the rubber stopper,
starting from the small end of the stopper. Once the
borer is pushed all the way through the hole, insert the
tubing or thermometer through the borer. Ease the
borer out of the hole, leaving the tubing or thermometer inside. To remove the tubing or thermometer
from the stopper, push the borer from the small end
through the stopper until it shows from the other end.
Ease the tubing or thermometer out of the borer.
Protect your hands with heavy gloves or several layers
of cloth before inserting glass into rubber stoppers.
Be very careful while cleaning glassware. There is an
increased risk of breakage from dropping when the
glassware is wet and slippery.

Using Sharp Instruments Safely
• Make sure your instruments are sharp. Surprisingly,
one of the main causes of accidents with cutting instruments is the use of a dull instrument. Dull cutting
instruments require more pressure than sharp instruments and are therefore much more likely to slip.
• Select the appropriate instrument for the task. Never
use a knife when scissors would work better.
• Always cut away from yourself and others.
• If you cut yourself, inform your teacher immediately
and get appropriate first aid.
• Be careful when working with wire cutters or wood
saws. Use a cutting board where needed.
Electrical Safety
• Water or wet hands should never be used near electrical equipment.
• Do not operate electrical equipment near running
water or any large containers of water.
• Check the condition of electrical equipment. Do not
use if wires or plugs are damaged, or if the ground pin
has been removed.
• Make sure that electrical cords are not placed where
someone could trip over them.
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• When unplugging equipment, remove the plug gently
from the socket. Do not pull on the cord.
• When using variable power supplies, start at low
voltage and increase slowly.

B
Waste Disposal
Waste disposal at school, at home, or at work is a social and
environmental issue. To protect the environment, federal and
provincial governments have regulations to control wastes,
especially chemical wastes. For example, the WHMIS program applies to controlled products that are being handled.
(When being transported, they are regulated under the
Transport of Dangerous Goods Act, and for disposal they are
subject to federal, provincial, and municipal regulations.) Most
laboratory waste can be washed down the drain, or, if it is in
solid form, placed in ordinary garbage containers. However,
some waste must be treated more carefully. It is your responsibility to follow procedures and dispose of waste in the safest
possible manner according to the teacher’s instructions.
First Aid
The following guidelines apply if an injury, such as a burn, cut,
chemical spill, ingestion, inhalation, or splash in eyes, happens to yourself or to one of your classmates.
• If an injury occurs, inform your teacher immediately.
• Know the location of the first-aid kit, fire blanket, eyewash station, and shower, and be familiar with the
contents/operation.
• If you have ingested or inhaled a hazardous substance,
inform your teacher immediately. A Material Safety
Data Sheet (MSDS) will give information about the
first-aid requirements for the substance in question.
Contact the Poison Control Centre in your area.
• If the injury is from a burn, immediately immerse the
affected area in cold water. This will reduce the temperature and prevent further tissue damage.
• In the event of electrical shock, do not touch the
affected person or the equipment the person was
using. Break contact by switching off the source of
electricity or by removing the plug.
• If a classmate’s injury has rendered him/her unconscious, notify the teacher immediately. The teacher will
perform CPR if necessary. Do not administer CPR
unless under specific instructions from the teacher.
You can assist by keeping the person warm and
reassured.
Safety Skills 773
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Table 1 Système International (SI) Base Units of Measurement
Quantity

SI Base Unit

length

Quantity Symbol
#$
L, l, h, d, w, r, λ, Dd

Unit Symbol

metre

m

mass

m

kilogram

kg

time

t

second

s

electric current

I

ampere

A

thermodynamic temperature

T

kelvin

K

amount of substance

n

mole

mol

luminous intensity

lv

candela

cd

Table 2 Metric Prefixes and Their Origins
Prefix

Abbreviation

Meaning

Origin

exa

E

1018

peta

P

1015

Greek peta — spread out

T

1012

Greek teratos — monster

G

109

Greek gigas — giant

mega

M

106

Greek mega — great

kilo

k

103

Greek khilioi — thousand

h

102

Greek hekaton — hundred

da

101

Greek deka — ten

tera
giga

hecto
deca

Greek exa — out of

100

standard unit
d

1021

Latin decimus — tenth

c

1022

Latin centum — hundred

m

1023

Latin mille — thousand

micro

m

1026

Greek mikros — very small

nano

n

1029

Greek nanos — dwarf

p

10212

Italian piccolo — small

f

10215

Greek femten — fifteen

a

10218

Danish atten — eighteen

deci
centi
milli

pico
femto
atto

Table 3 The Greek Alphabet
Upper Case

Lower Case

Name

Upper Case

Lower Case

A

a

B

b

G
D

Name

alpha

N

n

nu

beta

J

j

xi

g

gamma

O

o

omicron

d

delta

P

p

pi

E

e

epsilon

R

r

rho

Z

z

zeta

S

s

sigma

H

h

eta

T

t

tau

Q

u

theta

Y

y

upsilon

I

i

iota

F

f

phi

K

k

kappa

X

x

chi

L

l

lambda

C

c

psi

M

m

mu

V

v

omega
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Table 4 Some SI Derived Units
Quantity
acceleration

Symbol
#$
a

Unit

Unit Symbol

SI Base Unit

metre per second per second

m/s2

m/s2

area

A

square metre

m2

m2

Celsius temperature

t

degrees Celsius

°C

°C

kg/m3

kg/m3

density

r, D

kilogram per cubic metre

electric charge

Q, q
#$
E

coulomb

C

A?s

electric field

volt per metre

V/m

kg?m/A?s3

electric field intensity

«#$

newton per coulomb

N/C

kg?m/A?s3

electric potential

V

volt

V

kg?m2/A?s3

electric resistance

R

ohm

V

kg?m2/A2?s3

energy

joule

J

kg?m2/s2

force

E
#$
F

newton

N

kg?m/s2

frequency

f

hertz

Hz

s21

heat

Q
#$
B

joule

J

kg?m2/s2

weber per square metre (Tesla)

T

kg/A?s2

newton per kilogram

N/kg

m/s2

momentum

#$
g
#$
p

kilogram metre per second

kg?m/s

kg?m/s

period

T

second

s

s

power

P

watt

W

kg?m2/s3

pressure

P

newton per square metre

N/m2

kg/m?s2

radiation activity

A

becquerel

Bq

s21

speed

v
#$v

metre per second

m/s

m/s

metre per second

m/s

m/s

cubic metre

m3

weight

V
#$
Fw

m3

newton

N

kg?m/s2

work

W

joule

J

kg?m2/s2

magnetic field
gravitational field

velocity
volume

C

Table 5 Physical Constants
Quantity

Symbol

Approximate Value

speed of light in a vacuum

c

3.00 3 108 m/s

universal gravitation constant

G

6.67 3 10211 N?m2/kg2

Coulomb’s constant

k

9.00 3 109 N?m2/C2

charge on electron

2e

21.60 3 10219 C

charge on proton

e

1.60 3 10219 C

electron rest mass

me

9.11 3 10231 kg

proton rest mass

mp

1.673 3 10227 kg

neutron rest mass

mn

1.675 3 10227 kg

atomic mass unit

u

1.660 3 10227 kg

electron volt

eV

1.60 3 10219 J

Planck’s constant

h

6.63 3 10234 J?s

NEL

Reference
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Table 6 The Solar System
Object

Mass (kg)

Radius of
Object (m)

Period of
Rotation on
Axis (s)

Mean Radius
of Orbit (m)

Period of
Revolution of
Orbit (s)

Sun

1.99 3 1030

6.96 3 108

2.14 3 106

—

—

3.28 3

1023

2.44 3

106

106

Venus

4.83 3

1024

6.05 3

106

Earth

5.98 3 1024

6.38 3 106

8.64 3 104

Mars

6.37 3

1023

3.40 3

106

8.86 3

104

1.90 3

1027

7.15 3

107

3.58 3

104

Saturn

5.67 3

1026

6.03 3

107

3.84 3

104

Uranus

8.80 3 1025

2.56 3 107

6.20 3 104

1026

2.48 3

107

5.80 3

106

1.15 3

106

5.51 3

105

1.74 3

106

2.36 3

106

Mercury

Jupiter

Neptune

1.03 3
1.3 3

Pluto

1023

7.35 3

Moon

1022

5.05 3
2.1 3

107

5.79 3

1010

1.08 3

1011

Orbital
Eccentricity
—

7.60 3

106

0.206

1.94 3

107

0.007

1.49 3 1011

3.16 3 107

0.017

2.28 3

1011

5.94 3

107

0.093

7.78 3

1011

3.75 3

108

0.048

1.43 3

1012

9.30 3

108

0.056

2.87 3 1012

2.65 3 109

0.046

4.50 3

1012

5.20 3

109

0.010

5.91 3

1012

7.82 3

109

0.248

3.84 3

108

2.36 3

106

0.055

Table 7 Atomic Masses of Selected Particles
Name

Symbol

Atomic Mass (u)

neutron

n

1.008 665

proton

p

1.007 276

deuteron

d

2.013 553

alpha particle

a

4.002 602

Table 8 Data for Some Radioisotopes
Atomic
Number (Z )

Name

1

tritium hydrogen-3

4

beryllium-7

6

carbon-11

6

carbon-14

8
11

oxygen-15
sodium-22

14

silicon-31

15

phosphorus-32

16

sulfur-35

19

potassium-40

27

cobalt-60

38

strontium-90

43

technetium-98

49

indium-115

53

iodine-131

61

promethium-145
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Symbol
3
1H
7
4 Be
11
6C
14
6C
15
8O
22
11 Na
31
14 Si
32 P
15
35 S
16
40
19 K
60
27 Co
90
38 Sr
98
43 Tc
115
49 In
131
53 I
145
61 Pm

Atomic Mass (u)

Decay Type

3.016 049

b2

Half-Life
12.33 a

7.016 928

g

53.29 d

11.011 433

b1

20.385 min

14.003 242

b2

5730 a

15.003 065

b1

122.24 s

21.994 434

b1,

g

2.6088 a

30.975 362

b2,

g

157.3 min

31.973 908

b2

14.262 d

34.969 033

b2

87.51 d

39.96 400

b2,

b1

59.933 820

b2, g

89.907 737

b2

97.907 215

b2,

g

1.28 3 109 a
5.2714 a
29.1 a
4.2 3 106 a

114.903 876

b2, g

4.41 3 1014 a

130.906 111

b2, g

8.04 d

144.912 745

g, a

17.7 a

NEL

Appendix C

Table 8 continued
Atomic
Number (Z )
75

rhenium-187

76

osmium-191

82

lead-210

82

lead-211

82

lead-212

82

lead-214

83

bismuth-211

84

polonium-210

84

polonium-214

85

astatine-218

86

radon-222

87

francium-223

88

radium-226

89

actinium-227

90

thorium-228

90

thorium-232

91

protactinium-231

92

uranium-232

92

uranium-233

92

uranium-235

92

uranium-236

92

uranium-238

92

uranium-239

93

neptunium-239

94

plutonium-239

95

americium-243

96

curium-245

97

berkelium-247

98

californium-249

99

NEL

Name

einsteinium-254

100

fermium-253

101

mendelevium-255

102

nobelium-255

103

lawrencium-257

104

rutherfordium-261

105

dubnium-262

106

seaborgium-263

107

bohrium-262

108

hassium-264

109

meitnerium-266

Symbol
187
75 Re
191
76 Os
210 Pb
82
211
82 Pb
212
82 Pb
214
82 Pb
211
83 Bi
210
84 Po
214
84 Po
218
85 At
222
86 Rn
223
87 Fr
226
88 Ra
227
89 Ac
228
90 Th
232
90 Th
231
91 Pa
232
92 U
233
92 U
235
92 U
236
92 U
238
92 U
239
92 U
239
93 Np
239
94 Pu
243
95 Am
245
96 Cm
247
97 Bk
249
98 Cf
254
99 Es
253
100 Fm
255
101 Md
255
102 No
257
103 Lr
261
104 Rf
262
105 Db
263
106 Sg
262
107 Bh
264
108 Hs
266
109 Mt

Atomic Mass (u)

Decay Type

186.955 746

b2

190.960 922

b2, g

209.984 163

b2,

Half-Life
4.35 3 1010 a

g, a

15.4 d
22.3 a

210.988 734

b2, g

36.1 min

211.991 872

b2, g

10.64 h

213.999 798

b2,

g

26.8 min

b2

2.14 min

210.987 254

a, b,

209.982 848

a, g

138.376 d

213.995 177

a, g

0.1643 s

218.008 68

a,

b2

1.6 s

222.017 571

a, g

3.8235 s

223.019 733

b2, g, a

21.8 min

226.025 402

a, g

227.027 749

b2,

a,

C

1600 a
g

21.773 a

228.028 716

a, g

1.9131 a

232.038 051

a, g

1.405 3 1010 a

231.035 880

a, g

3.276 3 104 a

232.037 131

a, g

68.9 a

233.039 630

a, g

1.592 3 105 a

235.043 924

a, g

7.038 3 108 a

236.045 562

a, g

2.3415 3 107 a

238.050 784

a, g

4.468 3 109 a

239.054 289

b2, g

23.50 min

239.052 932

b2, g

2.355 d

239.052 157

a, g

24 119 a

243.061 373

a, g

7380 a

245.065 484

a, g

8500 a

247.070 30

a, g

1380 a

249.074 844

a, g

351 a

254.088 02

b2,

a,

g

275.7 d

253.085 174

a, g

3.00 d

255.091 07

a, g

27 min

255.093 24

a, g

3.1 min

257.099 5

a

0.646 s

261.108 69

a

65 s

262.113 76

a

34 s

263.116 2

a

0.9 s

262.123 1

a

0.10 s

264.128 5

a

0.00008 s

266.137 8

a

0.0034 s

Reference
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1

IA
1

2.1

1

H
H

–259
–253
0.0899
37

hydrogen

2

1s1

1.01

3

1.0

Li

2

181 4
1342 1.5
0.534
152

6.94

9.01

11

Na

3

97.8 12
883 1.2
0.971
186

Mg

magnesium

22.99

24.31

19
0.8

K

Ca

4

3

21
1.3
3+

Sc

1541
2836
2.99
161

calcium

scandium

39.10

40.08

44.96

37
0.8

Rb

5

[Ar] 4s2

38.9 38
686 1.0
1.53
248

Sr

rubidium

strontium

85.47

87.62

[Kr] 5s1

55
0.7

Cs

6

769
1384
2.6
215

Ba

725
1640
3.5
217

cesium

barium

132.91

137.33

[Xe] 6s1

87
0.7

Fr

[Xe] 6s2

27
677
—
—

88

0.9

39
1.3
3+

Ra

Y

1522
3338
4.47
181

1.5
4+
3+

electron configuration

Lu

lutetium

[Xe] 6s2 4ƒ14 5d1

103
—
3+

Lr

1627
—
—
—

1890
3380
5.96
132

V

24
1.6
3+
2+

8

Cr

1857
2672
7.20
125

25
1.5
2+
4+

Mn

1244
1962
7.20
124

47.88

50.94

52.00

54.94

[Ar] 4s2 3d 2

40
1.4
4+

Zr

[Ar] 4s2 3d 3

1852
4377
6.49
160

41
1.6
5+
3+

[Kr] 5s2 4d 2

72
1.3
4+

Hf

2227
4602
13.3
156

hafnium

[Xe] 6s2 4ƒ14 5d2

178.49

104

Rf

Nb

—
—
—
—

rutherfordium

(223)

226.03

(260)

2468
5127
8.57
143

(261)

43

1.9
7+

1.8
2+
3+

[Ar] 4s2 3d 6

44
2.2
3+
4+

Ru

Co

1495
2870
8.9
125

cobalt

[Ar] 4s2 3d 7

58.93

55.85

2172
4877
11.5
136

Tc

Fe

27

iron

[Ar] 4s2 3d 5

2610
5560
10.2
136

1535
2750
7.87
124

2310
3900
12.4
133

45
2.2
3+

Rh

1966
3727
12.4
135

ruthenium

rhodium

92.91

95.94

98.91

101.07

102.91

Ta

[Kr] 5s1 4d 5

2996
5425
16.6
143

[Xe] 6s2 4ƒ14 5d 3

180.95

105

Db

—
—
—
—

dubnium

[Rn] 7s2 5ƒ14 6d 3

(262)

57

La

918
3464
6.15
195

lanthanum
[Xe] 6s2 5d1

138.90

89
7

Mo

1.8
3+
2+

technetium

tantalum

1.1
3+
2+

1.8
6+

26

molybdenum

1.5
5+

1.1
3+
2+

42

9

niobium

73

[Rn] 7s2 5ƒ14 6d 2

6

[Ar] 4s1 3d 5

[Kr] 5s1 4d 4

lawrencium

[Rn] 7s2 5ƒ14 6d1

1.6
5+
4+

7

manganese

91.22

1663
3402
9.84
188

23

VIIIB

VIIB

chromium

88.91

71

6

VIB

vanadium

radium
[Rn] 7s2

55.85

titanium

zirconium

[Kr] 5s2 4d 1

1.2
3+

Ti

1660
3287
4.54
145

francium
[Rn] 7s1

name of element

[Ar] 4s2 3d 6

VB

yttrium

174.97

700
1140
5
215

22

[Ar] 4s2 3d 1

[Kr] 5s2

28.4 56
669 0.9
1.88
265

atomic radius (pm)

iron

5

IVB

IIIB

potassium
[Ar] 4s1

7

839
1484
1.54
197

density of solid (g/cm3)
density of liquid (g/mL)
density of gas at SATP (g/L)

atomic mass (u)
atomic molar mass (g/mol)

[Ne] 3s2

63.3 20
760 1.0
0.862
227

melting point (°C)
boiling point (°C)

1535
2750
7.87
124

Fe

symbol of element
(solids in black,
liquids in blue,
gases in red)

649
1107
1.74
160

sodium

1.8
3+
2+

electronegativity
common ion charge
other ion charge

[He] 2s2

[Ne] 3s1

4

Be

beryllium

26

atomic number

1278
2970
1.85
111

lithium
[He] 2s1

0.9

Key

IIA

Ac

1050
3200
10.1
195

actinium
[Rn] 7s2 6d 1

227.03

74
1.7
6+

3410
5660
19.4
137

W

tungsten

[Xe] 6s2 4ƒ14 5d 4

183.85

106

Sg

—
—
—
—

[Kr] 5s2 4d 5

75
1.9
7+

rhenium

[Xe] 6s2 4ƒ14 5d 5

186.21

107

Bh

seaborgium

[Rn] 7s2 5ƒ14 6d 5

(266)

1.1
3+

Ce

798
3443
6.69
185

cerium

[Xe] 6s2 4ƒ1 5d 1

(264)

59
1.1
3+

90

Th

Pr

931
3520
6.64
185

2.2
4+

Os

2700
5300
22.5
134

osmium

[Xe] 6s2 4ƒ14 5d 6

190.2

108

—
—
—
—

Hs

Pa

1600
—
15.4
180

thorium

protactinium

232.04

231.04

[Rn] 7s2 5ƒ2 6d 1

2.2
4+

Ir

iridium

[Xe] 6s2 4ƒ14 5d 7

192.22

109

Mt

—
—
—
—

(268)

Nd

[Rn] 7s2 5ƒ14 6d 7

1021 61
3074 —
7.01 3+
185

92

U

[Rn] 7s2 5ƒ3 6d 1

238.03

Pm

[Xe] 6s2 4ƒ5

(145)

1132 93
3818 1.3
19.1 5+
175

uranium

1042
3000
7.26
185

promethium

144.24

1.7
6+
4+

2410
4130
22.4
136

(269)

[Xe] 6s2 4ƒ4

140.91

77

meitnerium

60

1.2
3+

[Kr] 5s1 4d 8

hassium

[Rn] 7s2 5ƒ14 6d 6

[Xe] 6s2 4ƒ3

1750 91
4790 1.5
11.7 5+
180 4+

[Rn] 7s2 6d 2

76

praseodymium neodymium

140.12

1.3
4+

—
—
—
—

borium

[Rn] 7s2 5ƒ14 6d 4

58

Re

3180
5627
21.0
137

[Kr] 5s1 4d 7

Np

630
3902
20.5
175

neptunium

[Rn] 7s2 5ƒ4 6d 1

(237)

18

VIIIA

ooff tthhee EElleem
me
en
nttss
13
IIIA

2300
2550
2.34
88

B

6

2.5
X

boron

[He] 2s2 2p1

13

660
2467
2.70
143

1.5

28
1.8
2+
3+

Ni

29

1.9
2+
1+

nickel

Pd

47

1.9
1+

Ag

palladium
[Kr] 4d 10

2.2
4+
2+

Pt

1772
3827
21.5
138

platinum

[Xe] 6s1 4ƒ14 5d 9

195.08

110

Uun

—
—
—
—

ununnilium

[Rn] 7s2 5ƒ14 6d 8

(269, 271)

62
1.2
3+
2+

1074
1794
7.52
185

Sm

Au

1064
2808
19.3
144

gold

[Xe] 6s1 4ƒ14 5d 10

196.97

111

—
—
—
—

80

Hg
H
g

[Xe] 6s2 4ƒ7

95

1.3
3+
4+

994
2607
13.7
175

Am

americium

(244)

(243)

[Rn] 7s2 5ƒ7

Si

1410
2355
2.33
117

1.8
4+

157
2080
7.30
163

Ge

937
2830
5.35
123

germanium

In

81

1.8
1+
3+

Tl

304
1457
11.85
170

200.59

204.38

72.61

1.8
4+
2+

Sn

232
2270
7.31
140

tin

[Kr] 5s2 4d 10 5p2

118.69

82
1.8
2+
4+

P

30.97

50

1.7
3+

44.1
280
1.82
110

2.1

28.09

49

69.72

15

phosphorus

32

Pb

328
1740
11.3
175

8

3.5

O
O

2.0

As

817
613
5.73
121

arsenic

[Ar] 4s2 3d 10 4p3

74.92

51
1.9
3+
5+

Sb

631
1750
6.68
141

antimony

[Kr] 5s2 4d 10 5p3

121.75

83
1.9
3+
5+

Bi

271
1560
9.80
155

9

4.0

FF

16

2.5

S

–220
–188
1.70
64

3.0

CCll

sulfur

chlorine

32.06

35.45

34

Se

217
684
4.81
117

selenium

35

Brr
B

bromine

[Ar] 4s2 3d 10 4p5

52

53

450
990
6.2
137

2.1

Te

tellurium

[Kr] 5s2 4d 10 5p4

127.60

84

2.0
2+
4+

Po

254
962
9.40
167

79.90

I

iodine

[Kr] 5s2 4d 10 5p5

126.90

85

At

–189
–186
1.78
95

Arr
A

3

argon

[Ne] 3s2 3p6

39.95

–157
–152
3.74
112

KKrr

4

krypton

[Ar] 4s2 3d 10 4p6

83.80

XXee

–112
–107
5.89
130

5

xenon

[Kr] 5s2 4d 10 5p6

131.29

302 86
337 —
— X
142

2.2

C

20.18

114 54
184 —
4.93 X
133

2.5

2

neon

–7.2 36
58.8 —
3.12 X
114

2.8

–249
–246
0.900
62

[He] 2s2 2p6

[Ne] 3s2 3p5

[Ar] 4s2 3d 10 4p4

78.96

Ne
N
e

–101 18
–34.6 —
3.21 X
99

17

[Ne] 3s2 3p4

2.4

10

—
X

19.00

113
445
2.07
104

1

1s 2

[He] 2s2 2p5

16.00

He
H
e
4.00

fluorine

[He] 2s2 2p4

[Ne] 3s2 3p3

33

–218
–183
1.43
66

–272
–269
0.179
50

helium

17
VIIA

oxygen

[He] 2s2 2p3

silicon

[Ar] 4s2 3d 10 4p2

thallium

RRnn

lead

bismuth

polonium

astatine

radon

207.20

209.98

(209)

(210)

(222)

–71
–61.8
9.73
140

6

[Xe] 6s2 4ƒ14 5d 10 [Xe] 6s2 4ƒ14 5d 10 6p1 [Xe] 6s2 4ƒ14 5d 10 6p2 [Xe] 6s2 4ƒ14 5d 10 6p3 [Xe] 6s2 4ƒ14 5d 10 6p4 [Xe] 6s2 4ƒ14 5d 10 6p5 [Xe] 6s2 4ƒ14 5d 10 6p6

112

Uub

—
—
—
—

113

114

1313
3273
7.90
180

Gd

65

1.2
3+

Cm

Tb

1356
3230
8.23
175

—
3+

1412
2567
8.55
175

Dy

dysprosium

158.92

162.50

97

986
—
14
—

—
3+
4+

curium

Bk
berkelium

(247)

(247)

[Rn] 7s2 5ƒ7 6d 1

66

terbium

[Xe] 6s2 4ƒ9

157.25

1340
3110
13.5
—

Uuh

[Rn] 7s2 5ƒ9

—
3+

Cf

900
—
—
—

118
7

(289)

67
1.2
3+

1474
2700
8.80
175

Ho

68
1.2
3+

holmium

[Xe] 6s2 4ƒ12

164.93

99
—
3+

Es

860
—
—
—

einsteinium

(251)

(252)

[Rn] 7s2 5ƒ11

Er

1529
2868
9.07
175

erbium

[Xe] 6s2 4ƒ11

californium
[Rn] 7s2 5ƒ10

117

[Rn] 7s2 5ƒ14 6d 10 7p4

[Xe] 6s2 4ƒ10

98

—
—
—
—

ununhexium

(285)

gadolinium

—
3+

116

[Rn] 7s2 5ƒ14 6d 10 7p2

[Xe] 6s2 4ƒ7 5d 1

96

115

ununquadium

(277)

1.1
3+

—
—
—
—

Uuq

ununbium

64

822
1527
5.24
185

gallium

N
N

–210
–196
1.25
70

14.01

[Ar] 4s2 3d 10 4p1

mercury

63
—
3+
2+

Ga

114.82

[Rn] 7s2 5ƒ14 6d 10

(272)

29.8
2403
5.90
122

indium

–39.0
357
13.5
160

1.9
2+
1+

31

1.6
3+

[Kr] 5s2 4d 10 5p1

[Rn] 7s2 5ƒ14 6d 9

plutonium
[Rn] 7s2 5ƒ6

Cd

[Kr] 5s2 4d 10

Uuu

unununium

151.96

Pu

321
765
8.64
149

112.41

150.36

641
3232
19.8
175

1.7
2+

107.87

samarium

94

48

cadmium

79

2.4
3+
1+

65.38

silver

Eu
europium

[Xe] 6s2 4ƒ6

1.3
4+
6+

962
2212
10.5
144

[Kr] 5s1 4d 10

106.42

78

zinc

[Ar] 4s2 3d 10

63.55

1554
2970
12.0
138

420
907
7.14
133

3.0

12.01

[Ne] 3s2 3p2

26.98

Zn

[Ar] 4s1 3d 10

58.69

2.2
2+
4+

1.6
2+

7

nitrogen

1.8
X

[Ne] 3s2 3p1

30

copper

[Ar] 4s2 3d 8

46

Cu

1083
2567
8.92
128

3550
4827
2.26
77

16
VIA

carbon

14

aluminum

12
IIB

11
IB
1455
2730
8.90
124

Al

C

15
VA

[He] 2s2 2p2

10.81

10

—
X

14
IVA

5

2.0
X

2

167.26

1.2
3+

Tm

1545
1950
9.32
175

819
1196
6.97
175

1.1
3+
2+

Yb

thulium

ytterbium

168.93

173.04

1021
3074
—
—

Fm
fermium

Md
mendelevium

(257)

(258)

[Rn] 7s2 5ƒ12

70

[Xe] 6s2 4ƒ13

1527 101
— —
— 2+
— 3+

100

—
3+

69

[Rn] 7s2 5ƒ13

6

[Xe] 6s2 4ƒ14

102
—
2+
3+

No

863
—
—
—

nobelium

[Rn] 7s2 5ƒ14

(259)

7

Physics Nobel Prize Winners
For more information on the physics Nobel Prize winners
and their work, check out the official Nobel Foundation Web
site at http://www.nobel.se/physics/laureates. Canadian citizens or those scientists doing their work primarily in Canada
are indicated by a maple leaf.

1962
1961
1960
1959
1958

2001
2000
1999
1998

1955
1954
1953
1952
1951

1997
1996
1995
1994
1993
1992
1991
1990
1989
1988
1987
1986
1985
1984
1983
1982
1981
1980
1979
1978
1977
1976
1975
1974
1973
1972
1971
1970
1969
1968
1967
1966
1965
1964
1963

Eric A. Cornell (1961–),Wolfgang Ketterle (1957–), Carl E.Wieman (1951–)
Zhores I. Alferov (1930–), Herbert Kroemer (1928–), Jack S. Kilby (1923–)
Gerardus ’t Hooft (1946–), Martinus J.G. Veltman (1931–)
Robert B. Laughlin (1950–), Horst L. Störmer (1949–), Daniel C. Tsui
(1939–)
Steven Chu (1948–), Claude Cohen-Tannoudji (1933–), William D. Phillips
(1948–)
David M. Lee (1931–), Douglas D. Osheroff (1945–), Robert C. Richardson
(1937–)
Martin L. Perl (1927–), Frederick Reines (1918–1998)
Bertram N. Brockhouse (1918–) , Clifford G. Shull (1915–2001)
Russell A. Hulse (1950–), Joseph H. Taylor Jr. (1941–)
Georges Charpak (1924–)
Pierre-Gilles de Gennes (1932–)
Jerome I. Friedman (1930–), Henry W. Kendall (1926–), Richard E. Taylor
(1929–)
Norman F. Ramsey (1915–), Hans G. Dehmelt (1922–), Wolfgang Paul
(1913–1993)
Leon M. Lederman (1922–), Melvin Schwartz (1932–), Jack Steinberger
(1921–)
J. Georg Bednorz (1950–), K. Alexander Müller (1927–)
Ernst Ruska (1906–1988), Gerd Binnig (1947–), Heinrich Rohrer (1933–)
Klaus von Klitzing (1943–)
Carlo Rubbia (1934–), Simon van der Meer (1925–)
Subramanyan Chandrasekhar (1910–1995), William Alfred Fowler
(1911–1995)
Kenneth G. Wilson (1936–)
Nicolaas Bloembergen (1920–), Arthur Leonard Schawlow (1921–1999),
Kai M. Siegbahn (1918–)
James Watson Cronin (1931–), Val Logsdon Fitch (1923–)
Sheldon Lee Glashow (1932–), Abdus Salam (1926–1996), Steven Weinberg
(1933–)
Pyotr Leonidovich Kapitsa (1894–1984), Arno Allan Penzias (1933–),
Robert Woodrow Wilson (1936–)
Philip Warren Anderson (1923–), Sir Nevill Francis Mott (1905–1996),
John Hasbrouck van Vleck (1899–1980)
Burton Richter (1931–), Samuel Chao Chung Ting (1936–)
Aage Niels Bohr (1922–), Ben Roy Mottelson (1926–), Leo James Rainwater
(1917–1986)
Sir Martin Ryle (1918–1984), Antony Hewish (1924–)
Leo Esaki (1925–), Ivar Giaever (1929–), Brian David Josephson (1940–)
John Bardeen (1908–1991), Leon Neil Cooper (1930–), John Robert
Schrieffer (1931–)
Dennis Gabor (1900–1979)
Hannes Olof Gösta Alfvén (1908–1995), Louis Eugène Félix Néel
(1904–2000)
Murray Gell-Mann (1929–)
Luis Walter Alvarez (1911–1988)
Hans Albrecht Bethe (1906–)
Alfred Kastler (1902–1984)
Sin-Itiro Tomonaga (1906–1979), Julian Schwinger (1918–1994), Richard
P. Feynman (1918–1988)
Charles Hard Townes (1915–), Nicolay Gennadiyevich Basov (1922–),
Aleksandr Mikhailovich Prokhorov (1916–2002)
Eugene Paul Wigner (1902–1995), Maria Goeppert-Mayer (1906–1972),
J. Hans D. Jensen (1907–1973)
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1957
1956

1950
1949
1948
1947
1946
1945
1944
1943
1939
1938
1937
1936
1935
1933
1932
1930
1929
1928
1927
1926
1925
1924
1923
1922
1921
1920
1919
1918
1917
1915
1914
1913
1912
1911
1910
1909
1908
1907
1906
1905
1904
1903
1902
1901

Lev Davidovich Landau (1908–1968)
Robert Hofstadter (1915–1990), Rudolf Ludwig Mössbauer (1929–)
Donald Arthur Glaser (1926–)
Emilio Gino Segrè (1905–1989), Owen Chamberlain (1920–)
Pavel Alekseyevich Cherenkov (1904–1990), Il´ja Mikhailovich Frank
(1908–1990), Igor Yevgenyevich Tamm (1895–1971)
Chen Ning Yang (1922–), Tsung-Dao Lee (1926–)
William Bradford Shockley (1910–1989), John Bardeen (1908–1991),
Walter Houser Brattain (1902–1987)
Willis Eugene Lamb (1913–), Polykarp Kusch (1911–1993)
Max Born (1882–1970), Walther Bothe (1891–1957)
Frits (Frederik) Zernike (1888–1966)
Felix Bloch (1905–1983), Edward Mills Purcell (1912–1997)
Sir John Douglas Cockcroft (1897–1967), Ernest Thomas Sinton Walton
(1903–1995)
Cecil Frank Powell (1903–1969)
Hideki Yukawa (1907–1981)
Patrick Maynard Stuart Blackett (1897–1974)
Sir Edward Victor Appleton (1892–1965)
Percy Williams Bridgman (1882–1961)
Wolfgang Pauli (1900–1958)
Isidor Isaac Rabi (1898–1988)
Otto Stern (1888–1969)
Ernest Orlando Lawrence (1901–1958)
Enrico Fermi (1901–1954)
Clinton Joseph Davisson (1881–1958), George Paget Thomson (1892–1975)
Victor Franz Hess (1883–1964), Carl David Anderson (1905–1991)
James Chadwick (1891–1974)
Erwin Schrödinger (1887–1961), Paul Adrien Maurice Dirac (1902–1984)
Werner Karl Heisenberg (1901–1976)
Sir Chandrasekhara Venkata Raman (1888–1970)
Prince Louis-Victor Pierre Raymond de Broglie (1892–1987)
Owen Willans Richardson (1879–1959)
Arthur Holly Compton (1892–1962), Charles Thomson Rees Wilson
(1869–1959)
Jean Baptiste Perrin (1870–1942)
James Franck (1882–1964), Gustav Ludwig Hertz (1887–1975)
Karl Manne Georg Siegbahn (1886–1978)
Robert Andrews Millikan (1868–1953)
Niels Henrik David Bohr (1885–1962)
Albert Einstein (1879–1955)
Charles-Edouard Guillaume (1861–1938)
Johannes Stark (1874–1957)
Max Karl Ernst Ludwig Planck (1858–1947)
Charles Glover Barkla (1877–1944)
Sir William Henry Bragg (1862–1942), William Lawrence Bragg
(1890–1971)
Max von Laue (1879–1960)
Heike Kamerlingh Onnes (1853–1926)
Nils Gustaf Dalén (1869–1937)
Wilhelm Wien (1864–1928)
Johannes Diderik van der Waals (1837–1923)
Guglielmo Marconi (1874–1937), Carl Ferdinand Braun (1850–1918)
Gabriel Lippmann (1845–1921)
Albert Abraham Michelson (1852–1931)
Sir Joseph John Thomson (1856–1940)
Philipp Eduard Anton von Lenard (1862–1947)
Lord (John William Strutt) Rayleigh (1842–1919)
Antoine Henri Becquerel (1852–1908), Pierre Curie (1859–1906),
Marie Curie (1867–1934)
Hendrik Antoon Lorentz (1853–1928), Pieter Zeeman (1865–1943)
Wilhelm Conrad Röntgen (1845–1923)

*No prizes were awarded in 1916, 1931, 1934, and from 1940–1942.
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Appendix D ANSWERS
This section includes numeric and short answers to questions in Section Questions, Chapter and Unit Quizzes,
and Chapter and Unit Reviews.
A
Section 1.4 Questions,
pp. 50–51

Chapter 1
Section 1.1 Questions, p. 17
4. (a) 4.97 3 102 s

3. 29 m/s [horizontally]
4. (a) 0.71 s
(b) 17 m
(c) 25 m/s [16° below the
horizontal]
(d) 0.38 m
5. (a) 0.87 s
(b) 2.3 m
(c) 11 m/s [75° below the
horizontal]
6. 54°, 74°, 44.4°
7. (a) 1.6 3 102 s
(b) 1.2 3 105 km
(c) 31 km
8. (a) 1.1 3 102 m
(b) 24 s
(c) 6.2 3 102 m
11. (a) 22 m

(b) 2.56 s
5. (a) 0.0 m/s; 5.0 m/s
(b) 2.5 m/s [E]; 11 m/s [W];
0.31 m/s [E]
(c) 0.0 m/s; 2.5 m/s
(d) 11 m/s [W]
8. (a) 87 m
(b) 0.73 m/s
(c) 65 m [43° S of E]
(d) 0.54 m/s [43° S of E]
10. See Table 3 below.

Section 1.2 Questions,
pp. 30–31

3. (a) 1.54 (km/h)/s [E]
(b) 0.427 m/s2 [E]
5. (b) 13 m/s2 [W]
7. 12 m/s [E]
8. 28 m/s
10. (a) 15 m/s [fwd]
(b) 25 m [fwd]
11. (a) 2.0 3 1015 m/s2 [E]
(b) 1.0 3 1028 s
12. 1.05 3 104 m [fwd]
13. (a) 2.1 3 102 m/s [fwd]
(b) 2.7 3 1023 s
14. (a) 45 s (from graph)
(b) 75 s
(c) 900 m
15. 0.76 m/s2 [31° E of N]
16. 3.45 (km/h)/s [52.7° W of S]

Section 1.5 Questions, p. 57
2. (a) 4.0 3 101 m/s [53° N

of W]
(b) 74 m/s [44° N of W]
3. (a) 0.56 m/s
(b) 0.94 m/s [downstream,
53° from the initial shore]
(c) upstream, 42° from the
shore
4. 3.5 3 102 km/h [34° E of S]
5. (a) approximately 32 km/h

Chapter 1 Self Quiz, p. 63

1.
2.
3.
4.
5.
6.
7.

Section 1.3 Questions, p. 40

3. (a) 27 m/s; 97 km/h
(b) 31 m/s; 1.1 3 102 km/h
4. Java: 1.336 m; London:
1.330 m
5. 2.9 3 103 m/s; 1.1 3 104 km/h
6. (a) 1.3 s
(b) 13 m/s [up]
(c) 6.8 s
7. 9.6 m/s [down]
8. (a) 1.1 s
10. No; 7.10 m

Table 3

F
F
F
T
F
T
T

F
F
T
F
(a)
(d)
(b)

15.
16.
17.
18.
19.

Chapter 1 Review, pp. 64–67

1. (a)
(b)
2. (a)
(b)
(c)
8. (a)

27.8 m/s
3.5 3 102 km/h
L 3 T21
(L/T3) 3 T
(L/T2) 3 T 3 T
and (b) 3.1 3 102 m
[7.4° N of E]

Data for Question 10 (for Section 1.1)

Speed

Reaction Distance
no alcohol

4 bottles

17 m/s (60 km/h)

14 m

34 m

51

25 m/s (90 km/h)

20 m

50 m

75

33 m/s (120 km/h)

26 m

66 m

99
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8.
9.
10.
11.
12.
13.
14.

5 bottles

(d)
(c)
(e)
(e)
(c)

9. (a) 7.0 km [28° N of W]
(b) 11 km [18° N of W]
10. (a) about 2 3 103 m [down]
(assuming that people are
sitting down to dinner)
(b) approximately 0 m
(assuming people are
asleep in beds and beds
have random directions)
11. 52.426 m/s
12. (a) 64 m
(b) about 13 car lengths
(assuming 1 car is 5 m)
13. (a) 1.2 3 102 s
(b) 21 m/s
15. (a) 2.3 m/s
(b) 1.6 m/s [33° below the
horizontal]
16. (a) 17 m [29° E of S]
(b) 2.7 m/s [29° E of S]
18. (a) 0.53 km
(b) 2.4 (km/h)/s
19. (a) 21 m/s2 [fwd]
(b) 25 m/s
(c) 2.1$g
20. 1.0 3 105 m/s2 [fwd]
21. 533 m/s [fwd]
22. 6.1 m/s [up]
23. (a) 16 s
(b) 12 s
24. 3.9 m/s2 [53° W of S]
25. 54 m/s [E]
26. 0.34 s and 3.1 s
28. (a) 3.50 3 104 m/s;
1.26 3 105 km/h
(b) 2.23 3 104 m/s
(c) 1.02 3 1022 m/s2
30. (a) 0.50 s
(b) 0.3 m
(c) 19 m/s [15° below the
horizontal]
31. 29 m/s [horizontally]
33. 2.6 3 102 km/h [60° E of S]
34. (a) 0.50 m/s
(b) 0.94 m/s [downstream,
58° from the near shore]
(c) upstream, 51° from the
near shore
35. 5.5 3 102 km/h [15° S of W]
36. 8.9 m above
38. (a) 5.2° above the horizontal
(b) 0.89 m/s2
40. (a) 2.0 min
41. (a) 0.87 s
46. 62 m/s
47. (a) 2.9 3 102 m
(b) 16 s
48. (a) [7.5° W of S]
(b) 14 s
50. 2.0 km/h

Chapter 2
Section 2.1 Questions, p. 76

4. 1.3 N [71° below the
horizontal]
5. (a) and (b) 6.4 N [39° S of W]
(c) and (d) 4.9 N [60° S of E,
to two significant digits]
6. 5.0 3 101 N [30° N of W, to
two significant digits]

B
C

Section 2.2 Questions, p. 87

1.
2.
3.
4.
5.

6.
7.
9.
11.

0N
19 N [up]
6.6 3 102 N [up]
3.51 3 1015 m/s2
(a) 4.3 3 103 m/s2 [up]
(b) 2.8 3 103 N [up]
(c) 4.4:1
28.0 g
(b) 9% decrease
1.96 N
(b) 58 kg
(c) 1.1 m

D

Section 2.3 Questions,
pp. 95–96

2. 0 N
3. (a) 9.80 N
(b) 29.4 N
(c) 78.4 N
4. (a) 2.9 3 107 N
5. (a) 1.2 m/s2
(b) 3.9 3 102 N
(c) 0.15 m
6. (a) 2.5 N
(b) 1.8 N; 6.7 N
(c) 3.1 N [54° above the
horizontal]
7. (a) 0.744 m/s2
(b) 12.0 N
(c) 21.8 N
8. (a) 25 kg
(b) 86 N
9. 8.8°
10. (a) 0.273 m/s2
(b) 30.7 N
11. (a) 1.0 m/s2
(b) 56 N
(c) 56 N
(d) 0.84 m

Section 2.4 Questions,
pp. 106–107
2. 3.7 3 103 N; 0.76 m/s2
3. (a) mK 5 tan f
(b) a 5 g(sin f 2 mK cos f)
4. (b) 8.6 m/s2
Section 2.5 Questions, p. 111
2. (e) 1.9 m/s2
(f) 2.2 3 1022 N

Answers
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Chapter 2 Self Quiz,
pp. 115–116

1.
2.
3.
4.
5.
6.
7.

T
F
F
F
F
T
F

8.
9.
10.
11.
12.
13.
14.

F
T
T
F
(a)
(d)
(b)

15.
16.
17.
18.
19.
20.
21.

(d)
(b)
(a)
(b)
(b)
(e)
(e)

Chapter 2 Review, pp. 117–119
6. 5.8 m/s2
7. (a) 0.213 m/s2
(b) 2.41 3 1022 N
8. (a) 1.4 m/s2
(b) left string: 2.9 3 102 N;
right string: 3.4 3 102 N

9. 729 N [27.0° above the
horizontal]
10. (a) 18.3 N
(b) 70.1 N
14. (a) 96 N
(b) 1.3 s
15. 4.4 kg
16. 13 m
17. (c) 4.6 m/s2
19. 21.2 cm/s
20. 27.0 kg
mg
21. mS 5 }
Fap}p
23. (a) 2.9 3 103 N
24. (a) 4.2 m/s
(b) 1.9 3 103 N
25. (a) 2.7 3 102 N
(b) 43 N
26. 3.02 3 1022 m

Chapter 3
Section 3.1 Questions, p. 127
3. (a) 9.19 m/s2
(b) 5.2 m/s2
4. (a) 3.4 3 1022 m/s2

5.
6.
7.
9.

0.50 Hz
75 m
3.8 3 108 m
(a) 3.4 3 105 g

Section 3.2 Questions, p. 138

2. 22.4 m/s
3. 3.2 3 102 N
4. (a) 9.3 3 1022 m/s2
(b) 8.4 3 1028 N
5. (a) 1.96 N
(b) 2.22 N
6. (a) 3.8 m/s
7. 1.1 N; 0.54 N
9. (b) 21 m/s
(d) 2.0 g

Section 3.3 Questions, p. 144
2. 3.1 3 102 N
3. (Ïw2 2 1)rE
4. 4.1 3 10247 N
5. (a) 6.8 3 1028 N [W]
(b) 7.9 3 1027 N [42° S of W]
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6. (a) 3.5 3 105 m from Earth’s
centre
8. (c) 4.23 3 107 m
27.

Section 3.4 Questions, p. 151

3. 9.02:1
4. (a) 2.42 3 104 m/s
(b) 1.99 3 1030 kg
5. (a) 4.69 3 104 km
(b) 4.05 3 104 km
6. (a) 1.2 3 102 s
(b) 8.3 3 1023 Hz

Chapter 3 Self Quiz,
pp. 157–188

1.
2.
3.
4.
5.
6.
7.
8.

T
F
T
F
F
T
T
T

9.
10.
11.
12.
13.
14.
15.
16.

F
T
T
(c)
(d)
(e)
(a)
(e)

28.

17.
18.
19.
20.
21.
22.
23.

(c)
(c)
(b)
(b)
(c)
(e)
(d)

Chapter 3 Review, pp. 159–161
4. 1.4 3 102 m
5. 0.11 cm/s2; 2.4 3 1024 cm/s2;
1.3 3 1027 cm/s2

6. 5.4 s
8. (b) 7.5 m/s
(c) 1.4 3 102 N
9. (a) 5.44 3 103 m/s
(b) 1.6 3 102 a
10. 2.70 3 102 N
11. (a) 0.25
13. (b) 1.7 N; 6.2 N
(c) 2.7 m/s
15. 15 times
16. 5.0 rE
17. 4.21 3 10210 N
18. 1.3 3 1022 m/s2
19. 4.82 3 1020 N at an angle of
24.4° from the line to the Sun
20. (a) 9.92 3 105 N
21. 1.9 3 102 units
22. (c) 1.65 m/s
(d) 0.567 Hz
25. 9.80 m/s2
26. 85 m
27. 8.0 m
28. D

Unit 1 Self Quiz pp. 164–166

1.
2.
3.
4.
5.
6.
7.
8.
25.

T
F
T
T
F
T
T
F
(a)
(b)
(c)
(d)
26. (a)

9.
10.
11.
12.
13.
14.
15.
16.

F
T
F
F
(c)
(e)
(b)
(e)

3
3
2
2
30.3 m/s

17.
18.
19.
20.
21.
22.
23.
24.

(c)
(a)
(c)
(b)
(c)
(e)
(d)
(d)

29.
30.
31.
32.
33.
34.
35.

36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.

(b) 1.19 3 106 m/s
(c) 3.4 3 1023 m/s2
(d) 5.7 3 104 m/s2
(e) 1.28 3 1023 m/s2
direction and relative
magnitude of the wind
brake pedal, gas pedal, and
steering wheel
westward and down; down
unchanged
26 m/s [71° E of N]
#v$CE

zero
zero
(a) LT22
(b) LT21
(c) MLT22
(d) L3M21T22
(e) LT22
(f) dimensionless
(g) T21
(h) M21
Newton’s first law of motion
decreases
noninertial; fictitious forces;
centrifugal force
m(a – g); m(a + g)
mass; weight; 6.0
(b)
(g)
(e)
(a)
(a)
(c); (d)

Unit 1 Review, pp. 167–171

6. (a) 0.71 m/s; 0.79 m/s
(b) both 0.50 m/s [45° N
of E]
7. 6.1 times farther on the Moon
9. (a) 0.43 km
(b) 3.0 (km/h)/s
(c) 1.0 3 103 N
10. (a) 0.60 m/s
(b) 0.32 m [N]
(c) 0.13 m/s [N]
11. (a) 1.5 cm/s
(b) 1.5 cm/s [horizontally
left; 1.5 cm/s [30° right
from up]
(c) 1.2 cm/s [down]
12. 27 m/s [32° S of E]
15. 2.5 3 102 N
16. 1.4 rE
17. 9.7 3 102 N
19. 1.1 3 102 m
20. (a) 2.42 3 104 m/s
(b) 1.88 Earth years
21. (a) 16 m/s [down]
(b) 16 m/s [left]
(c) 16 m/s [30° up from left]
22. (a) 7.04 m/s2
(b) 1.73 3 1023 m/s2
23. (a) 3.2 3 103 N
(b) 3.2 3 103 N

24.
25.
26.
27.
33.
35.
37.
38.
39.
41.
42.
46.
48.
50.

(c) 0.87 m/s2 [E]
0.47
3.9 m/s2
(a) 7.6 3 102 N
(b) 4.5 3 102 N
(c) 6.1 3 102 N
3.6 kg
(a) 0.30 s
(b) 0.042 s
95.0 m
(a) 0.83 s
(b) 4.1 m/s
1.3 m to 5.1 m
415.6 m
5.6 m
0.13 s
(a) 3.0 3 104 km/h
(b) 4.8 3 103 km
(a) 4.5 m/s
short by 1.1 m

Chapter 4
Section 4.1 Questions, p. 183
5. (a) 1.7 3 103 J
(b) 21.7 3 103 J

6. 27.9°
7. (a) 6.3 3 102 N; 0.088
(b) 22.1 3 103 J
(d) 1.4 3 103 J

Section 4.2 Questions, p. 188
2. 2.43 3 105 J
3. (a) 3.21 3 105 J

4.
5.
6.
7.
8.

(b) 32%
(c) 7.8 3 104 J
11 m/s
0.60 kg
(a) 3.09 J
(b) 4.18 m/s
18 m/s
4.7 m/s

Section 4.3 Questions, p. 194
2. (a) 2.1 3 103 J
(b) 3.4 3 102 J

3. (a) 4.29 J; 0 J
(b) 0 J; 24.29 J
4. 15 m
5. (a) 297 J
(b) 97 J
(c) 97 J
7. (a) 7.43 3 1015 J
(b) 6.52 times greater

Section 4.4 Questions,
pp. 201–202

2. (a) 0.056 J
(b) 0 J
(c) 20.056 J
(d) 0.056 J; 1.5 m/s
3. 11 m/s
4. (a) 6.10 3 106 J
(b) 13.6 m/s
5. (a) 4.9 m/s
(b) back to the original
vertical height
6. 17.5°
NEL

Appendix D

7. 2.4 m
8. (a) and (b) 0.34
9. (a) 3.5 3 105 J
(c) 1.2 3 103 kg
(d) 0.61
10. (a) 22.0 3 102 J
(b) 1.8 3 102 J
(c) 2.0 3 102 J
Section 4.5 Questions,
pp. 218–219

5.
6.
7.
8.
9.

10.
11.
12.
13.
14.
15.
17.
18.

0.042 m
1.8 N
229 N
2.0 3 1022 m
(a) 0.962 [down]; 3.33 m/s2
[down]
(b) 0.151 m
6.37 m/s
(a) 91 N/m
(b) 0.40 J
2.0 3 101 N/m
0.38 m
0.14 m
(b) 0.10 m
(c) 1.0 3 103 N/m
(d) 9.1 m/s
6.4 3 104 N/m
7.8 3 1022 m

Chapter 4 Self Quiz, p. 225

1.
2.
3.
4.
5.
6.
7.
8.

T
F
F
F
T
T
T
F

9.
10.
11.
12.
13.
14.
15.
16.

F
(c)
(c)
(e)
(d)
(e)
(a)
(d)

Chapter 4 Review, pp. 226–229
9. (a) 249.1 J

(b) 49.1 J
10. 32°
11. (a) 1.29 3 103 J
(b) 1.29 3 103 J
(c) 8.14 3 103 J
12. 5.6 m
13. 8.90 m/s
14. (a) 2.5 3 1012 J
(b) 3 3 103 people
15. (a) 22.9 3 102 J
(b) 2.9 3 102 J
(c) 2.9 3 102 J
16. (a) 9.2 m/s
17. (a) 29 m/s
(b) 29 m/s
18. (a) 2.3 3 102 N; 1.3 3 102 N
(b) 1.4 m/s (c) 2.0 3 102 J
19. 1.0 3 104 m/s
20. 8.40 m/s
21. 42 J
22. (a) 239 N/m
(b) 35.9 N
(c) 2.69 J; 10.8 J
23. 0.32 m
24. 0.21 kg

NEL

25. (a) 0.053 J
(b) 0.50 m/s
(c) 0.33 m/s
(d) 0.053 J
32. (a) 19.8 m/s
(b) 20.4 m/s
34. (a) 1.12 mg
(b) 1.12 mgDy
35. 0.079 m
36. 0.019 J
37. 2.0 m
38. 8.4 m/s
39. 12 units

Chapter 5 Self Quiz,
pp. 267–268

1.
2.
3.
4.
5.
6.
7.
8.

F
T
F
F
T
T
F
F

9.
10.
11.
12.
13.
14.
15.
16.

T
F
(e)
(d)
(d)
(d)
(e)
(d)

17.
18.
19.
20.
21.
22.

(b)
(c)
(a)
(d)
(a)
(d)

Chapter 5 Review, pp. 269–271
7. 8.1 3 102 kg?m/s;
7.9 3 102 kg?m/s

Chapter 5
Section 5.1 Questions, p. 238
3. (a) 77 N?s [E]
(b) 1.1 N?s [forward]
(c) 3.5 3 102 N?s [down]
(d) about 0.12 N?s [S]

4. 2.4 m/s [W]
5. 1.6 3 104 N [W]
6. (a) 0.66 kg?m/s [left]
(b) 0.66 N?s [left]
7. (a) 1.1 kg?m/s [backward]
(b) 1.1 N?s [backward]
(c) 0.45 N [backward]
8. 1.8 m/s [backward]
9. 3.0 m/s [N]
10. (a) 11 kg?m/s [up]
(b) 1.7 3 103 N [up]

Section 5.2 Questions,
pp. 244–245

5. 1.9 m/s in the original direction of cart’s velocity
6. 5.8 m/s [N]
7. 4.95 m/s [E]
8. (a) 2.34 3 104 kg?m/s [W];
2.34 3 104 kg?m/s [E]
(c) zero
9. 82 kg
10. 0 m/s

Section 5.3 Questions, p. 253

4. 3.1 m/s forward and 0.4 m/s
backward
5. }m}
2
6. 11 m/s
mv
7. (b) }
(m 1}
M)
2 2

m}
v
(d) h 5 }
2g (m 1
M)2

(m 1}
M) 2gh
(e) v 5 1}
m 2 Ïw
(f) 6.6 3 102 m/s
Section 5.4 Questions,
pp. 258–259

2. 66° from the initial direction
of the neutron’s velocity
3. 55 kg
4. 1.7 m/s [47° S of E]
5. (a) 0.22 kg
(b) 1.3 3 1024 J

8. 25 m/s
9. 3.2 3 105 N [E]
10. (a) 1.7 N?s [horizontally]
(b) 28 m/s [horizontally]
11. 1.00 m/s
12. 0.619 km/s
13. 1.90 3 102 m/s [toward
Jupiter]
15. 0.08 m/s [N] for the 253-g car;
1.88 m/s [N] for the 232-g car
16. (b) 3.0 m/s; 4.0 m/s
17. 0.561
18. 3.00 m/s [W]
19. (a) 2.3 m/s
(b) 2.5 m/s
20. (a) 0.80 m/s
(b) 7.8 N
21. 3.4 3 103 km/h
22. 2.0 m/s [22° S of W]
(See Table 1 below.)
vl(m1 2 m 2)
}
31. (a) v91 5 }
m1 1 m2 ;
2mvl
}
v92 5 }
(m1 1 m2)
(b) v91 5 0; v92 5 vl
(c) v91 5 vl; v92 5 2vl
2m1vl
(d) v91 5 2vl; v92 5 }m}
2
32. 3.4 3 102 m

Chapter 6
Section 6.1 Questions, p. 277
2. (a) 3.99 3 103 N [toward

3.
4.
5.
6.

Earth’s centre]
(b) 1.77 m/s2 [toward Earth’s
centre]
7.3 3 1022 N/kg [toward
Earth’s centre]
(a) 3.0 3 106 m
(b) 2.8 3 103 N
11.2 N/kg
(a) 0.61 m/s2 [toward Earth’s
centre]

Table 1

(b) 2.9 3 102 N [toward
Earth’s centre]
7. (a) 2.6 3 103 km
(b) 0.24 N
8. 0.75 rE

A

Section 6.2 Questions, p. 284
4. 1.8 3 108 s

5. 1.6 times
6. 4.0 3 101 h
7. 9.2 3 106 m

Section 6.3 Questions, p. 294
3. (a) 21.7 3 1010 J
(b) 5.4 3 103 m/s
4. 1.4 3 109 J
5. (a) 21.18 3 1011 J
(b) 5.88 3 1010 J
(c) 25.88 3 1010 J
(d) 7.74 3 103 m/s
6. (a) 23.03 3 1010 J
(b) 1.52 3 1010 J
(c) 21.52 3 1010 J

(d) 94%
7. (a) 6.18 3 105 m/s
(b) 4.37 3 104 m/s
8. 1.68 3 103 m/s
9. 5.22 MS
11. (a) 8.86 mm

Chapter 6 Self Quiz,
pp. 298–299

1.
2.
3.
4.
5.
6.
7.
8.
9.

T
T
T
T
F
F
F
F
T

10.
11.
12.
13.
14.
15.
16.
17.
18.

F
(a)
(d)
(c)
(d)
(a)
(c)
(a)
(d)

19.
20.
21.
22.
23.
24.
25.
26.

(e)
(c)
(c)
(d)
(c)
(c)
(a)
(e)

Chapter 6 Review, pp. 300–301
3. 5.1 3 104 km

4. 0.318 N/kg
5. 4.23 3 1023 N/kg [1.26° from
the spacecraft-to-Earth line]
6. 3.3 3 1023 kg
7. (a) 1.22 rE
(b) 0.22 rE
8. (a) 3.1 3 105 km
(b) 2.1 d
9. 1.08 3 1011 m
10. (a) 1.21 3 104 km
(b) 9.92 3 107 J
11. (a) 2.64 3 103 m/s
(b) 8.17 3 109 J
12. (a) 23.99 3 108 J
(b) +3.99 3 108 J
(c) 2.82 3 102 m/s
13. 25.33 3 1033 J

Data for Question 22 (Chapter 5 Review)

Component
Mass
Final Velocity

1

2

3

2.0 kg

3.0 kg

4.0 kg

1.5 m/s [N]

2.5 m/s [E]

2.0 m/s [22° S of W]

Answers

783

B
C
D

14. (a) 4.23 km/s
(b) 2.37 km/s
15. (a) 2.3 3 108 m/s
(b) 77% of the speed of light
16. (a) 1.1 3 1026 kg
17. (a) 1.7 3 105 m/s
19. 3.2 3 1014 m
20. (a) and (b) 1.48 3 1014 m3/s2
(c) 1.49 3 1014 m3/s2, yes
(d) 0.557 d, 1.48 3 1014 m3/s2;
7.52 3 104 km,
1.48 3 1014 m3/s2;
8.67 d, 1.48 3 1014 m3/s2;
5.84 3 105 km,
1.48 3 1014 m3/s2; See
also completed Table 1
below.
22. (a) 1.6 3 103 kg
(b) 1.0 3 1011 J
(c) 1.2 3 104 m/s
(d) 5.0 3 103 m/s
24. 40 min
25. 7.9 3 107 s
4
26. E 5 kT 2 3
}}

Unit 2 Self Quiz, pp. 304–306

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
29.

F
11. F
21. (e)
T
12. F
22. (d)
F
13. T
23. (c)
F
14. F
24. (a)
T
15. (c)
25. (c)
F
16. (c)
26. (a)
F
17. (a)
27. (d)
F
18. (d)
28. (d)
F
19. (e)
F
20. (c)
(a) Galileo Galilei
(b) Johannes Kepler
(c) James Prescott Joule
(d) Tycho Brahe
(e) Robert Hooke
(f) Karl Schwartzschild
30. (a) work
(b) force constant of a spring
(c) impulse
(d) force
(e) thermal energy
(f) mass of Earth
31. completely inelastic collision;
equals; completely inelastic
collision

Table 1

32. zero
33. singularity; Schwartzschild
radius
34. (a) A
(b) E
35. (e), (g), (h), (j), (k), (d), (b),
(a), (m)
Unit 2 Review, pp. 307–311

9. 11 m
10. (a) 1.0 3 101 J
(b) 2.0 3 101 J
(c) 2.0 m/s [W]
11. (a) 10.0 kg
(b) 2.50 3 103 N [E]
12. 71 kg?m/s
13. 0.60 m
14. (a) 1.00 3 1022 J
(b) 8.00 3 1022 J
(c) 0.671 m/s
17. 31 N
18. 3.8 kg
19. (a) 2.7 J
(b) 0.60 m/s [W]
(c) 21.6 J
(d) 2.2 3 102 N/m
20. 0.20 m
21. (a) 0.42 m/s [left]
(b) 0.87 m/s [left]
(c) 0.38 m/s [left]
22. 2.8 s
23. 1.6 kg
24. }2m}
3
25. 11 m/s [37° S of E]
26. (a) 9.1 m/s [26° N of W]
(b) 31%
27. 4.9 m/s [12° W of N]
31. 8.06 m/s2
32. 0.69 g
33. 5.95 3 1023 N/kg [toward the
centre of the Sun]
34. (a) 6.16 a
(b) 1.62 3 104 m/s
35. (a) 1.74 3 1014 m3/s2
(b) 1.09 3 108 m
(c) 8.42 3 104 km
36. 1.90 3 1027 kg
37. (a) 4.23 3 103 m/s
(b) 2.12 3 103 m/s
(c) 3.67 3 103 m/s
(d) 2.39 3 10219 J

Data of Several Moons of the Planet Uranus (for question 20
Chapter 6 Review)
raverage (km) T (Earth days) CU (m3/s2 )

Moon

Discovery

Ophelia

Voyager 2 (1986)

5.38 3 104

0.375

1.48 3 1014

Desdemona

Voyager 2 (1986)

6.27 3 104

0.475

1.48 3 1014

Juliet

Voyager 2 (1986)

6.44 3 104

0.492

1.48 3 1014

Portia

Voyager 2 (1986)

6.61 3 104

0.512

1.48 3 1014

Rosalind

Voyager 2 (1986)

6.99 3 104

0.556

1.48 3 1014

Belinda

Voyager 2 (1986)

7.52 3 104

0.621

1.48 3 1014

Titania

Herschel (1787)

4.36 3 105

8.66

1.48 3 1014

Oberon

Herschel (1787)

5.85 3 105

13.46

1.48 3 1014
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38. (a) 2.4 3 102 m
41. (a) 2.8 3 102 N/m
43. (a) 2.3 3 1022 J; 2.1 3 1022 J
(b) 28.5 3 1023 N
46. (a) 2.9 3 1041 kg
(b) 1.5 3 1011 stars
47. 0.26 m/s [right] for both balls
48. (a) 0.80 m/s [N]
(b) 0.64 J
(c) 1.6 N [S]
(d) 24.8 3 102 J
49. 3.4 3 102 m
50. (a) 744 N/m; 15.3 kg
(c) 2.3 kg
52. 2.4 3 102 N

Chapter 7
Section 7.2 Questions,
pp. 335–336
3. 4.5 3 1022 N
4. (a) 2.67 3 10214 N
(b) 3.6 3 104 N
(d) 3.6 3 104 N,
3.6 3 103 m/s2
(e) 3.6 3 104 N, 3.6 3 103 m/s2
5. 1.3 3 1024 C
6. 3.9 3 1026 C

7. 0.20 N [right], 1.94 N [right],
2.14 N [left]
8. 2.2 N, 1.4 N
9. on the line joining them,
0.67 m from the
1.6 3 1025 C
10. 55 N/m
13. (a) 5.7 3 1013 C

Section 7.4 Questions,
pp. 358–359
1. 4.3 3 1029 C

2. 20.40
7. 4.0 3 1025 m
8. (a) 23.6 3 1022 J
(b) 1.0 3 104 V, 3.3 3 104 V,
2.8 3 103 V
9. (a) 1.1 3 1026 C
(b) 7.1 3 105 N/C

Section 7.5 Questions, p. 364
1. (a) 1.1 3 1014
(b) 0, 1.1 3 105 V

(c) 1.2 N
2. (b) 2.9 3 108
3. (a) 1.9 3 10218 C
(b) 12
4. 1.7 3 10215 C
5. (a) 8.4°
(b) 0.50 N
8. (a) 4.5 3 105 C
(c) 1.6 3 10218 kg

Section 7.6 Questions, p. 371
1. (a) 2.1 3 107 m/s
(d) 4.8 3 105 m/s
2. (a) 1.0 3 10218 J
(b) 1.9 3 106 m/s

(c) 1.6 cm

3. (a) 4.5 3 1026 m
4. 7.7 3 10212 J
5. (a) 1.8 3 1023 m
(b) 2.7 3 105 m/s
(c) 5.1°
Chapter 7 Self Quiz, p. 377

1.
2.
3.
4.
5.

F
F
T
F
F

6.
7.
8.
9.
10.

T
(b)
(e)
(e)
(e)

11. (b)
12. (b)
13. (b)

Chapter 7 Review, pp. 378–381
4. 1.0 3 1023 N
5. 2.4 3 1029 m
6. (a) 8.2 3 1028 N
(b) 3.6 3 10247 N
(d) 2.2 3 106 m/s,
1.5 3 10216 s

7. (a) 21 N away from negative
charge
(b) 59 N toward positive
charge
(c) 91 N toward positive
charge
12. (a) 6.0 N/C [right]
(b) 4.3 3 1023 N [left]
13. 3.2 3 107 N/C [right]
14. 5.8 3 105 N/C [right]
15. (a) 4.2 3 103 N/C
(b) 2.9 3 1023 N
(c) 2.9 3 1025 N
(d) 6.9 3 1029 C
18. 2.1 3 105 N [55° up from the
left], 0, 1.7 3 108 V
19. 8.1 3 106 V
20. 43 J
21. 4.0 3 10215 J
22. 2.3 3 10213 J
23. 2.3 3 104 N/C
24. 2.0 3 102 V
26. 5.1 m
27. 4.7 3 10219 C, 63 electrons
28. 49 V
29. 23.6 3 103 V, 9.0 3 103 N/C
[toward sphere]
30. 1.3 3 107 m/s
31. 5.9 3 103 V
32. 68 V
33. (a) 1.0 3 107 m/s
(b) 1.6 cm, to the left
(c) 0 m/s
34. 1.6 3 10214 m
35. (a) 0.41 cm
(b) 8.0 3 107 m/s [4.7° up
from the right]
45. (a) 1.0 mm
(b) 1.5 3 1023 m

Chapter 8
Section 8.2 Questions,
pp. 402–403
2. 1.5 3 10212 N [up]
3. 8.4 3 1024 m

NEL

Appendix D

Section 8.3 Questions, p. 407

1. (a) 90°
(b) 0.67 A
(c) 0 N
2. 2.5 3 1024 N [up]
3. 1.0 N

4.
7.
9.
11.
12.
13.

Section 8.4 Questions, p. 414
1. 3.2 3 1026 T
2. 1.6 3 1023 T
3. 1.5 3 1023 T
4. 5.8 3 1024 N

9. (a) 230 A

Chapter 8 Self Quiz, p. 427

1.
2.
3.
4.
5.

F
T
T
T
F

6.
7.
8.
9.
10.

T
F
(b)
(b)
(b)

11. (a)
12. (d)
13. (a)

14.
15.
16.
17.
19.

Chapter 8 Review, pp. 428–429

6.
7.
8.
9.
10.
11.

12.
13.
14.
15.
16.
17.
18.
19.

0.22 T
1.6 A
6.1 3 10213 N [down]
2.7 3 10214 N
9.6 3 1026 T [S]
2.4 3 10217 N horizontally
toward the wire
1.5 3 1022 T
0.70 A
0.90 N
7.4 3 103 A
1.0 3 1010 C/kg
5.2 3 106 m/s
3.4 3 10227 kg
(a) 2.9 3 105 m/s
(b) 7.1 m

Chapter 9
Section 9.1 Questions, p. 452

1. (a) 24°
(b) 3.8 cm
2. (a) 24 cm/s, 18 cm/s
(b) 1.3
3. (a) 44°
(b) 1.1
(c) 5.4 cm
4. 22 cm/s, 13 cm/s
5. 34°
6. 19.9°
8. 67°
9. 24°

Section 9.2 Questions, p. 454
3. 6.3 3 1024 m

Unit 3 Self-Quiz, pp. 432–433

1.
2.
3.
4.
5.
6.
7.
8.
9.

T
F
F
T
T
T
F
T
F

10.
11.
12.
13.
14.
15.
16.
17.
18.

T
F
F
T
F
(b)
(b)
(c)
(d)

19.
20.
21.
22.
23.
24.
25.
26.

(a)
(b)
(a)
(d)
(e)
(c)
(a)
(c)

27. (a) field
(b) inverse square
(c) magnetic
28. (a) perpendicular
(b) coaxial
(c) electric potential energy
(d) energy, momentum
29. parabolic, circular
30. decrease in magnitude,
increases, increases or
decreases
Unit 3 Review, pp. 434–437
2. (a) 1.1 3 103 N [toward the

negative charge]
(b) 3.7 3 102 N [toward the
negative charge]

NEL

(c) 1.6 3 107 N/C [away from
the positive charge]
(d) 6.6 3 106 N/C
(e) 0.49 m
5.8 3 1027 N [toward the
nucleus]
6.7 3 103 N/C
5.3 3 107 m/s
(a) 2.8 3 10212 N
3.1 A
(a) 3.2 3 1029 T [down]
(b) 0 T
3.1 A
1.18 A, 2.36 A
(a) 6.0 3 104 m/s
(b) 4.1 3 1022 m
2.0 3 1024 T [down],
2.5 3 1025 T [up]
(a) 58 A [in opposite
directions]

Section 9.3 Questions, p. 460

3.
5.
7.
8.
9.

2
2.0 cm, 12 cm/s
1.25 m
1.0 cm, 1.0 cm, 1.0 cm
(a) 169 Hz
(b) 8.00 m, 10.00 m, 12.00 m
(c) 4th
11. (a) due north, N49°E, N49°W
(b) N49°E, N49°W

Section 9.4 Questions, p. 468
5. 4.50 3 108 m/s
Section 9.5 Questions, p. 475

5. 16
6. (a) 4.2 3 102 nm
(b) 8.0 3 1023 m
7. (a) 5.4 3 1027 m
(b) 4.4 3 1024 m
8. 4.4 3 1027 m
9. 1.1°, 2.2°, 3.3°

Section 9.6 Questions, p. 479
3. 5.4 3 1027 m
4. 7.50 3 1014 Hz to
4.00 3 1014 Hz

5. 1.0°
6. 1.2 3 1025 m

Chapter 9 Self Quiz,
pp. 488–489

1.
2.
3.
4.
5.
6.
7.
8.

F
T
F
F
F
F
T
F

9.
10.
11.
12.
13.
14.
15.
16.

F
F
(b)
(d)
(a)
(d)
(b)
(e)

17.
18.
19.
20.
21.
22.
23.

(d)
(c)
(c)
(c)
(a)
(d)
(e)

Chapter 9 Review, pp. 490–491

3.
8.
9.
10.
11.
12.
13.
15.

16.
17.
18.
19.
20.
21.
26.
27.
28.
29.
30.
31.
32.

0.88
1.92
13.4°
5.9 3 1027 m
6.6 3 1027 m
3.8 mm
15.4 cm
(a) 1.3 3 1024 m
(b) 0.43°
6.6 3 1027 m
12 nm
631 nm
621 nm
28 mm
2.4 mm
17°
(b) 26 cm
9.7 km
2.8 3 1025 m
7 cm
25 m/s
8.3 MHz

Chapter 10
Section 10.2 Questions, p. 507
2. 5.41 3 1027 m
3. 5.57 3 1025 m
4. 6.34 3 1027 m

5. (a) 9.2°
(b) 18.4 cm
6. 12.2°
7. 63.3 cm
8. 3.5 3 1025 m
9. (a) 9.0°
(b) 12

Section 10.3 Questions, p. 511

2.
3.
4.
5.
7.

6.5°
518 nm, 593 nm, 737 nm
10.0°
9.00 3 103 lines/cm
1.10

Section 10.4 Questions, p. 519

3. 112 nm, 225 nm
4. (a) 104 nm
(b) 207 nm
5. 6.0 3 1027 m
6. 3.0 3 1023 cm
7. 94.8 nm

Section 10.5 Questions, p. 524
3. 3.90 3 1026 m

4. 199 nm

5. 103 nm
6. 380 nm
7. 1.30 3 102 nm

A

Section 10.7 Questions, p. 529
2. 8.36 3 1025 m
3. 5.21 3 1027 m

4. 171 nm
5. 719 nm

B

Section 10.8 Questions, p. 539
1. (a) 1.67 3 1010 Hz
(b) 9.38 3 1023 m
(c) 5.00 3 106 m
(d) 4.62 3 1014 Hz

C

2. 0.12 s
3. 42°

Chapter 10 Self Quiz, p. 545

1. F
2. (a) F
(b) T
(c) T
3. F
4. T

5.
6.
7.
8.
9.
10.

T
F
T
T
F
(d)

11.
12.
13.
14.
15.
16.

(c)
(c)
(d)
(d)
(e)
(e)

Chapter 10 Review,
pp. 546–547
2. 6.2 3 1027 m
3. 1.3 3 1026 m
4. 6.00 3 1027 m
5. 8.3 3 1025 m
6. (a) 1.28 3 1026 m

7.
8.
9.
10.
11.
14.
15.
16.
17.
18.
19.
20.
22.
24.
29.
30.
31.

(b) 589 nm
46.1°
69.4 cm
3.9 3 1026 m
596 nm
1.70 3 105 lines/cm
1.14 3 1027 m, 8.02 3 1028 m
222 nm
1.10 3 102 nm, 329 nm
218 nm
7.10 3 102 nm
6.9 3 1025 cm
97.8 nm
(a) 3.5 3 1025°
(b) 56°
1.13 3 105 Hz
(a) 28.5°
(b) 45.7°
4.86 3 1027 m, 3
73

Unit 4 Self Quiz, pp. 550–551

1.
2.
3.
4.
5.
6.
7.
8.
17.
18.
19.

T
T
F
T
T
F
T
F
period
source

9.
10.
11.
12.
13.
14.
15.
16.

(e)
(c)
(e)
(d)
(d)
(b)
(b)
(e)

λ
}w}

Answers
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D

20.
21.
22.
23.
24.
25.
26.
27.
28.

nodal
out of phase, wavelength
medium
transverse
greater
sin vn 5 }nwλ}
greater
larger
(See Table 1 below.)
Matching

43.
46.
50.
51.
52.
53.
54.
55.

5.89 3 1024 m
11.7 cm
13 m
(a) 1.0 3 104 m, 6.7 3 103 m
(b) 1.1 3 1022 m,
1.1 3 1022 m
3.0 cm
6.67 3 103
1.2 3 1027 m
9.1 3 1024 m

Unit 4 Review, pp. 552–555

2. 259 nm
4. (a) 2.4 cm
(b) 24 cm/s
5. (a) 3.0 cm
(b) 2.5 Hz
7. (a) 6.7 3 1027 m
8. 16.6:1
9. 5.70 3 1027 m
10. 1.15 3 1025 m
11. 6.65 mm
12. 5.2 3 1014 Hz
13. 1.9 cm
14. 8.20 3 1024 m
15. 0.66 mm
16. 3.00 3 1024 m
20. 6.5 3 1027 m
21. (a) 0.21°
(b) 22°
22. 4.20 3 1023 m
23. (a) 33°
24. 6.3 3 1026 m
25. 32 mm
26. 5.3 mm
27. 0.5
30. 35 cm
31. 5.74 3 1027 m
32. (b) 3.33 3 1027 m
33. 5.30 3 1027 m, 7.77 3 1027 m
34. 90.6 nm
35. 102 nm
36. 183 nm, 366 nm
37. 1.93 3 1027 m
38. 596 nm
39. (d) 442 nm
40. 1.18 3 1025 m
41. 283
42. 3.3 3 1025 m

Chapter 11
Section 11.2 Questions, p. 579
6. (a) 1.6 3 1025 s
(b) 6.5 3 102 m

7.
8.
9.
10.
11.
12.

(c) 92 m
42 a
115 m
(a) 66.7 m
(b) 1.2 3 106 m
(c) 4.8 s
(b) 0.436 m3
(c) 1.67 3 1012 kg?m/s
8.71 3 1029 kg?m/s
(a) 0.89c
(b) 0.40c
(c) 0.10 c to 0.15 c

Section 11.3 Questions, p. 584
2. 9.0 3 1016 J
3. 2.91 3 1016 kg

4. 1.8 kg
5. 1.95 3 10210 J
6. (a) 2.84 3 10230 kg
(b) 1.60 MeV
7. $3.8 3 109
8. 8.36 3 106 km
9. 24 MeV

Chapter 11 Self Quiz,
pp. 588–589

1.
2.
3.
4.

F
T
T
(a) T
(b) F
(c) T
5. F
6. F

Table 1 (for Unit 4 Self Quiz question 28)
Scientist

Discovery or Innovation

Gabor

holography

Grimaldi

diffraction of light at two successive slits

Hertz

creation and detection of radio waves

Huygens

wavelet model for propagation of wave fronts

Land

commercially viable polarizing filters

Maxwell

mathematical theory of electromagnetic waves

Marconi

transmission of radio signals

Michelson

interferometer

Newton

particle theory of light

Poisson

diffraction of light around a small disk

Young

two-slit interference
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7. (a) T
(b) T
8. T
9. T
10. F
11. F
12. (d)
13. (c)

14.
15.
16.
17.
18.

(d)
(a)
(b)
(e)
(a)

19.
20.
21.
22.
23.

(a)
(b)
(d)
(b)
(a)

Chapter 11 Review,
pp. 590–591

8.
9.
10.
11.
12.
13.
14.
15.
16.
17.

18.
19.
20.
21.
24.
25.
26.
27.

123 m
2.28 3 103 km
523 m
1.4
1.58 3 10230 kg?m/s
8.7 3 10230 kg
1.05 kg
0.615 MeV
1.0 MeV
(a) 6.49 3 105 J
(b) 1.4 : 1
1.39 3 1020 stars
(a) 1.13 3 1027 kg
(b) 5.75 3 1025:1
(a) 1.1 3 1016 kg
(b) 1.1 3 1013 m3
(a) 2.06 3 104 months
(b) 4.30 3 103 homes
1.34 3 10221 kg?m/s
0.87c
0.943c
1.80 3 108 m/s

Chapter 12
Section 12.1 Questions,
pp. 608–609
8. 1.63 3 10218 J, 10.2 eV
12. 1.1 3 1015 Hz
13. 2.00 3 102 nm

14. 1.38 eV
15. (a) 1.5 3 1015 Hz
(b) 9.9 3 10219 J, 6.2 eV
(c) 3.3 3 10227 kg?m/s
16. (a) 2.65 3 10225 kg?m/s
(b) 2.91 3 105 m/s
(c) EK electron 5 3.86 3 10220 J,
E photon 5 7.96 3 10217 J
17. 2.36 3 1029 eV,
4.23 3 1027 eV
20. 1.85 3 1016 photons
21. (a) 2.0 3 10223 J
(b) 4.2 3 1027

Section 12.2 Questions, p. 620
4. (a) 2.6 3 10211 m
(b) 6.1 3 10210 m
(c) 9.1 3 10216 m
5. 5.49 3 10212 m
6. 3.3 3 10224 kg?m/s,
1.1 3 10232 kg
7. 6.6 3 10226 kg
8. 5.5 3 10210 m

9. (a) 5.29 3 10215 m
(b) 4.70 3 10212 J
(c) 2.94 3 107 eV
10. 1.5 3 104 eV
Section 12.3 Questions, p. 625
3. 4.4 3 10240:1
4. 5.1 3 10214 m

5. 6.13

Section 12.4 Questions, p. 638

6. 543 nm
7. (a) 1.25 3 1024 J
(b) 3.98 3 1014 photons

Section 12.5 Questions, p. 649

2. (a) 12.1 eV
(b) 12.1 eV, 10.2 eV, 1.9 eV
3. 3.4 eV
4. 412 nm, 7.3 3 1014 Hz
5. 4
6. (a) 3.32 3 10210 m
7. 5.2 3 1029 N

Section 12.6 Questions, p. 653
3. (a) 3.07 3 10234 m
(b) 61.76 3 10232 kg?m/s
Chapter 12 Self Quiz,
pp. 659–660

1.
2.
3.
4.
5.
6.
7.
8.

F
T
F
T
F
F
T
F

9.
10.
11.
12.
13.
14.
15.
16.

T
T
F
(d)
(b)
(c)
(b)
(a)

17.
18.
19.
20.
21.
22.
23.
24.

(e)
(d)
(d)
(e)
(d)
(d)
(a)
(b)

Chapter 12 Review,
pp. 661–663
4. 5.04 3 1027 m
5. 1.0 3 10219 J, 20.64 eV

6.
7.
8.
9.
10.
11.

21.
24.
25.
29.
30.
34.
35.
36.
37.

1.67 eV
1.62 3 10227 kg?m/s
2.68 eV
1.00 3 10211 m
582 nm
(a) 2.88 3 10210 m
(b) 2.88 3 10210 m
643
2.1 3 10210 m
(a) 2.8 3 1017 photons
(b) 9.3 3 108 photons/cm3
(a) 2.7 eV
(d) 6.6 3 10234 J?s
547 nm
4.8 3 10223 kg?m/s
2.33 3 102 :1
9.1 3 1029 m
2.7 3 1026 :1

NEL

Appendix D

Section 13.1 Questions, p. 676

1. See Table 1 below.
2. (a) 42 He, a decay
(b) 201 e, b decay
(c) 42 He, a decay
(d) 201 e, b decay
(e) 201 e, b decay
(f) 201 e, b decay
(g) 42 He, a decay
(h) 42 He, a decay
3. (a) x 5 82, y 5 201 e
(b) x 5 214, y 5 84
(c) x 5 226, y 5 88
(d) x 5 42 He
(e) x 5 31 He
(f) x 5 141
6. E 5 1.02 3 108 eV
En 5 7.30 3 106 eV
7. (a) 146 C → 147 C 1 201 e 1 #v
(b) 1.56 3 105 eV

Section 13.2 Questions, p. 686
1. (a) 3.8 3 108 Bq
(b) 1.5 3 1010 a
2. t 1/2 5 3.8 h
3. 6.47 3 108 a
4. 1.24 3 104 a
Section 13.3 Questions, p. 698
3. (a) 2.0 3 107 m

(b) 0.067 s

Section 13.4 Questions, p. 704
5. (a) b decay

(b) W boson and Z boson
8. (a) electromagnetic, weak,
gravity
(b) electromagnetic, weak,
gravity
(c) weak, strong, gravity
(d) electromagnetic, weak,
strong, gravity
(e) weak
9. 2.5 3 10–18 m to 2.2 3 10–18 m

26.
27.
28.
29.
30.
31.
32.
33.
34.
35.

Section 13.5 Questions, p. 712
1. (a) anti-kaon (K2)
(b) pi minus (p2)
(c) sigma zero (Σ0)
(d) sigma plus (Σ1)
7. (a) us#

(b) uds

Section 13.7 Questions, p. 732
10. 2.0 3 1028 eV;
2.0 3 1017 eV
Chapter 13 Self Quiz, p. 375

1.
2.
3.
4.
5.
6.

T
F
T
F
T
T

7.
8.
9.
10.
11.

F
F
F
(b)
(c)

12.
13.
14.
15.
16.

36.
37.
38.
39.
40.

(d)
(a)
(a)
(e)
(c)

7.
8.
9.
10.

12.
13.
14.
16.
17.
21.

(b) 5.24 MeV
6. (a) 4.61 mg
(b) 23 h
7. 1382 a
20. (a) 7.3 3 108 C/kg
(b) 2.2 3 10228 kg
26. (b) 35 h
31. (a) 1876.6 MeV/c 2
(b) 2.165823 u
(c) 0.151271 u,
1.62 3 1024 MeV, or
1.2 3 1018 J
1.
2.
3.
4.
5.
6.
7.
8.
9.

T
F
T
T
F
T
F
T
F

10.
11.
12.
13.
14.
15.
16.
17.
18.

T
F
F
T
F
T
T
(a)
(c)

19.
20.
21.
22.
23.
24.
25.

22.
23.
24.
27.
28.
29.
30.
31.
32.
34.
37.

Unit 5 Review, pp. 742–745
5. 1.74 3 1026 s
6. (a) 12:49 P.M., 1:06 P.M.
(b) 7.9 3 108 km
(c) 2.6 3 1016 J

Chapter 13 Review pp. 736–737
2. (a) x 5 212, y 5 82
(b) x 5 234, y 5 90
(c) x 5 82
(d) x 5 49, y 5 16
(e) x 5 11, y 5 0, z 5 e
(f) x 5 6, y 5 13, z 5 C
235
4
5. (a) 239
94Pu → 92 U 1 2He

Unit 5 Self Quiz, pp. 740–741

inertial, noninertial
ether does not exist
length
rest mass
quanta
different
lower
probability
0, 1.0
heated solid, electrically
excited gases
not deflected
decreases, increases, decreases
400 a
spin
Matching (See table below.)

38.
39.

99.1 m
3.8 3 10219 kg?m/s
4.73 3 10222 kg?m/s
(a) 3.8 3 1026 s
(b) 7.1 3 10222 kg?m/s
3.1 3 1029 kg
2.1 3 1028 kg
1.42 3 10215 J
3.33:1
622 nm
(a) 1.21 3 1015 Hz
(b) 23.28 V

41.
42.
43.
44.
45.
64.
65.
69.

0.27 eV
2.30 eV
6.2 3 105 m/s
1.26 3 10227 kg?m/s
9.9 3 10227 kg?m/s
9.86 3 10224 kg?m/s
(a) 0.4 eV
(b) 1.4 3 108 m/s
(c) 1.1 3 10222 kg?m/s
7.3 3 10210 m
(a) 3.0 eV
(b) 3.1 eV, 1.3 eV, 8.0 eV
(a) 12.1 eV
(b) 2.55 eV
(a) x 5 9, y 5 15, Z 5 N
(b) x 5 90, y 5 222, Z 5 Rn
(c) x 5 2, y 5 4, Z 5 He
(d) x 5 83, y 5 214, Z 5 Tl
(e) x 5 93, y 5 239, Z 5 Np
8.762 MeV/nucleon
x 5 82, y 5 210, Z 5 Pb,
q 5 2, r 5 4, S 5 He
30 a
(a) 1.25 3 1012 Bq
(b) 2.22 3 1012 Bq
2.10 3 103 a
3.62 3 103 a
69 Bq
6.67 3 1020 photons
4.5 3 1043 photons
(b) 9.5 3 102 MeV/c 2
(c) n0 particle

Matching (for Unit 5 Self Quiz question 40)
a-scattering experiment

(a)
(a)
(a)
(e)
(a)
(b)
(e)

Rutherford

radioactivity

Becquerel

diffraction of particle

Davisson

energy levels in the hydrogen atom

Bohr

energy levels in an excited gas

Frank

matter waves

de Broglie

particle classification

Gell-Mann

momentum of a photon

Compton

photoelectric effect

Einstein

planetary model of the atom

Rutherford

quanta

Planck

uncertainty

Heisenberg

Table 1 (for Section 13.1 question 1)
Type of Mass
Emission

NEL

Charge

Speed

Penetrating
Power

Ionization
Ability

a
b

6.68 3 10227 kg

21

up to 6.67 3 107 m/s

5 cm of air

yes

9.31 3 10231 kg

b2 negative
b1 positive

6.67 3 107 m/s to
3 3 108 m/s

3–6 mm of
aluminium

yes

g

none

none

3 3 108 m/s

30 cm of lead

yes

Answers
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A
B
C
D

Glossary
A

absolute index of refraction the index of refraction for

light passing from air or a vacuum into a substance
absorption spectrum the lines of missing colour in a continuous spectrum, at the same frequencies as would be
emitted by an incandescent gas of the same element
acceleration (#a$) rate of change of velocity
acceleration due to gravity (g$) acceleration of an object
falling vertically toward Earth’s surface
air resistance frictional force that opposes an object’s
motion through air
air wedge the air between two pieces of optically flat glass
angled to form a wedge
alpha (a) particle a form of radiation consisting of two protons and two neutrons, emitted during a decay
F
ampere (A) SI unit of electric current; }} = 2 3 1027 N/m
l
Ampère’s law Along any closed path through a magnetic
field, the sum of the products of the scalar component of B$
parallel to the path segment with the length of the segment,
is directly proportional to the net electric current passing
through the area enclosed by the path.
angle of incidence (vi) the angle between the incident wave
front and the barrier, or the angle between the incident ray
and the normal
angle of reflection (vr) the angle between the reflected wave
front and the barrier, or the angle between the reflected ray
and the normal
angle of refraction (vR) the angle between the normal and
the refracted ray, or between the refracted wave front and
the boundary
apparent weight the net force exerted on an accelerating
object in a noninertial frame of reference
artificial gravity situation in which the apparent weight of
an object is similar to its weight on Earth
average acceleration ( a#$av) change in velocity divided by
the time interval for that change
average speed (vav) total distance of travel divided by total
time of travel
average velocity (v$av) change of position divided by the
time interval for that change

B

back-glare the reflection of light from the back of eyeglass

lenses into the eyes
Balmer series series of wavelengths emitted in transitions of
a photon from higher energy levels to the n = 2 state

788 Glossary

baryon number a property of an elementary particle; quarks

1
have a baryon number of }}
3
becquerel (Bq) the SI unit for radioactivity; 1 Bq 5 1 s21
Bernoulli’s principle Where the speed of a fluid is low, the
pressure is high. Where the speed of the same fluid is high,
the pressure is low.
beta (b) particle negatively charged particles emitted during
b2 decay (electrons); positively charged electrons
(positrons) emitted in b1 decay
binding energy the amount of additional kinetic energy
needed by a mass m to just escape from a mass M (gravitation); the energy required to break up the nucleus into protons and neutrons (matter)
blackbody an object that completely absorbs any radiation
falling upon it
blackbody radiation radiation that would be emitted from
an ideal blackbody
black hole a very dense body in space with a gravitational
field so strong that nothing can escape from it
bosons according to the standard model, the particles
responsible for the fundamental forces of nature
bottom the sixth type of quark

C

central maximum the bright central region in the interfer-

ence pattern of light and dark lines produced in diffraction

centrifugal force fictitious force in a rotating (accelerating)

frame of reference
centrifuge rapidly-rotating device used for separating substances and training astronauts
centripetal acceleration instantaneous acceleration
directed toward the centre of the circle
centripetal force net force that causes centripetal
acceleration
charge-coupled device (CCD) a semiconductor chip with
an array of light-sensitive cells, used for converting light
images into electrical signals
charm the fourth type of quark
coefficient of kinetic friction (mK) the ratio of the magnitude of the kinetic friction to the magnitude of the normal
force
coefficient of static friction (mS) the ratio of the magnitude of the maximum static friction to the magnitude of the
normal force
coherence property of light in which photons have the same
frequency and polarization, travel in the same direction,
and are in phase
NEL

coherent light light of one wavelength, in phase (e.g., laser

diffraction the bending effect on a wave’s direction as it

colour property assigned to quarks, keeping them in different

diffraction grating device whose surface is ruled with close,

light)

D

damped harmonic motion periodic or repeated motion in

which the amplitude of vibration and the energy decrease
with time
daughter nucleus the nucleus of an atom created as a result
of radioactive decay
de Broglie wavelength the wavelength associated with the
motion of a particle possessing momentum of magnitude p:
h
p

λ 5 }}
decay constant the proportionality constant that relates the

rate of decay of a radioactive isotope to the total number of
nuclei of that isotope
destructive interference occurs when waves diminish one
another, producing a resultant wave of lower amplitude
than the given waves
difference in path length in an interference pattern, the
absolute value of the difference between the distance of any
point P from one source and the distance of the same point
P from the other source: P1S1 2 P1S2

NEL

A

equally spaced, parallel lines for the purpose of resolving
light into spectra; transmission gratings are transparent;
reflection gratings are mirrored
B
displacement (∆#d$) change in position of an object in a
given direction
domain theory of magnetism theory that describes, in
terms of tiny magnetically homogeneous regions
C
(“domains”), how a material can become magnetized: each
domain acts like a bar magnet
double refraction the property of certain crystals
D
(e.g., calcite) to split an incident beam of light into two
dynamics the study of forces and the effects they have on
motion

E

Einstein’s photoelectric equation EK 5 hf 2 W
elastic collision a collision in which the total kinetic energy

after the collision equals the total kinetic energy before the
collision
elastic potential energy (Ee) the energy stored in an object
that is stretched, compressed, bent, or twisted
#$) the region in which a force is exerted on an
electric field («
electric charge; the electric force per unit positive charge
electric potential (V ) the value, in volts, of potential energy
per unit positive charge; 1 V 5 1 J/C
electric potential difference the amount of work required
per unit charge to move a positive charge from one point to
another in the presence of an electric field
electric potential energy (EE) the energy stored in a system
kq q
of two charges a distance r apart; EE = }1}2
r
electroweak ( gauge) theory theory that unifies the electromagnetic and weak nuclear forces
emission spectrum a spectrum that a substance emits with
its own specific set of characteristic frequencies
energy levels the various discrete values of internal energy
that an atom can possess
equilibrium property of an object experiencing no
acceleration
escape energy the minimum kinetic energy needed to
project a mass m from the surface of mass M to just escape
the gravitational force of M
escape speed the minimum speed needed to project a mass
m from the surface of mass M to just escape the gravitational force of M
Glossary 789
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quantum states to avoid violation of the Pauli exclusion
principle
completely inelastic collision a collision in which there is
a maximum decrease in kinetic energy after the collision
since the objects stick together and move at the same
velocity
Compton effect the scattering of photons by high-energy
photons
conservation of mass–energy the principle that rest mass
and energy are equivalent
constructive interference occurs when waves build each
other up, producing a resultant wave of greater amplitude
than the given waves
continuous spectrum a spectrum showing continuous (not
discrete) changes in intensity
Coriolis force fictitious force that acts perpendicular to the
velocity of an object in a rotating frame of reference
coulomb (C) SI unit of electric charge; 1 C 5 1 A?s
Coulomb’s law The force between two point charges is
inversely proportional to the square of the distance between
the charges and directly proportional to the product of the
charges.
cutoff potential smallest potential difference sufficient to
reduce the photocurrent to zero

passes through an opening or by an obstacle

ether the hypothetical medium, regarded as not directly

observable, through which electromagnetic radiation was
thought to propagate
event horizon the surface of a black hole

F

fermions according to the standard model, the particles from

which all matter is composed; subdivided into leptons and
quarks
Feynman diagram a space-time diagram that depicts the
interactions of charged particles
fictitious force an invented force used to explain motion in
an accelerating frame of reference
field of force A field of force exists in a region of space when
an appropriate object placed at any point in the field experiences a force.
field theory the theory that explains interactions between
bodies or particles in terms of fields
first excitation energy the smallest amount of energy an
atom is capable of absorbing
flavours categories of quarks: up, down, and strange
fluid substance that flows and takes the shape of its container
fluorescence the process of converting high-frequency radiation to lower-frequency radiation through absorption of
photons by an atom; when the light source is removed, the
fluorescence stops
force (#F$ ) a push or a pull
force constant (k) the proportionality constant of a spring
force field space surrounding an object in which a force
exists
force of gravity (#F$g) force of attraction between all objects
frame of reference coordinate system relative to which
motion is observed
free-body diagram (FBD) diagram of a single object
showing all the forces acting on that object
free fall the motion of an object toward Earth with no other
force acting on it than gravity
#$f) force that resists motion or attempted motion
friction (F
between objects in contact; acts in direction opposite to
motion or attempted motion

G

gamma (γ) ray high-frequency emission of (massless,
chargeless) photons during γ decay
gauge bosons the class of particles that interact through the

electroweak force; contains the photon and the W and Z
bosons
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Geiger-Mueller tube an instrument that detects and
measures the ionization from α and b particles
gluons hypothetical chargeless, massless particles believed to

carry the strong nuclear force
grand unified theory (GUT) a theory that attempts to combine the strong, weak, and electromagnetic forces into a
single theory
gravitational field exists in the space surrounding an object
in which the force of gravity exists
gravitational field strength ($g) amount of force per unit
mass
gravitational potential energy (Eg) the energy due to
elevation above Earth’s surface
graviton the hypothetical particle predicted to carry the
gravitational force
ground state the lowest energy state of an atom

H

hadrons the class of particles that chiefly interact through

the strong nuclear force; contains the neutron, the proton,
the pion, and other particles of large mass
half-life a measure of the radioactivity of an isotope; the time
t1/2 needed for half the atoms in any sample of that isotope,
prepared at any instant, to decay
Heisenberg’s uncertainty principle If ∆x is the uncertainty in a particle’s position, and ∆p is the uncertainty in
h
its momentum, then ∆x ∆p ≥ }} where h is Planck’s
2
π
constant.
Higgs boson the theoretical particle X predicted to carry a
fourth fundamental force field in the GUT unification of
the electromagnetic and strong and weak nuclear forces
hologram the three-dimensional image formed as a result of
interference of (transmitted or reflected) coherent light
Hooke’s law the magnitude of the force exerted by a spring
is directly proportional to the distance the spring has
moved from equilibrium
horizontal range (∆x) the horizontal displacement of a
projectile
Huygens’ principle Every point on a wave front can be considered as a point source of tiny secondary wavelets that
spread out in front of the wave at the same speed as the
wave itself. The surface envelope, tangent to all the wavelets,
constitutes the new wave front.

I

ideal spring a spring that obeys Hooke’s law because it

experiences no internal or external friction

NEL

impulse the product S#F$∆t, equal to the object’s change in

momentum

incoherent light light of one or more wavelengths, out of

kinetic energy (EK) energy of motion
#$K) force that acts against an object’s
kinetic friction (F

motion

phase (e.g., white light)

induced charge separation distribution of charge that

J

joule (J) SI derived unit for measuring forms of energy and

work; equal to the work done when a force of 1 N displaces
an object 1 m in the direction of the force

K

Kepler’s first law of planetary motion Each planet moves

around the Sun in an orbit that is an ellipse, with the Sun at
one focus of the ellipse.
Kepler’s second law of planetary motion The straight
line joining a planet and the Sun sweeps out equal areas in
space in equal time intervals.
Kepler’s third law of planetary motion The cube of the
average radius r of a planet’s orbit is directly proportional to
the square of the period T of the planet’s orbit.
kinematics the study of motion
NEl

L

laminar flow stable flow of a viscous fluid where adjacent

B

layers of a fluid slide smoothly over one another
laser acronym for Light Amplification by Stimulated
Emission of Radiation; source of monochromatic, coherent C
light
law of conservation of baryon number The total baryon
number before a particle interaction equals the total baryon
number after.
D
law of conservation of charge The total charge (the difference between the amounts of positive and negative
charge) within an isolated system is conserved.
law of conservation of energy For an isolated system,
energy can be converted into different forms, but cannot be
created or destroyed.
law of conservation of linear momentum If the net force
acting on a system of interacting objects is zero, then the
linear momentum of the system before the interaction
equals the linear momentum of the system after the
interaction.
law of electromagnetic induction An electric current is
induced in a conductor whenever the magnetic field in the
region of the conductor changes with time.
law of magnetic poles Opposite magnetic poles attract.
Similar magnetic poles repel.
length contraction the shortening of distances in a system,
as seen by an observer in motion relative to that system
Lenz’s law When a current is induced in a coil by a changing
magnetic field, the electric current is in such a direction that
its own magnetic field opposes the change that produced it.
leptons the class of particles that interact through the weak
nuclear force; contains the electron, the muon, the tauon,
and the three types of neutrino
linear momentum (p#$) the product of the mass of a moving
object and its velocity; a vector quantity
Lyman series series of wavelengths emitted in transitions of
a photon from higher energy levels to the n = 1, or ground,
state

Glossary

results from a change in the distribution of electrons in or
on an object
inelastic collision a collision in which the total kinetic
energy after the collision is different from the total kinetic
energy before the collision
inertia the property of matter that causes an object to resist
changes to its motion
inertial frame of reference a frame in which the law of
inertia is valid
instantaneous acceleration acceleration at a particular
instant
instantaneous speed speed at a particular instant
instantaneous velocity velocity at a particular instant
interference fringes the light (maxima) and dark
(minima) bands produced by the interference of light
ionization energy the energy required to liberate an electron from an atom
ionizing radiation radiation at the limit at which ionization
can occur, at frequencies higher than ultraviolet
isochronous recurring at regular intervals even when some
variable changes; for example, the period of a pendulum is
isochronous with respect to variations in the mass of the
bob
isolated system a system of particles that is completely isolated from outside influences

A

M

magnetic force field the area around a magnet in which

magnetic forces are exerted
matter waves the name given to wave properties associated
with matter
Glossary 791

meson the elementary particle originally predicted to be

responsible for the strong nuclear force; now a class of
particles
metastable state of sustained excitation by electrons in
which they can remain excited for comparatively long times
h
momentum of a photon defined as p 5 }}
λ
monochromatic composed of only one colour; possessing
only one wavelength
muon an elementary particle; a mu meson

N

net force (S#F$ ) the sum of all forces acting on an object
Newton’s first law of motion (law of inertia) If the net

force acting on an object is zero, that object maintains its
state of rest or constant velocity.
Newton’s law of universal gravitation The force of gravitational attraction between any two objects is directly proportional to the product of the masses of the objects, and
inversely proportional to the square of the distance between
their centres.
Newton’s rings a series of concentric rings, produced as a
result of interference between the light rays reflected by the
top and bottom of a curved surface
Newton’s second law of motion If the external net force
on an object is not zero, the object accelerates in the direction of the net force. The acceleration is directly proportional to the net force and inversely proportional to the
object’s mass.
Newton’s third law of motion For every action force, there
is a simultaneous reaction force equal in magnitude, but
opposite in direction.
nodal line a line of destructive interference
noninertial frame of reference a frame in which the law of
inertia is not valid; a frame that is accelerating relative to an
inertial frame
nonionizing radiation radiation at or below the limit at
which ionization can occur, at frequencies lower than
ultraviolet
normal a straight line drawn perpendicular to a barrier
struck by a wave
normal force (#F$N) force perpendicular to the surfaces of
objects in contact

O

optical activity property of a substance whereby a

transparent material rotates the plane of polarization
of transmitted light
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P

pair production the creation of a pair of particles (an elec-

tron and a positron) as a result of a collision of a highenergy photon with a nucleus
Paschen series series of wavelengths emitted in transitions
of a photon from higher energy levels to the n = 3 state
Pauli exclusion principle states that no more than one particle can occupy any one quantum state
phosphorescence the property of some materials that
allows them to emit light after excitation has been removed
photodiode a semiconductor in which electrons are liberated
by incident photons, raising the conductivity
photoelasticity the property of a material that, when
analyzed, reveals the material’s stress distributions
photoelectric effect the phenomenon in which electrons
are liberated from a substance exposed to electromagnetic
radiation
photoelectrons electrons liberated in the photoelectric
effect
photon the quantum of electromagnetic energy whose energy
is hf
pion an elementary particle; a pi meson
Planck’s constant constant with the value
h = 6.63 3 10234 J?s; represents the ratio of the energy of a
single quantum to its frequency
plane-polarized a wave that can vibrate in one plane only
polarization confining the vibrations of a wave to one
direction
polarizer a natural (e.g., clouds) or artificial (e.g., filters)
means to achieve polarization
Polaroid a plastic, light-polarizing material
poles the regions at the end of a magnetized body at which
magnetic attraction is strongest
population inversion the condition in which more atoms
are in a metastable state than in the ground state
position (#d$) the distance and direction of an object from a
reference point
positron a particle identical to an electron but with a positive
charge; also called an antielectron
principle of complementarity to understand a specific
experiment, one must use either the wave theory or the
photon theory but not both
principle of electromagnetism moving electric charges
produce a magnetic field
projectile an object that moves through the air, along a
trajectory, without a propulsion system
projectile motion motion with a constant horizontal
velocity and a constant vertical acceleration due to gravity
NEL

proper length (Ls) the length, in an inertial frame, of an

object stationary in that frame
proper time (∆ts) the time interval between two events
measured by an observer who sees the events occur at one
position

Q

quanta packets of energy; one quantum is the minimum

R

radioactive dating a technique using known properties of

radioactive materials to estimate the age of old objects
radioactivity the spontaneous emission of electromagnetic
(gamma) radiation or particles of nonzero mass by a
nucleus
radio waves electromagnetic waves in the frequency range
104 to 1010 Hz; used in radio and TV transmission
rectilinear propagation of light the term used to describe
light travelling in straight lines
refraction the bending effect on a wave’s direction that
occurs when the wave enters a different medium at an angle
relative velocity velocity of an object relative to a specific
frame of reference
resolution the ability of an instrument to separate two
images that are close together
rest mass mass measured at rest, relative to the observer

S

satellite object or body that revolves around another body
scalar quantity quantity that has magnitude but no

direction

scanning electron microscope a type of microscope in

which a beam of electrons is scanned across a specimen
scanning tunnelling electron microscope a type of
microscope in which a probe is held close to the surface of
the sample; electrons “tunnel” between the sample and the
probe, creating a current
NEL

result of collisions with particles

Schwartzschild radius the distance from the centre of the

A

singularity to the event horizon
scintillation tube an instrument that detects and measures
the energy delivered to a crystal by incoming g photons
B
secondary maxima the progressively less intense bright
areas, outside the central region, in the interference pattern
simple harmonic motion (SHM) periodic vibratory
motion in which the force (and the acceleration) is directly C
proportional to the displacement
simultaneity the occurrence of two or more events at the
same time
D
singularity the dense centre of a black hole
solenoid a coiled conductor used to produce a magnetic
field; when a current is passed through the wire, a magnetic
field is produced inside the coil
space station an artificial satellite that can support a human
crew and remains in orbit around Earth for long periods
special theory of relativity 1. The relativity principle: all
the laws of physics are valid in all inertial frames of reference. 2. The constancy of the speed of light: light travels
through empty space with a speed of c = 3.00 3 108 m/s,
relative to all inertial frames of reference.
spectroscope an instrument that uses a diffraction grating
to visually observe spectra
spin the quantum property of particles denoting rotational
motion; each particle has its own spin number
spontaneous emission emission of a photon by an electron as a result of the absorption of a quantum of energy by
an atom; the electron moves spontaneously to a lower
energy level in a relatively short time (~1028 s)
standard model the theory that unites quantum chromodynamics with the electroweak theory; it holds that all matter
is composed of fermions and bosons
static friction (#F$S) force that tends to prevent a stationary
object from starting to move
stationary state the orbit of an electron in which it does not
radiate energy
stimulated emission process in which an excited atom is
stimulated to emit a photon identical to a closely
approaching photon
strangeness a property of certain particles that chiefly
interact through the strong nuclear force yet decay through
the weak nuclear force
streamlining process of reducing turbulence by altering the
design of an object
strong nuclear force the force that binds the nucleus of a
stable atom

Glossary

amount of energy a particle can emit
quantum chromodynamics (QCD) theory that describes
the strong interaction in terms of gluon exchanges on the
part of quarks and antiquarks
quantum electrodynamics the study of interactions of
charged particles in terms of virtual photons
quantum mechanics mathematical interpretation of the
composition and behaviour of matter, based on the wave
nature of particles
quarks elementary particles making up hadrons

scattering the change in direction of particles or waves as a
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uniform circular motion motion that occurs when an

T

tangent a straight line that touches a curve at a single point

and has the same slope as the curve at that point
tension (#F$T) force exerted by materials, such as ropes, fibres,
springs, and cables, that can be stretched
terminal speed maximum speed of a falling object at which
point the speed remains constant and there is no further
acceleration
thermal energy (Eth) internal energy associated with the
motion of atoms and molecules
threshold frequency ( f0) the minimum frequency at which
photoelectrons are liberated from a given photoelectric
surface
time dilation the slowing down of time in a system, as seen
by an observer in motion relative to the system
top the fifth type of quark
total internal reflection the reflection of light in an optically denser medium; it occurs when the angle of incidence
in the denser medium is greater than a certain critical angle
transmission electron microscope a type of microscope
that uses magnetic lenses fashioned from circular electromagnetic coils creating strong magnetic fields
transmutation the process of changing an atom of one element into another as a result of radioactive decay
transverse wave periodic disturbance where particles in the
medium oscillate at right angles to the direction in which
the wave travels
turbulence irregular fluid motion

U

unification scale the limit (10230 m) specified by the GUT

below which only one force is predicted to exist, in place of
the separate electromagnetic and strong and weak nuclear
forces
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object has constant speed and constant radius

unpolarized a wave that vibrates in all directions perpendi-

cular to the direction of travel

V

vector quantity quantity that has both magnitude and

direction
velocity ( #v$ ) the rate of change of position
virtual photon the exchange photon in an electromagnetic
interaction; virtual in the sense of being unobservable
viscosity internal friction between molecules caused by
cohesive forces

W

W boson short-lived elementary particle; one of the carriers

of the weak nuclear force
wave front the leading edge of a continuous crest or trough
wave–particle duality the property of electromagnetic
radiation that defines its dual nature of displaying both
wave-like and particle-like characteristics
wave ray a straight line, drawn perpendicular to a wave
front, indicating the direction of transmission
weak nuclear force the weak force in a nucleus thought to
be associated with b decay
weight the force of gravity on an object
work (W ) the energy transferred to an object when a force
acting on the object moves it through a distance
work function the energy with which an electron is bound to
a photoelectric surface

Z

Z boson short-lived elementary particle; one of the carriers

of the weak nuclear force
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This list includes corrections, additions, or changes (in bold) to the Nelson
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Page Number
51
56
60
136
143
144
157
171
171
197
219
237
781
781
781
782
782
782
782
782
782
782
782
782

Unit 1 Corrections
Section 11.4 Questions, #11, second formula given is missing some
terms; see the Solutions Manual for the complete formula
Practice Question #4 direction in margin answer should be 38°°
Typo in Investigation 1.4.1, Step 6
Practice Question #13(e) margin answer should be 5.4 X 10^-1 N
Practice Question #12 margin answer should be 6.8 x 10^-10 N
Fig. 5(a)(b), r subscript AC should be r subscript BC in both diagrams
Chapter 3 Self Quiz question #13, choices (c) and (d) altered; answer at
back O.K.; SM needs to change
Unit 1 Review, Question #46, coefficient 8.2 should be 7.2
Typo in Question #50
Practice Question #5, speed of the water should be 93 m/s, not 33 m/s;
answer in margin and SM correct
Section 4.5 Questions #10; the fourth sentence in the question is
reduced to “The jumper falls from rest.”
Practice Question #10(b) margin answer should be about 4.0 X 10^1 N⋅⋅s
Section 1.4 Questions #4(b), [fwd] direction should be added after “17 m”
Chapter 1 Self Quiz #2 answer should be True
Chapter 1 Self Quiz #4 answer should be False
Chapt. 3 Self Quiz #7, answer should be False
Chapt. 3 Self Quiz #18, answer should be (d)
Chapter 3 Review #5, second answer, exponent should be –5 not –4
Chapter 3 Review#9(a), coefficient in answer should be 5.5, not 5.44
Chapter 3 Review, answers for #10 and 11, should be labeled #11 and 12 to
correspond to actual question numbers in the text
Unit 1 Self Quiz #21, answer should be (a)
Unit 1 Review #46(a), coefficient in answer should be 2.6, not 3.0
Unit 1 Review #46(b), coefficient in answer should be 1.3, not 4.8
Unit 1 Review #50, answer should be 1.6, not 1.1
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Page Number
783
783

783
783
783

Page Number
331
336
354
357
395
412

Unit 2 Corrections
Chapter 4 Self Quiz #5, answer should be False
Chapter 5 Review #16(b) answers should be transposed to correspond more
clearly with the question in the text; proper order should be 4.0 m/s and 3.0
m/s
Section 6.1 Question # 2(a) answer should be 3.99 X 10^2, not . . . X 10^3
Section 6.2 Question #6 answer should be just 4.0 h
Chapter 6 Review #10 answers should be (a) 1.17 X 10^4 km, and (b) 1.01
X 10^8 J

Unit 3 Corrections
Practice question #7, margin answer coefficient should be 3.7
Section 7.2 Questions, #8, charge should be 1.0 X 10^-6
Typo in Practice Question #4, see mark-up
Fig. 15, the curve is not drawn properly and should start and finish on
the –70 dashed line, with a peak at +30 (see student text mark-up)
Learning Tip, absolute value given for the elementary charge should be 1.6 X
10^-19 C, not 1.16 . . .
F2/l equation half-way down the page; the l2 needs to become I2 in the

numerator of the right side of the equation
784
784
785

Section 7.2 Questions #8 answers should be 1.9 X 10^-2 N, 8.4 X 10^-3 N
Section 7.4 Questions #8(a) coefficient in answer should be –7.2
Chapter 8 Self Quiz #13, answer should be (d)

Page Number
447
473

Unit 4 Corrections
Fig. 7, dashed line and perpendicular added from point x
Practice Question #8, questions (a) and (b) should be transposed to
match the margin answers and the Solutions Manual (leave latter two as is)
Section 9.5 Question #7(a), the value for the distance between the two
adjacent dark interference fringes should be 0.33 mm, not 0.30 mm, to
correspond with the SM and answer at the back of the student text
Fig. 4, some labels incorrectly placed making the diagram inaccurate,
corrections indicated on mark-up
Chapter 10 Review Question #26, references to biomimicry deleted
Section 9.3 Questions #11(a)(b), directions in answers should be rewritten to
conform to style; directions in both (a) and (b) should read 49°°E of N, 49°°W
of N
Chapter 9 Review #17 answer should be 1200 nm, not 12
Chapter 9 Review #18 answer should be 632 nm, not 631
Chapter 9 Review #19 answer should be 613 nm, not 621
Chapter 10 Review #11 answer should be 1.70 X 10^3 not . . . X10^5
Chapter 10 Review #16, answers should be 108 nm, 325 nm
Unit 4 Review #12, answer missing the wavelength, which is 5.8 X 10^7 m
Unit 4 Review #51(b), second answer should be 7.6 x 10^-3 m

475

521
547
785

785
785
785
785
785
786
786
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Page Number
756
786
786
787
787
787
787
787
787
787
787
787
787
787

Unit 5 Corrections
Typo in Appendix A
Chapter 11 Review, answers for #20 and 21, should be labeled #22 and 23
to correspond to actual question numbers in the text
Chapter 12 Review, answer for 29(a) should be 2.0 eV
Section 13.1 Question 7(a) answer, right side of the equation: change C
[14 top, 7 bottom] to N [14 top, 7 bottom]
Section 13.4 Questions # 8 (c) answer should be electromagnetic, strong,
weak, gravity
Section 13.4 Questions # 8 (d) answer should be strong, weak, gravity
Chapter 13 Self Quiz #16 answer should be (a)
Chapter 13 Review #2d, answer, y value should be 116
Chapter 13 Review #31(b) answer should be 2017.5 MeV/c^2
Chapter 13 Review #31 (c) answers should be 140.9 MeV, 70.45 MeV
Unit 5 Review #21(b) answer, units should be eV not just V
Unit 5 Review #37(a) answer for x should be 7
Unit 5 Review #37(b) answer for x should be 86
Unit 5 Review #37(d) answer for Z should be Bi
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